Chapter 2

An Infeasible Interior-point Method
to Generate the Nondominated Sets
for Multiobjective Optimization

Problems

2.1 Introduction

As described in Section 1.5, the cone method [47] is one of the most efficient scalar-
ization techniques that can generate convex and nonconvex part of the Pareto surface.
Also, this method does not require the prior information about the location of nondom-
inated set. This method provides a set of single objective optimization subproblems
whose nature are probably nonconvex [47]. In this chapter, an infeasible IPM is imple-

mented to solve the single objective optimization subproblems.
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2.2 Motivation

Interior-point methods require strictly feasible points as starting points. In theory,
this requirement does not seem to be particularly restrictive, but it can be costly in
computation. To overcome this deficiency, most existing practical algorithms allow
positive but infeasible starting points and seek feasibility and optimality simultaneously.
Algorithms of this type is known as infeasible interior-point methods (ITPMs). This
type of methods firstly introduced by Megiddo [85] for solving LP problems. The ITPM
is widely considered the most efficient method. Interior-point algorithms are based
on the line search techniques. Generally, IPMs follow the following steps to solve the

optimization problems:

(i) convert the inequality constraints into equality using the slack or surplus variables,

(ii) omit the nonnegative variables by keeping them within the barrier terms,

(iii) move equality constraints to the objective with the Lagrange transformation to
obtain an unconstrained optimization problem and write first order optimality

conditions for it, and

(iv) apply Newton method to solve the first order optimality conditions (i.e., to solve

a system of nonlinear equations).

Since [TPMs do not require the iterates to be feasible, they have to concern with two
conflicting objectives at each iteration: the reduction of infeasibility and the reduction
of objective function. Both goals must be considered when deciding whether the new
iterate will be accepted or rejected. Most algorithms combine optimality and feasibility
into one merit function to make this choice.

When an MOP is transformed into single objective optimization subproblems, find-

ing the initial feasible point will not be possible for each subproblem. Therefore, an
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ITPM [86] will be the better choice to solve the single objective optimization subprob-

lems.

2.3 Contributions

In this chapter, an IIPM is proposed to generate the nondominated set of nonlinear
multiobjective optimization problems with the help of the direction-based cone method.
We derive the proposed method for both convex and nonconvex problems. In order to
solve the parametric optimization problems of the cone method, the IIPM starts with
an initial iterate outside the feasible region, and then gradually reduces the primal
and dual infeasibility measures and the objective function value across the iterations
with the help of a merit function. The convergence results of the proposed method are
provided. We provide the performance of the proposed method on a variety of convex
and nonconvex multiobjective test problems.

The main contributions of this chapter are as follows:

(i) we develop a new decomposition based approach for solving MOPs (convex and
nonconvex) which uses an IIPM to solve each single objective optimization sub-

problem.

(ii) Initially, we develop an algorithm to deal with the convex case of the single
objective optimization subproblem. We also provide the convergence analysis
of this method and an estimate of the number of iterations to reach an e-precise

solution. Then, the algorithm extends to solve the nonconvex MOPs.

(iii) We provide the performance of the proposed methods on a variety of convex and
nonconvex MOPs test problems. Performance comparison between the proposed
method and popular existing solvers is provided with respect to two performance

measures and the corresponding relative efficiency measures.
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In this chapter, we will consider J = 0, hence, MOP (1.1) will convert into the
following MOP:

minimize  F(z) = (fi(x), fo(x), ..., fp(z))", P >2
(2.1)

subject to h;(z) >0, j=1,2,...,J,

where f; : R® — R and h; : R® — R are taken twice continuously differentiable
functions for all i« € Z and j = 1,2,...,J throughout this thesis. Hence, the feasible

set in decision space will be X = {x € R" : h;(xz) >0, j=1,2,...,J} for MOP (2.1).

2.4 Cone method

To obtain a (weakly) non-dominated point of F(X'), the cone method [47] suggests to
solve the following minimization problem corresponding to a particular B € SZ’l =

SP~' NRE (where S~ represents the unit sphere in R”):

minimize t

subject to t3 = F(z),

0 (2.2)
hij(z) >0, 7=1,2,....7,
t>0. )
In fact, Yun = U {tBB t15is ‘min ¢’ of (2.2)} . From the complete weakly non-

.
B est

dominated set wa,fthe process to filter out the set of all nondominated points is
detailed in [47].

We note that the problem (2.2) is a single-objective parametric problem, with pa-
rameter B , corresponding to the MOP (2.1). To generate the complete nondominated
set, one needs to solve the problem (2.2) for all 3’s in Sg_l. For obtaining a uni-

formly spreaded nondominated points, the work in [47] suggests to take the following
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expression of [:

P—2 P-1
(cos 01, cos by 8in By, cos O3 sin By sin by, . .., cos Op_; H sin 6;, H sin (91-) , (2.3)
i=1 i=1

where 0 < 0; < 7,1 =1,2,...,P — 1. In the proposed algorithm, we follow the sug-
gested way in [47] on the number of grid points for 6;’s to obtain a discrete subset of
nondominated points.

Note that the MOP (2.1) is convex if f; and —h; are convex functions for all ¢ € 7
and j = 1,2,...,J; otherwise, the MOP (2.1) is nonconvex. For each 5’, the parametric
subproblem (2.2) of the cone method is convex (respectively, nonconvex) if the problem
(2.1) is convex (respectively, nonconvex). The case of convex problems (Section 2.6)
and noncovex problems (Section 2.7) are considered separately. Initially, we build an
Algorithm 1 to deal with the convex case of the parametric problem (2.2), and later we
extend it to solve the nonconvex case (see Algorithm 3). In fact, Algorithm 3 eventually
merges the algorithms for convex and nonconvex case in one single algorithm.

The next section formulates the Newton scheme for the IPM to solve the parametric

problem (2.2).

2.5 Analysis of (2.2) based on the infeasible interior-point

method

This section investigates a parametric scalar optimization problem that is equivalent
to the problem (2.2). In the sequel, we formulate a log-barrier problem corresponding
to the problem (2.2). Afterwards, to solve the formulated log-barrier problem, Karush-
Kuhn-Tucker (KKT) conditions are derived. In order to find an approximate solution
of KKT conditions, ITPM utilizes Newton’s method to find the direction along which
to proceed. Thus, an explicit expression of the search direction to the Newton system

is also derived.
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We note that by denoting X = (z1, 22, . .. 7a:n,t)T, c=(0,0,...,0, 1)T, B = (B1, B2y ..., Bp) T,
fi(X) = fi(z), i € T and F(X) = F(x), the parametric problem (2.2) can be written in

the following form:

minimize ¢'X

h(X) —w =0,

v=20, w=0, )
where h(X) = (h1(X), ha(X), .., hg(X), hy1(X)) " with hga(X) = ¢'X, 0 = (1,0, ,0p) 5
w = (wl, Wo, ..., W7, W g+1)T being vectors of slack variables. We eliminate the inequal-

ity constraints in (2.4) by placing them inside a barrier term as follows:

minimize b, (X,v,w)

subject to fBe'x — F(X) —v =0, (2.5)

where

P J+1
b, (X,v,w) = "X —p <Z log(v;) + Z log(wj)>

i=1 j=1
and g > 0 is the barrier parameter. In the rest of this chapter, we use the following
notations:

p=(X,v,w) and Q= (p,y,z) = (X,v,w,y,2).

The Lagrangian for the problem (2.5) is given by
Ls(Q, 1) = b, (X,v,w) — y" (BCTX - F(x)— v) — 2" (h(X) —w),

where y € R” and 2z € R7*! are Lagrangian multipliers.
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The first-order KKT conditions for a minimum of (2.5) are

AT T T
ViLy( Q) =c— (vx (50 X — F(x))) y— (Vxh(x))Tz =0,
VoL@ u)=—pVle+y=0, y=0,
VwLB(Q,,u) =—uWle+2=0, 220, (2.6)

VyLy(Q ) = F(X) = feTx +0 =0,

V.Ls(Q, 1) = —h(X) +w =0,

where V = diag(vy, va, . ..,vp), W = diag(wy, ws, ..., wss1), € is a vector of all 1’s of
dimension P or (J + 1) according to the context, and Vy <BCTX — F(X)> and Vh(X)
are the Jacobian matrices of the functions f¢"x — F(X) and h(x), respectively. We
modify (2.6) by multiplying the second and third equations by V' and W, respectively.

Accordingly, we get the following standard primal-dual system:

. T
¢ (vx (Bch - F(x))) y— (Vxh(x))Tz =0,
—pe+VYe=0, y=0,
—pe+WZe=0, z20, (2.7)

—F(X)+fc'x—v=0,

where Y = diag(y1,ys,...,yp) and Z = diag(z1, 22,...,27+1). To find a solution to
the primal-dual system (2.7), we apply Newton’s method. For a simplified appearance

of the expressions below, we introduce the following notations:

A5x) = V5 (Be"x = F()) . B(x) = Vih(x)

and
P J+1
H(X,y,2) = > uVfi(x) = Y % Vhi(x), y=0, z20. (2.8)
i=1 j=1

For a given barrier parameter p > 0, the Newton direction (AX, Av, Aw, Ay, Az) at a
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point (X, v, w,y, z) is obtained by solving the following Newton system for (2.7):

H(X,y,z)

0

0 —(4;(x)7 —(BX)T
0 1% 0
VA 0 w
0 0 0
-1 0 0

AX
Av
Aw
Ay
Az

¢~ (45(x))Ty — (BE)) T2
—pe+VYe
—pe + W Ze
BeTx — F(X) —v
h(x) —w

(2.9)

The matrix on the left of (2.9) is not symmetric. However, it can be easily sym-

metrized by multiplying the first equation by —1, the second equation by —V ! and
the third equation by —W 1. Accordingly, we get
—H(X,y,2) 0 0 (A)" (BX)T| |Ax o
0 -V-ty 0 -1 0 Av —-M
0 0o -w'z 0 ~I Aw| = |-y, (210)
Az(x) —1 0 0 0 Ay 05
| B(x) 0 -1 0 0 | [Az A
where
05(X,y,2) = ¢ — (A5(x)) "y — (B(X)) 2,
n(vy) =puV e —y,
r(w,2) = pW e — 2, (2.11)

05(X,v) = F(X) +v— BeTx,

and p(X,w) = w — h(X).

