Chapter 4

An efficient domain decomposition
method for singularly perturbed semi-
linear coupled systems of parabolic

problems

In this chapter, we consider the following semilinear coupled system on the domain

Q=D x(0,7], D=(0,1):
Lu:= du(z,t) —ed*u(x,t) + f(z,t,u) =0, (4.1)

with initial and boundary conditions

u(z,0) = ¢p(z), 0 <x <1,
u(a,t) =@, (t), 0<t<T, a=0,1.

Here, £ = (L’l,Eg)T, the solution u = (ul,UQ)T, the boundary data ¢ = (1, cpg)T

and initial data ¢ = (¢, ¢2)T. Assume that the reaction term f = (fy, fo)7 satisfies

af; of; o,
8;]; (x,t,up,ug) > @ >0, 8;2 (x,t,ur,u2) <0, @ # J,
2
of;
min J (x,t,u,ug) > a >0, i=1,2.
—oo<U; <00 — 8uj
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Assume that the diffusion parameters 1,5 can have different magnitudes and that
0 < &1 < ey < 1. Suppose that the functions f;, ¢;, @;, ¢ = 1,2 are sufficiently
smooth and satisfy the compatibility conditions to ensure that u € C*2(Q)? [94,
119]. The most of situations in the actual world are essentially nonlinear. Due to
complexity of analysis, SWR approaches for these problems remains challenging still
today. In particular, we are only know of one work [64] that developed and analyzed a
domain decomposition algorithm of the SWR type for the scalar semilinear parabolic

problem.

In this article, we consider a coupled system of semilinear reaction diffusion prob-
lems. Due to the coupling of the discrete solution’s components at each time level,
numerical methods used to solve singularly perturbed systems typically have high
computational costs. The process of approximating the solution’s components is de-
coupled using additive schemes [55, 107, 120]. So that we are able to solve decoupled
problems separately at each level of discretization, that leads to a significant reduc-
tion in computational cost. The numerical data presented later makes it very clear.
For the first time, a domain decomposition method based on additive schemes has
been applied to solve a semilinear coupled system (4.1). The convergence analysis of
the algorithm is demonstrated using several auxiliary problems. We proved that the
proposed algorithm converge with accuracy of almost second order in space and one
in time. Additionally, the numerical results demonstrate that the proposed algorithm
is more effective than the traditional Euler method based algorithm. Furthermore,

the solution converges to the desired accuracy in a small number of iterations.

This chapter is structured as follows: The continuous solution and its derivatives
bounds are introduced in Section 4.1. In Section 4.2, we introduce the discrete

method for solving problem (4.1) and analyze it in section 4.3. Finally, we give the
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numerical outcomes for a few test problems in Section 4.4. Then, we conclude the

work in Section 4.5.

4.1 Derivative bounds

In this section, we derive the estimates for the solution of (4.1) and its derivatives.
The solution w of problem (4.1) is decomposed into u = v+ w following [54]. The

solutions v and w denote the regular and singular parts of the solution u respectively

such that
Ov(z,t) —ed?v(z,t) + f(z,t,v) =0 in Q,
v=2z on {0,1} x (0,77, (4.2)
v=¢(z) on[0,1] x {0},

and

Oyw(x,t) — ed*w(x,t) + f(z,t,v +w) — f(z,t,v) =0 in Q, 43)
w=wu—v on ({0,1} x (0,7]) U ([0,1] x {0}),

where z satisfies

Oz + f(x,t,z) =0, (x,t) € {0,1} x (0,77,

z(z,0) = ¢(x), z€{0,1}.

Then, using [65] the following results can be proved.

107 ullg < C, s =0,1,2.
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Lemma 4.1. The reqular part v = (v1,v7)" satisfies the following estimates ||0; v||g <

C, ||03v]lg < C, s =0,1,2, ||0%v;]]g < OV, j=1,2; s =3,4.

