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ABSTRACT

In this paper, we propose continuous-time algorithms for tracking the optimal trajectory of time-varying optimization problems
with time-varying constraints in a predefined time, where the time of convergence is selected a priori. A robust Newton-like
approach is developed for the cases, where the exact knowledge of the rate of change of the gradient of objective function is

unknown. Levenberg-Marquardt-like algorithm is proposed for the cases when the Hessian of the objective function is singular or

near singular. Lyapunov-based convergence analysis is discussed for the proposed algorithms. Simulation results for time-varying

optimization problems show the efficacy of the proposed approach. We demonstrate the applicability of the proposed method

through its use in a collision-free robot navigation problem.

1 | Introduction

Continuous time optimization algorithms use ordinary differen-
tial equations (ODE). In this direction, control theory imparts
many mathematical tools to study the convergence of trajectories
to their optimal solutions [1]. Most of the studies in the area of
optimization techniques are mainly focussed on time-invariant
optimization problems. However, in many practical settings,
time-varying systems such as overlay traffic engineering prob-
lems, drop-off points for drone delivery that are mobile [2], path
estimation of a stochastic process [3], computer networks [2],
and distributed optimization [4] are examples of time-varying
problems.

Solving the time-varying optimization (TVO) problem is equiv-
alent to tracking the optimal trajectory. In TVO, the objective

function as well as constraints depend explicitly on time.
Information about the dynamics of the TVO problem can be
used to anticipate, and further, the gradient/Newton correc-
tion to track the optimal trajectory completes the technique.
In this regard, few authors [5, 6] studied the variation of
prediction-correction ideas in continuous and discrete time,
respectively. Rahili and Ren [7] also extended this idea for
continuous-time distributed optimization, where convergence
to optimal trajectory is asymptotic. Fazlyab et al. [8] utilized
the concept of prediction-correction technique to solve TVO
problems with time-varying constraints, resulting in asymptotic
convergence to the optimal solution.

In recent years, research in the area of TVO has gained a lot
of attention due to real-time applications [2, 4], but also from
techniques like model predictive control (MPC) which have to
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guarantee the convergence of an optimization problem in a given
amount of time before its reiteration. This has led to a surge
in developing techniques that focus on finite/fixed-time conver-
gence of trajectories to the solution of TVO problems [9]. Bhat and
Bernstein [10] discussed the concept of finite-time stability (FTS)
where the time of convergence to the optimal solution is finite
and depends on the initial conditions. Hong et al. [4] explored
distributed TVO problems with limited interaction ranges and
demonstrated a finite time convergence rate of consensus.
Fixed-time stability (FXTS) is a stronger notion than FTS. In FXTS,
the upper bound of convergence time is uniform with respect to
initial conditions. Hong et al. [9, 11], discussed the fixed-time
approach to solve time-varying convex optimization problems.

Many authors [12, 13] studied a subclass of FxTS called a pre-
defined/prescribed upper bound of settling time (PUBST) based
stability, where the upper bound of convergence time can be
chosen in advance irrespective of initial conditions. Pal et al.
[14] studied a distinctive notion of PUBST-based stability. Pra-
sun et al. [15] also discussed the concept of PUBST related to
gradient-flow systems. Furthermore, many authors have also dis-
cussed the notion of PUBST (see, e.g., [16, 17]) with respect to the
various applications.

In this paper, a prediction-correction approach is employed to
track the optimizer trajectories of TVO problems. Fazlab et al.
[8] studied the prediction-correction-based continuous time
dynamical system technique to solve constrained TVO problems
and guarantee the asymptotic convergence of proposed dynam-
ics to optimal solutions. Later, Hong et al. [9] extended this
approach by proposing continuous time dynamics to solve TVO
problems with equality constraints in fixed time. In this paper,
utilizing the concept of PUBST-based convergence where bound
on convergence time can be chosen a priori, we modified the
prediction-correction-based continuous time dynamics to solve
constrained TVO problems with PUBST-based convergence to
the optimal trajectory. To the best of the authors’ knowledge, this
paper is the first to study PUBST-based continuous time dynam-
ics to solve constrained TVO problems, in addition to discussion
for modification in the dynamics when exact information about
the time rate of change of the gradient of the objective function is
unknown and cases when Hessian of the objective function is not
invertible. The main contributions of this paper are as follows:

(A) Newton-like PUBST-based stable dynamics is proposed to
solve TVO problems and its Lyapunov-based convergence
analysis is discussed for both unconstrained as well as con-
strained case.

(B) A robust Newton-like PUBST-based stable dynamics is
proposed for the cases when we do not have the exact
knowledge of the time derivative of the gradient of the
objective function.

(C) Levenberg-Marquardt-like PUBST-based stable dynamics
is proposed for the cases when the Hessian of the objective
function is not invertible with the assumption of gradient
dominance. The convergence analysis of this dynamics is
studied in the sense of input-to-state stability (ISS), where
the input is a perturbation from the true Hessian.

(D) Numerical examples for unconstrained case and con-
strained case of TVO problems are demonstrated using the
proposed method. We have also shown that the discretized
implementation is conterminous with theoretical results.

(E) We demonstrate the application of the proposed approach
in robot navigation with collision avoidance. We explore
situation where the robot is tasked with tracking a moving
target in a priori chosen time.

This note is structured as follows. Section 2 is dedicated to nota-
tions and preliminaries. In Section 3, problem statement is dis-
cussed. Section 4 presents the main result for unconstrained
time-varying optimization problems. In Section 4.2, the results
discussed in Section 4 are extended for constrained TVO. Numer-
ical examples are illustrated in Section 5 based on the results
discussed in Sections 4 and 4.2. Finally, the conclusion ends the

paper.

2 | Notations and Preliminaries

2.1 | Notations

R,R,, and R™ be the fields of real numbers, nonnegative
numbers and m dimensional Euclidean space, respectively.
|| - || denotes Euclidean norm. max denotes the greatest ele-
ment of the set. (-)T refers to the transpose. A time-varying
objective function is defined as f(¢,x) then Vf : R,y X R" —»
R" and V*f : R,y X R" — R™" denotes the gradient and Hes-
sian of function f : R,, x R” — R with respect to x € R". I, is
an identity matrix of dimension n. A function k : R,, = R,
belongs to class £, if it is strictly increasing and continuous with
k(0) = 0. Additionally, if a class K function does not saturate
meaning k(x) - o0, as x — oo, then it belongs to class K. If
a function « : R,y = R, is continuous with x(0) = 0 and sat-
isfies { K(xy) > K(xp), .if k() > 0,3, > X belongs to general-

K(xy) = k(xy), if k(x7) =0,x; > x5,

ized K (GK) function. A function ¢ : Ry, X R,y = R, belongs
to generalized K£L (GKL) class functions if for each fixed t > 0
the function ¢(s, 7) is a GK function and for every fixed s > 0, the
function ¢(s, 7) is continuous, and goes to zero as¢ — 7 for some
T < 0. Next, if 7 can be chosen arbitrarily, then ¢ is called arbi-
trary GKL (AGKL) class functions.

