Chapter 2

Generalized-Hukuhara
Subdifferential Analysis and Its
Application in Nonconvex
Composite Interval Optimization

Problems

2.1 Introduction

Nonconvex and nonsmooth optimization problems are of great interest while modeling
the problems in applied mathematics and operations research. A vast majority of
machine learning algorithms train their models by solving optimization problems in
which the designed objective is nonconvex and nonsmooth. The calculus of subgradients
and subdifferentials of nonsmooth IVFs plays a key role in the analysis of nonconvex
and nonsmooth composite IOPs, and the minimization of such functions can model a

variety of imaging tasks.
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2.2 Motivation and Contribution

The existing ideas on the calculus of nonsmooth IVFs are inadequate to derive the
optimality conditions of nonsmooth IOPs. Several theories on optimal solutions for
nondifferentiable interval-programming problems (see [25,99]), the KKT theory for
IOPs (see [48,50,100]), and Fritz-John theory [101] for IOPs do not hold for certain IVFs
(see Note 2.1 and Note 2.2). In this chapter, we first briefly propose gH-subdifferential
calculus for IVFs. We report a result on the directional derivative of the maximum of a
finite number of convex IVFs. Next, we define the weak efficient solution of IOPs that
observes the comparability of functions. By using this idea of weak efficient solution
to an IOP, we derive a Fermat-type, a Fritz-John-type, and a KKT-type optimality
conditions for weak efficient solutions of nonsmooth IOPs that do not involve convexity
assumption. Further, it is known that the nature of an arbitrary problem is nonconvex;
due to this, a relation has been proposed to estimate the weak efficient solution of a
nonconvex composite problem to an IOP with the help of gH-subdifferential calculus

of IVFs. The entire study is supported by suitable illustrative examples.

2.3 gH-Subdifferential

In this section, we derive some results based on g H-subgradient and gH-subdifferential
of IVFs. In the sequel, we propose the Fermat-type, Fritz-John-type and a KKT-type

conditions for IOPs.

Definition 2.1 (Convex set of intervals). Let S be a nonempty subset of I(R)™. Then,

).
S 1s said to be a convex set if for every /l\’, Ze S,
Bio Y& oZES forall B, By € [0,1] with B + By = 1.

Definition 2.2 (Convex combination of intervals). An interval X € I(R)" is said to
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be a convex combination of the intervals 3(1, 3(2, ey Xp e I(R)" if
R p R p
X=p;©X; with ; >0 and Y _B; = 1.
j=1 j=1

Definition 2.3 (Convex hull of a set of intervals). For a nonempty set S C I(R)", the
convex hull of set S, co(S), is defined by

p p
CO(S): XEI(R)”X:®53®X], XJESwzthBJZOand Zﬂj:l
j=1

j=1

Next, we define the supremum and infimum of IVFs whose domain being a set of

interval vectors.

Definition 2.4 (Supremum and infimum of an IVF). Let S C I(R)". Then, supremum

and infimum of an extended IVF T : S — I(R) are defined by

supI’ = sup{T(X) : X € S} and iréfI‘ — inf{'(X): X € 8}, respectively.
S

Lemma 2.1 Let SC I(R)" and T : S — I(R) be an extended IVF. Then, for Si, Sy C
S with 1 C S5 and > 0,

o oy
(i) 1;12f I < 1gf r,
(11) sup T' < sup T',
S S
(iii) i%f (Borl)=p @i%f T, and

(iv) Sup (BoT)=p06 sup T.

Proof: See Appendix B.1. O
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Remark 2.1 [t is to note that ‘8 > 0 is a necessary condition in (iii) and (iv) of

Lemma 2.1. For instance, consider the set of interval vectors S = {:7\( = ([1,n],[1,2n]) :

n € N} C I(R)? and the IVFT : 8 — I(R) given by
NX)=T(X,Xo) = X, ® Xo.
In view of Definition 2.4 and taking 8 = —1, we observe that

fOmfT =50 inf{T(X): X € 8§} = (—1) ® inf{[1,n] ® [1,2n] : n € N}
= (=1) @ inf{[2,3n] : n € N}
= (-1)©[2,3]=[-3,-2]
and if(5 ©T) = inf{(5 © I)(X): Xe 8= inf{(—1)® ([I,n] & [1,2n]) : n € N}
= inf{(~1) ®[2,3n] : n € N}

= inf{[-3n,—2] : n € N}.