The reason behind making the system symmetric is that we can use the Cholesky
factorization [87] to solve the system. Note that the notations 04 03 P> M and Yo
depend on X,y,z,v and w. If ps and p do not vanish at a point, then the point is
primal infeasible. Therefore, o5 and p together denote primal infeasibility. In contrast,
if ps and p vanish at a point, then the point is primal feasible. Similarly, If o4 does

not vanish at a point, then the point is dual infeasible. Therefore, 04 denotes the dual
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infeasibility.
We note that second and third equations of (2.10) can be used to eliminate Av and
Aw without producing any off-diagonal fill-in in the remaining system with the help of

the following equations:

Av=VY (v — Ay)

(2.12)
Aw=WZ Hy — Az).
Accordingly, from (2.10), the resulting reduced KKT system is given by
—H(X,y,2) (43(x)" (B(x))"| |Ax o
As(x) VY1 0 Ay| = o+ VY Iy | - (2.13)
B(x) 0 Wzt Az p+WZ 1y,

To find a solution to (2.13), the algorithm that we propose below (Algorithm 1)
starts from a given initial point (X v w(© y© >(©): then, at the k-th iteration, it
determines a search direction (AX(k),AU(k),Aw(k), Ay(k),Az(k)) by solving (2.13) at
(X(k), o) k) g k) z(k)); lastly, it chooses a step length a®) and then finds the next

iterate by
XD — (B 4 o) Ax(®)
pRFD ) (B Ay (R)
WD = ) 4 g0 Ay () (2.14)

Y EFD () o () Ay (h)

S ) 4 (R A

where a® is the step length that is detailed in Section 2.6.3.
In order to compute a search direction, we need to solve an system (2.13). The

following theorem gives the explicit form of the search direction.

Theorem 2.1 Let the point Q = (X,y,z,v,w) be such thaty >0, z >0, v > 0 and
w > 0. We denote NB(Q) = H(X,y,2) + (Aé(X))TV_1YA6(X) + (B(x))"TWtZB(x).
If at a point €2, Ny is nonsingular, then the system (2.10) has a unique solution. In
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particular,
AX = — Nglc + NBTl(AB(X))TV_lYgB + NBTl(AB(X))T,uV_le + ,uNBTl(B(X))TW_le
+ NB’I(B(X))TW‘IZ/L
Av = — AB(X)NB’lc - (I - AB(X)N[;l(AB(X))TV_lY) 05+ NAB(x)N;(AB(x))Tv—le, —_
+ AB(X)Né_l(B(X))TW’lZp + uAB(X)NﬁTl(B(X))TW’le and
Aw = — B(X)Né_lc - (I - B(X)Né_l(B(X))TW’lZ) p+BE)NT(A5(x) VYo,
+ uB(X)NﬁTl(AB(X))TV_le + uB(X)Nﬁfl(B(X))TW_le.

Proof: By solving the second and the third equations of (2.13) for Ay and Az, we
get Ay = V~'Yos 4+ — VIIYAX)AX and Az = W' Zp + v — W ZB(X)AX.
Eliminating Ay and Az from the first block of the system (2.13), we get

Ax = =N7let (NG A (0) TV Y g) + (N (BOO)TW e+ NTH(B(X) W' Zp)

We notice that the square matrix of order (n+J +P+1) x (n+J +P +1) on the left
side of the system (2.13) is quasi-definite and therefore nonsingular in nature (see [87]).

Hence, using AX, we can compute Ay and Az, and finally Av and Aw uniquely as

follows:
Av = — AQ(X)NB’IC - (I - AB(x)ngl(Aﬁ(x))Tv—W) 05+ NAB(x)Nﬁfl(AB(x))Tv-le
+ Aﬁ(x)Nﬁil(B(x))TW*lzp + MAB(x)ngl(B(x))TW*le
and Aw = — B(x)N/;lc - (1 - B(X)Nﬁfl(B(x))TW’lZ> p+ B(x)Na—l(AB(x))TV*lygB

+ MB(X)Né_l(AB(X))TV‘le + uB(X)Nﬁ_l(B(X))TW‘le.

In Section 2.6, we describe an algorithm to solve convex multiobjective optimization
problems with the help of the reduced KKT system (2.13), the sequence of iterations
(2.14) and Theorem 2.1.
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2.6 Algorithm for convex multiobjective optimization

In this section, we consider the MOP (2.1) where each f;, i € Z is convex and each
hj, 3 =1,2,...,J is concave. Hence, the MOP under consideration in this section is
a convex problem. Evidently, the single objective parametric problem (2.2) is con-
vex and the Hessian matrix H(X,y,z) is positive semi-definite. Then, the matrix
N3(X,y,2,0,w) = H(X,y,2) + (A3(X) VIV Au(X) + (B(x)) "W ZB(X) is positive
semi-definite. Since the algorithm that we propose (Algorithm 1) solves the system
(2.13) with the help of Cholesky factorization, it is important that the algorithm pre-
serves the positive semi-definiteness of the Hessian matrix H(X,y, z) across the itera-
tions. If the Hessian matrix is not positive definite, the algorithm suitably perturbs
the Hessian (see Section 2.7). Therefore, Section 2.6 assumes that the Hessian matrix
H(X,y, z) is positive definite, and hence the matrix NB(X’ Y, z,v,w) is positive definite.
Consequently, the search directions can be determined by Theorem 2.1.

Once an iterative point becomes feasible, in order to retain the feasibility of the
next iterates, we need to maintain nonnegativity of the slack variables v and w and of
the dual variables y and z. Hence, the step length for movement at each iteration needs
to be chosen carefully. Usually, merit functions [88-90] are used to determine suitable

step lengths along the search directions.

2.6.1 Merit functions

Feasible interior-point algorithms [55,91] are known to maintain feasibility of every
iterate. Thus, in feasible IPMs, one focuses only on finding suitable descent direc-
tions. In infeasible IPMs, however, the iterations start from outside the feasible region.
Therefore, if we attempt to apply an infeasible IPM, in addition to finding a descent
direction, we need to reduce infeasibility at every iteration. Progress of both of the
objective function and infeasibility can be done by monitoring a suitable merit function

reduction at every iteration. These progresses are obtained by suitably truncating the
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step length along the search directions (2.13) so that there is substantial reduction in
the merit function.

Some variants [30,90] of merit functions for solving the system (2.7) are as follows:

6105, 0,w,m, 1) = b (%,0,0) + 1 (Jlog (%, )l + o w1 )
Ga(%,0,0,,2) = o3l + [V Vel + W Zel + llos(x, )3 + o w) 3

n
wTI,M(XJ}vw) = bM(X,v,w) + ) (HQB(X> U)Hg + HP(X,’LU)H§> , ete.,

where p > 0, n > 0.

The merit function ¢ (X, v, w,n, 1) is exact but nondifferentiable due to the [; norm.
The word ‘exact’ refers to the existence of a positive scalar 7y such that for every
n > 1o, a local minimum point of the problem (2.5) is also a local minimum point of
o (X, v, 0,17, ).

The I merit function ¢o(X, v, w,y, z) was introduced by El Bakry et al. [90]. They
showed that the algorithm is convergent whenever the Jacobian of the system (2.10) is
nonsingular. The proposed algorithm in [90] was tested on the Hock and Schittkowski
test problems by Shanno and Simantiraki [92]. They found that the algorithm fails on
some problems.

In this chapter, we use the differentiable I, merit function 1, , (see [30]). A mild
disadvantage of the merit function v, , is that  needs to be large enough to guarantee
the convergence to a feasible point. The following theorem verifies that if the problem
(2.1) is such that the Hessian matrix H(X,y, z) is positive definite, the search direction

given by Theorem 2.1 is a descent direction for ¢, , (X, v, w) provided 7 is large enough.

Theorem 2.2 Consider the barrier problem (2.5) and the point Q = (X,v,w,y, z) is
such that v >0, w >0, y > 0 and z > 0. Suppose that Nj is positive definite at €.

Then, for any > 0, the following results hold:

1. If the point € is primal feasible, i.e., 05 = p =0, then either (AX, Av, Aw) is a
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descent direction for the barrier function b,(X,v,w) or the point Q) satisfies the

KKT conditions (2.7).

2. If the point ) is not primal feasible, then there exists an Mynim > 0 such that

for each 1 > Nmin, (AX, Av, Aw) is a descent direction for the merit function

Yy u(X, 0, 0).

Proof: 1. From the expression of b, (X, v,w), we obtain Vb, = ¢, V,b, = —uV e
and Vb, = —puW='e. Denote y = uV=le, z = pW-le and o5 = c— (AB(X))Ty—

(B(x))"z. By the expression of AX, Av and Aw from Theorem 2.1, we obtain

.
Vb, Vb, Vwbu] {AX Av Aw]
= — 0 N lop + o N A(X) VT Y os +yTos + 2 p+ oy NS HB(X) W Zp.

Since the given point (X,v,w,y, z) is primal feasible, 053 = p = 0. Hence, we get

.
Vb AX
Vb | |Av| =-0iN o (2.16)
Vb Aw

As Ny is positive definite, Nﬁfl is positive definite. Thus, JgNﬁflaﬁA > 0.

e Case 1. If aﬁTNﬁflaﬁA > 0, then (2.16) shows that (AX, Av, Aw) is a descent

direction for the barrier function.

o Case 2. If UﬁTNEUB = 0, then 05 = 0. In this case, g5 =p=0and 03 =0

together satisfy the KKT system (2.7).

