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This article presents an application of approximate product integration (API)
to find the numerical solution of fractional order Volterra integro-differential
equation based on Caputo non-integer derivative of order 𝜈, where 0 <

𝜈 < 1. Also, the idea is extended to a class of fractional order Volterra
integro-differential equation with a weakly singular kernel. For this purpose,
two numerical schemes are established by utilizing the concept of the API
method, and L1 and L1-2 formulae. We applied L1 and L1-2 discretization to
approximate the Caputo non-integer derivative. At the same time, Taylor's series
expansion of an unknown function is taken into consideration when approxi-
mating the Volterra part in the considered mathematical model using the API
method. Combination of API method with L1 and L1-2 formula provided the
order of convergence (2 − 𝜈) and (3 − 𝜈) for Scheme-I and Scheme-II, respec-
tively. The derived techniques reduced the proposed model to a set of algebraic
equations that can be resolved using well-known numerical algorithms. Fur-
thermore, the unconditional stability, convergence, and numerical stability of
the formulated schemes have been rigorously investigated. Finally, we con-
ducted some numerical experiments to validate our theoretical findings and
guarantee the accuracy and efficiency of the recommended schemes. The com-
parison between the numerical outcomes obtained by proposed schemes and
existing numerical techniques has also been provided through tables and graphs.
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1 INTRODUCTION

Fractional calculus allows for the computation of integrals and derivatives of arbitrary order. The field of fractional calcu-
lus, which studies mathematical theories related to fractions, has a rich and extensive history that dates back thousands
of years. Different researchers and prominent mathematicians like Leibniz, Euler, and Riemann have made significant
contributions to the field of calculus. Fractional calculus is used to model many real-world problems, providing a robust
framework for modeling systems with memory, long-range dependence, and complex dynamics [1]. Fractional calculus
remains a dynamically active area of research, finding applications in various scientific and engineering disciplines, such
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as biology [2], bioengineering [3], and many more can be found in [4–6]. Real world problems based on the fractional
integro-differential equations can be referred to the following literature [7, 8].

In this article, we discussed the following fractional order Volterra integro-differential equation (FOVIDE) [9]:

{𝜈
t (t) +(t)(t) + 𝜆 ∫ t

0 (t, s)(s)ds = (t), t ∈ [0,T],
(0) = a,

(1.1)

where𝜈
t represents the Caputo non-integer differential operator of order 𝜈 ∈ (0, 1). The parameter 𝜆 denotes the physical

quantity in particle motion. The real constant a denotes the initial condition and T ∈ R
+. The function (t) > 0, (t) are

sufficiently smooth on [0,T] and (t, s) > 0 on [0,T] × [0,T] represents the kernel function.
The existence and uniqueness of the solution of fractional order Volterra integro-differential equations (FOVIDEs) can

be found in [4, 10]. P. Das et al. [11] derived the conditions for the existence and uniqueness of the solution based on
maximum norm for weakly singular FOVIDE. Dong et al. [12] used Banach and Schaude fixed point technique for the
existence and uniqueness of solutions of FOVIDE. The existence, uniqueness, and well-posedness for more general class
of fractional order integro-differential equations is available in [13–16]. Numerous analytical and semi-analytical methods
have their limitations and also to obtain the analytical solutions of FOVIDEs is not that much easy. In parallel, researchers
have designed numerical techniques to discover approximations for the FOVIDEs. In [17–19], homotopy perturbation
methods has been used to obtain the approximate solution for fractional order Volterra-Fredholm integro differential
equations. Weijiang et al. [20] solved FOVIDE by using reproducing kernel method. M. Abbar et al. [21] presented opti-
mal homotopy asymptotic method to obtain numerical solution. A. Pedas et al.[22] discussed the numerical solution of
FOVIDEs by using smoothing transformations along with spline collocation technique. P. Yadav et al. [23] proposed oper-
ation matrix method which is based on Legendre wavelets and interpolating scaling function to solve FOVIDE. Here, we
discuss some recent numerical approaches to solve FOVIDEs:

• Lizhu et al. [24] solved the nonlinear FOVIDEs by using second kind Chebyshev wavelet operational matrix method.
• M. H. Heydari et al. [25] obtained approximate solution of FOVIDE by using operational matrix of fractional derivative

of Chebyshev wavelets.
• N. Rajagopal et al. [26] obtained numerical method based on Bernoulli wavelet approximation. Error estimation and

convergence analysis of the proposed method has been established.
• Maurya et al. [27] proposed the Gram-Schmidt orthogonalization algorithm to approximate the solution using

randomly distributed points and Gauss-Legendre roots as collocation node points.
• S. Santra et al. [28] used the classical L1 scheme with composite trapezoidal approximation to provide the numerical

solution for FOVIDE and also discussed the error analysis of the proposed method.
• B. Ghosh et al. [9] proposed two finite difference schemes that uses the L1 and L1-2 discretization. Stability and

convergence of the schemes have been established via maximum norm.

Based on our understanding from the literature survey, we observed that a method based on the API formula is not
available for solving the proposed model (1.1). In this work, we aim to develop a method using the API formula to solve
the model (1.1). The following points outline the main work of this paper:

• We have constructed two new schemes, Scheme-I and Scheme-II for the model (1.1). For Scheme-I, we approximated
the Caputo derivative by the classical L1 formula and the Volterra part by the API method. Scheme-II is obtained by
approximating the Caputo derivative by the L1-2 formula and the Volterra part by the API method. The appropriate
algorithms are also provided to obtain Scheme-I and Scheme-II.

• The truncation error of the L1 formula, L1-2 formula, and API method are bounded by Ch2−𝜈, Ch3−𝜈 and Chℳ+1, respec-
tively. To obtain these bounds, the solution is required to be in C3[0, 1]. However, if one uses the moving mesh methods
[29–33], the required smoothness can be significantly reduced to C1[0, 1] or piecewise smoothness.

• Stability and convergence of the proposed schemes are analyzed and measured in terms of maximum norm. It is proven
that Scheme-I and Scheme-II have achieved  (h2−𝜈) and  (h3−𝜈) order of convergence, respectively.

• Numerical experiments are performed in which three test problems are solved by the proposed schemes. Numerical
results obtained by the presented schemes for the first and the third test problems are compared with each other and
are also compared with the existing method[9]. The second test problem is taken as a FOVIDE with a weakly singular
kernel. The numerical stability of the proposed schemes has also been analyzed, and it found that both schemes are
numerically stable.
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The rest of the paper is organized as follows: In Section 2, some definitions, background information, applicability, and
properties of the API method are discussed. In Section 3, discretized schemes for solving the FOVIDE are constructed.
Error analysis by which convergence and stability of the proposed schemes is established in Section 4. In Section 5, numer-
ical experiments are carried out to check the efficiency and accuracy of the presented schemes. In Section 6, the numerical
stability of the proposed schemes has been established. Finally, some concluding remarks are given in Section 7.

1.1 Notation
In this article, C denotes a generic positive constant in several inequalities with different values at different occurrences.
Cn(Ω) represents the space of n-th order real valued continuously differentiable functions on Ω, we use C(Ω) for C0(Ω).
Set 𝜓i = 𝜓(ti) for any function 𝜓 defined on a domain Ω. Discrete maximum norm is defined by ||𝜓||∞ = max

i
|𝜓(ti)|.R

signifies set of real numbers while R
+ represents the set of positive real numbers. N denotes the set of positive integers.

2 BASIC DEFINITIONS AND PRELIMINARIES

Definition 2.1. Riemann-Liouville fractional integral [34]: If (t) ∈ C[a, b], t ∈ R
+, and 𝜈 ∈ R

+ then

𝜈(t) = 1
Γ(𝜈) ∫

t

a

(s)
(t − s)1−𝜈 ds,

is called Riemann-Liouville fractional integral of order 𝜈.

Definition 2.2. Caputo fractional derivative [35]: The Caputo non-integer derivative with order 𝜈 ∈ R
+ of

function (t) ∈ ACn[a, b] ∶=
{ ∶ [a, b] → R ∶ Dn-1(t) ∈ AC [a, b]

}
is defined by

𝜈
t (t) =

{
1

Γ(n−𝜈)
∫ t

a
 (n)(s)

(t−s)𝜈−n+1 ds, n − 1 < 𝜈 < n,

 (n)(t), 𝜈 = n ∈ N.

Here, Γ(·) is the Gamma function, Dn =
(

d
dt

)n
, and AC[a, b] represents the space of all absolutely continuous functions

on [a, b].

2.1 Approximate product integration
In this technique, integrals of the products of two functions 𝑓 (t) and 𝜙(t) are expressed as [36]

∫
b

a
𝑓 (t)𝜙(t)dt =

n∑
r=1

𝛿r𝑓 (tr) +, (2.1)

where t1 < t2 < … < tn are n abscissa, 𝛿1, 𝛿2, … , 𝛿n are associated weights, and  is correction term. Let

𝑓 (t) =
m−1∑
s=0

asFs(t) + C(t), (2.2)

be the expansion of 𝑓 (t) as the linear combination of m linearly independent functions
F0(t),F1(t), · · · ,Fm−1(t) in some range 𝜒1 ≤ a ≤ b ≤ 𝜒2, where a0, a1, · · · , am−1 are constants and C(t) is remainder term

which can be determined.
If each abscissa lies within the range 𝜒1 ≤ t ≤ 𝜒2 then the expression for 𝑓 (t) and 𝑓 (tr) given by (2.2) can be substituted

in (2.1). It follows that

 = ∫
b

a
C(t)𝜙(t)dt −

n∑
r=1

𝛿rC(tr), (2.3)
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KUMAR ET AL.

provided that

∫
b

a
Fs(t)𝜙(t)dt =

n∑
r=1

𝛿rFs(tr), s = 0, · · · ,m − 1. (2.4)

This gives us m equations for n weights and n ordinates. When m = n and all the abscissae are known, the weights 𝛿r
can be calculated from (2.4). Two points are important in application:

• The abscissae need not lie in the range of the integration. Abscissae may lie within the range where the expansion of
𝑓 (t) is valid.