2.2 | PUBST-Based Stability

Consider the following system

Z = g(t7 z, 0)’ z(t(]) = ZO (1)

where z € D C R, t,is theinitial time, 9o € R?is the vector of sys-
tem parameters to be tuned and G : R, x D x R? — R" is con-
tinuous vector field such G(#,0,0) = 0, V¢ > 0 that is z =0 is an
equilibrium point of (1).

Remark 1. 1In this paper, we use the notions of stability in
accordance with arbitrary time convergence [14] and to main-
tain uniformity with the notions present in existing literature, this
paper uses the terminology: Predefined upper bound of settling
time (PUBST) based stability instead of arbitrary time stability.
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Definition 1 ([14] PUBST-based stable). The zero solu-
tion of the non-autonomous system (1) is called PUBST-based
stable

« It is asymptotically stable and additionally trajectories
z(t, 1y, zy) of (1) converges to the origin in some finite time
and z = Oismaintained V ¢ > 1y + T'(t;, zy), where T : Ry, X
D — R, is the settling time,

« 3 a PUBST duration 7,, which does not depend on any ini-
tial conditions and can be chosen a priori and t, :=T, + 1,
where 7, is PUBST for convergence.

Remark 2. The condition 7, > T,. (weak PUBST stable) fol-
lows Vz, € D, where T,, is the actual duration from #, within
which solutions converge.

Remark 3. 1t is important to note that ¢ ; does not depend
explicitly on any system parameters, 7, is an independent param-
eter that is chosen in advance. Theoretically, 7, can be chosen
as any arbitrarily small value but inherent dynamics of practical
systems (specifically actuator dynamics) impose restrictions on
choosing arbitrarily small values of 7 ;.

Lemma 1l ([14]). Considerthesystem (1).Let D C R” contain
z = 0 and y,(z) and y,(z) be continuous positive definite functions.
Assume that there exists a continuously differentiable scalar func-
tionV : I XD — Ry,, (I=][ty,))andd > 1such that

* 11(2) £ V(t,2) < 7,(2), ¥z € D\ {0}, V1 € [1, 0)

« V(t,0)=0,Vtel

—9(eVD 1)

e TN g <t<t
« ForV #0, %V(Z, z) < { et =1) 0 U

0, otherwise.
Then the origin of system (1) is PUBST-based stable.

Note that PUBST-based stability of z = 0 is for any e > 0, there
exists, 7, > 0 such that z(¢) < e, Vi > 1y and V7, > 0.

Remark 4. Note that T, is an independent parameter itself,
which is chosen in advance. Theoretically, T, can be chosen arbi-
trarily small but due to practical limitations, it is suitable to avoid
such stringent requirements.

Existence and uniqueness of the solution: Let us consider the fol-
lowing system [14]

z=u; z€Ry, (2)
_ =D

u= e? (T/—T)
0, otherwise

ifty<t<ty

3)

with z(#,) as the initial condition. The solution to (2) is: z =

ln<1 +x(t, - t)‘g), where y = (‘;""‘)’t—; > 0, By substituting this
)
solution in (3), we get,
_9 91
<l(tf—t)9)’ iftOSt<t/-
u= (1+1(r,—1)' ) (4)

0, otherwise

From (4), for y > 1, |u] < 9y,Vt >tyand for y <1,|u| <9,Vt >
t,, Hence, u is continuous in z, V fixed ¢, while measurable in
t, V fixed z and bounded by a quantity that is integrable over a
finite-time interval. So, for t < 7, all the conditions for the exis-
tence of solution are satisfied for (2) in Carathéodory sense, there-
fore, a solution is extended till ¢ s-Fort>1,a classical solution
exists, and hence, we can say that the solution exists for [7,, o).
The above analysis is same as when solutions are analyzed in
the sense of Filippov for differential equations with discontinu-
ous right-hand side [18]. Hence, the existence and uniqueness of
the solution are established for the PUBST algorithm.

2.3 | PUBST-Based Input-To-State Stability
(PUBST-ISS)

Consider the following non-autonomous system
z2=G(t,z,d), t>t,, zeR", d e R" (5)
where @ is continuous in (¢, z, d) and G(z,0,0) = 0.

Definition 2 ([19]). A continuous function V(t, z) is said to
be PUBST-ISS Lyapunov function for (5) if (a) 3 K, functions &,
and a, such that a;(||z|]) < V(t, z) < a,(||z||) Vz € R" (b) 3 class
K functions «; and a, and AGKL class function f for any solution
z(t) of the system (5) such that [|z(7)|| > a,(/ld|]) = V(t,_z) <
~Bllizoll ;= 1) = as(lzl) ¥r > 0, and Allzo 1.1, = 1) = 95571,
as(||z|)) = 9,V* where d > 1,9, > 0,a > 0,7, > 1 > 0.

Lemma?2 ([19]). System (5) is PUBST-ISS if it admits a
PUBST-ISS Lyapunov function.

3 | Problem Statement

Consider the following Time Varying Optimization (TVO)
problem

z*(t) 1= argmin F(1, z)
zeR”

subjectto g;(t,z) <0, i€ {1,2,...,r} (6)

where F R, XR" >R, g=[g,8 ....g]" with all g
being convex functions in z € R”,Vt > 0 and fulfills following
Assumptions.
Assumption 1.

1. The objective function 7 : R,, X R" — R is twice continu-

ously differentiable with respect to z, continuously differen-
tiable with respect to #, and convex with respect to z.

2. A unique optimal solution z*(¢) exists.
Assumption 2 (Polyak-Lojasiewicz inequality [20]).
w(F (@, z)=F*0) < |IVF@, 2)l @)

where F* 1= min g, F(¢,2),0 < p<landw > 0.
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Assumption 3. The inequality constraint functions g;(z, z)
are twice continuously differentiable with respect to z and con-
tinuously differentiable with respect to 7.

Assumption 4 (Constraint Qualification). There exists
atleast one z(¢) € R” such that g,(¢,z) <0, Vi € {1,2, ...r} and
Vvt > 0.