Lemma 4.2. The singular part w = (w1, ws)" satisfies the following estimates
jwi(z, )] < CB.,(z), 1 =1,2,

2w (2, )] < C(er B, (0) 425 2Boy(2)), |0ws(e,1)] < Cle3 By (@), 5= 1,2,
05wy (2, 1) < Cler™ B, (x) + &, *B.,(x)), s=3,4,

|5ws (1)) < Cez (67 B (2) + 6, VB, (2), s=3.4, ¥ (2,t) €

Further, for e1 < g9 and e3 < /2, the singular part w = (wl,wg)T can be further

decomposed as Wy = Wy ¢, + W1 ey, Wy = Wae, + Wa.,, where

|UA)1’51 ($7t>| < Bel (.73), |8§w1,€1 (:L’,t)| < €IIB€1 (.73), |8§w1,€2 (I7t)| < 6272[:')62 (l’),

|w2,€1 (I?t” < le (ZE), |a§w2,€1 (I7t)‘ < 52_1881 (m), ‘ainEz (C(I,t)l < 82_2862 (‘T)

for (z,t) € Q. Here, the layer functions B.,(x) are defined as B., (v) = e "V /% 4
e"UmovVelea g e (0,1],g =1,2.

4.2 Splitting schemes based domain decomposi-

tion algorithm

From the bounds given in the above section we can observe two overlapping boundary
layers near the points £ = 0,1. A domain decomposition method is constructed to
solve problem (4.1). The original domain is divided as follows: Q, = D, x w, p =
00,0, m,r,rr,such that Dy = (0,4p1), Dy = (p1,4p2—3p1), Dm = (p2,1—p2), D, =

(1—4p2+3p1,1=p1), D, = (1—4p1,1) and w = (0, 7] with subdomain parameters



Chapter 4. An efficient domain decomposition method for singularly perturbed
semilinear coupled systems of parabolic problems 65

p1 and py (see[118])

4
pgzmin{%, 21/2—21HN}, plzmin{%, 21/%1nN}, (4.5)

On each subdomain Q, = D, X w, we consider the mesh D]J?V x wM defined as
follows. For D, = (¢, d), we define a mesh E;V = {z;}}¥, with uniform step length
hy = (d —¢)/N, and the mesh @™ = {t;}}/; with uniform step length At = T/M
is defined on w. Suppose D;,V = E;V N D, and w™ = @™ N (0,T]. We consider the

following discrete schemes on the subdomains Q)

Scheme 1 :
1M U
ey )= | Y <o, (4.6)
[Ep,é Up]i,j
where

(LU, = [0:Upalig — €1[02Upa)is + fi(@isty, [Upalig, [Upalij—1) =0,

L5 U5 = [0:Up iy — 200200} + fo(@isty, [Upali-1, [Upalis) = 0.

Scheme 2 :
NMy y
VMU, = Lpi” Uil =0 (4.7)
p Pl N.M ’
['Cp,é Up]iyj
where

(LU, )5 = [0:Upalig — €1[02Upa)is + fi(@inty, [Upaligs [Upalij—1) = 0,
103U, )55 = [0:Upaliy — e2(02Up )i + fol@inty, [Upalig, [Upaliy) = 0.

Here,
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S W (i, ) = Wp(ﬂﬁi:tj)—AV;’p(Iiij—l)j 5923Wp($¢,tj) _ Wp(l‘i,tj—1)_QWP}Egi,tj)‘f'Wp(lfi,thrl).
—N,M, =~ —N,M

Next, assuming & = (), \Q) U2 "\ Q) U U@ N\ Q) U (@G,

T

and initial solution U as

U[O](.Ti,tj) =0 for (331',15]') €D x (O,T],
Uz, t,) = u(ai,t;) for (2:,t;) € D x {0},

U[O](avtj) = u(aatj) for <a7tj) S {07 ]-} X wMa
we calculate the numerical solution U, k& > 1 of problem (4.1) on Q"M as follows

ng] in Q%M \Qe,
Ul i 9\ Q,
UM =3yl o, (4.8)
UM in Y\ O,

UM e\ Q,

where we solve

XUl =0 i QM UM(2;,0) = ¢(x;) for 2, € Dy,
UL (0,5) = po(t)) for t; € w,

UEE] (4p1, tj> = IjU[k_l] (4p1, tj> for tj € CL)M,

(YU =0 in QVM UM(z,,0) = ¢(x;) for a; € Do,
Uy:,](l — 4p1,tj) = IJU[k_ll(l — 4[)1, t]) for t] € CUM,

UM(1,t,) = @, (t;) for t; € wM,
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/

T

[CNMUF), =0 in QNM UM(z;,0) = ¢(x;) for z; € ﬁiv,
UM(1 — 4py +3py,t;) = ;U1 — dpy + 3py, t;) fort; € wM,

\ ULk](l —pity) = IjU[k}(l —p1,tj) fort; e wM

, _
3O =0 in Y, U (@:,0) = é(ay) for z; € Dy,

UM (p1,t;) = UW (o1, 1) for t; € w™,

| U (4ps = 3p1,t5) = ZUR(4py — 3p1, 1) for t; € w!,

4 R
eNMUH] =0 in Q¥M UM (,,0) = p(x;) for a; € Doy,

{ Ull(pa,15) = Z,U (pa, 1) for t; €

\ U[rﬁ](l — pa2.t;) = IjULk](l — pa,t;) fort; e Wi,

We repeat the process till |[UF+H — U[k]||§N,M < 7 (user chosen parameter).