• 𝜙(t) can have weak singularity within the range of integration and may be discontinuous, and it is required that for
each value of s, the integral ∫ b

a Fs(t)𝜙(t)dt exists.

Let

𝜂s = ∫
b

a
Fs(t)𝜙(t)dt, s = 0, · · · ,m − 1.

𝜂s is known as the generalized moment of the moment function 𝜙(t) of order s . Let F be the mxn matrix whose i, 𝑗th

element is Fi,𝑗 = Fi−1(t𝑗), 𝛿 be the column vector of the n weights 𝛿1, 𝛿2, · · · , 𝛿n, and 𝜂 be the column vector of the m
moments 𝜂0, 𝜂1, … , 𝜂m−1, then Equation (2.4) can be written as

F𝛿 = 𝜂. (2.5)

Different expansions (2.2) of 𝑓 (t) can be taken, for example, Beard [37] used Maclaurin expansion of 𝑓 (t). A. Young
[36] considered expansion of 𝑓 (t) other than Maclaurin series; however, the focus is mostly on the Newton-Cotes type
formula obtained from the Taylor series expansion of 𝑓 (t).

Provided the moments of the kernel function exist, this technique can be applied to obtain the numerical solutions
of singular as well as weakly singular integral equations of both Fredholm and Volterra type in which the formulas for
numerical integration are derived from the kernel of the integral equations [38].

3 FORMULATION OF THE DISCRETE PROBLEM

In this section, discretized problems are obtained by approximating (1.1) using finite difference formulas and the approx-
imate product integration method. We consider the uniform mesh, 0 = t0 < t1 < … < tℳ = T with step size
h = t𝑗+1 − t𝑗 , 0 ≤ 𝑗 ≤ ℳ − 1, where ℳ ∈ N.

3.1 Scheme-I: Discretization by using L1 approximation and API method
The Caputo non-integer derivative 𝜈

t (t) at t𝑗 can be written as

𝜈
t (t𝑗) =

1
Γ(1 − 𝜈)

𝑗−1∑
q=0 ∫

tq+1

tq

 ′(s)
(t𝑗 − s)𝜈

ds,

which is approximated by classical L1 scheme [39] as

L1p𝜈(t𝑗) =
1

Γ(1 − 𝜈)

𝑗−1∑
q=0

(tq+1) − (tq)
h ∫

tq+1

tq

ds
(t𝑗 − s)𝜈

= h−𝜈

Γ(2 − 𝜈)

𝑗−1∑
q=0

[(tq+1) − (tq)]𝜎𝑗−q + 𝜁 (L1)
𝑗

, (3.1)

where 𝜁 (L1)
𝑗

= (𝜈
t − L1p𝜈)(t𝑗), and

𝜎r = r1−𝜈 − (r − 1)1−𝜈, for r = 1, · · · ,ℳ. (3.2)
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KUMAR ET AL.

For the Volterra part in (1.1), we use the approximate product integration method [36] using formula of the form:

∫
t𝑗

t0

(t𝑗 , s)(s)ds =
ℳ∑
i=0

𝛼i,𝑗(ti) + 𝜁 (P)𝑗
, 𝑗 = 0, · · · ,ℳ, (3.3)

where 𝛼i,𝑗 are the weights associated with t0, t1, · · · , tℳ and 𝜁 (P)
𝑗

is correction term. Take the Taylor series expansion of
(t) at t = tℳ using end point formula, we have

(t) =
ℳ∑
i=0

Fi(t)
i!

 (i)(tℳ) + R(t),

where Fi(t) = (t − tℳ)i, and the remainder term is given by R(t) = Fℳ+1(t)
(ℳ+1)!

 (ℳ+1)(𝜉) , 0 < 𝜉 < L.
Let A and W be (ℳ + 1) × (ℳ + 1) weight and moment matrices with i, 𝑗-th entry 𝛼i,𝑗 and ci,𝑗 , respectively, where

ci,𝑗 = ∫
t𝑗

t0

Fi(s)(t𝑗 , s)ds, 𝑗 = 0, · · · ,ℳ. (3.4)

Let 𝜒 be the (ℳ + 1) × (ℳ + 1) invertible matrix for the points t0, t1, · · · , tM with entries

𝜒i,𝑗 = Fi(t𝑗).

Weights in (3.3) are given by
𝜒A = W . (3.5)

Also, the correction term 𝜁
(P)
𝑗

in (3.3) is given by

𝜁
(P)
𝑗

= ∫
t𝑗

t0

(t𝑗 , s)R(t)ds −
ℳ∑
i=0

𝛼i,𝑗R(ti). (3.6)

Making the use of (3.1) and (3.3), (1.1) becomes

⎧⎪⎨⎪⎩
L1p𝜈(t𝑗) +(t𝑗)(t𝑗) + 𝜆

ℳ∑
i=0
𝛼i,𝑗(ti) = (t𝑗) + 𝜁 (1)𝑗

, 𝑗 = 1, · · · ,ℳ,

(t0) = a,
(3.7)

where
𝜁
(1)
𝑗

= 𝜁
(L1)
𝑗

+ 𝜁 (P)
𝑗
. (3.8)

The discrete problem corresponding to (1.1) after omitting the remainder term 𝜁
(1)
𝑗

is given by

⎧⎪⎨⎪⎩
L1p𝜈̂𝑗 +𝑗̂𝑗 + 𝜆

ℳ∑
i=0
𝛼i,𝑗̂i = 𝑗 , 𝑗 = 1, · · · ,ℳ,

̂0 = a,
(3.9)

where approximation of the solution  at the grid point t𝑗 is denoted by ̂𝑗 , then (3.9) can be re-written as

⎧⎪⎨⎪⎩
𝜇
𝑗−1∑
q=0

[(tq+1) − (tq)]𝜎𝑗−q +𝑗̂𝑗 + 𝜆
ℳ∑
i=0
𝛼i,𝑗̂i = 𝑗 , 𝑗 = 1, · · · ,ℳ,

̂0 = a,
(3.10)
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KUMAR ET AL.

where 𝜇 = h−𝜈

Γ(2−𝜈)
. For 𝑗 = 1, 2, , … ,ℳ, we get the following system of equations:

(𝜇𝜎1 +1 + 𝜆𝛼1,1)̂1 + 𝜆𝛼2,1̂2 + · · ·· · ·· · ·· · · + 𝜆𝛼ℳ,1̂ℳ = 1 − (−𝜇𝜎1 + 𝜆𝛼0,1)̂0,

(𝜇(𝜎2 − 𝜎1) + 𝜆𝛼1,2)̂1 + (𝜇𝜎1 +2 + 𝜆𝛼2,2)̂2 + · · · + 𝜆𝛼ℳ,2̂ℳ = 2 − (−𝜇𝜎2 + 𝜆𝛼0,2)̂0,

⋮ + ⋮ + · · · + ⋮ = ⋮

(𝜇(𝜎ℳ − 𝜎ℳ−1) + 𝜆𝛼1,ℳ)̂1 + (𝜇(𝜎ℳ−1 − 𝜎ℳ−2) + 𝜆𝛼2,ℳ)̂2 + · · ·
+ (𝜇𝜎1 +ℳ + 𝜆𝛼ℳ,ℳ)̂ℳ = ℳ − (−𝜇𝜎ℳ + 𝜆𝛼0,ℳ)̂0.

(3.11)

The matrix form of the above system (3.11) is given by

̂ = , (3.12)

where ̂ = [̂1, ̂2, · · · , ̂ℳ]T ,

 =
⎡⎢⎢⎢⎣

𝜇𝜎1 +1 + 𝜆𝛼1,1 𝜆𝛼2,1 · · · 𝜆𝛼ℳ,1

𝜇(𝜎2 − 𝜎1) + 𝜆𝛼1,2 𝜇𝜎1 +2 + 𝜆𝛼2,2 · · · 𝜆𝛼ℳ,2

⋮ ⋮ ⋮ ⋮
𝜇(𝜎ℳ − 𝜎ℳ−1) + 𝜆𝛼1,ℳ 𝜇(𝜎ℳ−1 − 𝜎ℳ−2) + 𝜆𝛼2,ℳ … 𝜇𝜎1 +ℳ + 𝜆𝛼ℳ,ℳ

⎤⎥⎥⎥⎦ ,

 =

⎡⎢⎢⎢⎢⎣
1 − (−𝜇𝜎1 + 𝜆𝛼0,1)̂0

2 − (−𝜇𝜎2 + 𝜆𝛼0,2)̂0

⋮

ℳ − (−𝜇𝜎ℳ + 𝜆𝛼0,ℳ)̂0

⎤⎥⎥⎥⎥⎦
.

3.2 Scheme-II: Discretization by using L1-2 approximation and API method

Let, tq+ 1
2
= tq+1+tq

2
, for q ≥ 0. The difference quotient operators are

Δtq− 1
2
= (tq)−(tq−1)

h
, Δtq+ 1

2
= (tq+1)−(tq)

h
, and Δ2

t q =
Δtq+ 1

2
−Δtq− 1

2
h

.
The Caputo non-integer derivative 𝜈

t (t) at t𝑗 can be written as

𝜈
t (t𝑗) =

1
Γ(1 − 𝜈)

[
∫

t1

t0

 ′(s)
(t𝑗 − s)𝜈

ds +
𝑗−1∑
q=1 ∫

tq+1

tq

 ′(s)
(t𝑗 − s)𝜈

ds

]
.
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KUMAR ET AL.

