Chapter 3

A novel numerical technique for solving nonlinear

coupled variable order reaction-diffusion equation

3.1 Introduction

The presence of nonlinear variable order PDE is very important component in the
mathematical structure of several complex physical models. It becomes a fascinating
notion in fractional calculus when we extend the concept of fractional constant order
derivative to time and space dependent fractional derivative. This novel concept of
fractional calculus can be used in several characteristics of mechanics, control and
signal processing, mathematical physics etc. [93-95]. Finding the numerical solu-
tions of PDE with variable order derivatives are little more complicated in nature
than fractional constant order derivatives due to the variable order fractional op-
erators have complex kernels for variable powers. In the article [96], a collocation
method based on domain type radial basis function has been applied to a constant
and variable order derivatives to find an approximate solution. Chen et al. [97], have
presented a new approach of collocation method based on boundary type radial basis
function to find the numerical solution of fractional order diffusion equation. To find
the numerical solution of variable order fractional differential equation a finite differ-

ence scheme has been proposed in [98] along with stability and convergence analyses
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of the scheme. Moreover there are many numerical schemes, which have been pro-
posed to find the numerical solutions of variable order fractional differentiation viz.,
B-linear spline technique, integro quadratic spline interpolation techniques, finite
difference method, cubic spline technique, discretization technique, spectral colloca-
tion technique etc.

The system of coupled PDEs in porous media describes the interaction and diffusion
of two solute species. The dealing with the mathematical models of such physical
phenomena is a challenging task. Several systems of coupled PDEs have been dis-
cussed in constant fractional order systems viz., KdV-Burgers’ equation, Boussinesq-
Whitham-Broer-Kaup equation, Burgers’ equation, Klein-Gordon -Zakharov equa-
tion, etc. These systems have a wide range of applications in many complex physical
processes like plasma physics, fluid mechanics, nonlinear wave theory, nonlinear op-
tics, gas dynamics, nonlinear acoustics and shallow water waves, etc.

In this chapter the main aim is to study a special group of nonlinear coupled system
of variable order fractional order reaction-diffusion equation. The main motivation
behind the concerned coupled PDEs is a vast applications of the model in fluid me-
chanics, nonlinear optics and nonlinear wave theory, gas dynamics, nonlinear acous-
tics, and shallow water waves, etc. Many well-known systems of coupled PDEs are
the particular cases of the concerned model. The considered variable order coupled

system of nonlinear PDEs is given by
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with the following initial and boundary conditions

uw(z,0) = A (z), u(0,t) = Aao(t), u(l,t) = A3(t),
(3.2)

v(z,0) = M (z), v(0,t) = Ao(t), v(1,t) = Ag(t).

In the concerned mathematical model (3.1)-(3.2), u(x,t) and v(z,t) are the con-
centration factors to be determined, p;(x,t) and us(x,t) denote the variable order
derivatives which depend on space and time such that ¢ — 1 < pq(z,t), u2(x,t) < g.
Here g is the first integer not less than p (x,t). po(. t). The other terms p,. and py.
denote some physical realistic constants, hy(x,t) and ho(x,t) are the source terms.
Here, the another aim is to develop a highly efficient and most powerful technique
viz., the operational matrix method based on Bernstein polynomials to find the ap-
proximate numerical solution of the considered nonlinear variable order system of a

coupled reaction-diffusion equation with given initial and boundary conditions.

3.2 Basic properties and definitions of Bernstein

polynomials

Nowadays the Bernstein polynomials are world wide useful in various areas of ap-
plied and engineering mathematics[99, 100]. In the unit interval [0, 1], Bernstein

polynomials of degree [ are defined as

Byy(x) = C)) (1 —z)P0<p<L. (3.3)

As 0 < x <1, we can use binomial expansion in the aforementioned equation as

B = (1) xﬂ(lZ(—ns(l eossst .9

Ss=
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or,
- N (1—
By = L0 (1) (1 )0 <pst (35)
s=0
The Bernstein polynomials can be written in the matrix form as
Y (z) = M P(z), (3.6)
where ¥(z) = [Boy(z), Bri(z), ..., Biy(2)])¥, P(z) = [1,2,22, ...,2"]T and M is an
upper triangular matrix given by
(=1°0) D' (%) (=1)"() (o)
0 (=1°(}) D ()65)
M = (3.7)

The format of matrix M reveals that it is an invertible matrix i.e., |M|#£0. Few

properties of Bernstein polynomials are given as follows:

(i) Bpu(x) > 0,Vz € [0,1] i.e., Bernstein polynomials are always positive in their

domain.