4.3 Convergence analysis

Here, we give convergence analysis of the proposed algorithm. We define some
auxiliary problems and construct the mesh function U in a similar way as of (4.8).

We define

[;CZ’MGM]Z'J =0 in QZ’M, 64@(1’1', O) = (,b(l’z) for xT; € EZ,
Uu(0,4;) = u(0,t;), fort; € w™,

ﬁgg(élpl,tj) = u(4p1,t;) for t; € WM,

[‘CTJ,\;’MGTT]LJ’ =0 in Q%’M, ﬁTT(SIJi, O) = (b(&?z) for x; € ﬁi\;,

U, (1 —4p1,t;) = u(l —4py,t;), for t; € WM,

U,.(1,t;) = u(1,t;) fort; € wM,
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[‘quv’Mﬁr]iJ =0 in Q,,{V’M, fjr(l’i, 0) = Q’)(l’z) for x; € Eiv,

Ur(l - 4p2 + Spl,tj) = ’U,(l - 4p2 + 3p1,tj), for tj € (,OM,

U,(1— p1,t;) = w(l — py,t;) for t; € wM,

[‘Cév’ijé]i’j =0 in Qé\/:My I’jZ(xh 0) = d)(x’b) for T € Eé\f’
ﬁg(pl, tj) = ’U,(pl, tj), for t; € (,UM,

ﬁg(4p2 —3p1,t;) = u(dps — 3p1,t;) fort; € wM,

LYMT, ] =0 in QVM U, (2:,0) = ¢(a;) for z; € Doy,
ﬁm(pg, t]) = ’U,(pg, tj), for tj c CL)M,

U, (1 = po,t;) = u(l — pa,t;) fort; € wM.

Now, using the solution U we split the global error ||u — U[k”|§N,M into the dis-
cretization error ||u — Ul g~ and iteration error U — UM |gvr, and calculate the

error bound by using the following triangle inequality
||’U, — U[k]HﬁN,M S ||’U, — U||§N,M + ||U — U[k]”ﬁN,IM. (49)

Now, we will introduce a few notation which we shall use to prove the convergence
of the algorithm.
& = max{ max (T, = Uye) (o1, )], max (T, = T,,)(1 = pr.5)},
tjEwM tjEwM

&, =max{ max |(U,, — Up)(pz, 1;)], max |(Up = U,)(1 = p2, 1)},

tj cwM t; cwM

£4P1 = IIlaX{tHela%(I |(6M - Ij64)<4p17 tj)|7 trréa%[ |<ﬁ7"7“ - IjﬁT)(l - 4p17 tj)}v
A A

E1pn-sp = max{ max (O = T,0,)(4p2 = 3p1. 1)1, mag (T~ 0,1~ 4ps + 301,

tjcw
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¢ = maX{tmegﬁgf (U — Z,UF ) (4py, tj)|7tﬁég>]§f (U, = ZUR (1 = 4py, t)],

max |(U, — UM )(4p, — 3p1,1;)], max (U, — ;UM ) (1 — 4py + 3p1, )|}

tjEUJM

Lemma 4.3. Let u be the solution of (4.1) and I~Jp denote the solution of auxiliary

problems. Then
|lu—Up|[gvar < C(At+ N2In® N).

Proof. Consider Scheme 1 for (x;,t;) € Q)M p=£0,¢,m,r,rr. Then, for n = 1,2,
we have

[0cepnli; — enl0zepnliy + (falTis by, Ungig Us—nsij—1) — fu(@is by, Upmiis Ups—niiji—1))

= [(0: = o) unij + (02 — 0D)un)ij — (ful@is s, Uniijs Us—nsij) — fu(Tis by, Unsi g, Us—niij—1)),
(4.10)

where e,(z;,t;) = u(z;, tj)—fjp(xi, t;) denotes the error function and e, = (e,1, €,2)".