Its approximation is given by

L1-2p𝜈(t𝑗) =
1

Γ(1 − 𝜈)

[
∫

t1

t0

(Π1,1(s))′

(t𝑗 − s)𝜈
ds +

𝑗−1∑
q=1 ∫

tq+1

tq

(Π2,q(s))′

(t𝑗 − s)𝜈
ds

]
. (3.13)

Here, Π1,1(t) represents the linear interpolation function of (t) on [tq−1, tq], that is,

Π1,1(t) =
tq − t

h
(tq−1) +

t − tq−1

h
(tq), (3.14)

and for q ≥ 1, Π2,q(t) represents the quadratic interpolation function of (t) on [tq, tq+1], that is,

Π2,q(t) =
(t − tq)(t − tq+1)

2h2 (tq−1) +
(t − tq−1)(tq+1 − t)

2h2 (tq) +
(t − tq)(t − tq−1)

2h2 (tq+1). (3.15)

Put (3.14) and (3.15) in (3.13), we have the L1-2 scheme [40] as

L1-2p𝜈(t𝑗) =
1

Γ(1 − 𝜈)

[
Δt 1

2 ∫
t1

t0

ds
(t𝑗 − s)𝜈

+
𝑗−1∑
q=1 ∫

tq+1

tq

Δtq+ 1
2
+ (s − tq+ 1

2
)Δ2

t q

(t𝑗 − s)𝜈
ds

]

= 1
Γ(1 − 𝜈)

[
𝑗−1∑
q=0

Δtq+ 1
2 ∫

tq+1

tq

ds
(t𝑗 − s)𝜈

+
𝑗−1∑
q=1

Δ2
t q ∫

tq+1

tq

s − tq+ 1
2

(t𝑗 − s)𝜈
ds

]

= h−𝜈

Γ(2 − 𝜈)

[
𝑗−1∑
q=0

[(tq+1) − (tq)]𝜎𝑗−q +
𝑗−1∑
q=1

[(tq+1) − 2(tq) + (tq−1)]𝜎∗𝑗−q

]
+ 𝜁 (L1-2)

𝑗

= h−𝜈

Γ(2 − 𝜈)

𝑗−1∑
q=0

[(tq+1) − (tq)]𝜌𝑗−q + 𝜁 (L1-2)
𝑗

.

(3.16)

Here, 𝜁 (L1-2)
𝑗

= (𝜈
t − L1-2p𝜈)(t𝑗) and 𝜌r are defined below. For 𝑗 = 1, 𝜌1 = 1, and for 𝑗 ≥ 2,

𝜌r =
⎧⎪⎨⎪⎩
𝜎1 + 𝜎∗1 , if r = 1,
𝜎r + 𝜎∗r − 𝜎∗r−1, if 2 ≤ r ≤ 𝑗 − 1,
𝜎r + 𝜎∗r , if r = 𝑗,

(3.17)

where 𝜎r is already defined in (3.2) and 𝜎∗r are defined as

𝜎∗r = 1
(2 − 𝜈)

[r(2−𝜈) − (r − 1)2−𝜈] − 1
2
[r(1−𝜈) + (r − 1)(1−𝜈)], for r = 1, · · · ,ℳ. (3.18)

After substituting the values of Equations (3.3) and (3.16) in the model (1.1), we get

⎧⎪⎨⎪⎩
L1-2p𝜈(t𝑗) +(t𝑗)(t𝑗) + 𝜆

ℳ∑
i=0
𝛼i,𝑗(ti) = (t𝑗) + 𝜁 (2)𝑗

, 𝑗 = 1, · · · ,ℳ,

(t0) = a,
(3.19)

where
𝜁
(2)
𝑗

= 𝜁
(L1-2)
𝑗

+ 𝜁 (P)
𝑗
. (3.20)

The discrete problem corresponding to (1.1) after omitting the remainder term 𝜁
(2)
𝑗

is given by

⎧⎪⎨⎪⎩
L1-2p𝜈̃i +𝑗̃𝑗 + 𝜆

ℳ∑
i=0
𝛼i,𝑗̃i = 𝑗 , 𝑗 = 1, · · · ,ℳ,

̃0 = a,
(3.21)
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KUMAR ET AL.

where the approximation of the solution  at the grid point t𝑗 is denoted by ̃𝑗 , (t𝑗) is denoted by 𝑗 and (t𝑗) is denoted
by 𝑗 . The above scheme (3.21) can be re-written as

⎧⎪⎨⎪⎩
𝜇
∑𝑗−1

q=0
[̃(tq+1) − ̃(tq)

]
𝜌𝑗−q +𝑗̃𝑗 + 𝜆

ℳ∑
i=0
𝛼i,𝑗̃i = 𝑗 , 𝑗 = 1, · · · ,ℳ,

̃0 = a,
(3.22)

where 𝜇 = h−𝜈

Γ(2−𝜈)
. For 𝑗 = 1, … ,ℳ, the above scheme (3.22) can be written as the linear system of the equations as

follows:

(𝜇𝜌1 +1 + 𝜆𝛼1,1)̃1 + 𝜆𝛼2,1̃2 + · · · · · · · · · · · · + 𝜆𝛼ℳ,1̃ℳ = 1 − (−𝜇𝜌1 + 𝜆𝛼0,1)̃0,

(𝜇(𝜌2 − 𝜌1) + 𝜆𝛼1,2)̃1 + (𝜇𝜌1 +2 + 𝜆𝛼2,2)̃2 + · · · + 𝜆𝛼ℳ,2̃ℳ = 2 − (−𝜇𝜌2 + 𝜆𝛼0,2)̃0,

⋮ + ⋮ + · · · + ⋮ = ⋮

(𝜇(𝜌ℳ − 𝜌ℳ−1) + 𝜆𝛼1,ℳ)̃1 + (𝜇(𝜌ℳ−1 − 𝜌ℳ−2) + 𝜆𝛼2,ℳ)̃2 + · · ·
+ (𝜇𝜌1 +ℳ + 𝜆𝛼ℳ,ℳ)̃ℳ = ℳ − (−𝜇𝜌ℳ + 𝜆𝛼0,ℳ)̃0.

The matrix form of the above system is given by

Y ̃ = Z, (3.23)

where ̃ = [̃1, ̃2, … , ̃ℳ]T ,

Y =
⎡⎢⎢⎢⎣
𝜇𝜌1 +1 + 𝜆𝛼1,1 𝜆𝛼2,1 … 𝜆𝛼ℳ,1

𝜇(𝜌2 − 𝜌1) + 𝜆𝛼1,2 𝜇𝜌1 +2 + 𝜆𝛼2,2 … 𝜆𝛼ℳ,2

⋮ ⋮ ⋮ ⋮
𝜇(𝜌ℳ − 𝜌ℳ−1) + 𝜆𝛼1,ℳ 𝜇(𝜌ℳ−1 − 𝜌ℳ−2) + 𝜆𝛼2,ℳ … 𝜇𝜌1 +ℳ + 𝜆𝛼ℳ,ℳ

⎤⎥⎥⎥⎦ ,

Z =

⎡⎢⎢⎢⎢⎣
1 − (−𝜇𝜌1 + 𝜆𝛼0,1)̃0

2 − (−𝜇𝜌2 + 𝜆𝛼0,2)̃0

⋮

ℳ − (−𝜇𝜌ℳ + 𝜆𝛼0,ℳ)̃0

⎤⎥⎥⎥⎥⎦
.
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KUMAR ET AL.

4 STABILITY AND CONVERGENCE

In this section, we established the stability and convergence of the proposed Scheme-I and Scheme-II with respect to the
maximum norm . Firstly, for Scheme-I, we provide some lemmas and bounds for the remainder terms associated with
the approximation of Caputo non-integer derivative by the L1 formula and with the approximation of the Volterra part by
the API method. The global error is computed by using these results to establish the convergence of Scheme-I. The same
procedure is followed to establish the stability and convergence for the Scheme-II.

4.1 Stability and convergence analysis for Scheme-I
Although we get the asymptotic of solution at the starting time, we have to consider an ideal case, that is, in [0, T] since
the analysis of the numerical scheme based on API method and L1 and L1-2 formula is really difficult to investigate. For
ideal compatibility conditions, the interested reader can refer to the following literature [41–44].

Lemma 4.1 ([9]). For any mesh function {̂𝑗}ℳ𝑗=0 with 0 = 0, we have

|||̂𝑗
||| ≤ max

1≤r≤ℳ

{
h𝜈Γ(2 − 𝜈)

𝜎r
L1p𝜈 |||̂r

|||
}
, 𝑗 = 1, · · · ,ℳ.

Lemma 4.2 ([9]). Let (t) ∈ C3[0,T] be the analytical solution of (1.1), then the remainder term of L1 approxima-
tion (3.1) satisfies |||𝜁L1

𝑗

||| ≤ Ch2−𝜈, 𝑗 = 1, · · · ,ℳ.

Lemma 4.3. Assume that (t) ∈ C3[0,T] ∪ Cℳ+1[0,T], where ℳ ∈ N, then the correction term 𝜁
(P)
𝑗

of the API
method (3.3) satisfies the following inequality:|||𝜁 (P)𝑗

||| < Chℳ+1, for 𝑗 = 1, · · ·,ℳ.

Proof. Since (t) ∈ Cℳ+1[0,T], there exists constant C1 such that

| i(t)| ≤ C1 𝑓or i = 0, · · · ,ℳ + 1.