Remark 5. For TVO problem (8), Assumption 1 is an impor-
tant condition for the convergence of gradient-based methods to
an optimal solution [21]. In Karimi et al. [20], it is noted that
Assumption 2 is the weakest condition among similar conditions
commonly used in the literature to demonstrate convergence in
gradient-based algorithms.

Consider the following unconstrained Time Varying Optimiza-
tion (TVO) problem

z"(t) 1= argmin F(t, z) (8)

zeR"

Lemma3 ([21]). The continuously differentiable convex
function F : R,y X R? - R is minimized at solution s*(t) if and
only if VF(t,s*) =0,Vt.

The optimal trajectory z*(f) satisfies the first-order optimal-
ity condition VF(t,z*) = 0, V¢ > 0, then time derivative of this
condition will also be zero which results in V2F(t,z)z*(t) +

W = 0. Solving for z*(¢) leads to following dynamical system:

LOVF(1,2)

(1) = =V?F(t, z)” 5

€)
If the optimal solution z*(f) was known for some ¢, > 0, the sys-
tem in (9) could be used to track the evolution of z*(f). As we
do not have access to z*(f) at any point in time, we propose
PUBST-based algorithms to solve TVO problem in a priori chosen
time utilizing the idea of prediction and correction.

4 | Main Results

Here, we discuss PUBST convergent dynamics to solve TVO
problems. The main result of this note discusses TVO prob-
lems for which lim,_,,/ lz(t) — z*(®)|| = 0, where 7, < co, that is
chosen a priori. The convergence of the trajectories based on
the PUBST algorithm to the optimal solution z*(¢) also signi-
fies lim,_,,f [|VF(t, z)|| = 0. First, we consider TVO problems (8),
where F (¢, z) is given so VF(t, z) is known V?, and aim is to con-
verge to optimal solution z*(r) within priori chosen time 7.

4.1 | Predefined Upper Bound of Settling
Time-Based Convergent Dynamics
for Time-Varying Optimization (PUBSTC-TVO)

In this subsection, we present two PUBST-based dynamical sys-
tems to solve unconstrained TVO problems as (8). One is based
on the assumption that V2F is invertible and second if we do not
consider V2F to be invertible. We revise Equation (9) by adding
a correction term to propose dynamics that track the optimal tra-
jectory in a predefined time.

41.1 | Newton-Like PUBSTC-TVO

Let V2F is invertible then in order to track z*(r) of (8) in PUBST,
we propose the following dynamics

= (VP ) By, 2) + 2202 ),
— (V2F(t, 2))! <8VF(1 )+"V”’Z>), for 11,

(10)

fort, <t <t
1) = !

where z(f)eR"”, 9€R and satisfies 9> 1,

VFz; (02) _ .
W, W - w,) ER™L y, = ;V‘RT)Uiz),forl <i<n.
f

y(t, z) =

Theorem 1. Consider the dynamics (10). Suppose that F :
R, x R" — Rin(8) hasinvertible Hessian, satisfies Assumption 1,
and there exist a continuously differentiable function V' : [t,, 00) X
R" - R, satisfying y,(z) <V (t,2) < y,(2), VzeR"\ {0},Vr €
[7y, ), 71(2) and y,(z) be continuous positive definite functions,
V(t.z)=0andfor V#0:V <0,Vi > 1, and V < ‘3((‘; ‘t” Vit e
[ty. ;) for (10), then the equilibrium point of dynamlcs (10) is
PUBST-based stable. This also signifies that z(t) converges to the
optimal solution z*(t) in a priori chosen time.

Proof.  Let us select the Lyapunov function candidate
V =|VF@ 2 aamn

The derivative of the V" along the dynamics (10) for 7 € [#,,1,)

V(z) = 2(VF(,2)" <V2F(z, 2)z+ %@)
=2vrT (vr (- m (v + 5 ) )+ 5F)
= 29(VF(t,2) w(t, z) (12)
< —219(V7~’Zl , 2))y;(t, 2) for any i

IVF, (1, )|V 21— 1)

< —
- 28 e‘VF;i (T,Z)'(tf _ t) (13)

Since, V < n(max {|VF,|[,|VF,|, ...,
max{|VF,|,|VF,|, ...,|VF,|}. We assume that at a partic-
ular time, max{|VF|,|VF,|, ...,|VF,|} returns |VF;|, then,
\/V /n < |VF;|. Using this fact in (13)

\/V/n(e\/VT" -1)
eVVin(t, 1)

|VF,|}?)and thus, \/V /n <

V(z) < =29 (14)

Y sV o .
Let V' =+/V/n, hence, V = =, s0 (14) is simplified and yields,

e’ - 1)

y<-Z2
evit, —1)

15)

where § = 2 > 1. Thus, inequality (15) represents PUBST based
stability accordmg to Lemma 1, which means that || VF(¢, z)|| — 0
ast — 1, leading to the convergence of trajectory of (10) to the
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optimal solution z*(¢) of F(t, z) in a priori chosen time. Next, the
time derivative of the V" along (10) for 7 > 7, gives

V(z) = 2VF(t2)T (vzr(z, D%+ W)
= 2VFT (V3P (VP (9VF + az_r)) + ?)

= =29(VF(t,2)"VF(, z)
= -29||VF (. 2)|?
=29V

So, for ¢ > t,, the equilibrium point of system (10) is asymp-
totically stable, therefore trajectories of (10) will maintain z*(z).
Hence, the equilibrium point of dynamics (10) is PUBST-based
stable. m]

Remark 6. Contrary to the iterative Newton method,
continuous-time flow doesn’t inherently demonstrate a quicker
convergence rate relative to other gradient flows. With the
inverted Hessian metric, convergence maintains isotropy, mean-
ing it occurs uniformly from all directions. This characteristic
effectively mitigates the challenges posed by the ill-conditioning
of the objective function [22].