(ii) By, (1 —x) = Bj_p,(x) and (iii) Bpl(x) = l(Bp-14-1(z) — Bp—1(x)).

3.3 Approximation of the unknown functions

Since the set of Bernstein polynomials forms a complete basis in the Hilbert space

L?[0, 1], therefore each function u(z) € L?[0, 1] can be expressed in terms of Bernstein
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polynomials as

(s

u(x) = up(x) =Y byBy,(r) = BT H(x), (3.8)
g=0
where BT = [b,] is the unknown constant matrix, which is known as Bernstein

coefficients.

Similarly functions of two variables u(z,t),v(x,t) € L?[0,1] can be expressed in
terms of Bernstein polynomials as

w(z,t) ~up(z,t) = Z Z bynByr () Bpo(t) = 9(x)T.BA(t),

g=0 h=0
r r

(3.9)

where the unknown constant matrices B = [b,,] and B = [b; ;] are known as Bern-
stein coefficients. These coefficients can be determined by using the initial and

boundary conditions.

3.4 Operational matrix of the variable order deriva-
tive
In this section of the chapter, the operational matrix for the variable order derivative

is derived. With the help of equation (3.6), the derivative of the vector ¥(¢) can be

written as
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1
t
tQ
oHENY(t)  QPEOMP(1) et
otulast) otxst) T Hmlat) o1
t9
—tr -
000 0 0 0 0 1
000 0 0 0 0 t
000 0 0 0 0 12
_u : : : : : . : | (3.10)
000 ...0 0 ... 0 0 91
[(g+1).t—#@H
(r41).t=#@1) r
_() 00 ... 0 0 ... 0 To—p@D) _t ]

where g — 1 < p(z,t) < g, we take g = [u(z,t)] and g < r.
From the aforementioned equation, we can write

MDY (t)

=M.Q.M (), (3.11)



Chapter 3. A novel numerical technique for solving nonlinear coupled ... 43

where (2 is given by the expression

0, elsewhere,
2 = [apg) (r41)x(r41) = (3.12)

I(g+1).t— =1 -
T(gt1—pu(z,0)) ;whenp =¢q > g,

where M.£2.M~! is an operational matrix w.r.t. time. The operational matrix for
variable order derivatives w.r.t. = can be obtained in a similar manner. Now, by
collocating our considered model (3.1), and initial and boundary conditions (3.2),
we get a system of nonlinear algebraic equations which help to find the arbitrary

constant matrices B and B given in equation (3.9).

3.5 Convergence analysis of the scheme

Theorem: Let the functions u(z,t),v(z.t) : [0,1] x [0,1] — R are (r + 1)
times continuously differentiable functions, i.e., u,v € C™[0,1]%, and let X =
Span[B,, (), By, (t),p,q = 0,1, ..., 7] is a vector space. Let 0(x)”.B.9(t) and 9(z)".B.0(t)
are best approximations of the functions u(z,t) and v(x,t), respectively out of X,
then the mean error bounds are given as

Vse r+2

(r+ 1)1 2278

\/§ T+ 2

(r+1)122r+4°

| e, ) = D) Bo(1) [l
(3.13)
| vla,1) = 9(0)"B) |lo<

where s = max[sg, s1, ..., S11], § = max[Sg, 51, ..., $,41] and

c=maz[("t"),0 <a <r+1].

a

Proof: The Taylor series approximation of the function u(z,t) in the neighborhood
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of a point (o, ) is given by
up (2, 1) = u(wo, to) + w, (o, to)(x — o) + uy (20, to)(t — to) + -+ (3.14)

from which we can obtain

1 Sl -
| u(z,t) — u(x,t) |=| En az_% ( a )U;ﬁ1atu(xo,to)($ — x0)" T —to)" |-
(3.15)

Suppose that ¥(z)T.B.J(t) be the best approximation of u(z,t), then

| u(a, ) —9()" - B [12<]| u(x, ) —u(z, £) ||§_/0/0 e ) —un(z, ) 2 dudt.

(3.16)
In view of equation (3.15), we have
Lt &t
| w(z,t) —I(z)".BI() ||2< / / | — ( )U;fl1a «(7o0, o)
=l g e

(2 — 20)" ™t — to)* |? dadt.