The error equation (4.10) defined as

LM (u — Ui = [Grepnlij — enl02epnli + [Spndii(UWisijontr — Uptijont1)

+@pnlij (Ui jin—2 — Up2i jin—2)

= (00 = O )unliy + nl(02 — 62 unlij — (fu(@is s, Uniigs Us—nii) — Ful@is b Unsjy Us—niij—1)),
where

1 af . . . .

n

Spmsin = / o, (9% tis Upmii + @(Unsij — Upinig)s Upa—niij—1 + a(Uz_psij—1 — Up,s—n;i,j—1)> da
0

and

1 af . . . "

n

Qpnsij = / 9, (% tis Upmsig + a(Unsij — Upiig)s Ups—niij—1 + a(Uz_psij—1 — Up,3—n;z‘,j—1)) da.
0
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Now, using the mean-value theorem the above expression leads to

LYM(u=U,)iy = (6, = 04) tnsij+en (02 — 02) s jtan (Ws—psij—Us—niijr), (4.11)

h i _ Ok, d k=
where ay = =524, 1, i g, Visig)s G2 = 57— (Tiy 1y Mg V2iig) and Mgy Visigr b =
(9u2 0u1
. . NM ;NM :
1,2, are intermediate values. The operator L;V’M = (L,i",L,5 )T satisfies the

following discrete maximum principle.
Suppose the mesh function W, satisfies W,(z;,t;) > 0, i = 0, N, for t; € wM,
and W,(z,,0) > 0 for z € D, . If LYW, > 0 in QVM, then W, > 0 in

—N,M

Q," p=LLm,rrr

For the third term of equation (4.11) we have

|an(u3—n;i,j - u3—n;i,j—1)| <C |(u3—n;i,j - U3—n;i,j—1)|

S C(t] - tj—l) ||0tu3_n(:p,~, ) 5] S CAt, (412)

||[tj,1,t

by using Taylor expansion and the bounds in Section 4.1.

Suppose p1 = (2y/e1InN)/y/a and py = (2\/e2In N)/y/a. In this case, e and &,
are the parameters of different magnitudes and they are small. The other cases can

be handled similar to this one.

Now, using Taylor expansions and bounds in Section 4.1 with hy < C'\/efN'In N,

the rest two terms of equation (4.11) can be bounded as follows

| (6 = O) tnsijl+en | (67 — 82) tnii g | < Ctj—t;-1) ||0Fun (s, ')H[tj,l,t,.]

<C(At+N?In*N), n=1,2.

+Ch2en ||0pun(., t;)]

[i—1,2441]
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Now, applying the discrete maximum principle for LZ’M to C(At + N72In* N) £

(u— Up)(zi, t;), we obtain

||u— ﬁa||§Z,M < C(At+ N2 N).

Similarly,
H’U, — ﬁrrHﬁN,NI < C(At + N2 In? N)
For (z;,t;) € QéV’M, n=1,2,
LM (w = Up)i = [0reenliy — enld2ernliy + [Semli (s jmnt1 — Untiij—n+1)

Fqen)ij (U2 jin—2 — ﬁe,Q;i,j+n—2)

= [(0¢ — DeJunliy + €nl(02 — 67)tnlij + an(Us—nsij — Us—nsij—1),
Then by using equation (4.12) we get

\LpoM (= Tp)ij| < (8 — ) | + 2 | (02 — 02) | + CAL. (4.13)

ln

Further, | (0; — 0) un. ;| < CAt by using Taylor expansion and the bounds in Section
(4.1). To calculate the estimate for &, [(02 — 02) U |, use u, = v, + Wy, W, =

Wy e, + Wy, and consider the Taylor expansions, derivatives bounds with the step

length in equation (4.13) to get

IN

e [(02 = ) unss| < CR2e, |[00n(ty)]

+ Ce, Hag'lbn,al('? t])‘

[i—1,2441] [i—1,2441]

+Ch2e, ||z, (1))

[i—1,2441]

< CN72In®*N, n=1,2.
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Now, by utilizing discrete maximum principle for LéV’M to C(At+N"2In” N)+ (u—

Uy)(z;, t;), we obtain

l|u— @HW,M < C(At+ N2In® N).
Similarly,

|w— U, |[gvar < C(AL+ N"2In? N).
For (z;,t;) € Q0M n =12,

LMy~ Un)ij = [Oremnlij — enl02emnlis + [SmnlijWig-nt1 — Uiz joni1)