2. We note that Vi (Jlo;(x,v)I§ + ll(x,w)[3) = ~2 (05(x,0) T A5(x) + p(x,w) TB(x)) .
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Therefore,
.
Vi (ot )lE + llo(x w)lf) | | Ax
V. (llos(x,0)1B) Av
Vo ([lp(x, w)]I3) Aw
= — 2QE(AB(X)AX — Av) = 2p" (B(X)AX — Aw)
= —2(llesl3 + lIol3) -
Further,
T T T
V<t AX Vb, AX —anAB(X) —np' B(X) AX
Voty Av | = |V,b, Av| + nos Av
Vouwln Aw Vb Aw np Aw
=— agNglaB + ogNé_l(A(X))TV_lYQB + yTQB +2'p
+ o] N B) W Zp = (Ilogll3 + l1el3)
We denote

I;(Q) = UBTNB_I(A(X))TV’lYgB +y o +z p+ agNﬁrl(B(x))TW*lzp - agNB—laB. (2.17)

Then,
;
VWU AX
Vot | |80 | =50 =1 (llesll3 + llol3)
Vol u Aw

Since the given point (X,v,w,y, z) is not a feasible point, i.e., either or both of

logll2 # 0 and [[p|[2 # 0, the following two cases arise:
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e Case 1. In this case, we consider I'4(2) < 0. This implies

-
Vit AX
VU@D%M Av | < 0.
Vuwlnu Aw

Hence, (AX, Av, Aw) is a descent direction of v, ,, for any n > 0.

In this case, the result follows with 7y, = 0.

e (ase 2. Let FB(Q) > 0. In this case, by choosing an 7 so that

['3(Q)
n > =1

(Ilesli3 + lIo13)

we see that (AX, Av, Aw) is a descent direction for 1), ,. Hence, the result

follows.

O

Note 2.1 Theorem 2.2 suggests to keep n as zero for the merit function 1, ,, as long as
either the current iterate is feasible or the direction (AX, Av, Aw) is descent. In case
the current iterate is neither feasible nor (AX, Av, Aw) is descent, choose n not smaller
than

['5(Q)

Nmin = 5 (218)
(Nal3 + llo13)

where T'5(Q) is given by (2.17); in the proposed algorithm, we typically choose n =

1077min .

So far, we have not discussed the choice of the barrier parameter u, step length, and

strategy for choosing the initial point. Next, we detail these concerns in the subsections

2.6.2, 2.6.3 and 2.6.4.
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2.6.2 Choice of the barrier parameter p

The selection of the barrier parameter has an important role in IPMs, as the optimality
is achieved whenever the barrier parameter decreases to zero (see [65]). Feasible interior
point methods [65] are generally based on the strategy of central path. Therefore,
whenever the primal-dual feasible point (X, v, w,y, z) lies on the central path, it has to

satisfy the second and third equations of (2.7), i.e.,, v’y = Pu and w'z = (J + 1)p.

vaerTz
P+I+1

Hence, the exact value of p at any iteration is given by pu = . In the proposed
algorithm, as the iterations start from outside the feasible region, an estimate of the
barrier parameter p is chosen as (see [93]):
T T
vytw z
=r———— for some r € (0,1). 2.19
p=rp 0.1 (2.19)
This choice of p shows the convergence (Theorem 2.4) of the iterative sequence
generated by the proposed Algorithm 1. Computational evidence, as demonstrated in

Section 2.8, also shows that this choice of barrier parameter (2.19) works well for the

merit function 1, .

2.6.3 Choice of the step length

The proposed algorithm updates the iteration point at the end of each iteration by
(2.14). When choosing the step length at every iteration, attention must be given so
that the slack variables v; and w;, and the dual variables y; and z;, stay positive for all
i€Zand j=1,2,...,J + 1 across the iterations, otherwise the barrier function (see
(2.5)) will not be well defined. For this positivity, we choose the step length « at every

iteration by the following standard ratio formula (see [93]):

-1
a = min{(5 <max{—A”i,—Ayi,—ij,—Asz : 1}, (2.20)
2, (4 Y W Zj
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where 0 < 6 < 1. The results in [86] demonstrate that ¢ = 0.95 works well in practice.
Therefore, we also select this value of § in the proposed algorithm.

The choice of step length « by (2.20) is generally used to maintain positivity of
the nonnegative variables for linear and quadratic programming [93]. However, for
general nonlinear programming, it might be the case that a slight decrease in the
objective function contributes to a large rise of infeasibility. Therefore, at each iteration,
the interior-point method chooses @ € (0, ] such that the merit function follows the

following Armijo rule:

U (p + QAP) — Uy (p) < 16 (Vyihyu(p)) " Ap, (2.21)

where £ € (0,1), p = (X,v,w) and Ap = (AX, Av, Aw). If the point p is such that
the Hessian matrix H(X,y,z) is positive definite, then the matrix Nz(€2) is positive
definite, and hence the direction Ap calculated by Theorem 2.1 is descent for the merit
function ¢, ,(p) (see Theorem 2.2). Consequently, the right side of (2.21) is negative,

which confirms that the merit function 1, ,(p) reduces at the point p + aAp.

Note 2.2 Note that as Ap is a descent direction for the merit function v, ,, there
exists an o > 0 that satisfies the condition (2.21) (see Section 2.5 in [35]). In finding
an estimate of the largest a* (which we denote as &) that satisfies the condition (2.21),
a common way is to choose the largest value in {C*a, (o, ...} such that the condition
(2.21) holds, where ¢ € (0,1). Notice that there exist | € {2,3,...} such that & = ('a <

a* that will satisfy the condition (2.21).

2.6.4 Choice of the initial point

To solve the convex multiobjective optimization problem (2.1), the method that we
propose first converts the MOP into a set of parametric scalar optimization problems

(2.2). Subsequently, the method chooses the parameter § by (2.3) and then initializes
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the algorithm by selecting an appropriate starting point. Interior-point methods not
only require a suitable initialization of X but also of the slack variables v;, + € Z, and
w;, 7 =1,2,...,J +1. For a given x| an initialization of X, the slack variable values

are given by (see (2.7))
2 = BTXO — P(x©) and w® = h(x©). (2.22)

With the computed values of v(® and w® two difficulties may occur:

1. if X is not feasible, then at least one component of each of the vectors v(® and
w® becomes negative, which makes the barrier function in (2.5) undefined, and

2. if X(©) is feasible, then it may be possible that one or more components of v(® and
w(® are very close to zero. This impedes progress towards the solution.

To resolve both the issues, one way of initializing v(® and w(® (see [86]) is

( \

0 & if Bic'x® — £,(xO)=0, i=1,2,...,P

|BicTx@ — £;(x®)| otherwise
\
)

0 & if hj(x9)=0, j=1,2,...,P+1,

(2.23)

|h;j(x@)| otherwise,

\ Vs

where & > 0 and & > 0. This method of initializing v;’s and w;’s holds the variables
v and w at least as large as & and &, and it eliminates both of the above-mentioned
difficulties. In practice, we use & =1 and & = 1.

Recall that the solution of the multiobjective problem (2.1) will be achieved by
solving the parametric single objective optimization problem (2.2). The interior-point
method reformulates the problem (2.2) as a parametric barrier problem (2.5). Algorithm
1 solves the parametric barrier problem (2.5), via solving (2.10), and saves the objective

vectors of the Pareto optimal solutions in ‘Nondominated Set’ for each B € Sg_l.
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The set ‘Nondominated Set’ in the Algorithm 1 gives a discrete approximation of the
complete nondominated set of the problem (2.1). By increasing the number of A,
the entire S§’1 can be covered, and hence Algorithm 1 is capable of capturing the
complete nondominated set of the problem (2.1). This is due to the fact that for each

nondominated point, there is a 3 € Sg’l (see Theorem 2 in [47]).

As we aim to find a solution of (2.5), the solution point is required to satisfy primal
feasibility, dual feasibility and complementary slackness. We, thus, use the following

merit function
v(Q) = max{[|osl1, [[ogll1, ol VY ellr, [[WZell: } (2.24)

to measure overall progress of the iterative points. For a given ¢ > 0, we define the
approximated KKT point as = (X, v,w,y, z) such that v >0, w >0, y >0, 2> 0
and v(€2) < e. Note that v(Q) = 0 if and only if 2 is a KKT point. Thus, Algorithm
1 attempts to reduce merit function (2.24) until it is less than a precision parameter e.

In addition, Algorithm 1 also reduces the merit function

m—+1

Youlp) = ¢Tx = p <Z log(vy) + 3 log<wj>> + 5 (les(e. )5 + llotx, w) )

with adaptive g and 7 to find a minimum of the problem (2.5).

Algorithm 1 is applicable to MOPs for which the Hessian matrix H (X, y, z) is posi-
tive definite at every iteration. For example, if all the objective functions f;’s are twice
continuously differentiable and convex, and the constraint functions h;’s are twice con-
tinuously differentiable and concave, then H(X,y, z) is positive definite. In case we are
not sure about the positive definiteness of H(X,y, z), Algorithm 1 is not applicable for
such a problem, and for such a case, we need to apply Algorithm 3. In fact, Algorithm
3 is applicable irrespective of the positive definiteness of H(X,y, z). If, however, we

somehow know apriori that H(X,y, z) is positive definite, we must prefer to apply Al-
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gorithm 1 over Algorithm 3 since in Algorithm 3 there are some extra computations

due to the line numbers 8 to 14.