It is assumed that u”/},_,,.(z,t) is (r+1) times continuously differentiable function,

therefore there exist constants s, sq, ..., S,11 such that

maz u .. (2,1) < 80,0 <a<7r+1. (3.18)

0<w,i<l @ HiTete
Now we have

| w(z,t) —9(x)T.B.o(t) |2< /01 /01 | ﬁi («7*21) sl — z0)

(t —to)" |* dadt.

(3.19)
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Considering s = max|[so, $1, ..., Sy41] and ¢ = max[("‘zl),() < a < r+1], the equation

(3.19), becomes

| w(z,t) — 9(z).Bo(t) ||3< m/{) /0 | ;(g; o) T — t0)® [ dadt.
(3.20)

Suppose that y; be the roots of Bernstein Polynomials. For the term (z—zg) !¢

one
can find the following bounds by using the mapping z = %1 between the intervals

[-1,1] and [0,1] as

o 1
min_maz | (x — z0)" % |= min max | (u)”l*a |= (3.21)

0<z,;<10<z<1 0<y;<10<y<1 2 22(r+1-a)+1"
Thus form the equation (3.20), we can write

1 1 r+1
T 9 sc 1 1 5
I ule,t)=0(@)" B0 IS /O /0 1> i ga I dedt, (322)
a=0

or,
sc (r+2)?

I ul ) = 9@ B BS (- g

(3.23)

Now taking the square root on both sides of above equation we get our desired error

bound. Similarly, the error bound for v(z,t) can be calculated.

3.6 Numerical simulations and error analysis

In this section, the operational matrix method based on Bernstein polynomials has
been applied to some nonlinear variable order coupled PDEs to show the efficiency
and accuracy of the proposed numerical scheme through error analysis. The software
Mathematica 11.3 is used for whole numerical computation. The amount of time

taken by the program code for numerical outputs in Mathematica 11.3 increases
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slowly as the order of approximation r is increased, i.e., time complexity increases

with the increase in order of approximation.

Example 1: Coupled Whitham-Broer-Kaup (WBK) Equations: Consider the fol-

lowing nonlinear variable order coupled reaction-diffusion equation as

o@Dy t)  OPulx,t)  Ou(x,t) Ou(z, t)

Otri(zt) + Ox2 + ox + U(x7 t) Ox =M (x7 t)7 (324)
a0y, 1) . Pulr,t)  Po(x,t) . O(u(x, t)o(x,t) ha(z, 1)

Dtr2(at) O3 Ox3 O B

This system of PDE explains many physical phenomenon arising in fluid mechanics.
This equation is known as system of coupled Whitham-Broer-Kaup (WBK) equa-

tions. The analytical solutions of this coupled system are u(x,t) = and

4
Trezp(2(z—30)
v(x,t) = % with suitable values of hq(z,t) and ho(z,t). The initial and
boundary conditions can be derived from the exact solution of the problem. The L,
norm error and L., normed errors between the exact solutions and the solutions ob-
tained by our proposed method defined in equations (2.25) and (2.26), respectively
are shown through Table 3.1 and Table 3.2 for different values of fractional orders
pi(x,t) and ps(x,t), respectively at different values of time ¢ and for different order
of approximation r. We can easily found the fact that these errors decrease as the
order of approximation increases. This error analysis shows the high efficiency of
proposed numerical scheme during the computation of numerical solution. Hence

comparing the numerical solution and exact solution, one can ensure the effectiveness

and efficiency of the proposed numerical scheme.
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TABLE 3.1: Comparison of Ly, and Lo norm errors for u(z,t) at ¢ = 0.05

(2, 1) = % pa(z,t) = Zeosadsint (1) = sitlt-%—;o’ot(:OSl
r Leo Ly Lo Ly Lo Ly
4523 x10710 5.42 x10710 | 5.98 x10710 6.04 x107%0 | 6.24 x10710 6.43 x 10710
516.73 x10712 6.92 x10712 | 2.29 x10~12 5.53 x1071" | 3.67 x10~"! 6.83 x10~1
6 | 4.20 x10713 8.83 x10713 | 3.18 x10~13 7.64 x10713 | 7.46 x10~13 8.37 x10712
711.09 x10716 5.64 x1071 | 2.78 x107'6 4.00 x10710 | 4.64 x10716 1.02 x1071°