Now, we have

|||𝜁 (P)𝑗

||| = ||||||∫
t𝑗

t0

(t𝑗 , s)R(t)ds −
ℳ∑
i=0

𝛼i,𝑗R(ti)
||||||

=
||||||∫

t𝑗

t0

(s − tℳ)ℳ+1

(ℳ + 1)!
ℳ+1(𝜉)(t𝑗 , s)ds −

ℳ∑
i=0

𝛼i,𝑗
(ti − tℳ)ℳ+1

(ℳ + 1)!
ℳ+1(𝜉)

||||||
=
|||| hℳ+1

(ℳ + 1)!
ℳ+1(𝜉)

||||
||||||∫

t𝑗

t0

(s − tℳ)ℳ+1

hℳ+1 (t𝑗 , s)ds −
ℳ∑
i=0

𝛼i,𝑗
(ti − tℳ)ℳ+1

hℳ+1

||||||
≤ hℳ+1

(ℳ + 1)!
C1C2

< Chℳ+1,

where C2 = max
0≤𝑗≤ℳ

|||||∫ t𝑗
t0

(s−tℳ )ℳ+1

hℳ+1 (t𝑗 , s)ds −
ℳ∑
i=0
𝛼i,𝑗

(ti−tℳ )ℳ+1

hℳ+1

|||||, which completes the proof. □

Let m̂𝑗 = |(t𝑗) − ̂𝑗| for 𝑗 = 1, · · · ,, denote the absolute error at t𝑗 . Using (3.7) and (3.9), we obtain following
difference equations: ⎧⎪⎨⎪⎩

L1p𝜈m̂𝑗 +𝑗m̂𝑗 + 𝜆
ℳ∑
i=0
𝛼i,𝑗m̂i = 𝜁

(1)
𝑗
, for 𝑗 = 1, · · · ,ℳ,

m̂0 = 0.
(4.1)
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KUMAR ET AL.

Theorem 4.1. For the difference Equation (4.1), solution satisfies the following inequality:

||Ê||∞ ≤ T𝜈Γ(1 − 𝜈)‖‖‖𝜁 (1)‖‖‖∞,
where Ê = (m̂0, m̂1, … , m̂ℳ)′, and 𝜁 (1) = (𝜁 (1)0 , 𝜁

(1)
1 , … , 𝜁

(1)
ℳ )′.

Proof. Using (3.1) without correction term in the difference Equation (4.1) and then multiplying it by m̂𝑗 , it follows
that

|||||| h−𝜈

Γ(2 − 𝜈)
m̂2
𝑗 +𝑗m̂2

𝑗 + 𝜆
ℳ∑
i=0

𝛼i,𝑗m̂im̂𝑗

|||||| =
||||||𝜁 (1)𝑗

m̂𝑗 +
h−𝜈

Γ(2 − 𝜈)

𝑗−1∑
r=1

(𝜎r − 𝜎r+1)m̂𝑗−rm̂𝑗

||||||
≤ |||𝜁 (1)𝑗

||| ||m̂𝑗
|| + h−𝜈

Γ(2 − 𝜈)

𝑗−1∑
r=1

(𝜎r − 𝜎r+1) ||m̂𝑗−r|| ||m̂𝑗
||

Since all terms on L.H.S are positive, we have

h−𝜈

Γ(2 − 𝜈)
|||m̂2

𝑗

||| ≤ |||𝜁 (1)𝑗

||| ||m̂𝑗
|| + h−𝜈

Γ(2 − 𝜈)

𝑗−1∑
r=1

(𝜎r − 𝜎r+1) ||m̂𝑗−r|| ||m̂𝑗
|| .

Dividing both sides by ||m̂𝑗
||, we get

h−𝜈

Γ(2 − 𝜈)
||m̂𝑗
|| ≤ |||𝜁 (1)𝑗

||| + h−𝜈

Γ(2 − 𝜈)

𝑗−1∑
r=1

(𝜎r − 𝜎r+1) ||m̂𝑗−r|| .
Therefore,

L1p𝜈 ||m̂𝑗
|| ≤ |||𝜁 (1)𝑗

||| .
Since 𝜎1 = 1 and 𝜎l > 𝜎l+1 for all l ≥ 1, by the mean value theorem [44], we have

(1 − 𝜈)l−𝜈 ≤ 𝜎l ≤ (1 − 𝜈)(l − 1)−𝜈, for l ≥ 2.

Using Lemma 4.1, we get

||m̂𝑗
|| ≤ max

1≤r≤𝑗
{

h−𝜈Γ(2 − 𝜈)
𝜎r

|||𝜁 (1)r
|||
}

≤ h𝜈Γ(2 − 𝜈)
(1 − 𝜈)ℳ−𝜈 max

1≤r≤𝑗
{|||𝜁 (1)r

|||}
= T𝜈Γ(1 − 𝜈)max

1≤r≤𝑗
{|||𝜁 (1)r

|||} , 𝑗 = 1, · · · ,ℳ.

This implies that ||Ê||∞ ≤ T𝜈Γ(1 − 𝜈)‖‖‖𝜁 (1)‖‖‖∞.
□

Theorem 4.2. Suppose that {̂𝑗}ℳ𝑗=0 is numerical solution of (1.1) obtained by using Scheme-I (3.12) and {(t𝑗)}ℳ𝑗=0 be
the analytical solution, then

max
1≤𝑗≤ℳ||(t𝑗) − ̂𝑗|| ≤ CT𝜈h2−𝜈.
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KUMAR ET AL.

Proof. By Lemmas 4.2 and 4.3, we have

|||𝜁 (1)𝑗

||| ≤ |||𝜁 (L1)
𝑗

||| + |||𝜁 (P)𝑗

|||
≤ C
(

h2−𝜈 + hℳ+1) .
Now, by Theorem 4.1, we have

max
1≤𝑗≤ℳ||(t𝑗) − ̂𝑗|| ≤ T𝜈Γ(1 − 𝜈) max

1≤𝑗≤ℳ
|||𝜁 (1)𝑗

|||
≤ T𝜈Γ(1 − 𝜈)(h2−𝜈 + hℳ+1)
≤ CT𝜈h2−𝜈 ,

which completes the proof. □

4.2 Stability and convergence analysis for Scheme-II
Let m̃𝑗 = |(t𝑗) − ̃𝑗| for 𝑗 = 1, 2, · · · ,, denote the absolute error at t𝑗 . From (3.19) and (3.21), we get the following
difference equations: ⎧⎪⎨⎪⎩

L1-2p𝜈m̃𝑗 +𝑗m̃𝑗 + 𝜆
ℳ∑
i=0
𝛼i,𝑗m̃i = 𝜁2

𝑗
, for 𝑗 = 1, · · · ,ℳ,

m̃0 = 0.
(4.2)

Lemma 4.4. ([9]). For any mesh function {̃𝑗}ℳ𝑗=0 with ̃0 = 0, we have

|̃𝑗| ≤ max
r=1,3,… ,𝑗

{
h𝜈Γ(2 − 𝜈)

𝜌r
L1-2p𝜈|̃r|} , for 𝑗 = 1, · · · ,ℳ.

Lemma 4.5. ([9]). If (t) ∈ C3[0,T] be the analytical solution of (1.1), then the remainder term of L1-2 approxima-
tion (3.16) satisfies |𝜁 (L1-2)

𝑗
| ≤ Ch3−𝜈 , 𝑗 = 1, · · · ,ℳ.

Theorem 4.3. For the difference Equation 4.2, solution satisfies the following inequality:

||Ẽ||∞ ≤ T𝜈Γ(1 − 𝜈)||𝜁 (2)||∞,
where Ẽ = (m̃0, m̃1, · · · , m̃ℳ)′, and 𝜁 (1) = (𝜁 (2)0 , 𝜁

(2)
1 , · · · , 𝜁 (2)ℳ )′.

Proof. In problem (4.2), use (3.16) without remainder term and then multiply by m̃𝑗 both sides, it follows that

|||||| h−𝜈

Γ(2 − 𝜈)
𝜌1m̃2

𝑗 +𝑗m̃2
𝑗 + 𝜆

ℳ∑
i=0

𝛼i,𝑗m̃im̃𝑗

|||||| =
|||||||𝜁

(2)
𝑗

m̂𝑗 +
h−𝜈

Γ(2 − 𝜈)

𝑗−1∑
r=1
r≠2

(𝜌r − 𝜌r+1)m̃𝑗−rm̃𝑗

|||||||
≤ |||𝜁 (2)𝑗

||| ||m̃𝑗
|| + h−𝜈

Γ(2 − 𝜈)

𝑗−1∑
r=1
r≠2

(𝜌r − 𝜌r+1) ||m̃𝑗−r|| ||m̃𝑗
|| .

Since, 𝑗 > 0 and 𝜆
ℳ∑
i=0
𝛼i,𝑗m̃im̃𝑗 > 0, we have

h−𝜈

Γ(2 − 𝜈)
𝜌1|m̃2

𝑗 | ≤ |||𝜁 (2)𝑗

||| ||m̃𝑗
|| + h−𝜈

Γ(2 − 𝜈)

𝑗−1∑
r=1
r≠2

(𝜌r − 𝜌r+1) ||m̃𝑗−r|| ||m̃𝑗
|| .
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KUMAR ET AL.

Dividing by ||m̃𝑗
|| both sides, we get

L1-2p𝜈|m̃𝑗| ≤ |𝜁 (2)𝑗
|.

Since, 𝜌1 ∈ (1, 3
2
), 𝜌1 > |𝜌2|, 𝜌1 > 𝜌3, and 𝜌l ≥ 𝜌l+1 ∀ l ≥ 3, by Lemma 4.4, we have

||m̃𝑗
|| ≤ max

r=1,3,… ,𝑗

{
h−𝜈Γ(2 − 𝜈)

𝜌r

|||𝜁 (2)r
|||
}

≤ h𝜈Γ(2 − 𝜈)
(1 − 𝜈)ℳ−𝜈 max

r=1,3,··· ,𝑗

{|||𝜁 (2)r
|||}

= T𝜈Γ(1 − 𝜈) max
r=1,3,··· ,𝑗

{|||𝜁 (2)r
|||} .

This proves the theorem. □

Theorem 4.3 shows that the Scheme-II is stable.

Theorem 4.4. If {(t𝑗)}ℳ𝑗=0 be the analytical solution and {̃𝑗}ℳ𝑗=0 be the approximate solution of the model (1.1)
obtained by using Scheme-II, then ||Ẽ||∞ ≤ CT𝜈h3−𝜈.

Proof. From Lemmas 4.3 and 4.5, we have the following inequality:

|𝜁 (2)
𝑗
| ≤ |||𝜁 (L1-2)

𝑗

||| + |||𝜁 (P)𝑗

||| ≤ C(h3−𝜈 + hℳ+1).