Since the set {—3,—6,—9,...} has no lower bound in R, (8 ®T') has no lower bound
in I(R). Thus, infimum of (8 ©T') does not exist in I1(R). Hence, i%f(ﬁ ©T) does not
exist in I(R).

Simalarly, we see that

~

s%p(ﬁ OT) =sup{(B O T)(X): X € S} =sup{((—1) © ([1,n]) & [1,2n]) : n € N}

=sup{((—1) ®[2,3n]) : n € N}
=sup{[—3n,—2] : n € N} = [-3, —2]

and B @ supT = B O sup{l(X) : X € 8§} =(—1) ®@sup{[1,n] ®[1,2n] : n € N}
S

=(—1) ®sup{[2,3n] : n € N}.
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Since the set {3,6,9,...} has no upper bound in R, T' has no upper bound in I(R).
Thus, supremum of T' does not exist in I(R). Hence, f @ sup T' does not exist in I(R).
s

Therefore, we see that (iii) and (i) of Lemma 2.1 are not true if f = —1.

Lemma 2.2 Let S C I(R)" and T'y, Ty : S — I(R) be extended IVFs. Then,
(i) ir;f ' & iréf Iy < ir;f (I'y & T2) and
(ii) sup (I'1 @ T'y) <sup I'y @ sup I's.
S s s
Proof: See Appendix B.2. O

Definition 2.5 (Closed set in I(R)"). A set S C I(R)" is called closed if for every

convergent sequence {ék} in S converging to ?;, G must belong to S.

Definition 2.6 (Bounded set in I(R)"). Let § C I(R)". An interval A € I(R)" is

said to be a lower bound or an upper bound of S if
A<CorC= :4, respectively for all Ces.

A nonempty set S C I(R)", which is bounded above and below, is said to be bounded.

Theorem 2.1 (Finite union of closed sets in I(R)"). Let Si,8Ss,...,8, be a finite

collection of closed sets in I(R)". Then, | J;_, S; is closed.

Proof: Let {G;} be an arbitrary sequence in Uj_, S; that converges to G e I(R)",
where ék = (Gy,,Gy,,...,Gy,,)" and G = (G1,Gy,...,G,)". Since {ék} contains
infinitely many terms and U§:1 S; is union of finite number of sets, there exists at least
one S; that contains infinitely many terms of the sequence {ék} Hence, by Lemma
1.9, we get a subsequence of {ék} in S; which converges to G . Since S; is closed, by

Definition 2.5, G € S;, which implies that Ge Uj—, S;. Hence, UJj_, S; is closed. O
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Theorem 2.2 (Finite union of bounded sets in I(R)™). Let S, 8s,...,8, be a finite

collection of bounded sets in I(R)". Then, | J;_, S; is bounded.

~

Proof: Since Sy, S,,...,S, are bounded sets in I(R)", there exist )Ail, )Aiz, ..., X, and

?1, ?2, . ,?p in I(R)™ such that

A~ ~ A~

X; 2 C; 2Y; for each éj inS;, j=12,...,p. (2.1)

where )A(j = (Xy,, Xy, ,an)T and ?j = (Y1, Yy, .. ,Ynj)T.
Let X = (X1, Xa,...,X,)Tand Y = (Y1, Ys,...,Y,)7, where X,, = [minz, , min7, ]

_/'Lj7

and Y, = [maxyu‘,maxguj] forall u=1,2,...,nand j=1,2,...,p. Then,
-
)A(jf(j and?jj?foreachjzl,Z,...,p. (2.2)

From (2.1) and (2.2), we obtain that for all j =1,2,...,p,

X=<C, =Y
L o
or, X XZ <Y, where Z € | JS;.
j=1
Hence, | J]_, S; is a bounded set. O

Theorem 2.3 (Closedness of the convex hull of a set in I(R)"™). Let S be a nonempty

closed set in I(R)"™. Then, the convex hull of S is a closed set.