Algorithm 1 ITPM for the MOPs when H (X, y, 2) is positive definite

Aim: To generate a discrete approximation of the nondominated set D of the MOP (2.1)

].Z Inputs
Provide f1, f2,..., fp which are twice continuously differentiable objective functions of (2.1)
Provide hy, ha, ..., hy which are twice continuously differentiable constraints functions of (2.1)

Provide N, the number of different 8’s corresponding to which the subproblem (2.5) is to be solved
2: Initialization

Set nondominated set D < 0

To solve (2.5), for a given 8, provide an initial point x(©)

Choose any positive £; and £2 for (2.23)

Initialize U(O), w(©) by (2.23) and y(o), 2(0) by any positive values

Choose any positive r, § and k € (0, 1) for (2.19), (2.20) and (2.21), respectively

Give a value of the precision parameter € > 0 for the optimum solutions to (2.5)

Set k <+ 0

Set u(k) —r
32 Main Steps to solve (2.5) for N different B’s
4: fori=1:1: N do .

(Lines 5 to 36 solves (2.5) for a given 8 and find x(*) as a solution to (2.5). Line 38 keeps stacking up the

nondominated points of the MOP (2.1) in the set D)

(wFNYT y(F) 4 (w(R))T (k)
TFPTI

5 Choose a direction 8 by using (2.3)

6:  set v(@®) — max{llo{” 1. 115" 1. 1™ I, VY Relly, w R 2K e)1} (according to (2.24))
7:  while v(Q®) > ¢ do

8: Solve the system (2.13) for (Ax(k), AvlF) Aw(k)) with the help of Cholesky factorization

9: Choose step length a by the formula (2.20)
10: Set p(k 1) p(B) 4 qAp(R) (k1) oy (B) 4 gAy(R) | (k1) (k) 4 qA(F)
11: Calculate T 5 (Q(*) by the expression (2.17
8

12: if 05(x®), 08y =0, p(x®, w®)) = 0 and vy, . (QFFD) < gy, (QKF)) then
13: Update pF+1)  » (U(k+1))Ty(k_*';lyr)(iﬂl(k*'l))—rz(k*'l)
%451: Update V(Q(k+1>) according to (2.24)

N Set k<« k+1
16: else
17: if I5(2™)) < 0 then
18: Set 5 « 0
19: Backtrack a(F) [0, &] until the condition (2.21) holds
20: Update Q1)  q(®) 4 o(F) AQk)
21: Update p(+1) r<v(k+”>Ty(k+;)++7><jrul<k+1)ﬁz<k+l)
%%: Update V(Q(k+1)) according to (2.24)

: Set k «+— k+1
24: else
25: Calculate n,ij, by equation (2.18)
26: Set 1 = 10N min
27: Backtrack a(F) € [0, @] until the condition (2.21) holds
28: Update Qb1 « k) 4 (k) AQ(R)
29: if $5(QTD) <45 (") then

. p (BT (k1) 4 (4 (B+1))T _(k+1)
30: Update u(k+1) — r{ ) v ‘7:7',(_*_1 )
31: Update V(Q(k+1)> according to (2.24)
32: Set k + k+1

end if
end if

Update the nondominated set D < DU{F(X(’“>)}

. end for
! return the set D (a discrete approximation of the whole nondominated set)

3
4
g. end if
: end while
7 Calculate F(X(k)) = BcTx(k) _ (k)
38:
39
40

2.6.5 Well-definedness of Algorithm 1

The well-definedness of Algorithm 1 depends on line numbers 8 and 9. For Algorithm

1, the Hessian matrix H(x®) y® »(®) is positive definite at any k-th iteration. Hence,
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the system (2.13) is consistent and Cholesky factorization (see [87]) is applicable to
obtain (AX®) Ay®) Az(*)  Thus, line 8 is well-defined. For the line 9, we initially
take the values of v(®, w(©, ¢ and w® positive and thus nonzero. Then the rule
(2.20) is applicable to obtain the step length « at the initial iteration. Rule (2.20) also
keeps the values of v®), w®) y®) and w® positive at any k-th iteration (see Section

2.6.3). This implies that line number 9 is also well-defined.

2.6.6 Convergence analysis

In this subsection, we examine the convergence of the proposed algorithm. Algorithm
1 generates the sequence (2.14) by computing the direction and step length at every
iteration and minimizes the merit function v, ,(p). Apart from the reduction of ¢, ,(p),
it is essential to calculate the reduction of v(£2) because we use v(£2) < € as the stopping

criterion of Algorithm 1. The following questions arise concerning the merit function

v(Q):

(i) Does the Algorithm 1 reduce the values of primal infeasibilities (p, ¢3), dual in-

feasibility (05) and complementarity (y1,72) at each iteration?

(ii) Does the sequence (2.14) generated by the Algorithm 1 converge to an optimal

point of the problem (2.5)?

(iii) How many iterations does the algorithm need to reach an e-precise solution for a

given € > (07
Answers to these three questions are addressed in Subsection 2.6.7. Answer to (i)
is provided by Theorem 2.3. For the answer to (ii) and (iii), see Theorem 2.4.
2.6.7 Measures of progress

The progress of the interior-point method towards a solution of the KKT system (2.7)

can be observed by estimating the following three criteria at consecutive iterates:
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(i) primal infeasibility (lozll1, [|pll1),
(ii) dual infeasibility (||og/l1) and
(iii) complementarity (||VYel1, [|[W Ze||1).

In the derivation below, we use the combined complementarity by v = vy +w'z.
The following theorem calculates the reduction of criteria (i), (ii) and (iii) in one iter-

ation.

Theorem 2.3 Consider the barrier problem (2.5). At the k-th iterative point Q%) =

(X(k)7 U(k), w(k')7 y(k)’ z(k)) , let
(i) the Hessian matriz H(x®) y®) 20 be positive definite,

(ii) the direction AQ® = (AX® Av®) Aw® Ay®) A0 in Algorithm 1 be given

by solving the system (2.13),
(iii) o™ be given by (2.20),

(iv) for some ¢ € (0,1), the largest value in {CQOé(k), Ga®) tal®) } that satisfies

the condition (2.21) be a'®, and

(v) the next iterative point QFHD = (x*FD) p(*+D) gyt [y () B0 o QW) of the
proposed Algorithm 1 be given by Q*+) = Q) 4 g AQK),
Suppose the primal infeasibilities, dual infeasibility and complementarity at Q%) and
QFEHD gre (Qék), pk), aék), +*)Y and (ggcﬂ), Pt Ugfﬂ), A *+DY) | respectively. If there
exists M > 0 such that AQ® is bounded by M, i.c., |AQW || < M, then
Ip* 9 < (1 =a®)[lp™
o™ < (1= a)lo s and

_ k k
P <91 = a® (1 7)) + Mg I+ 16M 1 + o 1h).
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Proof: We note that

ngrl) — pxBHDY 44D g T (et 1)

- F(x(k) + a(k)Ax(k)) + o) L g AyR) _ g T (X(k) + &gk)Ax(m)
> F(x(k)) + &(k>VF(x(k))AX(k) + 0 a®) ayk) Bch(k) - &(k)BcTAx(k) (since F' is a convex function )

= (FG®) + 08— geTx®) — ol (v (5Tx®) — px®)) ax® - a0®). (2.29)

As the quantities F(x®) +o® — 3cTx® and Vy <BCTX(k) — F(X(k))> are the primal

infeasibility Q(Bk) (see the second last expression of (2.11)) and A B(X(k)), respectively, we

get from (2.25) that Q(Bkﬂ) > Q(;) —ak) (AB(X(k))AX(k) — Av(k)) .

The quantity AB(X(’“))AX(’“) — Av™® is equal to ggc) (see the second last equation of

system (2.10)). Hence,

of ™ > (1-aM) o, (2.26)

As BeTx® > F(x®)) (see (2.4)), we have Qék) < 0 forall k = 0,1,2.... Hence, the
inequality (2.26) yields
k1 _ k
lo5 ™l < (1= ™). (2.27)

Next, notice that
P = (1) _ h(X(k'H)) — w® 1 g*AE _ h(X(k) + d(k)AX(k))

> (1—a®)p® (as — his a convex function).  (2.28)

As h(xW) —w® > 0 (see (2.4)), we have p® < 0 for all I = 0,1,2.... Hence, the

inequality (2.28) becomes

1" < (1= a™)][p™])v. (2.29)
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Similarly, a reduction in dual infeasibility is determined by

o.gk+1) —c— <AB (X(k+1)))Ty(k+l) _ (B(x(k+1)))Tz(k+l)

= e — A5 1 a0 AT () 4 g0 Ay ®)) _ x4 a0 AxFNT () 4 g 2,0

.
Se— (A N Ty® 4 a® (Z yEk)Vin<x(k))> Ax®) — a4 (xF)) T ay®
=1

m
— (BEMNT B _ 5k <Z zj<.k)V2hj(X(k))> ax® — a®) (Bx™)T Az (- F and — h are convex)
i=1

=) (HE®, 5 ® D) Ax® — (46T ay® - (Be*)Ta:0)

+ (e = (N Ty — (BT (2.30)

Since aék) = —H(x®, y® ZENAXE 4 (A5(x®)TAY® + (B(x®))TAz® (from the
first component of (2.10)) and Uék) =c— (AB(X(k)))Ty(k) — (B(x®)) T2 therefore

(2.30) yields aékﬂ) <(1- @(k))ag), and hence

oS < (1= a®)[lof]. (2:31)
For the complemantarity values,

,Y(k+1) — (,U(kJrl))Ty(’H'l) + (w(k+1))—r2(k+1)
— (U(k))'l'y(k) + (w(k))Tz(k) + &k ((v(k))TAy(k) + (Av(k))Ty(k) + (w(k))TAz(k) + (Aw“c))-rz(k))

+ @2 ((ae®)Tay® 4 (Aw®) T a0

We note that

(U(k))TAy(k) + (Av(k))Ty(k) - eT(V(k)Ay(k) + Y(k)Av(k)) =e'(pe— V(k)Y(k)e) =ps — (U(k))Ty(k).
Similarly, (w®)TAz® + (Aw®) TR = (m + 1) — (w®)T2* and

(Av(k))TAy(k) + (Aw(k))TAz(k) — (AX(’“))ngc) 4 (AX(k))TH(X(k),y(k), z(k))AX(k)

— (05)" Ay — (pM)T Az,

Therefore,

A D = 3 (1 o) (1) 4 (a2 ((Ax““))Taﬁf) +(AXI) TEEE 50 20)ax® — () Tay® - <p<’“>>TAZ(M> ‘
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By Holder inequality, we have

(Ax¥)To

< oW IAX® . (AXE)THE®, 5, 2O)AXB] < Ay AXP2,

k k
Ay )T < Nl 1Ay lle  and  [(Az9)Tp®] < [[p]]] AP o,

where Apay is the maximum eigenvalue of the matrix H(x*), y*) (%)),

Hence,

_ k _ _
D <981 a®(1 = 1) + (1 T80 o + 169 624509 o

+ o5 lall@*)?Ax®) o0 + Amax||<a<k>>2Ax<k>||oo) (2:32)

because 0 < a®) <1 (see (2.20)).