By Theorem 4.3, we get

max
1≤𝑗≤ℳ||(t𝑗) − ̃𝑗|| ≤ T𝜈Γ(1 − 𝜈)||𝜁 (2)||∞

≤ T𝜈Γ(1 − 𝜈)(h3−𝜈 + hℳ+1)
≤ CT𝜈h3−𝜈 .

□

Remark 4.1. Observe from Lemmas 4.1 and 4.4 that the solution is bounded by its derivatives because the proposed
model (1.1) is not time singular problem and has a sufficiently smooth solution, leading to a stable solution.

5 NUMERICAL EXPERIMENTS

This section describes several numerical experiments conducted to validate the theoretical findings, effectiveness, and
accuracy of the proposed methods.

We have solved three test problems involving FOVIDE. The first and the third problems are taken to compare the
numerical results obtained by the proposed schemes with the numerical results provided by the existing method [9].
The second problem is taken with a weakly singular kernel. The analytical solution is provided to show the validity
of the numerically obtained solution. Different tables and graphs are given, depicting the numerical outcomes of the
presented method. The accuracy of the proposed approach is found for different cases by using pointwise absolute errors
ℳ(i), L2-errors, and maximum errors Ξℳ defined by

⎧⎪⎪⎨⎪⎪⎩

ℳ(i) = |(ti) − ℳ(ti)|, i = 0, · · · ,ℳ,

L2 − error =

√
ℳ∑
i=0

h(ℳ(i))2,

Ξℳ = max
0≤i≤ℳℳ(i).

(5.1)
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KUMAR ET AL.

Here, (t) is the exact solution and ℳ(t) denotes the numerical solution obtained using numerical method. Formula
used to calculate the corresponding order of convergence is defined by

𝒞ℳ = log2

(
Ξℳ

Ξ2ℳ

)
. (5.2)

TABLE 1 Comparison of Ξℳ and 𝒞ℳ by using Scheme-II and
Scheme-I with different values of 𝜈 and ℳ for Example 5.1.

Scheme-I Scheme-II
𝝂 𝓜 𝜩𝓜 𝓒𝓜 𝚵𝓜 𝓒𝓜

0.2 32 2.1551e−04 - 7.2370e−06 -
64 6.6112e−05 1.7048 1.1162e−06 2.6968
128 2.0040e−05 1.7220 1.6952e−07 2.7191
256 6.0187e−06 1.7354 2.7397e−08 2.6294
512 1.7944e−06 1.7460 3.7998e−09 2.8500

0.4 32 1.1000e−03 - 3.3804e−05 -
64 3.6845e−04 1.5780 5.7805e−06 2.5479
128 1.2453e−04 1.5650 9.7779e−07 2.5636
256 4.1819e−05 1.5743 1.6419e−07 2.5742
512 1.3979e−05 1.5809 2.7437e−08 2.5812

0.6 32 4.2000e−03 - 1.3268e−04 -
64 1.6000e−03 1.3923 2.5627e−05 2.3227
128 6.1939e−04 1.3692 4.9113e−06 2.3835
256 2.3668e−04 1.3879 9.3704e−07 2.3899
512 9.0159e−05 1.3924 1.7830e−07 2.3938

0.8 32 1.3500e−02 - 5.0523e−04 -
64 6.0000e−03 1.1699 1.1127e−04 2.1829
128 2.6000e−03 1.2065 2.4370e−05 2.1909
256 1.1000e−03 1.2410 5.3212e−06 2.1953
512 5.0146e−04 1.1333 1.1601e−06 2.1975

TABLE 2 Comparison of Ξℳ and 𝒞ℳ obtained by Scheme-I and by
existing L1 method [9] for Example 5.1 with different values of 𝜈 and ℳ.

Scheme-I Existing L1 scheme
𝝂 𝓜 𝚵𝓜 𝓒𝓜 𝚵𝓜 𝓒𝓜

0.2 32 2.1551e−04 - 3.3773e−04 -
64 5.6112e−05 1.7048 7.3160e−05 2.2067
128 2.0040e−05 1.7220 1.5050e−05 2.2820
256 6.0187e−06 1.7354 3.3970e−06 2.1470
512 1.7944e−06 1.7460 1.0940e−06 1.6350

0.4 32 1.1000e−03 - 7.1461e−04 -
64 3.6845e−04 1.5780 2.7080e−04 1.3999
128 1.2453e−04 1.5650 9.8730e−05 1.4550
256 4.1819e−05 1.5743 3.5080e−05 1.4930
512 1.3979e−05 1.5809 1.2230e−05 1.5200

0.6 32 4.2000e−03 - 3.6000e−03 -
64 1.6000e−03 1.3923 1.4820e−03 1.2805
128 6.1939e−04 1.3692 5.8660e−04 1.3370
256 2.3668e−04 1.3879 2.2850e−04 1.3600
512 9.0159e−05 1.3924 8.8110e−05 1.3750

0.8 32 1.3500e−02 - 1.3000e−02 -
64 6.0000e−03 1.1699 5.8640e−03 1.1486
128 2.6000e−03 1.2065 2.5980e−03 1.1750
256 1.1000e−03 1.2410 1.1420e−03 1.1860
512 5.0146e−04 1.1333 4.9960e−04 1.1920
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KUMAR ET AL.

TABLE 3 Comparison of Ξℳ and 𝒞ℳ obtained by Scheme-II and by
existing L1-2 method [9] for Example 5.1 with different values of 𝜈 and ℳ.

Scheme-II Existing L1-2 scheme
𝝂 𝓜 𝚵𝓜 𝓒𝓜 𝚵𝓜 𝓒𝓜

0.1 32 2.4886e−06 - 5.3560e−04 -
64 3.6843e−07 2.7559 1.3400e−04 1.9999
128 5.3590e−08 2.7814 3.3500e−05 2.0000
256 7.7102e−09 2.7971 8.3760e−06 2.0000
512 1.0960e−09 2.8145 2.0940e−06 2.0000

0.3 32 1.6320e−05 - 5.4380e−04 -
64 2.6443e−06 2.6257 1.3660e−04 1.9930
128 4.2253e−07 2.6458 3.4230e−05 1.9960
256 6.6930e−08 2.6583 8.5710e−06 1.9980
512 1.0535e−08 2.6670 2.1450e−06 1.9990

0.5 32 6.7505e−05 - 4.9600e−04 -
64 1.2248e−05 2.4634 1.2730e−04 1.9630
128 2.2017e−06 2.4759 3.2380e−05 1.9750
256 3.9356e−07 2.4840 8.1950e−06 1.9820
512 7.0092e−08 2.4893 2.0660e−06 1.9880

0.7 32 2.5915e−04 - 2.669e−04 -
64 5.3407e−05 2.2787 7.7520e−05 1.7840
128 1.0934e−05 2.2882 2.1590e−05 1.8440
256 2.2305e−06 2.2934 5.8500e−06 1.8840
512 4.5414e−07 2.2962 1.5550e−06 1.9120

0.9 32 9.8516e−04 - 7.1760e−04 -
64 2.3219e−04 2.0851 1.6900e−04 2.0860
128 5.4441e−05 2.0926 3.9280e−05 2.1050
256 1.2731e−05 2.0963 9.0690e−06 2.1150
512 2.9736e−06 2.0981 2.0870e−06 2.1200

Remark 5.1. For the sake of convenience, ̃ i
ℳ and ̂ i

ℳ given below in different graphical representation denotes the
numerical solution obtained for different values of ℳ by Scheme-II and Scheme-I, respectively, when the value of 𝜈
is chosen as 𝜈 = 0.i, i = 1, · · · , 9.

Remark 5.2. We used (a) an 11th Gen Intel(R) Core(TM) i5-11320H @ 3.20GHz 2.50 GHz, (b) 8.00 GB of RAM to
conduct our numerical tests (7.74 GB usable), and (c) system specifications include a 64-bit operating system, an
x64-based CPU, and MATLAB R2023b (The MathWorks, Inc., Natick, Massachusetts) programming environment.

Example 5.1. In the model problem (1.1), let (t, s) = 3t + 4s, 𝜆 = 1, (t) = 1 under the initial condition (0) = 0.
We choose

(t) = 𝜋𝜈
(1 + 𝜈)(2 + 𝜈)(3 + 𝜈)t3 csc(𝜋𝜈)

6Γ(1 − 𝜈)
+ t3+𝜈 + (7𝜈 + 31)t5+𝜈

(4 + 𝜈)(5 + 𝜈)
,

so that analytical solution is (t) = t3+𝜈 .

Following Algorithms 1 and 2 for Example 5.1, the numerical outcomes of different experiments are illustrated below:

• In Table 1, efficiency of the Scheme-I and Scheme-II is demonstrated by comparing maximum error and order of
convergence of both the two schemes. It can be seen for the table that the order of convergence of Scheme-I and
Scheme-II is near to (2 − 𝜈) and (3 − 𝜈), respectively.

• Table 2 shows the comparison of Ξℳ and 𝒞ℳ by using the presented Scheme-I and existing L1 method. Observe that
the order of convergence of the presented Scheme-I is better than the existing L1 method.

• In Table 3, comparison of Ξℳ and 𝒞ℳ by using the presented Scheme-II and the existing L1-2 method is shown. It can
be seen that Ξℳ , and 𝒞ℳ of the present Scheme-II is better then the existing L1-2 method.

• In Figure 1, comparison of  , ̂1
ℳ and ̃1

ℳ is shown in case of Example 5.1 for ℳ = 128. To accurately illustrate the
characteristics of the solution graph, we multiply ̂1

ℳ and ̃1
ℳ by the quantity 1.1 and 1.3, respectively.

• Figure 2 shows the variation of numerical solutions ̂1
ℳ , ̂3

ℳ , ̂5
ℳ , ̂7

ℳ , and ̂9
ℳ with ℳ = 128.