H@monli; (U2 jin—2 — Um2ijin—2)

= [(0 = B)unliy + €al(02 — 6 )unliy + an(Us—nsij — Us—nsij—1),
Now using equation (4.12) we get
|L%:7A{[(u — ﬁm)z’7j| S | (5,5 — &g) un;i,jl +En }(5% — 85) un;i,j| + CAt. (414)

Also, | (8¢ — O4) uny ;| < CAt by using Taylor expansion and the bounds in Section
(4.1). To calculate the estimate for &, [(62 — 02) un 4|, use u, = v, + w,. Apply

Taylor expansions with derivatives bounds in Section 4.1 to obtain

en [(62 = 02) Uniiy| < ChZen ||05va(., 1))

| + Ce, H@iwn(., tj)‘

(1,241 [zi—1,2541]

<C(At+N2In*N), n=1,2.
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Now, by utilizing discrete maximum principle for LY to C(At+N—21n* N) + (u—

U,)(zi, t;), we obtain
w— Upllgvar < C(AL+ N~ N).

We can establish the same bound for the Scheme 2 by applying the preceding argu-
O

ments.

Theorem 4.4. Suppose U and UM are the solutions of the auxiliary problems and

the proposed algorithm respectively. Then

- 1\*
|U — UM||gvmr < C <§> + C(At + N~2In* N). (4.15)

QNM ]LNM LNM ]LNM

(pl’

Proof. Suppose (x;,t;) € . p =200, m,r,rr and the operator

(U U[1 ) is defined as

Then, the error equation of el! ](xz, tj) =

T 1]
Lﬁ(ﬁM(Up - U]EH)Z 5t 6[pl]n 5§ 1[)1]71 U;I[J 156,5— n+1)

) =0, n=1,2, (4.16)

[ ] [ ]ZJ + [§p,n]i,j<ﬁ1;z‘,j—n+1

A T 1]
Hapnij Uz jan—2 — Ul

p,2;t,7+n—2

where
1
~ afn 1] 1] 1]
Sp7n;i7j:/ a_< Uj[in1j+a(UnZ]_Uj[anj) U[3 n;i,j— 1+CL(U3 nyi,j—1 U}[)3 n;i,j—1
0o O
and
1
afn 1] 1 1 1
qP:nﬂ':j _/0 a_y2< t U}£n2]+a(Un1J Uz[)lm]) U;E,Z]’)—n;i,] 1+G<U3 nyi,j—1 U}Ef]i—n'z]—l

.

)) da
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For (z;,t;) € Q™ Uy — UEK] satisfies
- . ~ —N
Ly (U = Uy) = 0, in Y, (U = U)(2:,0) =0, x,€D",

(U — ULH(0,1;) = 0, |(Use — U (4py, 1) < €W, t; € ™.

Assume the mesh function Ui (xz;,t;) = 5735[1]1 + (U — U%)(wi,tj) for (z;,t;) €

QZ’M. Now, employing the discrete maximum principle to the mesh function W (z;,¢;),

we obtain
(T — U < 492 M1, (ai,t;) € O
1
Therefore,
10— Ulllgyong, < 760 (4.17)
Similarly,
100 = Ulllgg, < 7€ (1.13)

Next, for (z;,t;) € QéV’M, n = 1,2, the error equation of el[gl](xi,tj) = (INJg — UE]) is

defined as

N M (17 1 . [t 1 A ~ 1
Ly MO — UMYy o= 107 eghlig — enldZeps)i + [Benlig Unigontt — Uity s—ns)

N 7 1
Haenlig Usiign—2 = Ubsy jin_s) = 0. (4.19)
Thus, fjg — UE] satisfies
LYY 0, - uly =0, in Q¥ (U, - U (2;,0) =0, 2,€D", (4.20)

(U, — UM (4py — 3p1, 1) < €M1, ¢ € ™,

(U = UMY (1, 15)] < 1(Ue = Ue)(pr, )] + [(Uee — UMY (1, 1)
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1
< Z5[”1 +&,1, tjew.