Proof: Let {G)} be an arbitrary sequence in co(S) that converges to G € I(R)",
where G, = (G1,,Ga,,...,Gy,,)" and G = (G1,Ga,...,G,)".
Since {G1.} € co(S), there exists {8F} C Ry and {(/if} € S such that

Gy=P A oG, forall ke Nwith 8¢ =1.

j=1 j=1
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Also, 5;“ > 0 with Z?:l ﬁf = 1 gives that ﬁf is a bounded sequence. Thus, we have

BY — B; such that B; >0 with Zﬁg =1

Jj=1

~k ~k
Since S is closed, {G;} € S must have a convergent subsequence. Assume that G; —

éj. Therefore, by closedness of S,

éj € S and é:@ﬂj@éj € co(8).
j=1

Thus, G, — G € co(S). Hence, co(S) is a closed set. O

Theorem 2.4 (Boundedness of convex hull of a set in I(R)"™). Let S be a nonempty

bounded set in I(R)"™. Then, the convex hull of S is bounded.

Proof: Since S is bounded, there exist X and Y in I(R)" such that
X <C; <Y forall C;inS.
Therefore, for all Gj in 8, 8; >0, and 37, 8; = 1, we obtain

p p p
EB@@)A( = @5j®éj = @BjQ?
j=1 j=1 j=1

p p
= EB/BJ'@X = Z = @5j®Y
j=1 Jj=1

~

—X <Z =Y,

where Z = D, 5O éj € co(S). Since Z is arbitrary, co(S) is a bounded set. O

Example 2.1 Let Y C R™ be convex. Take the IVF F:Y — I(R), which is defined by

F(y) = |yllo® C, (2.3)
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where ||yllo is the number of nonzero components in y and 0 < C € I(R). Let us

calculate the gH -subdifferential set of F aty € Y. There arise the following cases:

Case 1: If y =0 and Ge OF(y), then for ally € R"

-~

(-9 ©G=Fy) o F(j) = vy © G=<|yloo C.

It is possible only for G = 0. Therefore, dF(0) = {0}.

Case 2: If § # 0 and Ge OF(y), then
(y—19)"©G=|yllo® COyu ||7llo ® C for all y € R". (2.4)

Let ||lyllo = p and ||y|lo = q. Then, we have

n

P —5) © Gi < [min{(p = q)c, (p— @)}, max{(p—q)c, (p—q)T}]. (2.5)

=1

Without loss of generality, let the first m components of (y — y) be nonnegative

and the rest (n —m) be negative. Then, from (2.5), we have

m

@( - 7)) © G; @ _yj G,

i=1 j=m+1

= [min{(p — q)c, (p — q)e}, max{(p —q)c, (p — q)c}].

Therefore, we get

Z — Ui)gi + Z g; <min{(p —q)c, (p —q)c} and
Z — 5i)9i + Z g; < max{(p —q)e, (p — )}
i=1 j=mt1

The above inequalities hold only when g;, g;, g; and g; are all zeros and q < p. But
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q < p for all y holds only when y = 0. Hence, we have a contradiction to y # 0.

From Case 1: and Case 2:, it is clear that gH-subgradient of IVF (2.3) exists only at

y = 0 and OF(0) = {0}.

Remark 2.2 The IVF (2.3) of Example 2.1 does not satisfy the property F(Sy) =

B ® F(y). For instance, consider y = (1,0,...,0) and f = % Then,
1
F(By) = C and 5 © F(y) = 5©® C.

Hence, F(By) # B © F(y).
Remark 2.3 The IVF (2.3) of Example 2.1 is not convex. For instance, consider
y1 = (1,0,...,0) and y» = (0,1,...,0). Then, for B = B> = 5, we have

B1O F(y1) @ B2 © Flyz) = C <20 C= F(Biy1 + Baya)-

Thus, the IVF F is not convex.

Lemma 2.3 Let Y C R and F : Y — I(R) be an IVF. Then, for any y € dom(F)
and > 0
(B © F)(y) =B © OF(y),

where dom(f ® F) = dom(F).