2846

 10991476, 2025, 3, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

m
a.10464 by Indian Institute O

f T
echnology, W

iley O
nline L

ibrary on [05/06/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



KUMAR ET AL.

FIGURE 1 Comparison between the approximate and exact solutions for Example 5.1 with ℳ = 128. [Colour figure can be viewed at
wileyonlinelibrary.com]

FIGURE 2 Graph for numerical solution of Scheme-I with ℳ = 128 for Example 5.1. [Colour figure can be viewed at
wileyonlinelibrary.com]

FIGURE 3 Graph for numerical solution of Scheme-II with ℳ = 128 for Example 5.1. [Colour figure can be viewed at
wileyonlinelibrary.com]

• Figure 3 shows the graphical representation of behavior of the solution ̃1
ℳ , ̃3

ℳ , ̃5
ℳ , ̃7

ℳ , and ̃9
ℳ with ℳ = 128.

• To show the variation of numerical solution precisely, we labeled the graphs in Figures 2 and 3. In Figure 2, we multiply
̂1

ℳ , ̂3
ℳ , ̂5

ℳ , ̂7
ℳ , and ̂9

ℳ with 1.6, 1.5, 1.9, 1.3 and 1.2, respectively. Similarly, in Figure 3, we multiply ̃3
ℳ , ̃5

ℳ , ̃7
ℳ ,

and ̃9
ℳ by 1.1, 1.3, 1.9, and 2.1, respectively.

Example 5.2. The second test problem is considered as the following model{𝜈
t (t) + (t) + ∫ t

0 (t, s)(s)ds = (t), t ∈ (0, 1],
(0) = 0,

(5.3)

with weakly singular kernel

(t, s) = 1
(t − s)𝛽

, 𝛽 ∈ (0, 1),
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KUMAR ET AL.

and
(t) = 5040 t7−𝜈

Γ(8 − 𝜈)
+ t7 + 5040Γ(1 − 𝛽) t8−𝛽

Γ(9 − 𝛽)
,

the analytical solution of this test problem is given by (t) = t7.

After following Algorithms 1 and 2 for the above test problem, the numerical outcomes obtained for different values of
𝜈 and 𝛽 = 0.95, are illustrated below:

TABLE 4 Results of absolute error of Example 5.2 for ℳ = 50 and 𝜈 = 0.1.

Scheme-I Scheme-II

t ̂1
𝓜

𝓜 ̃1
𝓜

𝓜

0.1 0.00000010.. 2.6394e−12 0.00000010.. 8.4997e−13
0.2 0.00001280.. 1.0000e−08 0.00001280.. 8.0000e−10
0.3 0.00021874.. 4.0000e−08 0.00021870.. 4.7000e−09
0.4 0.00163858.. 1.9000e−07 0.00163841.. 1.5800e−08
0.5 0.00781309.. 5.9000e−07 0.00781254.. 4.0300e−08
0.6 0.02799512.. 1.5200e−06 0.02799368.. 8.6100e−08
0.7 0.08235766.. 3.3600e−06 0.08235446.. 1.6330e−07
0.8 0.20972187.. 6.6800e−06 0.20971548.. 2.8390e−07
0.9 0.47830911.. 1.2200e−05 0.47829736.. 4.6180e−07
1.0 1.00002095.. 2.0960e−05 1.00000071.. 7.1320e−07

TABLE 5 Comparison of Ξℳ and 𝒞ℳ by using
Scheme-I and Scheme-II for Example 5.2.

Scheme-I Scheme-II
𝝂 𝓜 𝚵𝓜 𝓒𝓜 𝚵𝓜 𝓒𝓜

0.2 10 1.8000e−03 - 4.5107e−04 -
20 6.1374e−04 1.5523 8.2338e−05 2.4537
40 2.0099e−04 1.6105 1.3774e−05 2.5796
80 6.3688e−05 1.6580 2.1955e−06 2.6493

0.4 10 6.2000e−3 - 1.6000e−03 -
20 2.4000e−03 1.3692 3.2774e−04 2.2874
40 8.5943e−04 1.4816 6.0853e−05 2.4292
80 3.0195e−04 1.5091 1.0784e−05 2.4964

0.6 10 1.6100e−02 - 4.3000e−03 -
20 6.9000e−03 1.2224 9.8409e−04 2.1275
40 2.8000e−03 1.3012 2.0545e−04 2.2600
80 1.1000e−03 1.3479 4.1057e−05 2.3231

0.8 10 3.6700e−02 - 1.0200e−02 -
20 1.7500e−02 1.0684 2.6000e−03 1.9720
40 8.0000e−03 1.1293 6.2048e−04 2.0671
80 3.6000e−03 1.1520 1.4105e−04 2.1372

FIGURE 4 Comparison between the exact and the approximate solution with ℳ = 50 and 𝜈 = 0.1 for Example 5.2. [Colour figure can be
viewed at wileyonlinelibrary.com]
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KUMAR ET AL.

FIGURE 5 Comparison between the exact and the approximate solution with ℳ = 50 and 𝜈 = 0.7 for Example 5.2. [Colour figure can be
viewed at wileyonlinelibrary.com]

FIGURE 6 Approximate solution with ℳ = 50 obtained via Scheme-I for Example 5.2. [Colour figure can be viewed at
wileyonlinelibrary.com]

FIGURE 7 Approximate solution with ℳ = 50 obtained via Scheme-II for Example 5.2. [Colour figure can be viewed at
wileyonlinelibrary.com]

• Variation of pointwise error ℳ of numerical solutions ̃1
ℳ , and ̂1

ℳ , obtained by Scheme-II and Scheme-I respectively,
with 𝜈1 = 0.1 and ℳ = 80 is provided in Table 4. Observe that for the point close to 0, absolute error is very small and
increases for the points close to 1. Also, the absolute error for the Scheme-II is small as compared to the Scheme-I.

• In Table 5, efficiency of the Scheme-I and Scheme-II is demonstrated by comparing maximum error Ξℳ and order of
convergence 𝒞ℳ of both schemes. Observe that the order of convergence for Scheme-I and Scheme-II is near to (2− 𝜈)
and (3 − 𝜈), respectively.

• Figure 4 depicts the comparison of exact analytical solution  and numerical solutions ( ̃1
ℳ and ̂1

ℳ), obtained via
Scheme-II and Scheme-I for 𝜈 = 0.1 with ℳ = 50.

• Variation of analytical solution  and numerical solutions ( ̃7
ℳ and ̂7

ℳ) obtained by using Scheme-II and Scheme-I
for 𝜈 = 0.7 with ℳ = 50. is shown in Figure 5.

• From Figures 4 and 5, it is observed that accuracy of the numerical solution for both Scheme-II and Scheme-I varies
with 𝜈.
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KUMAR ET AL.

TABLE 6 Comparison of Ξℳ and 𝒞ℳ by using Scheme-II and
Scheme-I with different values of 𝜈 and ℳ for Example 5.3.

Scheme-I Scheme-II
𝝂 𝓜 𝚵𝓜 𝓒𝓜 𝚵𝓜 𝓒𝓜

0.2 16 5.9520e−04 - 2.3462e−04 -
32 1.8739e−04 1.6673 4.2821e−05 2.4539
64 5.7801e−05 1.6969 7.1146e−06 2.5895
128 1.7584e−05 1.7168 1.1279e−06 2.6571

0.4 16 1.8000e−03 - 2.6996e−04 -
32 6.1673e−04 1.5453 6.1867e−05 2.1255
64 2.1165e−04 1.5430 1.2136e−05 2.3499
128 7.1793e−05 1.5598 2.2113e−06 2.4563

0.6 16 4.0000e−03 - 3.7348e−04 -
32 1.6000e−03 1.3219 7.2729e−05 2.3604
64 6.1278e−04 1.3846 1.3929e−05 2.3844
128 2.3544e−04 1.3800 2.6565e−06 2.3905

0.8 16 7.8000e−03 - 8.3477e−04 -
32 3.5000e−03 1.1561 1.8547e−04 2.1702
64 1.5000e−03 1.2224 4.0626e−05 2.1907
128 6.7938e−04 1.1427 8.8632e−06 2.1965

FIGURE 8 Comparison between the Scheme-I and Scheme-II solutions for Example 5.3 with ℳ = 32. [Colour figure can be viewed at
wileyonlinelibrary.com]

FIGURE 9 Numerical solution obtained via Scheme-I and Scheme-II for Example 5.3 with ℳ = 64 and different values of 𝜈. [Colour
figure can be viewed at wileyonlinelibrary.com]
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KUMAR ET AL.

• Variation in solution graph ̂1
ℳ , ̂3

ℳ , ̂5
ℳ , ̂7

ℳ , and ̂9
ℳ obtained via Scheme-I with ℳ = 50 is shown in Figure 6.

• Figure 7 shows the graphical representation of behavior of the solution ̃1
ℳ , ̃3

ℳ , ̃5
ℳ , ̃7

ℳ , and ̃9
ℳ obtained by using

Scheme-II with ℳ = 50.

Example 5.3. Consider the FOVIDE{𝜈
t (t) + (1 − t)(t) + ∫ t

0 [s
3et + tsin2(t)](s)ds = t3, t ∈ (0, 1],

(0) = 0.
(5.4)

The exact solution is unknown.

We use the double mesh principle to calculate the maximum error as

Ξℳ = max
0≤𝑗≤ℳ|𝑗 − 2𝑗|,

where 𝑗 is approximate solution.
Now, following Algorithms 1 and 2 for Example 5.3, the numerical results obtained for different experiments are

illustrated below:

• In Table 6, the efficiency of Scheme-I and Scheme-II is demonstrated by comparing the maximum error Ξℳ and the
order of convergence 𝒞ℳ of both schemes. The table shows that the order of convergence for Scheme-I and Scheme-II
is approximately (2 − 𝜈) and (3 − 𝜈), respectively. When these results are compared with the existing method [9] for
this problem, it is evident that the proposed schemes perform better.