Now, we consider mesh function \I/i(xl, ) = Clz)EM1 4+ ¢,1 + (U, — UE])(:CZ-,tj)
—2? 4+ (13py — 11py)x + 12p3 + 24p2 — 37p1po

48(p2 — p1)? P
an increasing function in the domain [p;,4p2 — 3p1] and ((po) = 1/2.

for (z;,t;) € QM. where ((z) =

So, on employing the discrete maximum principle to the mesh function \IJQi(:Bi,tj)

for (x;,t;) € ﬁ?f’M, we obtain
(U = UMY (s, £5)] < C(2)€M1 + €, 1.

Therefore, we get

10 = U, <

Similarly,

10, — U,

Next, for (z;,t;) € QN n = 1,2, the error equation of ell (z4,t5) = (U,, — ULy is

defined as

LN MU, — UMY o= (67 el Jig — nl02el] Jis + i Ursijmnsr — Ui inst)

:cmn

~ 7 1
Hdmnli Uz jin-2 = Uplasjin-2) = 0. (4.23)
Thus, U,, — Ul satisfies
LYM(U,, — Ul =0, in QY™ (U,, — UL)(2,,0) =0, 2, € D",

(U = UL (p2,1)] < (Ui = Uo) (2, 1)| + [(Ue = UR) (2. 1))

1
< e 4e,14+6,1, t; €M

N}
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(U — U = po, )| < (U = U, (1 — po, )] + (U, — UMY (1 — o, )]

< 4¢,14+¢,1, t; € ™.

N | —

Therefore, by employing the discrete maximum principle, we get
3 i 1o
1T~ U llgear < €004 6, + 6 (124

Hence,

~ 1
||U - U[1]||§N’M < 5&[1} + fm + fpz-

Now, we calculate the bound for the term ||[U — UP||. For this first we need to
find the estimate for ¢/2. By using equations (4.21), (4.22) and (4.24) along with a

triangle inequality, the operator Z; stability, we get

(T = LU (o1, 1) < i1+ 5E01 46,1,

(T = LU~ dp1, )] < €31+ 5601 +,1
(O = Z,U") (4p2 = 3p1,15)] < Eappp L + %5[”1 &1+ &l
(U, — ;UMY (1 = 4py + 3p1,15)] < Eappsp1 + %5[1]1 + &1+ &1

Therefore,

1
5[2] < 55[1] + 5/71 + fpz + 54/)1 + 5402—3p1-

Hence,

- 1
masc {2, )]0 = U] g } < A+ 360, XA = &, + 6+ Ean + Eapa-s
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Utilizing the same arguments as before will lead to
~ 1
max {gM, = UWHQN,M} <A+ 5€%.
On simplifying the above expression, we get &% < 2\ + (%)(k_l) ¢, Therefore,
_ 1\"
|U — UM |gmar < 2X + (§> ¢l (4.25)

We use Lemma 4.3 for calculate the bounds for §,, and &,,. Also we note that &4,, and
§4ps—3p, are the interpolation errors. Therefore, using the arguments in Lemma 4.3 we
can calculate the estimate for £4,, +E&4p,—3,, - Hence, we get A < C(N~2(In N)?+ At).
Further, we have £ < C by utilizing discrete maximum principle.

Hence,

k
Hﬁ—U[k]HﬁN,]\J <(C (%) +C<At—|—N72ln2N).
O

Theorem 4.5. Suppose w and U™ are the solutions of problem (4.1) and the pro-

posed algorithm respectively. Then
1\ *
lu— UM v < C (5) + C(At+ N72In* N). (4.26)

Proof. The proof of the theorem can be obtained by combining Lemma 4.3 and
Theorem 4.4 with (4.9). O

4.4 Numerical results

To verify the theoretical findings given in the previous section we consider some test

problems in this section. The user defined threshold is chosen to be 7 = N~2(In N)?
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for HUUH—H — UMHQN,M S T.

Example 4.1. Consider problem (4.1) with the following data

fiz,t, w) = 3uy — 2up + t*(exp(—u) + sin(uz)) + (1 — exp(3t)) sin(mz),

fo(z,t, u) = —t*uy (1 + ) + 3uy — 10t*(1 — cos(27x)),

1+ u?

Yo = (8t3 — 1.5t 4t + 1,20t + exp(t) — 2t*)T, @, = (4.5t> + 3t + 1, exp(3t))?,

() = (1,1)".