As we have considered that AQ® is bounded by M, i.e., |AQ®|, < M, thus

[AXP oo < M, A0 |loo < M, [Aw oo < M, Ay o < M, and  [[AzH] < M.
Hence, the inequality (2.32) can be written as follows:

YD <A1 = a® (1 =)+ M (1Pl + 1@l + 1ol + Amax) - (2:33)

O
Note 2.3 The dual problem corresponding to the primal problem (2.4) is
mazimize ¢ X —1y' (Be' X — F(x)) — 2z h(X) + ((AB(X))Ty +(B(x))"2—-¢)"x
subject to (AB(X))Ty +(B(x)) "z =¢, (2.34)

y,z > 0.

The difference between the values of the dual objective function and the primal ob-
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jective function is

G =y (Be™x — F(x)) +2Th(X) = (A;(x)) Ty + (Bx)) Tz — ) Tx
=v-ylop—z"prosx.
At any point (X,v,w,y, z), the value of G can be estimated by

Gl <v+lefyl+p" 2l + o x|
(2.35)

<7+ lleslillyllee + llellillzlloc + lloglllX]loo-

The last inequality holds by the Holder inequality. For a precision parameter € > 0, if

loslli <€ llplli <€ [loglli <€ and~y <e, then the gap G becomes very close to zero,

and hence the current solution is approximately optimal for (2.5).

Next, we calculate the reduction in primal infeasibilities, dual infeasibility and com-
plementarity. In addition, the convergence of Algorithm 1 is addressed in Theorem

2.4.

Theorem 2.4 Consider the barrier problem (2.5). Assume that the sequence (X(k), vk

w®) y*) z(k)) generated by Algorithm 1 is bounded and Hessian matriz H(x®) y*) (k)
(k) (k)
B B

denote infeasibility and complementary values at the k-th iterate. Then, the following

is positive definite at every k-th iteration. Let the quantities o5 , p*), ot and v*)

three results hold.

(i) Suppose T >0 and M > 0 are such that for all k,

o > X <M, o)l <M, JuPloe <M,y oo <M and  [2®)]o < M.

Then,
k 0 . k 0
loS 1 < A= e, 1pP I < A=) 1@ o7 < (1 =)* el (2.36)

and there exists an M > 0 such that v*) < (1 — 7)*M, where 7 = (1 —r),
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(i) For k > K, infeasibilities and complementarity become less than a precision value

e > 0, where

1 T 1 e
_ ©8 <@(BO)1) log <||p<0)|| ) ©8 (0(0) ) log (ﬁ)

K:
Y Tog(T—7) " log(1—1) " log(l—7) log(l—7)

(iii) If S a® = oo, then
k=1

lim [0l = 0, lim [|p® |, = o, hmHa Ni= 0 and lim+® = 0.
k—o00 B k—00 k—o00

k—o0

Proof: (i) For the k-th iteration, inequality (2.27) and a®) > 7 lead to

k k—1) -2 0
165l < (1 =D)lle§ ™ < (1= 7)Mol < - < (1 =7) |0} |-

Similarly, from (2.29) and (2.31), we obtain

0
P9 < A= and o)l < (1= 7)o,

An estimate of the complementarity decrease at the k-th iteration is calculated

by (2.33):

19 < (= (1= ) + M= U+ 1o+ o+ )

=1 =7n" VM- ),
where 7 = 7(1 —r) and M = M(Hgg])Hl + [1p 1 + ||0'g))||1 + Amax)- Similarly,

P8 < (1= 7) [(L= 7]y 4 N1 = )2 + DL (1~ 1)t

_ 1—7
= (1—7)2y% 2 4 M(1—7)! L " 4 11 .

—-T
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Proceeding in a similar way, we see that

< (1= 7 (1= P = )] = [T ]

_ (1 _7:)3,y(k—3) +M(1 _T)k_l [(1 _T> I 1—7 +1]

A-DF-(-n* ~ (1-7)

T—T

N
=
|

Since 7 = 7(1 — r), we can write " Hence, 7% <

Denoting M = (7(0) + M) , we get v < (1 —7)FM.

T

(7) We note from (2.36) that ||gg€)||1 <(1- T)k||gg))||1 < € holds if

(1-7)F < —5—

PRI
ie., if klog(l—7) <log %
17

log (—(5) )
e Il
f k > #

i O<7T<1.
10g<1 — 7') since T

le., i
Similarly, from other inequalities in (2.36), ||p®]| < e, HUék)Hl <e and ¥ < ¢

hold if

log <—HP(S)H1) . log <_0'§§0)”1) L re log <ﬁ>

~ tively.
log(1 — 1)’ Tog(1—17) og(1— 7)’ respectively

k>

Hence, the result follows.
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(4ii) We first prove that [J(1 —a®) =0if > o = co.
k=1 k=1

For k € N, we denote
p=01—-aM1-a®)...(1—a®)and s, =V +a? +... 4 a®.

Using the fact that 1 —x < e for every € R, we have

Y C N O

e < e e e =e °k,
o0 ~ 3 ek
Hence, [T(1 —a®) <e #1  =0. Since 0 < a® < 1 for all k (see (2.20)),
k=1
[Ja-a®) =0 (2.37)
k=1

Now, we proceed with the main part of the theorem. By 2.4, we can write that
k 0
log Il <(1 = aW)(1 = a®) - (1 = a®)1 g1
As k approaches to infinity, we obtain

. k 0
Oéggﬂ%Uhélyl—meéWhZO

Thus, klim ||Qg)|]1 = 0. Similarly, the remaining limits can be shown.
—00

Section 2.7 extends Algorithm 1 for nonconvex multiobjective optimization prob-

lems.
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2.7 Algorithm for nonconvex multiobjective optimization

problems

So far, we discussed that the nondominated points of the multiobjective optimization
problem (2.1) are obtained by solving the single objective parametric problem (2.2).
Algorithm 1 has the ability to handle those single objective parametric problems in
which the Hessian matrix H(X,y,2) (calculated by (2.8)) is positive definite at every
iteration. However, in case of nonconvex problems, H (X, y, z) and hence NB(X7 Y, 2,0, W)
may fail to be positive definite. In such a case, we lose the descent property given in
Theorem 2.2. To maintain the descent property, the following substitution is taken in

place of the Hessian matrix H(X,y, 2)

H(X,y,2z) = H(X,y,2) + A, (2.38)

where [ is the identity matrix of order (n+1) x (n+ 1) and the choice of A (see Section

2.7.1) is such that H(X,y, z) is positive definite.

The primal and dual directions are determined by solving the following system

—H(x,y,2) (A3(x)T B((x))T| |Ax

8 73
A;(x) vy-1 0 Ayl = log+ VY Im |- (2.39)
B(xX) 0 Wzl | |Az p+WZ 1y,

The solution of the system (2.39) provides the explicit formulas (2.40) for the primal-

dual directions

T

ax = 877 (g (4300) G+ VY g) + (B (et W12p)).

Av = — o5+ A5(X)AX,

Aw = — p+ B(X)AX, (2.40)

Ay =y + VY (gé . Aé(x)Ax) ,

Az =y +WZ(p— B(X)AX),
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where NB = NB(Q) = H(X,y,2) + (AB(X))TV_lYAB(X) + (B(z))"W~1ZB(x). Note

that primal-dual directions (2.40) are determined in a similar way to Theorem 2.2.
Undoubtedly, the following question arises naturally: what is the effect of pertur-

bation (2.38) on primal infeasibility, dual infeasibility and complementarity? Theorem

2.5 addresses the reduction in primal and dual infeasibility due to the perturbation. In

this result, we assume that the search directions are computed with H (X,y, z) instead

of H(X,y,z).

Theorem 2.5 Consider the following perturbations in X,v,w,y and z:
X=X+4+eAX, v=v+cAv, w=w+ecAw, y=y-+eclAy, zZ=z+eclz,

= p(X,w) and

Y

where ¢ is calculated according to Subsection 2.6.3. If 05 = QB(X, v),

05 = O'B(X,ﬂ, zZ), then

o5 = (1—¢e)oz +o(e?),
p = (1—e)p+o(?),
05 = (1—¢g)og—eAAX + o(g?),
vy = (1—e(l—0))v'y+o(e?), and

w'z = (1—¢e(l—68))w'y+o(e?),

where §; = % and 0y = %

Proof: We have

0; = F(X)+v—pe'x
= F(X+eAX) + v+ eAv — e’ (X + eAX)
= F(X) + eVF(X)AX + 0(e?) + v + eAv — fe' X — efie’ AX

= (F(X) +ov— BCTX> —€ <<BCT — VF(X)) AX — Av) + o(e?)
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=05—¢ (AB(X)AX - Av) + o(e?)