TABLE 3.2: Comparison

of Lo and Lo norm errors for v(z,t) at t = 0.05

o, 1) = heoss pia(z, ) = Zeoszint ia(z, ) = utteteoss
r Leo Ly Lo Ly L Ly
4534 x10710 8.23 x10710 | 4.24 x10710 5.30 x10710 | 9.94 x1071° 3.03 x107%
5] 1.39 x10712 4.54 x10712 | 4.39 x10712 5.84 x107'2 | 6.43 x10712 5.34 x10~H
6| 4.34 x107H 1.09 x10718 | 1.54 x10713 4.63 x10713 | 2.12 x10713 4.03 x10713
716.33 x10716 7.40 x10716 | 3.53 x1071¢ 1.43 x10715 | 1.64 x10716 5.32 x10716

Example 2: Coupled KdV-Burgers Equations: Consider a particular case of the

model (3.1), which is the following nonlinear variable order coupled reaction-diffusion

equation
oMty (z,t)  Pu(x,t)  O%v(z,t) du(z,t)
(e o T e e = i), (3.25)
ez, t) | Ou(w,t) + Fol@.t) +o(z t)—av(x’t) = hy(z,1)
Dtra(@d) 93 Ox? e T

This system of coupled PDE describes several physical phenomena arising in non-
linear optics and nonlinear wave theory. This system is known as system of cou-
pled KdV-Burgers Equations. The analytical solutions of this coupled system are
u(z,t) = exp(x + t)sin(zt) and v(z,t) = exp(x + t) cos(xt) with suitable values of
hi(z,t) and hg(x,t). The error analysis through the comparison of Ly and L, is

shown through the Table 3.3 and Table 3.4 for different values of fractional order
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p1(x,t) and ps(z,t), respectively for various values of ¢ and . We can easily found
the fact that these errors decreases as the order of approximation increases. This

error analysis shows the high efficiency and accuracy of proposed numerical scheme

during the computation of numerical solution.

TABLE 3.3: Comparison of Ly, and Lo norm errors for u(z,t) at ¢ = 0.05

i (, t) = costte fsine (@, t) = s () = Sobbercoss
r Leo Ly Leo L, Lo Ly
4| 1.06 x10710 2.13 x1071° | 2.74 x10~1° 7.75 x10710 | 6.86 x 10710 8.63 x10~1°
5| 3.76 x10~H 4.86 x107 | 4.86 x10 5.84 x107 | 1.53 x1071¢ 5.95 x10~H
6| 7.54 x10713 8.26 x10~1 | 5.85 x10~13 7.28 x107'2 | 5.86 x10~13 7.73 x10713
719.86 x10715 9.94 x107% | 2.96 x10~1 4.86 x107" | 1.56 x10~1 8.86 x10~

TABLE 3.4: Comparison of L and Ly norm errors for v(z,t) at t = 0.05

MZ(Ivt) _ cost+§gslsinw #2(1,7” _ e’z"&;nw /.Lg(.T, f) _ sint+i[;(; cosx
r Loo L2 Loo L2 Loo Lz
417.93 x10710 7.98 x10719 | 4.32 x10710 6.42 x10710 | 1.02 x10~10 1.64 x10710
516.41 x10~! 4.32 x10710 | 4.22 x107¢ 8.94 x107! | 6.42 x10~H 8.43 x10~1
6]4.32 x10713 6.34 x10712 | 8.53 x10713 9.64 x10713 | 5.75 x10713 7.33 x10713
7| 6.48 x1071° 3.42 x107™ | 6.34 x1071° 7.53 x10715 | 1.53 x1071 6.34 <1015

Example 3: Coupled Burgers Equation

is Considered as

: Here a particular case

of the model (3.1)

p (w,t) 2
0 u(z,t) 0 u(ﬂ?,t) ~ou(e ) Ou(z,t) N Ou(z, t)v(z,t)) o 1),
“outr)  eole ! o (3.26)
aﬂz(z,t)u(x’ t) 82@(:67 t) av(x, t) a(u(‘% t)v(x, t)) .
at#2(I»t) o 812 - QU(x7 t) Ox + ax - h2 (./177 t)

This system of coupled PDE has wide range of application in several physical phe-

nomena like fluid mechanics, gas dynamics, nonlinear acoustics. This equation is
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known as system of coupled Burgers Equation. The analytical solutions of this cou-

pled system are u(x,t) = e 'sinx and v(x,t) = e !sinx with suitable values of

hi(z,t) and hs(z,t).