Remark 7.
f dVF(t,z)
a

In (10), it is required to know the true information

4.1.2 | Robust Newton-Like PUBSTC-TVO

In the previous subsection, we require the exact knowledge of
N7ED Here, we assume that 222 js unknown, but 37 € R,
such that || 22%2 |l < £, then in order to track z*(r) of (8) in
PUBST, we propose the following dynamics

— (PR (v + 672D, <<y

Z(I) — [IVF@.2)l (16)
2 - VF(,2)
- t>

(VP2 (0VF (2 + £ 228 ), r >4,

where z(r)eR", 9€R and satisfies 9>1, w(t,z)=
VFz (1) _
W ¥a, - w,) ER™ Yy, = W,forl <isn
e ATt 1)

Theorem 2. Consider the dynamics (16). Suppose that F :

R, X R" = R in (8) has invertible Hessian with ” "VFJH <?, re
R., satisfies Assumption 1 and 3 a continuously differentiable
function V' : [ty, 00) X R" — R, satisfying y,(z) < V(t,z) < y,(2),
Vz € R"\ {0},Vt € [ty, ), y,(z) and y,(z) be continuous positive
definite functions, V (t,z*) = 0 and for V # 0: V < 0,Vt > 1, and
V< % Vt € [t,1) for (16), then the equilibrium point of
dynamics (16) is PUBST-based stable. This also signifies that z(t)
converges to the optimal solution z*(t) in a priori chosen time.

Proof.  Let us select the Lyapunov function candidate

V =|IVF@, 2)|]? a7

The derivative of the V' along the dynamics (16) for 7 € [#,, 1)

V(z) =2(VF(,2)" <V2F(z, z)z + W)
_ T VF | OVF
=27 < WOV T o )

Using Cauchy-Schwarz inequality, we can further write,

< =29VFTy — 2f||VF||+2||V7~‘||HaVP”

Since, H NF

H < ¢, then further we get,
V(z) < —28VF Ty

The above inequality is similar to inequality (12). Then proceed-
ingin a similar way as in the proof of Theorem 1, we get inequality
(15) which represents PUBST-based stability, implying the tra-
jectory of (16) converges to the optimal solution of F(7,z) in a
priori chosen time. Next for # > 7, proceeding in a similar way
as fort € [¢,, t7), we get V < 29V, hence trajectories of (16) will
maintain z*(¢). Hence, the equilibrium point of system (16) is
PUBST-based stable. O

Computational Cost: We can discuss the convergence rates of
Euler discretization to calculate complexity considering the
assumption of Lipschitz smoothness. Let us consider the Euler
discretized version of the proposed Robust Newton-like method
for PUBSTC-TVO dynamics (16). To simplify the computation of
complexity, we can write y (¢, z) = % Let, & = tf/h. Hence,
the considered discretized version of tfhe proposed dynamics, tak-
ing h as practical step size, can be written as:

20 = h( 5 + T ) (VPP )
VF(k, z)for0<k<§
2k +1) = \ | (18)
2(k) — (&+ e )”>(V F(k, 2))

VF(k,z) for K <k < oo

14
(9+ ) and

(o, .
Let. 7y = <ﬁ—k * e > and 7y 1=

Yiks Yok € Ry

We need to introduce an extra assumption of L-Lipschitz smooth,
as given below:

Assumption (Lipschitz Smoothness of Order ¢). We assume the
function F is L-Lipschitz smooth of order ¢ € (1, 2], that is, for
any z,y € R,

IVF(k,y) = VF(k, )| < Llly - z[|*" 19)
The smoothness assumption is a prevalent setting in optimization

algorithm literature. This assumption is also called (L, g) Holder
continuity, it will lead to the following property:

Flk.y) < Plk,2) + (VF(k, 2).y — 2) + §||y— 2l (20)

When ¢ = 2, the function will be Lipschitz smooth.
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Considering the following assumptions, for our case, we can cal-
culate iteration complexity as follows:
Fk + 1, z(k + 1))
< Fk, z(k)) + (VF(k, z(k)), z(k + 1) — z(k))
+ 2llzle+ 1) = (o) 21)
Using algorithm (18), for 0 < k < & and considering the Lips-
chitz continuity of the gradient and for g = 2

2

h
Flk+ 1.2k + 1)) < F(k. 2(K)) — ||vr||2 y“‘ i vrp?

= F(k, (k) - “La — rh/DIVFIP

Furthermore, using the Assumption 2 (PL inequality):||VF||? >
a(F — F*), where a > 0, we can further write

Fk+1,z(k+1) <F — y”‘

“a- rich/2)(F = F*(k))
Subtracting F* on both sides and x := (1 — 0.5hy,,), then

F(k+1,z(k + 1)) — F*(k)

<(1- Yichakx
L

Then for & iterations with a fixed step size i

)(F(k, z(k)) = F* (k)

K
F(K.2(R) - F*(k) < (1 - W) (F(0, 2(0)) — F*(k)

By the inequality, e™* > 1 — z we can get that the correspond-

-1
ing iteration complexity is @ (@) In - | for e-closeness of
z(k) to z*(k). Similarly, if we run the algorithm for K iterations

then for & < k < K, the corresponding iteration complexity is

0((%)_1 1n§>.

41.3 | Levenberg-Marquardt-Like PUBSTC-TVO
Without Invertible Hessian

Let inverse of V?F is singular or near singular then the
Newton-like technique is not well defined. Suppose (V>F + gI,)
is invertible for some damping factor o > 0 then in order to track
z*(t) of (8) in PUBST, we propose the following dynamics:

— (VR 2+ pl) ! (9y 2 + 2282
fort, <r<t,

22
—(VZF(t,z)+@In)_1<19VF(z,z)+—‘)VZY’Z)> @2

2(f) =
for t > 1y

9, € R and satisfies 9>1, w(t,z)=

where z(t) € R",
nx1 RS DI :
W, ER™Y g, = A or 1<i<n and

.93, - pt
consider the dynamics (22) as a perturbed version of (10) with
input ¢.

Remark 8. One of the methods for calculating the damping
factor at a particular instant includes taking the negative of the
minimum eigenvalue of the Hessian matrix at that instant.

Theorem 3. Consider the dynamics (22). Suppose that F :
Ryo X R" = R in (8) satisfies Assumption 1 and Assumption 2
with p = 1/2 and 3 a PUBST-ISS Lyapunov function V' : [t,, o0) X
R" - R for (22) then dynamics (22) is PUBST-ISS.