= (1 —¢)os + o(e?), (2.41)

where the last equality holds from the third block of equation (2.9). Similarly, p can

be determined. Next, we have

o5 =c—(A4(x) g~ (B(X)" =

¢ (A5(x +eAX)) T (y + eAy) — (B(X + £AX)) T (= + £Az)

k
¢ (A5(x) Ty +e (Z yiv%(x)) Ax - e(A5(x)T Ay — (B(x))T2

i=1
—€ (i zjV2hj(X)> AX — e(B(x)) " Az + o(e?)
= e+ (A 2)Ax = (45())T Ay = (Bx)TAz) = (45(0) Ty = (B(X)) "= + o(=?)

= (1-¢)oz —eAAX + o(e?), (2.42)

where the last equality holds from the first block of equation (2.9) in which H(X,y, 2)

is replaced by H(X,y, z). Again, we see that

Ty = (v+edv) (y+cAy)

<l

=v'y+e(w Ay + Av'y) + o(e?)
=v'y+ee (VAy +YAv) + o(e?)
=v'y+ee (ue—VYe)+ o(e?)

=0 y+e(sp—v'y) +o(e?)
=0y —e(l—8)v"y+ o(e?)

= (1—¢(1—0))v"y+o(e?). (2.43)

Similarly, we can compute the reduction in w 'z by

072 = (1—e(1—8))w 2+ o(e?). (2.44)
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O

Note that Theorem 2.5 shows dual infeasibility o5 may fail to reduce whenever
A > 0, even if an € € (0,1) is taken along the search direction. This behaviour can
affect the overall performance of the algorithm. However, when o(\) = o(e), then
0(eAAX) = o(e?) and hence the convergence of 75 to 0 is guaranteed (by (2.42) and
e € (0,1)). Therefore, a method is presented (see Algorithm 2) to determine A so
that Nz(X,y, z,v,w) remains positive definite as well as o(A) = o(e) (line number 6 of
Algorithm 2). Also, note that the formulas of the primal-dual directions (2.40) involve
the perturbation form of Hessian (2.38), where A is taken as described in the subsection

2.7.1.

2.7.1 Determination of \

We initially start with an LDL" factorization of the following symmetric matrix of the

reduced KKT system (2.13):

—H(x,y,2) (43(x))7 (B(x))"
S = AB(X) vy-1 0
B(X) 0 wz-1

The matrix S is quasidefinite whenever H (X, y, z) is positive definite [87], and there-
fore there is a guarantee of LD LT factorization. When H (X, y, z) is not positive definite
then the LDL" factorization will not be applicable. Therefore, we choose the value of
A so that the matrix H(X,y,z) = H(X,y, z) + A becomes positive definite. Thereafter,
we replace the matrix H(X,y,z) by H(X,y,z) in the matrix S and solve the system
(2.39) with the help of a variant of LDL” factorization, i.e., Cholesky factorization.

The value of X is computed by Algorithm 2.

Note 2.4 In this note, we show mathematically that the value of X that is computed by

Algorithm 2 is such that the dual infeasiblity 04 reduces at every iteration. From Note



54

2.7.  Algorithm for nonconvex multiobjective optimization problems

Algorithm 2 A method to determine a value of \ so that H(X,y, z) becomes positive
definite

1:

DU N

Aim: To determine a value of A to be used in (2.38) to make H(X,y, z) positive definite matrix
Inputs

Provide n + 1, the dimension of the vector x

Provide the matrix H(X, y, z) (see (2.8)) of dimension (n + 1) X (n 4+ 1)

(In the below, I is the identity matrix of order (n + 1) X (n + 1))

. Initialization

Choose any ¢ € (0,1)

! Main Steps (Steps 4 to 7) to find a A such that H(X,y, z) is positive definite
. Calculate the minimum eigenvalue (Ay,jn) of the symmetric matrix H (X, y, z)
* Set H(X,y,2) < H(X,y,2) + [Aminl!

Choose X as the smallest value in {C2\)\mm|, ¢S Aminls € Aminls - - } such that

H(X,y,z) + A is positive definite

. return the value A (for which H(X,y,z) = H(X,y, z) + A is positive deﬁnite)

2.2, we have

e=a; = C'a for somel € {2,3,4,...} and ¢ € (0,1)

or, —=C"ta—=0as—0.

£
¢

Similarly, from line 6 of Algorithm 2, we have

= Y Amin| for some £ € {2,3,4,...} and ¢ € (0,1)

=" \ui| = 0 as ¢ — 0.

A
07”é
e

(2.45)

(2.46)

From (2.45) and (2.46), it is clear that ¢ = o(¢) and A = o(C). Now equation (2.42)

ca

n be written as follows:

55 = (1—a)og+o(¢).

As lim a; = 0, so there exists a natural number K such that for every I > IA(, the

l—o0

following inequality holds:

1.

1 < (1—aylog

155

(2.47)
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The inequality (2.47) confirms that the value of X calculated by Algorithm 2 reduces the

dual infeasibility (05) at each iteration.

In the case of convex MOP, if the Hessian matrix H(X,y, z) is positive definite then
the Newton’s direction (2.15) is a descent direction for the merit function ¢, ,(£2) (see
Theorem 2.2). However, if the problem is nonconvex and the Hessian matrix H (X, y, 2)
fails to be positive definite at any point of iteration, then we perturb the Hessian matrix
and calculate the reduction in primal and dual infeasibilities (Theorem 2.5). Theorem
2.5 does not guarantee a reduction in dual infeasibility. The following Algorithm 3 has

the ability to handle the Hessian matrix H (X, y, z) whether it is positive definite or not.

2.7.2 Well-definedness of Algorithm 3

Algorithm 3 not only solves convex MOPs but also nonconvex MOPs. Algorithm 1
works only when the Hessian matrix H(X,y,z) is positive definite at every iteration.
Algorithm 3 handles both the cases, whether the Hessian matrix H (X, y, z) is positive
definite or not. The well-definedness of Algorithm 3 depends on lines number 10, 14 and
17. The line 10 is well-defined as the Hessian matrix H(x*), y*) 2 is positive definite
at any k-th iteration, and hence the system (2.13) is solvable by Cholesky factorization.
At the k-th iteration, when H(x® y®) »(®)) is not positive definite, Algorithm 3 com-
putes the value of A, by Algorithm 2 so that the matrix H (xR ) 2()) becomes
positive definite. Now Cholesky factorization is applicable to solve the system (2.39).
Hence, the line number 14 is well-defined. The reason of well-definedness of line number
17 is identical to line number 9 in Algorithm 1.

As an illustration, we consider the following problem

minimize,er:  (fi(2), fa(x))'
subject to (1 4+ 12+ 22 <4, (z14+2) + (22 +2)? < 4, (2.48)

xr1 € [—5,2], To € [—5,3],
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Algorithm 3 IIPM for MOPs when H(X,y, z) is not necessarily positive definite

Aim: To generate a discrete approximation of the nondominated set D of the MOP (2.1)

1: Inputs
Provide f1, f2,..., fp which are twice continuously differentiable objective functions of (2.1)
Provide hy, ha, ..., hy which are twice continuously differentiable constraints functions of (2.1)

Provide N, the number of different 3’s corresponding to which the subproblem (2.5) is to be solved
2: Initialization
Set nondominated set D < 0
To solve (2.5) for a given 3, provide an initial point x(®
Choose any positive £; and €3 for (2.23)
Initialize 11(0), w(®) by (2.23) and y(o), 2(0) by any positive values
Give the values of parameters r, § and 0 < k < 1 according to (2.19), (2.20) and (2.21), respectively
Give a value of the precision parameter € > 0
e )T ) (W) T ()
(k) (CASED I AN o CTASED T2
Set pi™ NESCES)
3: Main Steps to solve (2.5) for N different 3’s
4: fori=1:1:N do N
(Lines 5 to 42 solves (2.5) for a 8 and find x(F) as a solution to (2.5). Line 44 keeps stacking up the
nondominated points of the MOP (2.1) in the set D)

Choose a direction 8 by using (2.3)
Set (M)  max{(|o8 11 157 11, 1o 111, VO Y Befy, Wt zFEe|1} by (2.24))

Calculate the Hessian matrix H(X(k) s y(M, z(k)) by using (2.8)
if H(x<k), y(k), z<k)) is positive definite then

5
6:
7. while v(Q®")) > ¢ do
8.
9

10: Solve the system (2.13) by Cholesky factorization

11: else

12: Compute the value of perturbation parameter A, for H(X(k) s y(k) s z(l"’>) by Algorithm 2
13: Set I:I(X(k), y(k)7 z(k)) “— H(X(k)7 y(k), z(k)) + Aminl

14: Solve the system (2.39) by Cholesky factorization

15: end if

16: Find primal-dual directions AQ(F)

N hoose step length a by formula (2.20
17: c £
18: Set p(R 1) p(B) 4 qAp(R) | (k1) oy (B) 4 qgAy(R) | (k1) (k) 4 g A(F)
19: Calculate FB(Q(k)) by the expression (2.17)

20: if Q/_}(XUC)7 v(k)) =0, p(XUC)7 w(k)) =0 and wn”u(ﬂ(kJrl)) < wn,u(ﬂ(k)) then

. X (k+1)yT , (k+1) (k+1)yT (k+1)

21: Update pF+1)  » (v )y ‘7;;,(_2*_”1 ) =
22: Update V(Q<k+1)) according to (2.24)

23: Set b+ k41

24: else

N if T 5(Q2 < 0 then
25: 3 (k)

. et n =0 an acktrack « € [0, a] until the condition (2.21) holds
26: S d backtrack a(*) 1 th d hold
27: Update QF+D ) 4 o(F) AQk)