Proof: Let G € OF(y). Then, for any y € dom(F),

(y—9)" ©G 2 F(y) S4n F(7)
—= Bo((y—9) T ©G) 2 BO (F(y) Seu F(7)) for >0
— (-9 0B6G) <806 (Fy) S F©))

= -9 0BoG) < (BOF)(Y) O (BOF)(H))
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= BoGeIBoF) ()

which is the required result. [

Remark 2.4 [t is to observe that in Lemma 2.3, the condition on [ to be nonnegative

is necessary. For instance, consider f = —1 and the IVF F: R — I(R) given by
F(y) =[1,2]© Jy|.
We observe from [6, Example 1] that

OF(0)={G e I(R):[-2,~1] < G < [1,2]}

and B @ OF(0) = {(-1) ® G € I(R) : [-2,—1] < G < [1,2]}.

Now, let us assume that there exists G € I(R) such that G € 9(5 ® F)(0). Then, for

any y € R, we must have

(y =00 G2 (PO F)(y) Sen (B © F)(0)

e, y® G=[-2,-1] oy,
which requires the following cases:

Case 1: fory <0,
XO) G = [—2, —1] ® (_ZJ), (o [172] = G’ and

Case 2: fory > 0,
yo G=X[-2,-16y, ie, G=[-2—1].

As there exists no G € I(R) that satisfies [1,2] = G and G < [—2,—1], we conclude
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that
I(B o F)(0)=0+# 806 IF(0).

Lemma 2.4 Let F\, F; : Y — I(R) be two conver IVFs on the nonempty convex set

Y CR" Then, Fi ® Fy is a convex IVF on Y.

Proof: Let F(y) = Fi(y) ® Fa(y). Then, for any 31,7, € Y and 3 € [0, 1],

F(Byr + (1 = B)ys)
=F1(Byr + (1 = B)y2) & Fa(Byr + (1 — B)ya)
SBOF(y) ®(1—8) OF1(y2) ® 8 © Fa(y1) & (1 — 5) © Fa(ye)
=80 (Fi(y1) @ Fa(y1)) ® (1 = 5) © (Fi(y2) © Fa(y2))

=8O F(y) & (1-08) 0 F(y).

Thus, F; & F5 is a convex IVF on ). ]

Theorem 2.5 (gH-directional derivative of the maximum function). Let ) be a nonempty

convex subset of R™. Let A be any finite set of indices. For each i € A, let G; :' ) —

I(R) be convex and gH -continuous IVFs such that G, (y;d) exists for all y € Y. Let

for each y € Y, the set {G;(y) : i € A} is a set of comparable intervals and define

G(y) = max Gi(y)-

Then, for anyy € Y and d € Y,
Go(9)(d) = max G, (3:d), where 1) = {1 € A+ Gi(g) = Glp)}. (26)

Proof: Let y € Y and d € )Y such that y + d € Y for § > 0. Then,

Gi(y+Bd)=G(y+pBd)Vie A
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or, G;(y + Bd) ©4u G(y) X G(y + pd) 845 G(y) by (iii) of Remark 1.2, Vie A
or, Gi(y + fd) Sen Gi(y) = G(y + Bd) Sy G(y) Vi € 1(y)

1 1
or, Jim 56 (Gl + 5) Oy GU) 3 Jim 0 (G(7+ ) Sy G ¥ € 1)

or, max G;,, (y;d) = Gg(y)(d) by Lemma 1.8, Vi € (7). (2.7)

To prove the converse, we assert that there exists a neighbourhood N (7) such that
I(y) C I(y) for all y € N (7). Assume contrarily that there exists a sequence {y;} in
with yr — ¢ such that I(yg) ¢ I(y). Choose iy € I(yx) but ix ¢ I(y). Since I(yg) is

closed, iy — i € I(yx). By gH-continuity of G;, we have
Gi(yr) = G(yr) = Gi(y) = G(1),

which is a contradiction to iy ¢ I(y). Thus, I(y) C I(y) for all y € N (7).
Let us consider {8z} C Ry, By — 0 and § + Bpd € N(y) for all d € Y. Then,