• Figure 8 provides a comparison of the performance of Scheme-I and Scheme-II. Figure 8A shows the comparison of
solutions obtained by Scheme-I and Scheme-II for 𝜈 = 0.4, while Figure 8B presents the comparison of solutions
obtained by Scheme-I and Scheme-II for 𝜈 = 0.8.

• Figure 9 illustrates the variation in numerical solutions obtained by Scheme-I and Scheme-II for different values of 𝜈.
Figure 9A shows the variation in solutions obtained by Scheme-I for 𝜈 = 0.2, 0.5, and 0.8, while Figure 9B presents the
variation in solutions obtained by Scheme-II for 𝜈 = 0.2, 0.5, and 0.8.

6 NUMERICAL STABILITY

In this part, the numerical stability of the proposed schemes is examined. Schemes are implemented on the two test
problems with perturbed initial conditions. Perturbation is done by adding the small noise 10 % and 20 % of L2-error. The
numerical results obtained are given in Tables 7–12. Figures 10–13 are also given to show graphically the behavior of the
absolute error for different cases.

Remark 6.1. Here, for Scheme-I, 0%, 10%, and 20% denote the absolute error with 0%, 10%, and 20% noisy data,
respectively. Similarly, for Scheme-II, ̃0%, ̃10%, and ̃20% denote the absolute error with 0%, 10%, and 20% noisy data,
respectively.

TABLE 7 Table for pointwise error, L2- error, and Ξℳ for 𝜈 = 0.5 of Example 5.1 with 0% noisy data.

Scheme-I Scheme-II
0% ̃0%

t 𝓜 = 60 𝓜 = 120 𝓜 = 240 𝓜 = 60 𝓜 = 120 𝓜 = 240
0.00 0 0 0 0 0 0
0.20 7.6106e−05 2.8485e−05 1.0460e−05 7.1577e−06 1.3343e−06 2.4341e−07
0.40 2.7824e−04 1.0214e−04 3.7028e−05 1.2380e−05 2.2518e−06 4.0524e−07
0.60 5.3298e−04 1.9394e−04 6.9903e−05 1.4358e−05 2.5838e−06 4.6207e−07
0.80 7.5252e−04 2.7224e−04 9.7749e−05 1.2936e−05 2.3085e−06 4.1074e−07
1.00 8.6770e−04 3.1242e−04 1.1183e−04 9.0348e−06 1.5959e−06 2.8217e−07
L2-error 5.1653e−04 1.8597e−04 6.6629e−05 1.1212e−05 2.0199e−06 3.6151e−07
Ξℳ 8.6770e−04 3.1242e−04 1.1183e−04 1.4363e−05 2.5839e−06 4.6207e−07
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KUMAR ET AL.

TABLE 8 Table for pointwise error, L2- error, and Ξℳ for 𝜈 = 0.5 of Example 5.1 with 10% noisy data.

Scheme-I Scheme-II
10% ̃10%

t 𝓜 = 60 𝓜 = 120 𝓜 = 240 𝓜 = 60 𝓜 = 120 𝓜 = 240
0.00 5.1653e−04 1.8597e−05 6.6629e−06 1.1212e−06 2.0199e−07 3.6151e−07
0.20 1.0798e−04 3.9917e−05 1.4548e−05 7.8502e−06 1.4585e−06 2.6560e−07
0.40 2.9970e−04 1.0985e−04 3.9791e−05 1.2846e−05 2.3356e−06 4.2023e−07
0.60 5.4319e−04 1.9762e−04 7.1224e−05 1.4579e−05 2.6238e−06 4.6924e−07
0.80 7.5223e−04 2.7215e−04 9.7720e−05 1.2930e−05 2.3075e−06 4.1058e−07
1.00 8.5993e−04 3.0964e−04 1.1083e−04 8.8655e−06 1.5656e−06 2.7679e−07
L2-error 5.2105e−04 1.8765e−04 6.7245e−05 1.1461e−05 2.0659e−06 3.6986e−07
Ξℳ 8.5993e−04 3.0964e−04 1.1083e−04 1.4579e−05 2.6244e−06 4.6948e−07

TABLE 9 Table for pointwise error, L2- error, and Ξℳ for 𝜈 = 0.5 of Example 5.1 with 20% noisy data.

Scheme-I Scheme-II
20% ̃20%

t 𝓜 = 60 𝓜 = 120 𝓜 = 240 𝓜 = 60 𝓜 = 120 𝓜 = 240
0.00 1.0331e−04 3.7194e−05 1.3326e−05 2.2424e−06 4.0398e−07 7.2302e−08
0.20 1.3986e−04 5.1349e−05 1.8636e−05 8.5426e−06 1.5827e−06 2.8778e−07
0.40 3.2116e−04 1.1757e−04 4.2554e−05 1.3312e−05 2.4195e−06 4.3522e−07
0.60 5.5341e−04 2.0131e−04 7.2545e−05 1.4801e−05 2.6638e−06 4.7640e−07
0.80 7.5194e−04 2.7206e−04 9.7691e−04 1.2923e−05 2.3065e−06 4.1042e−07
1.00 8.5215e−04 3.0686e−04 1.0984e−04 8.6963e−06 1.5354e−06 2.7139e−07
L2-error 5.2655e−04 1.8968e−04 6.7979e−05 1.7220e−05 2.1146e−06 3.7868e−07
Ξℳ 8.5215e−04 3.0686e−04 1.0984e−04 1.4812e−05 2.6679e−06 4.7744e−07

TABLE 10 Table for pointwise error, L2- error, and Ξℳ for 𝜈 = 0.2 of Example 5.2 with 0% noisy data.

Scheme-I Scheme-II
0% ̃0%

t 𝓜 = 20 𝓜 = 40 𝓜 = 80 𝓜 = 20 𝓜 = 40 𝓜 = 80
0.00 0 0 0 0 0 0
0.20 1.1512e−07 4.5366e−08 1.6044e−08 5.9908e−08 1.3967e−08 2.6594e−09
0.40 4.9699e−06 1.7578e−06 5.8390e−06 1.5296e−06 2.9121e−07 4.9829e−08
0.60 4.2573e−05 1.4459e−05 4.6872e−06 9.1860e−06 1.6299e−06 2.6849e−07
0.80 1.9215e−04 6.3829e−05 2.0410e−05 3.1817e−05 5.4438e−06 8.7883e−07
1.00 6.1374e−04 2.0099e−04 6.3688e−05 8.2338e−05 1.3774e−05 2.1955e−06
L2-error 2.0799e−04 6.4098e−05 1.0456e−04 2.9892e−05 4.7760e−06 7.4446e−07
Ξℳ 6.1374e−04 2.0099e−04 6.3688e−05 8.2338e−05 1.3774e−05 2.1955e−06

TABLE 11 Table for pointwise error, L2- error, and Ξℳ for 𝜈 = 0.2 of Example 5.2 with 10% noisy data.

Scheme-I Scheme-II
10% ̃10%

t 𝓜 = 20 𝓜 = 40 𝓜 = 80 𝓜 = 20 𝓜 = 40 𝓜 = 80
0.00 2.0799e−05 6.4098e−06 1.9702e−06 2.9892e−06 4.7760e−07 7446e−08
0.20 1.2706e−06 4.0460e−07 1.2713e−07 2.2674e−07 4.0819e−08 6.8585e−09
0.40 2.9564e−06 2.0639e−06 6.7833e−07 1.6717e−06 3.1405e−07 5.3399e−08
0.60 4.3471e−05 1.4737e−05 4.7730e−06 9.3153e−06 1.6507e−06 2.7174e−07
0.80 1.9299e−04 6.4089e−05 20490e−05 3.1937e−05 5.4632e−06 8.8186e−07
1.00 6.1455e−04 2.0124e−04 6.3764e−05 8.2455e−05 1.3792e−05 2.1984e−06
L2-error 2.0850e−04 6.4248e−05 1.9746e−05 2.9971e−05 4.7881e−06 7.4631e−07
Ξℳ 6.1455e−04 2.0124e−04 6.3764e−05 8.2455e−05 1.3792e−05 2.1984e−06

The numerical results obtained for the first test problem are discussed below:

• Table 7 gives the pointwise error (0% and ̃0%), L2-error, and maximum error Ξℳ for various values of ℳ and 𝜈 = 0.5
with 0% noisy data.
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KUMAR ET AL.

TABLE 12 Table for pointwise error, L2- error, and Ξℳ for 𝜈 = 0.2 of Example 5.2 with 20%
noisy data.

Scheme-I Scheme-II
20% ̃20%

t 𝓜 = 20 𝓜 = 40 𝓜 = 80 𝓜 = 20 𝓜 = 40 𝓜 = 80
0.00 4.1598e−05 1.2820e−05 3.9402e−06 5.9784e−06 9.5520e−07 1.4889e−07
0.20 2.4260e−06 7.6386e−07 2.3822e−07 3.9358e−07 6.7671e−08 1.1057e−08
0.40 6.9430e−06 2.3700e−06 7.7273e−07 1.8138e−06 3.3689e−07 5.6968e−08
0.60 4.4370e−05 1.5015e−05 4.8588e−06 9.4446e−06 1.6714e−06 2.7498e−07
0.80 1.9383e−04 6.4350e−05 2.0570e−05 3.2058e−05 5.4826e−06 8.8489e−07
1.00 6.1536e−04 1.2820e−05 6.3840e−05 8.2572e−05 1.3811e−05 2.2012e−06
L2-error 2.0912e−04 6.4415e−05 1.9794e−05 3.0065e−05 4.8014e−06 7.4827e−07
Ξℳ 6.1536e−04 2.0148e−04 6.3840e−05 8.2572e−05 1.3811e−05 2.2012e−06

FIGURE 10 Absolute error with ℳ = 60 obtained via Scheme-I for Example 5.1. [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 11 Absolute error with ℳ = 60 obtained via Scheme-II for Example 5.1. [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 12 Absolute error for Example 5.2 obtained by Scheme-I with ℳ = 80. [Colour figure can be viewed at wileyonlinelibrary.com]
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KUMAR ET AL.