Proof. Let us select the Lyapunov function candidate
V =|IVF2)I* +2¢(F (1, 2) = F*(1) (23)

The derivative of the V" along the dynamics (22) gives

V= zvrT<v2r + ?) +20VF z - 200F"

=2VFT((V*F + @I,)(-(V*F + pI,)"

OVF OVF e
<z9l[/(t z)+ a—)) + 7) — 2@7:'
= —29(VF(t, 2) w(t, z) — 2gF" (24)

Taking the worst case, we assume suptzo(f-’*(t)) < -—a, a €R,y,
then further we can write,

IVF, (t,2)|(eV 7= — 1)

<-29 +2ag, foranyi (25)
VT (Y,Z)I(tf _

Next, wusing PL inequality with p=1/2, we get
V< (1 + 2f’)uvrnz. Since, V< n(1 + (2go/w))(max
{IVF|.IVF,l, ..., |VF,|}?) We assume that at a particu-
lar time, max{|VF,|,|VF,|,...,|IVF,|} returns |VF,| and
n(1 + 2g/w)) = ¢ then, \/V_/c < |VF;|. Using this fact in (25)

. . V] e(eVVTe-1) S
< - —_— . =
gives, V < =29 o + 2ag. Next, let V' = 4/V /c, hence,

vV = X Further
2cV

N e’ -1
V<-———+r(pD (26)

eVit, —1)
where y is a class K function and suppose J = £ ? > 1. Next,

for ¢ > t, after equation (24) along the dynamics (22) proceed-
ing in the similar way as for 7 € [15,7,), we get V <=2V +
r(I|) and combining it with (26), we get V' < —p(||zol. 7, — 1) —
a(||z]l) + y(llgl]), where g is KL class function and a,y are the
class K functions. Hence, V (¢, z) satisfies the PUBST-ISS Lya-
punov function condition thus from Lemma 2, system (22) is
PUBST-ISS. m]

Remark 9. The damping term g functions as a regularizer,
ensuring that (V2F(t,z) + ¢I,) remains positive definite even
when the Hessian is singular, thereby guaranteeing its invert-
ibility. The adaptive nature of g influences the algorithm’s
behavior: g is large (when the Hessian is singular), then the

algorithm resembles a Gradient-like PUBSTC-TVO algorithm:
—(gI)! (191;/(1 z) + &LE Z)), forey <t <t,

2 = IVF(,

- (1) (8vr<t,z)+%), for 121,

whereas ¢ is small (when the Hessian is well-conditioned), the
algorithm exhibits behavior similar to the proposed Newton-like
PUBSTC-TVO algorithm (10).
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4.2 | Time-Varying Constrained Convex
Optimization

In this subsection, we extend the results of Section 4.1 for con-
strained TVO problems with inequality constraints.

4.2.1 | PUBSTC-TVO With Inequality Constraints
Consider the constrained TVO problem

z"(t) := argmin F(t, z)
zeR"

st. g(t,z)<0, ie{l,2,...,r} 27)
where g = [g, 8, ..., & ]" with all g; being convex functions in
z € R", Vt > 0 and fulfills Assumptions 1-3 and 4.

To include the constraints in the objective function, we intro-
duce a vector of Lagrange multipliers 4 € R and £ : R, X
R"XR{, - R associated with TVO in (27) is

L(t,z,0) :=F(t,2)+ Y Ag(t,2) (28)

i=1

The dual function is T*(r) :=argmax,p ©(f, 1), where
G, A) :=min_cp, L(t,2z,4). The necessary and sufficient
KXKT conditions [21] for optimality under Assumptions 1 3 and
4,Vt > 0 are

VF(t,z") + zr:/ljvgi(z, ) =0 (29)
i=1

Mgtz =0 (30)

A 20 (3D

g(t,z")<0, Vie{l,2, ...,r} (32)

Next, we formulate perturbed KKT conditions, where we modify
(B0)as Arg(1,2) === = Ar = — i Where o 1 Ry = Ry
is defined as a barrier parameter and ¢ — 0 as 2(f) — z*(¢). Next,
upon substituting the obtained A from perturbed KKT condition
in (29), we get

VP2 =~ Y log(—g,(1,27) =0 (33)
i=1

which also satisfies KKT conditions (31) and (32). Next, we define
the approximate optimal trajectory and Lagrangian £ : Ry, X
R" X R, x Ry, — R associated with (27) using o(r) and (),
where 6(7) : Ry, = R, is defined as a slack function. It is to be
noted that the 6(7) enlarges the initial feasible set.

2(t) 1= argmin F(t, z) — %2 log(6(¢) — g;(1, z))
i=1

wherez€ D, D :={z € R" : g,(t,z) <8(t),i € {1,...,r}}isan
open set such that D ¢ D. In the next lemma, we indicate the
approximation error.

Lemma 4 ([8]). Underthe Assumptions 3and 4¥ A* € T*(¢)
and t > 0, the following inequality holds

|F@,2") - F(t,z"| < L4 5(1)( inf ||A*||) (35)
o(t)

A*eX()*

Remark 10. Lemma 4 says that if o(r) and 6(¢) are chosen so
that right-hand side of (35) converges to zero, then the approxi-
mate trajectory 2*(f) converges to z*().

To track the optimal solution 2*(r) in PUBST, we aim to design a
dynamics so that gradient of £ defined in (34) vanishes in prede-
fined time. Consider the following proposed dynamics in terms
of Lagrangian (34) as:

— (V2 (9wt 2,0,8) + Do+ DE5 + 2L )

26 or
for 1, <t<t
0= (VZE)SI 9v2fr WEs 4 L5 4 E GO
¢ 0 %7 ot
for t > 1
where 9 € R and satisfies 9 > 1, w(t,z,06,6) = (Y1, ¥, ..., ¥,) €

(ew" (1,2,0.8) _ 1)

R™L gy, = ),forlgiSn.

oVEz; (hz0) (1=t

Theorem 4. Consider the dynamics (36). Assume that there
exist a continuously differentiable function V' . [ty, 00) X D — R,
satisfying y,(z) < V(t,z) < y,(z), Yz € D\ {0},Vt € [t), ), 1,(2)
and y,(z) be continuous positive definite functions, V (¢, 2*) = 0 and
for V.#0:V <0Vi>t, and V < %,W € [ty.1,) for (36),
then the equilibrium point of dynamics (36) is PUBST based stable.
This also signifies that z(t) converges to the optimal solution 2*(t)
in a priori chosen time.

Proof. Let us select the Lyapunov functional candidate
V =|IVL(,z,6,8)|, (37)
The derivative of the V" along the dynamics (10) for 7 € [#,,7,)

. - ~. oVL OVL . oVL
V() =2(VD)T( V2 Lz+ =6+ =6+ ——
(2) (VL) < z+ % 6+ % + or )

=o(VE)T (V2E(-(v2E) oy + DL VEs L IVE
do 06 ot

avﬁé+ oVL ;4 ovL
do 28 ot

= —20(VE)Tw(t, z,5,6) (38)

(38) is similar to (12) of convergence analysis performed in
Theorem 1. Hence, further analysis can be performed in the same
way and finally, we get a similar expression as (15) in Theorem 1,

zeD
. s de’ -1
~ 1 V<-——"-— 39
B.2.0.8) 1= P9~ = F 060 -5 2) (39 7, 1) 9
i=1
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where § = % > 1. Thus, inequality (39) represents PUBST based
stability, which means the trajectory of (36) converges to the opti-
mal solution of F(z, z) in a priori chosen predefined-time.