The error analysis through the comparison of L, and L., is shown through Table 3.5
and Table 3.6 for different values of ui(x,t) and po(z,t), respectively for different
values of £ and r. It is seen that the errors decrease as the order of approximation

increases. This error analysis shows the high efficiency of the proposed numerical

scheme during the computation of numerical solution.

TABLE 3.5: Comparison of Ly, and Lo norm errors for u(z,t) at ¢ = 0.05

__ 2costte"?*sin2z
pr(x, 1) = e

lf'l(tTyt) _ 2e%*cosa

400

__ sin2t+2e"tcosz
/‘1('777 t) -~ a0

r Loo Lo Lo Ly Lo L,

419.02 x1071° 1.83 x107% | 2.56 x10~10 4.38 x10710 | 1.17 x1071° 4.27 x1071°
5(5.26 x10~11 8.51 x10~" | 1.03 x10~" 4.32 x107" | 2.14 x10~ 1 4.63 x10~1
6| 1.86 x10713 3.94 x10713 | 7.54 x10~ 1 1.76 X107 | 6.86 x 10713 5.43 x10712
71 5.34 x10716 6.45 x10716 | 5.04 x1071¢ 3.85 x107% | 7.54 x10716 9.54 x1071

TABLE 3.6: Comparison of L, and Ly norm errors for v(z,t) at t = 0.05

-2

/12(1_7.“ _ 2cost+§(;;‘sin2z M2(1,1;) _ 2e ;;8051 /,Lz([l?,t) _ sin2t+fg(;ﬂcosr
T Loo Lg Lao L2 Loo Lg
4| 1.75x10710 7.58 x10719 | 1.65 x1071° 8.56 x10710 | 8.98 x10~10 9.48 x10710
5| 4.42 x10712 1.49 x107" | 4.04 x107'2 9.71 x107" | 6.43 x10~1 9.73 x10~1
61795 x10713 1.03 x10713 | 7.53 x10713 8.09 x10713 | 5.81 x107 %3 8.41 x10712
7573 x1071% 6.75 x107% | 3.90 x10~15 1.86 x1071* | 1.62 x1071° 9.76 x1071
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(a) (b)

FIGURE 3.1: Plots of u(z,t) vs. z for different fractional variable order for (a)
pP1 = —1, (b) pP1 = 1.

(a) (b)
FIGURE 3.2: Plots of v(x,t) vs. z for different fractional variable order for (a)

p3 =1, (b) p3 = —1.

3.7 Results and discussion

After the validation of the efficiency of the proposed numerical method which ap-
plying it on three given examples in the previous section, the author has made an
endeavour to apply in the considered mathematical model (3.1) for different par-
ticular values of the parameters taking hi(z,t) = 0 = ho(z,t). The behavior of
solute concentration for different variable order is shown in the following figures for

different values of constant coeflicients.

The overshoots of solute profiles u(z,t) and v(x,t) for different variable orders
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pi(x,t) and po(x,t) at t = 1 are shown through the Figures 3.1-3.2. Figures
3.1(a) and 3.1(b) are the plots of solute profile u(x,t) vs. spatial variable x for
p1 = 1 and p; = —1, respectively when other constant coefficients are taken as
p2 =12 =py =Py = pa,p3 =1 =ps = ps = p1 = p3 = Ps = Pe. Figures
3.2(a) and 3.2(b) are the plots of solute profile v(x,t) vs. spatial variable x for
p3 = 1 and p3 = —1, respectively when other constant coefficients are taken as
p2=12=py=ps =pssp1 =1 =p3 =ps =ps = p1 = ps = P The effects of
advection term are also justified from variation of the solute profile variations as

shown in the said figures.

3.8 Conclusion

Present chapter provides three useful consequences. The first one is the derivation
of Bernstein operational matrices of variable order derivatives w.r.t. space and time.
The second one is the proper utilization of collocation method with the Bernstein
polynomial to solve the nonlinear variable order coupled system of reaction-diffusion
equation with the prescribed initial and boundary conditions and the third one is
finding the stability analysis and error bounds for the approximation and demon-
stration of error analysis. Overshoots of solute concentration have also been justified
in the chapter. The author is optimist that in future, the proposed efficient tech-
nique can be applied to solve more complex physical models like two-dimensional
nonlinear variable order advection-reaction-diffusion and a two-dimensional variable

order coupled system of equations.
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