FIGURE 13 Absolute error for Example 5.2 obtained by Scheme-II with ℳ = 80. [Colour figure can be viewed at wileyonlinelibrary.com]

• Pointwise error, L2-error, and maximum error for varying values of ℳ and 𝜈 = 0.5 with 10% noisy data are given
in Table 8. Observe that after adding the 10% noisy data in the initial condition, there is a minimal difference in the
numerical outcomes when compared with the numerical results obtained by the 0% noisy data in Table 7.

• Table 9 gives the pointwise error, L2-error, and maximum error for various values of ℳ and 𝜈 = 0.5 with 20% noisy
data. Observe that the variation in the numerical results obtained in this case is also almost negligible.

• From Tables 7, 8, and 9, it can be seen that after the slight perturbation of the initial condition, there is a very slight
change in the obtained error results.

• Figure 10 shows the pictorial depiction of the variation of absolute error 0%, 10%, and 20% obtained by Scheme-I,
with ℳ = 60 and 𝜈 = 0.5.

• Graphical representation of absolute error ̃0%, ̃10%, and ̃20% obtained by Scheme-II, with ℳ = 60 and 𝜈 = 0.5 is
shown in Figure 11.

• From Figures 10 and 11 observe that the pictorial representation of absolute error shows that the effect of perturbation
of the initial conditions in the pictorial representation is almost negligible.

The numerical results obtained for the second test problem are discussed below:

• Table 10 gives the pointwise error 0%, ̃0% L2-error, and maximum error Ξℳ for various values of ℳ and 𝜈 = 0.2 with
0% noisy data.

• Table 11 gives the pointwise error 10%, ̃10% L2-error, and maximum error Ξℳ for varying values of ℳ and 𝜈 = 0.2
with 10% noisy data.

• Table 12 gives the pointwise error 10%, ̃0% L2-error, and maximum error Ξℳ for various values of ℳ and 𝜈 = 0.2 with
20% noisy data.

• From these tables, it can be seen that after the slight perturbation of the initial condition there is very slight change in
the error results obtained.

• Figure 12 shows the graphical representation of the absolute errors 0%, 10%, and 20% for ℳ = 60 with 𝜈 = 0.2.
• Graphical representation of absolute errors ̃0%, ̃10%, and ̃20% are shown in Figure 13.
• From Figures 12 and 13 observe that the pictorial representation of absolute error shows that the effect of perturbation

of the initial conditions in the pictorial representation is almost negligible.

7 CONCLUDING REMARKS AND FUTURE WORK

In this manuscript L1, L1-2 discretization and the API method are used as a source for the numerical solution of
FOVIDE (1.1). To obtain the approximate solution, two schemes are constructed. The first one is the scheme-I based on
the L1 approximation with the API method of order  (h2−𝜈), while the second one is the scheme-II based on the L1-2
approximation with the API method of order  (h3−𝜈). Moreover, stability analysis and convergence analysis have been
discussed. We additionally confirm the numerical stability of the proposed methods by introducing a disturbance into
the initial condition. The effect of the disturbance is almost negligible in the numerical results, as shown by the error in
Tables 7–12 and error graphs in Figures 10–13. As a result, it can be concluded that the techniques are stable numeri-
cally. Furthermore, numerical tests are conducted to check the efficiency and accuracy of the derived algorithms. The first
example is to conduct a comparative study between the outcomes obtained from the designed methodology and those
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KUMAR ET AL.

derived from the existing work [9]. From Tables 2 and 3, it is worth noting that the designed algorithms exhibited high
accuracy with a better rate of convergence than in [9]. In addition, a second example is taken in which the kernel func-
tion has a weak singularity. The computational results were presented in Tables 4 and 5 and graphs in Figures 4–7, which
confirm that the proposed approaches are also acceptable and more convenient for FOVIDE with weakly singular ker-
nels. Also, by varying the parameter 𝜈 in the fractional derivative, the effect of this variation on the numerical outcomes
can be observed graphically in Figures 2, 3, 6, and 7 via both schemes. From the above discussion, the idea of this tech-
nique can be further implemented to solve other mathematical models. For example, integral equations of non-integer
order, differential equations of non-integer order, Fredholm integro-differential equations with nonlinear source terms of
non-integer order, and many others are a future goal for the researchers.
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APPENDIX A

This section is dedicated to evaluating the performance of the proposed schemes for different variations in the model (1.1).
Example A.1 is taken when the kernel function in the model (1.1) is considered to be negative, and Example A.2 corre-
sponds to the case when coefficient of the fractional derivative in the model (1.1) is taken as 10−10; in this case, it becomes
singularly perturbed problem. We implemented the proposed schemes on these two examples, and the numerical results
obtained are provided in Tables A1 and A2.

Example A.1. Consider the model (1.1) with negative kernel, (t, s) = −(3t + 4s), 𝜆 = 1, (t) = 1 under the initial
condition (0) = 0. We choose

(t) = 𝜋𝜈
(1 + 𝜈)(2 + 𝜈)(3 + 𝜈)t3 csc(𝜋𝜈)

6Γ(1 − 𝜈)
+ t3+𝜈 − (7𝜈 + 31)t5+𝜈

(4 + 𝜈)(5 + 𝜈)
,

so that analytical solution is (t) = t3+𝜈 . Now, following Algorithms 1 and 2 for this test problem, the maximum error
and order of convergence obtained for different values of 𝜈 by Scheme-I and Scheme-II are given in Table A1.

After comparing the numerical results in Tables 1 and A1, it can be observed that, for a positive kernel, the error
obtained by Scheme-I and Scheme-II is smaller than in the case of a negative kernel. However, the rate of convergence
for Scheme-II with a negative kernel is slightly greater than with a positive kernel.

Example A.2. Consider the model (1.1) as

{
10−10𝜈

t (t) +(t)(t) + 𝜆 ∫ t
0 (t, s)(s)ds = (t), t ∈ [0,T],

(0) = a.

Let (t, s) = (3t + 4s), 𝜆 = 1, and (t) = 1 under the initial condition (0) = 0. We choose

(t) = 10−10𝜋𝜈
(1 + 𝜈)(2 + 𝜈)(3 + 𝜈)t3 csc(𝜋𝜈)

6Γ(1 − 𝜈)
+ t3+𝜈 + (7𝜈 + 31)t5+𝜈

(4 + 𝜈)(5 + 𝜈)
,

so that analytical solution is (t) = t3+𝜈 .

TABLE A1 Comparison of Ξℳ and 𝒞ℳ by using
Scheme-II and Scheme-I with different values of 𝜈 and ℳ
for Example A.1.

Scheme-I Scheme-II
𝝂 𝓜 𝚵𝓜 𝓒𝓜 𝚵𝓜 𝓒𝓜

0.2 32 1.6000e−03 - 6.2070e−05 -
64 4.9704e−04 1.6866 9.5699e−06 2.6973
128 1.5218e−04 1.7076 1.4518e−06 2.7207
256 4.6048e−05 1.7246 2.1787e−07 2.7363

0.4 32 5.1000e−03 - 2.1891e−04 -
64 1.8000e−03 1.5028 3.7758e−05 2.5355
128 5.9841e−04 1.5888 6.4166e−06 2.5569
256 2.0229e−04 1.5647 1.0804e−06 2.5702

0.6 32 1.2700e−02 - 6.1575e−04 -
64 4.9000e−03 1.3740 1.2043e−04 2.3541
128 1.9000e−03 1.3668 2.2340e−05 2.3735
256 7.2945e−04 1.3811 4.4510e−06 2.3844

0.8 32 2.9300e−02 - 1.6000e−03 -
64 1.2800e−02 1.1948 3.5621e−04 2.1673
128 5.6000e−03 1.1926 7.8609e−05 2.1800
256 2.5000e−03 1.1635 1.7234e−05 2.1894
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TABLE A2 Comparison of Ξℳ and 𝒞ℳ by using
Scheme-II and Scheme-I with different values of 𝜈 and ℳ
for Example A.2.

Scheme-I Scheme-II
𝝂 𝓜 𝚵𝓜 𝓒𝓜 𝚵𝓜 𝓒𝓜

0.2 16 5.3716e−09 - 5.3716e−09 -
32 2.0165e−10 4.7354 2.0165e−10 4.7354
64 9.5369e−12 4.4022 9.5469e−12 4.4007
128 8.5243e−13 3.4839 7.7749e−13 3.6181
256 4.4607e−12 2.3876 1.6473e−12 1.0832

0.4 16 4.9059e−09 - 4.9061e−09 -
32 1.5591e−10 4.9757 1.5599e−10 4.9751
64 6.4682e−12 4.5912 6.5327e−12 4.5776
128 1.0961e−12 2.5610 1.9432e−12 1.7492
256 2.8006e−12 1.3534 2.9909e−13 2.6998

0.6 16 2.8272e−09 - 2.8279e−09 -
32 7.5724e−11 5.2225 7.6021e−11 5.2172
64 2.5274e−12 4.9050 2.8031e−12 4.7613
128 1.4859e−12 0.7663 1.6144e−12 0.7960
256 2.6679e−12 0.8444 4.3626e−13 1.8877

0.8 16 1.0257e−09 - 1.0275e−09 -
32 2.2433e−11 5.5148 2.3238e−11 5.4665
64 4.5985e−13 5.6083 8.1245e−13 4.8381
128 1.4252e−12 1.6319 1.5730e−12 0.9532
256 4.3402e−12 1.6066 6.2828e−13 1.3240

Now, following Algorithms 1 and 2 for this test problem, the maximum error and order of convergence obtained for
different values of 𝜈 by Scheme-I and Scheme-II are given in Table A2.

Initially, the error decreases as we increase the values of ℳ for both schemes. However, beyond certain values of
ℳ, the error starts increasing. Additionally, it can be observed from the table that there is a lot of variation in the rate
of convergence.
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