Next, convergence analysis for system (36) for t > #, is similar to
Theorem 1 and we get,

06 ot
= —29(VL(t,2,0,8) VL, z,0,6)

V(z)=2(VL)T (vztz + _aawz 6+ VL + VL )
(o}

=-29V

So, for t > t,, the equilibrium point of system (36) is asymp-
totically stable, therefore trajectories of (36) will remain opti-
mal. Hence, the equilibrium point of system (36) is PUBST-based
stable. O

5 | Illustrative Examples

This section provides three simulation examples to illustrate the
PUBST-based stability for the continuous-time dynamics pro-
posed in this note. Euler discretization is used for MATLAB
implementation with a constant time step size of Az. Here, the
convergence time (¢,,) in seconds is equal to ¢, /At iterations.

5.1 | Numerical Examples

Example 1. Minimize
1 |z, — cos(?) ! 3 —2cos(2t) 2sin(2t) z, — cos(t)
2|z, —sin() 2sin(2t) 3 +2cos(2t)| | z, — sin(z)

First, we implemented PUBST-based proposed dynamics (10)
using the forward Euler discretization method in MATLAB to
solve the above TVO problem.

The initial conditions are z, = [-2 0]". Figure la shows that
the norm of the gradient of objective function vanishes in
predefined-time 0.6s and the comparison of the result with
fixed-time convergent (FXTC) algorithm discussed in Hong et al.
[9] is also shown. Figure 1b shows the evolution of states which
starts tracking the optimal trajectory z*(f) in time 7, =0.6s,

(a) 3 ‘
——PUBSTC

2 FxTC
Q
>
=,

0

0 0.5 1 1.5
time (sec)

which is chosen a priori. In Figure 2, we plot ||F(t, z)|| versus ¢
for different sampling periods At € {1072,1073,107*}. We notice
that steady-state error increases as we increase At. The log scale
is used on the y axis such that the variation of ||VF|| for values
near zero is clearly shown.

Next, we show the comparison results with the prediction-
correction method based on standard Newton flow
dynamics presented in Fazlyab et al. [8] as: z(r)=
—(V*F, z))‘1<19VP(t, z)+ %). It is shown in Figure 3a

that with the same initial condition z, = [-2 0]" and 9 =5,
[IVF|| vanishes within predefined time ¢, = 0.3 s using pro-
posed dynamics (10) and using standard Newton flow dynamics
discussed in Fazlyab et al. [8], ||VF|| takes more than t =1.2's
in reaching zero. In Figure 3b, it’s shown that z,, z, calculated
using proposed dynamics (10) starts tracking optimal trajectory
within predefined time 7, = 0.3 s while using standard Newton
Flow dynamics, optimal trajectory tracking starts after r = 1.2 s.

Next, we solved the above example using a robust dynamics pro-
posed in (16). We took initial conditions as z, = [-2 0], ¢ =
0.6's,¢ =2, 9 =5. Figure 4a shows that the norm of the gra-
dient of the objective function vanishes in predefined-time
0.6s. In Figure 4b, log scale is used on the y axis such that
the variation of ||VF|| for values near zero is clearly shown.
Furthermore, we show the comparison results from New-
ton flow robust dynamics for solving TVO problems: z(f) =

~(V?F(, z))—1<&vr(t, 2)+ £ 242 ). It is shown in Figure Sa

10° ' | ]
st {_’—__
&
o —— At =0.01
100 —— At =0.001 |]
At = 0.0001
10-15 L L 1 L
0 0.2 0.4 0.6 0.8 1

time (sec)

FIGURE2 | Plotof |VF(,z(t)|| on semilog scale, where z(?) is the
solution to the discretized version of dynamics (10) with time for various
step sizes (A?).

(b) 1
SN
g, ,

0 2 4 6
time (sec)

FIGURE1 | Results using PUBSTC-TVO dynamics (10) in solving Example 1. (a) Comparison between ||VF|| with PUBSTC-TVO with 7, = 0.6 s
and FxTC in [9]. (b) Evolution of states using dynamics (10) for example 1 based on TVO problem with unconstrained case.
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(a) 3 . . . . ; . ; : (b) 15 : : :

= N
2.5 r'-_ === = Proposed Dynamics (10) with ¢; = 0.3 sec| - i |
-‘. sssss Newton Flow Dynamics
| 0.5 1
25 i
| = ]
A 0 .
3 Q
> 1.5 ! 1 3
- “, 0.5 : |
' S, : [ z1(Proposed Dynamics (10))
1 | \' 7 - (S z,(Proposed Dynamics (10))
i “.‘ - H Z, (optimal trajectory)
* H .
05¢H ’0,. g : z, (optimal trajectory)
| ‘e, A4Sk z,(Newton Flow Dynamics) 1
1 L g 1
0 \~ Tean,, SR R Y A R S [T z,(Newton Flow Dynamics)
e i B i _ i | |
0 02 04 06 038 1 12 14 16 0 0.5 1 1.5 2 25 3
time (sec) time(sec)

FIGURE3 | Comparison ofresultsusing PUBSTC-TVO dynamics (10) and standard Newton flow dynamics in Fazlyab et al. [8] in solving Example 1.
(a) Comparison between ||VF|| with PUBSTC-TVO with 7, = 0.3 s and standard Newton flow dynamics in Fazlyab et al. [8]. (b) Comparison of the
evolution of states using dynamics (10) and standard Newton flow dynamics in Fazlyab et al. [8] for Example 1.

a 3 T T T b T T T T
(@) b o1 _
— 2 ] —
5 Y
d >
=, | =
0 : 10° - I | I L i
0 0-2 0-4 0-6 0-8 1 o 0.2 0.4 0.6 0.8
time (sec) time (sec)

FIGURE4 | Resultsusing PUBSTC-TVO dynamics (16) in solving Example 1. (a) Plot of || VF|| showing PUBST based convergence withinz, = 0.6 s
using dynamics (16) for Example 1 of unconstrained case. (b) Plot of || VF(z, z(7))|| on semilog scale where z(¢) is the solution to the discretized version
of (16) with sampling time Az = 0.001 s.