28: Update p(5+1) T<v(’“+1)>Ty“?lgiul("’“)ﬁz“’“)
29: Update L/(Q(kJrl)) according to (2.24)

N et k<« k+1

30: s

1: else

2: Calculate ny,iy by equation (2.18)
33: Set n = 10m,in and backtrack al®) e [0, @] until the condition (2.21) holds
34: Update Q1) « ) 1 oK) A
35: if $5(QFT) <y () then

k+1)\T,  (k+1 E+1)\T _(k+1

36: Update (D) 0PN TYEHD (U4 1) T (kD)
37: Update D(Sl(k+1)) according to (2.24)
38: Set k + k+1
39: end if
40): end if
41: end if

42 ond while .
43: Calculate F(XUC)) = Bch(k) — v(k)
44: Update nondominated set D < D U{F(X(k))}

45: end for
46: return the set D (a discrete approximation of the nondominated set)

where fi(z) = (z1 + 3)* + (z2 — 2)% and fo(x) = 23 + (x5 + 3)%. The location of the

nondominated set of this problem is not known a priori. The cone formulation of the
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problem (2.48) is as follows:

minimize ¢

subject to tcos@ > fi(x), tsin@ > fo(x),
> (2.49)

(21 +1)? + a3 <4, (21 +2)* + (22 +2)* < 4,

HAS [—5,2], To € [—5,3],

where 6 € [0,7/2]. The convergence of Algorithm 3 towards the nondominated points
of the problem (2.48) is shown in Figure 2.1(a). To obtain the nondominated points
of the problem (2.48), Algorithm 3 solves the formulated problem (2.49) for different
values of 6 € [0,7/2]. It starts with an initial point (xgo),xéo), t0) = (1.5,1,15) and a
value 0 € [0,7/2], and then gradually moves towards the efficient point. After finding
one efficient point, Algorithm 3 changes the value of 6 € [0,7/2] and then converges
to another efficient point. We have shown all the iterations in the objective space (see
Figure 2.1(a)). The blue point (21.25,18.25) in Figure 2.1(a) is the starting point in the
objective space and green points are the generated nondominated points corresponding
to different values of § € [0,7/2]. Note that the initial point remains unchanged
throughout the entire process (see Figure 2.1(a)).

One can also check the performance of the proposed algorithm by taking different
strategies of starting points. Here we discuss three strategies of choosing starting points
and compare them with respect to the number of iterations and time. For every strategy,
we take the problem (2.48) as a test example and solve its cone formulation (2.49) for

30 values of 6 € [0, 7/2] by Algorithm 3 with accuracy value ¢ = 10~%.

Strategy 2.1 In the first strategy, we solve the problem (2.48) by taking different initial
points and check the performance of Algorithm 3 based on the total number of itera-
tions and time. We take four different initial points and calculate the total number

of iterations and time corresponding to every initial point (see Table 2.1). For every
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watial point, convergence of the iterations are depicted in Figures 2.1 and 2.2. The data
depicted in Table 2.1 shows that Algorithm 3 performs better in terms of iterations and
time if the image of initial points are taken closer to the nondominated frontier (see
Figures 2.1 and 2.2), i.e., this strategy will speed up the generation of nondominated

points if the chosen initial point is closer to the true frontier.

Table 2.1: Strategy 2.1

Initial point (X)  (fi(x9), fo(x?)) Total iterations Total time taken (in seconds)

(1.5,1,15) (21.25, 18.25) 333 48833
(1,1,15) (17,17) 327 44155
(0,0,15) (13,9) 300 401.62

(—1,-1,15) (13,5) 254 356.65

— - 18
* Initial point _ ;
18 *  Intermediate points ¢ Initial point _
o Obtained nondominated points 16 - *  Intermediate points
©  Obtained Pareto points
16 [ [S
141 'Q
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8r 8t

6 6
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Figure 2.1: Obtained nondominated points by taking initial points (1.5,1,15) and
(1,1, 15), respectively

Strategy 2.2 In this strategy, we chose the initial point as the last generated nondom-
inated point. Under this strategy, we measure the performance of Algorithm 3 to solve
the problem (2.49) by taking (0,0, 15) as an initial point for first 3. Thereafter, for
the next B, the initial point is taken as the generated nondominated point by taking
(0,0, 15) as the initial point. For the next B , the initial point is taken as the last non-

dominated point (see Figure 2.3(a)). It is found that in this strategy Algorithm 3 took
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Figure 2.2: Obtained nondominated points by taking initial points (0,0,15) and
(—1,—1,15), respectively

251 iterations and 352.36 seconds to generate 30 nondominated points of the problem

16 30
. Initial points ! . Initial points
. Intermediate points . . Intermediate points 1
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.
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Figure 2.3: Obtained nondominated points by taking initial points according to Strat-
egy 2.2 and Strategy 2.3, respectively

Strategy 2.3 In this strategy, we employ random wnitial point. Under this strategy, we
solve the problem (2.49) by taking random initial points from the set [—5,5] x [=5, 5] X

[10,20] for every 3. To generate 30 nondominated points (see Figure 2.3(b)), Algorithm
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3 took 307 iterations and 529.90 seconds.

From these three strategies, we experienced that Strategy 2.2 is expected to take

less iterations and time than the other two strategies to generate the nondominated set.

Next, we provide a list of A-values taken up by Algorithm 3 (in line 12) for a
nonconvex problem. We consider a typical tri-objective optimization problem (comet
problem) which is nonconvex in nature and known to have difficulty in generating its
nondominated set by the state-of-the-art solvers. The mathematical representation of

the comet problem is as follows:

minimize,cps  (fi(z), folz), f3(z))"

subject to 1< <35, 2<2,<2, 0<23<1,

(2.50)

where fi(z) = (1+a3) (2323 — 1021 —413), fa(x) = (1+z3)(r323 102, +422) and f3(x) = 3(1+x3)x3.

The nondominated surface of the problem (2.50) looks like a comet. One end of the
nondominated set of the comet problem is a wide-spreaded region which continuously
reduces to a thinner region on the other end. Capturing the nondominated solutions
simultaneously from both of the wide-spreaded and thin areas is a challenging task (see
Figure 2.4(b)). The generated nondominated set of the comet problem by Algorithm 3
is depicted in Figure 2.4(a). As the comet problem is a nonconvex problem, the Hessian
matrix is not positive definite across the iterations of Algorithm 3. However, Algorithm
3 takes a positive definite approximation of the Hessian by adding AI with it (see the line
12). In Table 2.2, we provide the value of A that is computed by Algorithm 2 with the
precision parameter ¢ = 107 for an exemplary direction B = (0.7071,0.5721,0.4156),
and the value of v(Q2) (see (2.24)). From Table 2.2 we see that as the number of

iterations progresses, the value of v(2) reduces and gets less than 107°.
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Table 2.2: Description of the M\ values of the comet problem for B =
(0.7071,0.5721,0.4156)

Number of Definiteness of Value of A pv(QF+1)
iterations H(X(k),y(k),z(k)) (by  Algo-

(k) rithm 2)

0 No 0.7578 5997.96
1 No 0.9389 5997.33
2 No 0.1497 62.04

3 No 0.0641 0.9666

4 No 0.2725 0.9324

) No 0.3585 0.8797

6 No 0.3434 0.0022

7 No 0.0224 0.000006

2.8 Computational tests

In this section, a MATLAB implementation of Algorithm 3 is tested on various test
problems (listed in Tables 2.3 and 2.4) from the literature. It is shown in Theorem 2.4
that the primal infeasibilities, dual infeasibility and complementarity reduce at every
iteration. Therefore, combined reduction of the primal infeasibilities, dual infeasibility
and complementarity is calculated by the merit function v(£2), and hence implementa-
tion uses the stopping criterion v(£2) < e for some prespecified precision value € > 0. If
the problem (2.4) is such that the Hessian matrix H(X,y, z), is positive definite then
Theorem 2.4 ensures that a reduction in primal infeasibilities [os]l1 and [|p[l:, dual
infeasibility |log[]; and complementarity v can be made at each iteration point. How-
ever, in case of nonconvex problem, the algorithm perturbs the Hessian (see (2.38)) and
based on this perturbed Hessian a reduction in primal infeasibilities [[o5/l1 and [|p[|y
and complementarity v can be seen in Theorem 2.5. But Theorem 2.5 does not guar-
antee a reduction in dual infeasibility. To overcome this deficiency, we give a method
to compute the value of A (see Algorithm 2). In Note 2.4, we show that the the value
of A\, computed by Algorithm 2 produces the reduction in dual infeasibility. Empirical

outcomes in Section 2.8 are obtained either by taking A = 0 or the method given in
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Figure 2.4: Obtained nondominated points (left) of the comet problem by Algorithm
3 and the feasible region in the objective space (right)

Subsection 2.7.1.

For each test problem, we use & = 1 and & = 1 to initiate the values of slack
variables v and w (see (2.23)). Also, we use € = 107% as the precision value. The results

in this section are obtained by taking » = 0.1, kK = 0.5 and § = 0.95.

Generated nondominated solutions of the constrained test problems by Algorithm
3 are shown in Figures 2.5 and 2.6. For unconstrained test problems, the generated
nondominated set along with reduction in infeasibiliy for a fixed B , are shown in Figures

2.7-2.14.