We use the double mesh method to compute the maximum pointwise errors because
the actual solution to this test problem is unknown. So, we compute

EN,At — ||UN,At . U2N,At/4||§N

€1,€2 My

where the approximation U2V is obtained by taking 2N + 1 discretization points
in x direction and At/4 mesh width in ¢ direction by utilizing the same transition
parameters p; and po as for the solution UM2'. The uniform errors EV2! are
calculated as

EVA = maXEé\i’At,
€1

NAt _ N,At 1aN,At NAE
where E.7" = max{E. 7 E. 0, EC (0} is calculated for a constant value

of ey =107, n € {s: 0 < s < 10}. Next, we use the formula below to define the

uniform convergence rates

RN,At — 1Og2(EN’At/E2N’At/4).
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TABLE 4.1: Uniform errors ENV2* and uniform convergence rates RV:2* for Ex-
ample 4.1.
Schemes N =25 N =26 N =27 N =28 N =27
M =4 M = 42 M =43 M =44 M = 4°
Efv’At5.8467e—01 1.3635e-01 3.2901e-02 8.1412e-03 2.0121e-03
Scheme 1 Riv’m 2.100 2.051 2.015 2.014
EéV’AtS.OSZLSe—Ol 8.4248e-02 2.1595e-02 5.4327e-03 1.3241e-03
RS 1.872 1.964 1.991 2.036
EV56.1280e-01  1.4884e-01  3.6471e-02  9.0623e-03  2.2620e-03
Scheme 2 Riv’m 2.028 2.042 2.029 2.002
EéV’At5.9452e—01 1.5039e-01  3.7589e-02  9.3952e-03 2.3471e-03
Rév’m 1.983 2.000 2.000 2.000
Efv’At6.8887e-01 1.8494e-01 4.6807e-02 1.1732e-02 2.8928e-03
Euler Scheme lev’m 1.897 1.982 1.996 2.019
EéV’At7.0525e—01 1.7203e-01 4.2581e-02 1.0608e-02 2.6388e-03
Rév’m 2.035 2.014 2.004 2.007
TABLE 4.2: Present algorithm with the Euler Scheme: Iteration counts taking
g1 = 107 in Example 4.1.
g9 =107" N =2° N =26 N =27 N =28 N =2°
M =4 M = 42 M =43 M = 4* M =45
n=1 4 5 6 6 7
2 3 3 5 5 6
3 3 3 4 5 5
4 3 3 4 5 4
5 3 3 3 4 4
6 3 3 3 3 3
7 2 2 2 2 3
8 2 2 2 2 2
9 2 2 2 2 2
10 1 1 1 1 1

For Scheme 1, Scheme 2, and the Euler Scheme, the uniform errors and uniform
convergence rates for the solution components are presented in Table 4.1 for Example
4.1. The numerical results presented in Table 4.1 are almost similar for all the three
schemes. Tables 4.2 and 4.3 display the number of iterations to achieve the stopping
criterion. The number of iterations for the proposed algorithm with Scheme 1 and

Scheme 2 are same, whereas these counts are slightly different for the classical Euler
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TABLE 4.3: Present algorithm with Scheme 1 or Scheme 2 : Iteration counts
taking €1 = 107 in Example 4.1.

gg =107" N =2° N =25 N =27 N =28 N =2°

M =4 M = 42 M =43 M =44 M =45
n=1 4 ) ) 6 6
2 3 3 4 4 D
3 3 3 3 4 4
4 3 3 4 3 4
) 3 3 3 4 4
6 3 3 3 3 4
7 2 2 2 2 3
8 2 2 2 2 2
9 2 2 2 2 2
10 1 1 1 1 1

0.6 0.4

time space

FIGURE 4.1: Component 1 with Scheme 1 for Example 4.1 with 7 = 1077, 9 =
107> and N = 64, M = 16.

Scheme.

Example 4.2. Consider problem (4.1) with the following data

fi(z,t, w) = 4u; — uy + cos(ug) — 2t(x — 2* + sin(rx)) — 4,
fo(w,t,w) = —uy — sin(uy) + Tug + sin®(uy) — at — 1,