(a) ® ' ' ' (b)
25 Proposed Dynamics (16) with ¢; = 0.6 sec
’ Robust Newton Flow Dynamics
2 4
5Ll 8
z 15 & i
1 —===2; (Proposed Dynamics (16))
1k _ Al = === 2(Proposed Dynamics (16)) J
f 2z (Robust Newton Flow)
O PPPPPTPS z(Robust Newton Flow)
0.5 - | 15 ! 25 (Optimal Trajectory) |
} ) z; (Optimal Trajectory)
0 . n . 2 . . : .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
time (sec) time(sec)

FIGURE5 | Comparison of results using PUBSTC-TVO dynamics (16) and standard robust Newton flow dynamics in solving Example 1. (a) Com-
parison showing Plot of ||[VF|| with PUBST based convergence within 7, = 0.6 s using dynamics (16) and standard robust Newton flow dynamics
for Example 1 of unconstrained case. (b) Comparison of the evolution of states using dynamics (16) and standard robust Newton flow dynamics for
Example 1.
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that with the same initial condition z, = [-2 0], ¢ ;=06s,0=
2, 8 =5, ||VF|| vanishes within predefined time ¢ s =0.6 susing
proposed dynamics (16) and using standard robust Newton flow
dynamics, ||VF|| takes more than ¢t = 0.8 s in reaching zero. In
Figure 5b, it shown that z;, z, calculated using proposed dynam-
ics (16) starts tracking optimal trajectory within predefined time
1, =06s while using standard robust Newton Flow dynamics,
optimal trajectory tracking starts after r = 0.8 s.

Example 2. Consider the following quadratic TVO problem
with ill-conditioned Hessian

minimize (1z — sin(?))? (40)

Since, for this example, Hessian will be ill-conditioned,
when ¢ is small. Therefore, we apply the proposed
Levenberg—-Marquardt-like PUBSTC-TVO algorithm (22) to
find an optimal trajectory in a prior chosen time. It is impor-
tant to choose ¢ properly. Here, we chose g = e~%. The initial
condition is z(0) = 2,7, = 0.5 s.

It is shown in Figure 6 that the state trajectory obtained by using
proposed dynamics (22) starts tracking the optimal trajectory
within chosen7, <0.5s.

2
1
1 z (Proposed Dynamics (22))
15 : ====zef (Optimal trajectory)
I
I
w 1
<
i 1
N
& 1
05 1
I
N
Eol
0| fieme]
I
-0.5 —1 : : : :
0 2 4 6 8 10

time(sec)

FIGURE 6 | Evolution of state using dynamics (22) for example (40)
with ill-conditioned Hessian, and it is shown that it starts tracking opti-
mal trajectory within¢, = 0.5 s.

(a) 4

3 ——PUBSTC
FxTC

VLl
N

0 0.2 0.4 0.6 0.8 1 1.2 1.4
time (sec)

Example 3. Consider the following quadratic TVO problem
with inequality constraints:

minimize 0.5(z, + sin(#))> + 1.5(z, + cos(t))*

st. z,—z;—cos(t) <0 (41)
Above example is an illustration of (27), so (34) is written as

L(t,z,0,68) = 0.5(z; + sin(t))* + 0.5(z, + cos(1))?

- L log(6(¢) — (z, — z; — cos(?))) (42)
o(1)

where o(f) = 10exp(1000 = t), 6(t) = 2exp(—5t). We solved it
using PUBST-based proposed dynamics (36) with the help of
forward Euler’s method with constant step size in MATLAB. The
initial condition is z, = [-2 0]. In Figure 7a, the norm of the gra-
dient of VL in (42) goes to zero within a priori chosen time of  , =
0.1 s, which is the optimality condition in order to track the opti-
mal trajectory and the comparison of the result with fixed-time
convergent (FXTC) algorithm discussed in Hong et al. [9] is
also shown. In Figure 7b, the evolution of time-varying states is
also shown which follow their optimal trajectory as || VL(z, z(0))||
vanishes within predefined-time 7, = 0.1 s. In Figure 8, we plot
IVL(t, z)|| versus ¢ for different A(r) € {1072,1073,107}. We
notice that steady-state error increases as we increase At.

100 1

Q
> 105 .
— At = 0.01
——— At = 0.001
At = 0.0001
10710 | L | L
0 0.2 0.4 06 0.8 1

time (sec)

FIGURE 8 | Plot of ||VL(z, z(?)|| on semilog scale, where z(7) is the
solution to the discretized version of dynamics (36) with time for various
step sizes (Ar).

(b) 1

0
g
Q

-1 -—2

———-Z2
) : :
0 2 time (sec) 4 6

FIGURE 7 | Results using PUBSTC-TVO dynamics (36) in solving Example 2. (a) Comparison between ||VL|| with PUBST based convergence
within 7, = 0.1 s and FXTC. (b) Evolution of states for example based on TVO problem with inequality constraints.
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5.2 | Robot Navigation With Collision
Avoidance

In this subsection, we frame the navigation problem as a TVO
problem, which can be addressed using the methods developed
in this paper. We consider a disk-shaped robot centered at z € S
with radius r € R, working in a closed compact convex envi-
ronment S C R". Let workspace S is populated with m € Z,,

Workspace S with Obstacles

20 Obstaclel
Obstacle2
| Obstacle3
| | s Desired
15 _l
\ (1)
z:(2)
10
>
5
0
-5 ‘ ' ' <
-5 0 5 10 15 20

X

FIGUREY9 | Plotof workspace with three obstacles showing the evo-
lution of desired trajectory z,(7), estimated projected goal 2(¢), and center
of mass of robot z,(1).

VL] -
o © o

»
I

0 -\

| I | | | | I

0 5 10 15 20 25 30 35 40
time (sec)

(b)

disk-shaped obstacles centered at z; € S with radius r; > 0 for
i €{1,2,...,m}. Free space of robot is F := {z € S|B(z,r) C
S\ UB(z;,r;)}, where B(z,r) represents a n dimensional open
i=1
ball centered at z with radius r, and B(z, r) represents its closure.
Let z, be the center of mass of the robot and our objective is
for z (1) to track a moving target z,(t) € F after a certain time
t > 0 ensuring collision avoidance. Arslan and Koditschek [23],
proposed the idea of a projected goal which constitutes a contin-
uous computation of projection of z,() onto a safe neighborhood
around z,. Next, collision-free space around z, is defined as [23]:
£S(z,) :={z€ S|cj(z.)'z—d,(z,) <0,i=1,...,m}, where
c(z) =z — z., di(z,) = (z; — zc)T<n,.zi + (1 —n)z, +r2== ),

1ze =zl

where 5, = % - ﬁ Assuming the robot follows single inte-
grator dynamics z, = u(z,), the controller proposed by Arslan
and Koditschek [23] is z, = —k(z, — 2), where k > 0is gain and 2
is the orthogonal projection of z, onto £5(z,). The proposed con-

troller works with the assumption that ||z; — z;|| > r; +r; + 2.