Gi(y) 2G()VieA
or, G(y + Brd) Syn G(¥) = G(y + Sid) &40 G;(Z) by (iii) of Remark 1.2, Vie A
or, G(gj + 5kd) @gH G(.T) =< GZ<§ + Bkd) @gH GZ(Q) Vi€ [(Q -+ Bkd)

or, lim % ® (G(7 + Brd) Oy G(7)) = lim % O (Gi(y + Brd) ©gn Gi(y)) Vi € 1()

k—00 D, k—00 D,
or, Gy(y)(d) 2 max G, (y;d) by Lemma 1.8, Vi € I(y). (2.8)
From (2.7) and (2.8), we obtain G4(y)(d) = IIIIE%)()Gi@(;U;d). O
1€el(y

Remark 2.5 [t is to note that for eachy in Y, comparability of the intervals in { G;(y) :
i € A} is a necessary condition in Theorem 2.5. For instance, consider Y = [0,2]| and

the IVFEs

Gi(y) =y —2y+1,y> +5] and Go(y) = [1 — ye’>,5 — 2ye’*|,y € V.



2.3. gH-Subdifferential 51

Here, A = {1,2}. The IVFs Gy and G, are depicted in Figure 2.1(a). From Figure
2.1(a), notice that at several y’s in Y, the set {G;(y) : i € A} = {Gi(y), G2(y)}
consists noncomparable intervals. Below, we show that the relation (2.6) in Theorem
2.5 does not hold at y = 0. Here, I(y) = {1,2}. The gH -directional derivative of G;’s

fori e I(y) at y =0 along d € R are given by

GLL (0)(d) = Jim = © (G1(5d) Sy Gs(0))

zﬁlir&% ® ([82d® — 2Bd + 1, B*d* + 5] ©, [1,5]) = [-2,0] ® d, and
(2.9)
1
Ga, (0)(d) = Jim = © (Go(3d) Egn Gol0))
:Bm&% ® ([—BdeP™® 4+ 1, -2Bde’ ™ + 5] ©yp [1,5]) = [-2, —1] ® e *d.
(2.10)
G
10
/ A
Gor
| Gig(0)(d)
== N\o ;
@@\
-2

a) The IVFs G; and Gs of Remark (b) The IVFs Gy, and Go,, of Remark 2.5
2.5

Figure 2.1: Geometrical illustration of IVFs of Remark 2.5

The functions Gi,,(0)(d) and Gs,(0)(d) are drawn in Figure 2.1(b). We observe
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that for any d € R\ {0}, G1,,(0)(d) C G, (0)(d). Hence, the right side of the relation
(2.6) does not exist for any d € R\ {0}. Accordingly, the question of holding (2.6) does

not arise.

From this example of Gi and G, we thus see that for each y in Y, comparability of

the intervals in { G;(y) : i € A} is a necessary condition to hold (2.6).

Theorem 2.6 (Fermat-type efficient point condition). Let ) be a nonempty convex

subset of R™ and F : Y — I(R) be a convex IVF. Then, § is a weak efficient solution
of in)f) F(y) if and only if 0 OF(y).
ye

Proof: If § is a weak efficient solution, then for all y € ), we have

0 = F(y) O4u F(v)
= (y—9)" @0 = F(y) Sen F(y)

— 0 IF(y),
which is the required relation. O

Lemma 2.5 Consider the IVF F:Y — I(R) and real valued functions g1, ga, ..., 3y :
Y — R. Let for the IOP

inf F(y) (2.11)

subject to g;(y) <0, j=1,2,...,p,
the infimum value, denoted by Fiy = [Lnf,finf], be finite. Consider another IOP

inf F*(y) (2.12)

yey

where F*(y) = sup{ F(y) Sgr Fint, 91(¥), 92(), - -, 9p(¥) }, e, F'(y) = [f*(y), f
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where

I () =sup{min{f(y) = f. . F() = Fiur}» 1(¥), 92(¥), - .-, 9p(v)} and

I (y) = sup{max{f(y) — |

inf’

inf’

F) = et 01 (), 92(y), - -, 9(y)}, respectively.

Then, the sets of weak efficient points of (2.11) and (2.12) are identical.