@, = (10tsint, 10 cost(1 —exp(—t)))*, ¢, = (10tsint, 10 cost(1 —exp(—t)))?,
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06 0.4
time 1.0 space
FIGURE 4.2: Component 2 with Scheme 1 for Example 4.1 with e, = 1077, g9 =
107° and N = 64, M = 16.
d(x) = (0,0)".
TABLE 4.4: Uniform errors ENV'2* and uniform convergence rates RV4? for Ex-
ample 4.2.
Schemes N=2 N =20 N =27 N =2° N =2
M=1/4 M = 42 M =43 M = 4* M = 4°
ENA1.2734e-02  3.9623¢-03  1.0423¢-03  2.6382e-04  6.6120e-05
Scheme 1 RM*  1.684 1.927 1.982 1.996
EéV’At3.5016e-02 9.5811e-03  2.5464e-03 7.0867e-04 1.8222¢-04
RYA 1,869 1.912 1.845 1.959
E{V’At1.1026e-02 3.3801e-03 9.1004e-04 2.3167e-04 5.7932e-05
Scheme 2 RM2 1.706 1.893 1.973 1.999
EéV’At2.0197e-02 7.8078e-03 2.4604e-03 6.0747e-04 1.5148e-04
RYA 1371 1.666 2.018 2.001
EV511.4421e-02  4.8217¢-03  1.3339¢-03  3.4251e-04  8.6492¢-05
Euler Scheme RM* 1581 1.854 1.959 1.985
E§7At1.9394e—02 7.9896e-03 2.6077e-03 6.9169e-04 1.7736e-04
RYAT 1,279 1.615 1.915 1.963

The uniform convergence rates RV2! and uniform errors EN*! are computed in the

same manner as before. The uniform errors and uniform convergence rates for the

Scheme 1, Scheme 2 and the Euler scheme for the solution components are presented
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TABLE 4.5: Present algorithm with the Euler Scheme: Iteration counts taking
g1 = 107? in Example 4.2.

gg =107" N =2° N =25 N =27 N =28 N =2°

M =4 M = 42 M =43 M =44 M =45
n=1 ) ) 6 6 7
2 4 4 ) 3 6
3 3 4 4 d >
4 3 4 4 4 4
) 3 3 4 4 3
6 3 3 3 3 3
7 2 2 2 2 2
8 2 2 2 2 2
9 2 2 2 2 2
10 1 1 1 1 1

TABLE 4.6: Present algorithm with Scheme 1 or Scheme 2 : Iteration counts
taking €1 = 107 in Example 4.2.
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in Table 4.4 for Example 4.2. Further, Tables 4.5 and 4.6 show how many iterations
are necessary to satisfy the stopping constraint. Here, we also observe the same

behavior of the numerical results as in Example 4.1.

To show the efficiency of the algorithm with Schemes 1 and 2, we compare the
computational cost required by the the algorithm with Schemes 1, 2 and the Euler
Scheme in Tables 4.7 and 4.8 for Examples 4.1 and 4.2 respectively. These results

are calculated for fixed values e = 1077 and ey, = 107° and different values of
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0.4

time 1.0 space

FIGURE 4.3: Component 1 with Scheme 2 for Example 4.2 with e = 1077, 9 =
107> and N = 64, M = 16.

time 1 0 space

FIGURE 4.4: Component 2 with Scheme 2 for Example 4.2 with 7 = 1077, g9 =
107® and N = 64, M = 16.

TABLE 4.7: The used CPU time in seconds for Example 4.1 with &1 = 1077, ey =

107°.
Algorithm] N =2 N =2° N =27 N =28 N =2Y
M = 42 M =43 M =44 M = 4° M = 45
Scheme 1 0.434 2.610 26.878 271.484 6854.164
Scheme 2 0.569 2.824 28.986 291.506 7086.662
Euler Scheme 1.064 4.095 57.706 933.209 46471.232
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TABLE 4.8: The used CPU time in seconds for Example 4.2 with &1 = 1077, ey =

1072,
Algorithm N=2 N =2° N =2 N =28 N =2
M = 42 M = 43 M = 4% M =45 M =48
Scheme 1 0.895 2.198 18.481 209.241 5821.146
Scheme 2 0.783 2.856 20.185 249.665 6056.191
Euler Scheme 1.377 3.765 52.840 1066.341 42924.251

discretization parameters N and At. These results clearly show that the algorithm

with Schemes 1 and 2 is computationally efficient than the Euler Scheme.

4.5 Conclusions

We have proposed a domain decomposition algorithm to solve the semilinear coupled
system of singularly perturbed parabolic problems. On each subdomain, a classical
central difference scheme in space along with the splitting of components technique
in time, are utilized. We have shown that the proposed algorithm is parameter
uniform, with the accuracy of almost second order in space variable and one in time
variable. To support the theoretical findings and show the efficiency of the proposed

algorithm, we have included two test problems.

Rokookoskokok sk kokokok
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