We solve some widely used multiobjective constrained test problems (see Table 2.3)
and unconstrained test problems (see Table 2.4) to test the performance of Algorithm
3. The test problem Kita in Table 2.3 is a maximization problem and remaining are
the minimization problems. The nondominated sets of the constrained test problems in
Table 2.3 are priorly unknown, i.e., the closed form of nondominated sets are unknown
and the nondominated sets of unconstrained test problems are priorly known to us.
The generated nondominated points of these problems together with feasible objective

space are shown in Figures 2.5 and 2.6.
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Table 2.3: Constrained test problems used in this study

Problem n P Nondominated set type Number of f’s Average iteration Nondominated set
BNH [94] 2 2 convex 200 8.6 Not known a priori
TNK [95] 2 2 nonconvex and disconnected 100 9.8 Not known a priori
SRN [96] 2 2 convex 75 8.1 Not known a priori
Kita [97) 2 3 nonconvex 150 10.2 Not known a priori

50 141
© Objective space < Objective space
455 ©  Obtained Pareto points °  Obtained Pareto points

Figure 2.5: Obtained nondominated points of BNH and TNK problems by Algorithm
3
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Figure 2.6: Obtained nondominated points of SRN and Kita problems by Algorithm
3
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Figure 2.7: Obtained nondominated points of ZDT1 by Algorithm 3, and the reduction
of infeasiblity for 3 = (0.978,0.207)"
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Figure 2.8: Obtained nondominated points of ZDT2 by Algorithm 3, and the reduction
of infeasiblity for 5 = (0.923,0.382) "

2.8.1 Performance metrics and relative efficiency

To check the performance of Algorithm 3, two performance metrics, namely Inverted
Generational Distance (IGD) and Hyper-Volume (HV) [98] are used to assess the quality
of the generated solution set in terms of optimality and diversity. For the IGD value,
the lesser, the better. For the HV value, the bigger, the better.

Table 2.4 reports the considered test problems and average number of iterations

(per one B) taken by Algorithm 3 to generate a nondominated point.
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Figure 2.9: Obtained nondominated points of ZDT3 by Algorithm 3, and the reduction
of infeasiblity for 3 = (0.707,0.707)"
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Figure 2.10: Obtained nondominated points of ZDT4 by Algorithm 3, and the reduc-
tion of infeasiblity for 3 = (0.341,0.940)"

In Table 2.4, the parameter n is the number of decision variables and s is the number
of objectives. In order to calculate the performance metrices for Algorithm 3, we use

the same initial point for different B ’s to solve all the parametrized problems.

For ZDT and DTLZ test suits (listed in Table 2.4), the median of the IGD values
and HV values of the generated solution sets by Algorithm 3 and other existing efficient

solvers are reported in Table 2.5 and Table 2.6, respectively. From Table 2.5, we see



66 2.8. Computational tests

(ele]

[ True nondominated surface
°  Obtained nondominated points

infeasibility
©
o

(e}

: ©9000000000000000000000—
0 5 10 15 20 25 30 35 40
number of iterations

Figure 2.11: Obtained nondominated set of DTLZ1 by Algorithm 3, and the reduction
of infeasiblity for 5 = (0.877,0.421,0.229)"
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Figure 2.12: Obtained nondominated set of DTLZ2 by Algorithm 3, and the reduction
of infeasiblity for 3 = (1,0)"

that the IIPM (CM) has least values for all the test problems. From Table 2.6, we
observe that the IIPM (CM) has greatest values for all the test problems. Hence, the
proposed method outperforms the existing efficient methods.

Based on the result reported in Table 2.5, next, we evaluate the relative efficiency of
the proposed method. We compare MOEA /D(WS), MOEA/D(TE), MOEA/D(PBI),
NSGA-II and paA-MOEA /D methods with the ITPM (CM) method as follows: for each

ith test problem, we compute the median of IGD values by the ;" solver and denote it
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Figure 2.13: Obtained nondominated set of DTLZ3 by Algorithm 3, and the reduction
of infeasiblity for 8 = (1,0,0)"
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Figure 2.14: Obtained nondominated set of DTLZ5 by Algorithm 3, and the reduction
of infeasiblity for 5 = (0.809,0.558,0.181)".

by MIGD(4, j). Then, we calculate the ratio

. MIGD(,j)
r(:3) = SIIGD G, TIPM(CMD)

Geometric mean of these ratios for the ;™" solver over all the test problems is defined
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Table 2.4: Data for the test problems that are used to check performance of Algorithm
3

Problem n P Average iteration No. of f Nondominated set type Nondominated set Source
ZDT1 10 2 8.1 75 Convex A priori Known 10
ZDT2 10 2 13.4 75 Nonconvex A priori Known 10
ZDT3 10 2 16.4 75 Nonconvex and disconnected A priori Known [10]
ZDT4 10 2 14.4 75 Convex A priori Known 10

DTLZ1 5 3 33.2 359 Convex A priori Known 99

DTLZ2 5 3 6.9 285 Nonconvex A priori Known 99

DTLZ3 5 3 9.9 285 Nonconvex A priori Known [99]

DTLZ5 5 3 12.7 100 Nonconvex A priori Known [99]

Table 2.5: Median of IGD values for the ZDT and DTLZ benchmark suite obtained
by different algorithms

Problem MOEA/D (WS) [100] MOEA/D (TE) [100] MOEA/D (PBI) [100] NSGA-II [100] paA-MOEA/D [100] 1IPM (CM)

ZDT1 542F — 4 6.84F — 4 1.14FE -3 T94F — 4 5.80F —4 1.14FE — 4
ZDT2 1.30E -2 5.84FE — 4 7.03E —4 8.16E — 4 6.02E — 4 2.95FE — 6
ZDT3 4.93E -3 2.01E -3 2.06E —3 1.20F -3 1.97F -3 2.04E — 4
ZDT4 7.02E -3 6.54F — 4 7.86E —4 8.14F — 4 5.94F — 4 1.98E -7
DTLZ1 4.03E -3 6.93E —4 421FE —4 7T91E —4 452FE — 4 474FE — 6
DTLZ2 535K -3 TA2E — 4 6.15E —4 7.58E —4 5.78E —4 143F -4
DTLZ3 142F -2 1.24FE -3 1.90FE -3 3.59F — 3 1.18E -3 1.27E — 4
DTLZ5 1386 -3 5.22E -5 1.11E -4 1.89E -5 2.719E -5 3.78E -5

Table 2.6: Median of HV values for the ZDT and DTLZ benchmark suite obtained by
different algorithms

Problem MOEA/D (WS) [100] MOEA/D (TE) [100] MOEA/D (PBI) [100] NSGA-II [100] paA-MOEA/D [100] IIPM (CM)

ZDT1 0.6521 0.6392 0.6057 0.6381 0.6412 0.6585
7ZDT2 0.0000 0.3097 0.2957 0.3060 0.3107 0.3218
7ZDT3 0.4863 0.4807 0.4642 0.5066 0.4873 0.5101
7ZDT4 0.3534 0.6360 0.6244 0.6359 0.6391 0.6593
DTLZ1 0.2259 0.7434 0.7835 0.7262 0.7814 0.9119
DTLZ2 0.0000 0.3777 0.3812 0.3766 0.4074 0.4562
DTLZ3 0.0000 0.3605 0.2633 0.1901 0.3817 0.4002
DTLZ5 0.0000 0.0894 0.0779 0.0930 0.0916 0.2010
by
1
. 0\ 1P
r(j) = | |7"(Z>]) : (2.51)
ieP

which is referred to as relative efficiency, where P denotes the set of the test problems

and |P| is the cardinality of P.

The values of 7(MOEA /D(WS)), r(MOEA /D(TE)), r(MOEA /D(PBI)), r(NSGA-II)
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and r(paA-MOEA /D) are mentioned in Table 2.7.

MOEA/D(WS) MOEA/D(TE) MOEA/D(PBI) NSGA-II  paA-MOEA/D IIPM (CM)
148.228 28.156 33.542 29.555 23.041 1

Table 2.7: Relative efficiency of MOEA/D(WS), MOEA/D(TE), MOEA /D(PBI),
NSGA-II, paA-MOEA/D and IIPM (CM) methods with respect to median of IGD

values

Similarly, based on the median HV values reported in Table 2.6, we calculate the
relative efficiency with respect to median of HV values, which is mentioned in Table

2.8.

MOEA/D(WS), MOEA/D(TE) MOEA/D(PBI) NSGA-II  paA-MOEA/D IIPM (CM)
0 0.831 0.776 0.772 0.855 1

Table 2.8: Relative efficiency of MOEA/D(WS), MOEA/D(TE), MOEA/D(PBI),
NSGA-II, paA\-MOEA /D and ITPM (CM) methods with respect to median of HV values

From Tables 2.7 and 2.8 for relative efficiencies, we notice that IIPM (CM) has
the least relative efficiency with respect to IGD values and has the greatest relative
efficiency with respect to HV values. Hence, the proposed ITPM (CM) outperforms the

existing efficient techniques.

2.9 Conclusion

This chapter has introduced an infeasible interior-point approach, with the help of the
cone method, to find a discrete subset of nondominated points of an MOPs. Towards
the derivation, a log-barrier problem corresponding to each parametrized problem of
the cone method has been formulated and solved by the Newton method. To find a
solution to the Newton system, two merit functions are used in the proposed algorithms:

one is to find an appropriate step length (v, ,) and another for the stopping criterion

(v (€)).
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Theorem 2.2 has shown that the search directions (2.15) computed by Theorem 2.1
are descent for the merit function 1, ,,. Reductions in primal infeasibilities (QB, p), dual
infeasibility (03) and complementarity (7) after one iteration are shown in Theorem 2.3.
Theorem 2.4 extends the conclusion of Theorem 2.3 for the k-th iteration and provides
the total number of iterations needed to obtain an e-precise solution.

It is important to notice that the proposed infeasible interior-point method is ca-
pable of handling convex (Algorithm 1) and nonconvex multiobjective optimization
(Algorithm 3). Whenever the problem is not convex, a diagonal perturbation to the
Hessian matrix has been applied to make the search directions descent. Consequently,
the reductions in primal infeasibilities (05, p), dual infeasibility (O‘B) and complemen-

tarity () have been shown in Theorem 2.5.

Kokoskokokoskoskokokoskok