Proof: Let the set of weak efficient points of (2.11) be Y’. To prove the required

relation, we show that
(i) F*(y) =0 for ally € Y’ or
(ii)) 0 < F*(y) for all y ¢ Y.

If y € Y, then g;(y) < 0 for all i = 1,2,...,p and F(y) = Fiy. This implies that
F*(y) = 0.

If y €Y’ then y is either ‘not feasible’ or ‘feasible but not weak efficient’.

Let y be not feasible. Then, for some j, g;(y) > 0, which implies 0 < F*(x).

Let y be feasible but not weak efficient. Then, F;;;y < F(y), which implies that 0 <

F*(y).

Theorem 2.7 (Fritz-John-type necessary condition for IOPs). Let ) be a nonempty

convex subset of R™. Consider the constrained IOP

il F() (2.13)

subject to  g;(y) <0, j=1,2,...,p,

where F : Y — I(R) be a convex IVF and g1, g, ...,9, - Y — R be real-valued convex

functions. If § is a weak efficient solution of (2.13), then there exist B; > 0, j =
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0,1,2,...,p, not all zeros, such that

0€ By®oF(y) @ Z 3,09;(7 (2.14)

and B;g;(y) =0, j=1,2,...,p

Proof: Let y be a weak efficient solution of (2.13). Denote F(y) = Fiy. Then, by

Lemma 2.5, 3 is a weak efficient solution of 1n3f} F*(y),
ye

where F*(y) = sup{F(v) Sgu Fint, 1(v), 92(¥), - - -, 9(¥) }.

Since F*(y) = 0, then by Theorem 2.6,
0 € OF*(j). (2.15)
From [102, Theorem 3.50], we have

aF*(?j) =5 ® (9( ( Ogn me Z 63891 (2'16)

JjEI(y

where 3; > 0 such that > f;=1and I(y) ={j € {1,2,...,p}: g;(y) =0}.
JEL()
In view of (2.15) and (2.16), we obtain

0 € BO ® 8( ( @gH Flnf Z /Bjagj

JEL(Y)

Let H(y) = F(§) ©yi Fins. Then, 0(H)(y) = 0F (y). Now, by taking 5; = 0 for j & I(y),

we get the desired result. 0

Note 2.1 [t is to be observed that the condition on g to be a weak efficient (instead of
efficient) point of (2.13) is necessary. If § is an efficient solution of the IOP (2.13),

then F(y) and F(y) can be noncomparable IVFs and (2.14) is not true at . Consider
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the I0P

inf F(y) =[1,2] 0 y* & [0,2) @y & [2,5] (2.17)

subject to gi(y) =y —1<0, go(y) =3y —2<0, y€ Y =[-2,1].

Note that the set of feasible solutions of F is [—2, %} and F, (refer to Figure 2.2)

g1, g2 are conver on Y. Also, F is gH-differentiable on' Y as f(y) = y? + 2y + 2 and
fly) =2y?> +5 are differentiable on' Y. Thus, from Theorem 1.4,

OF(y) = {VF(y); = {24 ©y[0,2]}

and 0g1(y) = {Va(y)} = {1}, 992(y) = {Vag(y)} = {3} forally € V.

F
12
f 8
4
R L —
Y

-2 —1.5 -1 -0.5
Figure 2.2: The IVF F of Note 2.1

All y’s in the red line segment in Figure 2.2 are efficient solutions of (2.17). Thus,
y =0 € [—1,0] is an efficient solution of the IOP (2.17). However, for all By, f1, B2 > 0,

not all zeros,

Bo © OF () ® B1091(y) ® B2092(7) = o ©[0,2] © 51 © [1,1] ® B2 © [3,3] # 0.