The above problem can be cast as TVO problem discussed in this
paper as: Z = argmin,cp. %llz —z,(O|1%, st ¢,(z)Tz = di(z,) <
0, i=1,...,m, which is an illustration of (27) so (34) is writ-
tenas L(t,2,2,) = 511z — z,(0)||> - %2;":1 log(d,(z,) — ¢;(z,)T 2).
We solve the above problem using the proposed continuous-time
dynamics (36) and find the estimator 2 of the projection of z,(z)
onto free space £5(z,) in a priori chosen time. We propose a con-
troller based on the Lemma 1 to navigate z.(¢) to 2() in a priori
chosen time. Controller dynamics is:

e(Ze=-2(0) _1

—k———, fort,<t<t
u= ez O=20)(1 1) 0 f (43)
—k(z, (1) = 2(1)), fort>1,
where k > 1 is gain.
'*6 T T T T
w
g 15 .
B — z(t)
gy 8 —e(t)
g .40 i) |
g < — i)
S o
° .2
£5s 1
8-
28
g3
£ 20 7
e
R i 1
g 1 | I |
4 0 10 20 30 40 50

time (sec)

FIGURE10 | Results using PUBSTC-TVO dynamics (36) in solving TVO problem considered for computing projected goal required for safe robot
navigation and controller (43) used to make z,(7) follow 2(r) within ¢ r=15s. (a) Evolution of ||VL|| with PUBST based convergence within ¢ r=15s
using proposed continuous-time dynamics (36). It is shown that ||£|| — 0 ast — . (b) Evolution of xy position of center of mass of robot (x,.(#), y. (1))
and projected goal (%, §) evaluated solving TVO problem. It is shown that z,(7) starts tracking 2(r) within ¢ ;=15s.
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FIGURE11 | Results using PUBSTC-TVO dynamics (36) in solving TVO problem considered for computing projected goal required for safe robot
navigation and plot of the desired trajectory which is moving periodically with T = 2000 s. (a) Evolution of xy position of center of mass of robot

(x.(1), y.(1)) and projected goal (%, ) evaluated solving TVO problem for complete time 7' = 2000 s. (b) Evolution of xy position of the desired trajectory

(x4(1), y4(1)) and projected goal (%, ) evaluated solving TVO problem for complete time 7" = 2000 s.
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FIGURE 12 | Phase-portrait: x,.(f) opposite y.(f) showing that center
of mass of the robot follows a circular trajectory as desired over time.

In our simulation, we consider a moving target z,(t) =
[x,(1),y,(0]" € R?, following a circular trajectory with cir-
cumference of radius (r, = 15), centered at origin, and moving
periodically with T = 2000 s. We consider m = 3 obstacles in
workspace S, with centres z; =[5, 5], z, = [15, 5], z; = [10, 15]
with radii r, =1,r, =2,r; = 1.5, respectively, as shown in
Figure 9. We consider a disk-shaped robot with a radius r = 2 with
the initial point of its center of mass z,(0) = [2, 3]. Next, we solve
TVO problem to estimate the projected goal (2(7)) = [X(?), §(1)]
using proposed continuous-time dynamics (36), where
L(t,z,2) = 51z = 2,017 = % " log(d,(z,) = ¢,(z,)Tz), here
we took o(t) = eV, 9 = 50, t; =15 s. It is shown in Figure 10a
that ||VL(, z, z.)ll — 0 as t — t,, which means we reach esti-
mated optimal trajectory 2() withinz, = 15 s. Optimal trajectory
2(¢) provides safe navigation avoiding obstacles in following the

desired trajectory which is allowed to intersect obstacles as
shown in Figure 9. To track this moving projected target 2(r)
by the robot in a priori chosen time (¢,), we use controller
(43), where for simulation, we chose gain k = 5. It is shown in
Figure 10b that the trajectory of the center of mass of robot (z.(z))
starts tracking 2(#) within a predefined-time 7, = 15 s. Figure 11
shows evolution of trajectories z.(¢), 2(t), and z,(¢) over time.
Figure 12 shows a phase portrait representing navigation of the
robot. As we can see in Figure 9, the robot successfully tracks the
moving target while avoiding the circular obstacles.

In Figure 13a, we demonstrate that [IVL|| — 0 within a prede-
fined upper bound of settling time 7, = 15 s, whereas dynam-
ics proposed in Fazylab et al. [8] for solving TVO problems
with inequality constraints takes more than ¢t =40 s to reach
estimated optimal trajectory. Additionally, we show the results
obtained by plotting ||VL|| on a semilog scale. Figure 13b, illus-
trates that the steady-state error (]| VL|| < 1073 after ¢ > 15s)in
the case of proposed dynamics is comparatively much smaller
than the Newton flow dynamics. Figure 14 shows the plot
of control inputs using dynamics (43) and the controller pro-
posed by Arslan and Koditschek [23]: z, = —k(z, — 2), where
k > 01is gain.

6 | Conclusions

In this note, PUBST-based convergent dynamics are proposed
and discussed to solve TVO problems. The proposed method
yields a better convergence time compared to the methods avail-
able in the literature. Numerical examples and application in
robot navigation with collision avoidance show the effectiveness
of proposed dynamics. Furthermore, the proposed technique can
also be extended for time-varying distributed optimization prob-
lems. In addition, one of the motivations behind the study of fast
optimization methods is to generate signals for controllers at the
same speed as the system evolves.
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FIGURE 13 | Comparison of results using PUBSTC-TVO dynamics (36) and standard Newton flow dynamics in solving TVO problem considered
for computing projected goal required for safe robot navigation. (a) Comparison of evolution of || VL || with PUBST based convergence within ¢ r=15s
using proposed dynamics (36) and Newton flow dynamics proposed in Fazlyab et al. [8]. (b) Comparison of plot of || VL|| on semilog scale between our
proposed dynamics (31) to Newton flow dynamics discussed in Fazylab et al. [8] to show the accuracy of proposed dynamics.
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FIGURE 14 | Plot of control inputs using controller dynamics (43)
and dynamics proposed in Arslan and Kod [23].
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