Hence, 0 & 5y © OF(g) @ $109(y) ® 52092(7).
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Next, we identify a KKT-type optimality condition based on the weak efficient
solution of an IOP. To propose these conditions, we need to take an extra condition,

which refers to Slater’s condition:

there exists y € ) such that g;(y) <0 forall i=1,2,... p. (2.18)

Theorem 2.8 (KKT-type necessary condition for IOPs). Let ) be a nonempty convex

subset of R™. Consider the constrained I0P

inf F(y) (2.19)

yey

subject to g;(y) <0, j=1,2,...,p,

where F: Y — I(R) is a convex IVF and g1, g, ..., 9, : ¥ — R are real-valued convex
functions. Suppose the Slater’s condition (2.18) is satisfied. Then, § is a weak efficient

solution of (2.19) if and only if there exist B; >0, j=1,2,....p, such that

ORI (2.20)

and B;9;(y) =0, 7=1,2,...,p. (2.21)

Proof: Let § be a weak efficient solution of (2.19). Then, from Theorem 2.7, there

exist §; > 0, not all zeros, such that

0 € Gy ® IF(7) @ Z 3,09,(7) and (2.22)
j=1
Bigi(§) =0, j=1,2,....p. (2.23)

If By # 0, then the result is true by taking B = %, j=1,2,...,pin (2.22). Let us
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assume contrarily that BD = 0. Then,
0€ ) Bi0g(y) = 0e> B0y y).
j=1 j=1

From [102, Theorem 3.78], for a point z* which satisfies the Slater’s condition (2.18), we
have 3%, B,g;(z*) > 0, which controverts the presumption that 3; > 0 and g;(z*) < 0
for some j and all Bj’s are not zero. Thus, Bo > 0.

To prove the converse part, assume that y satisfies (2.20) and (2.21) for some f; >
0, 7=1,2,...,p.

Define a convex IVF H by H(y) = F(y) ® >_7_, 8;;(y). Then,

OH(y) = OF (y) ® Z B;09; (7).

Since 0 € H(j), 7 is a weak efficient point of H. Therefore, by (2.23) and Theorem

2.6,

p
F(y) =F@) ® Y _ Bg(1) =H(®). (2.24)
j=1
Let ¢ be a feasible point of (2.19). Then,

H(j) =F@) @ Z B;9;(5) < F(3). (2.25)

From (2.24) and (2.25), we obtain F(y) < F(y), and therefore 7 is a weak efficient

solution of (2.19). O

Example 2.2 In this example, we provide an instance of verification of the result in

Theorem 2.8. Consider the following [OP:

min F(yl’?h) = [1’2] © |y1| S [273] © |y2| S [173]

subject to g1(y1,%2) =y1 +y2 —1 <0, g2(v1,92) =3y1 + 42 —2 <0
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(ylay2) € y g Rz-

The IVF F with f(y1,y2) = || + 2lyo| + 1 and f(y1,y2) = 2|y1| + 3|ya| + 3 are shown
with pink and green surfaces, respectively, in Figure 2.3. From Figure 2.3, it can be
observed that (y1,y2) = (0,0) is a weak efficient solution of F.

Observing that

0=y 000y, ©0=[1,2]0 |y1| & [2,3] © |ya],

£ -5 -5 m

Figure 2.3: The IVF F of Example 2.2

we have 0 € O0F(0,0). Note that the set of feasible points is (—oo, %} X (—oo, %], and F
(refer to Figure 2.3), g1 and go are convex on Y. Also, g1, g2 are differentiable on Y.

Therefore,

1 3
Vai(yr, y2) = and Vga(y1,12) =
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Now, we observe that for 1 = 0, s = 0, we have

0€ 0F(0,0) & $1091(0,0) & $209g2(0,0)

and 5191(07 0) =0, 5292(0, 0) =0,

and hence (2.20) and (2.21) are true for the problem under consideration.

Note 2.2 (Comparison with the existing Fritz-John and KKT optimality conditions
for IOPs).

To the best of our knowledge, the existing theories on Fritz-John and KKT optimality
conditions are in [48, 101, 103] and [32, 48, 100, 103, 104], respectively. We have made
the comparison of our derived Fritz-John-type conditions and KKT-type conditions for

IOPs with the existing theories based on
(i) the use of lower and upper functions, and
(i) the restriction of results to smooth IOPs.

It is to be noted that in [32,48,100,101, 103, 104/, the Fritz-John and KKT conditions
require explicit expression of the lower and upper functions (i.e., f and f) of the objec-
tive function. However, the task to find the expressions of f(y) and f(y) is not always

easy. For instance, consider the IVF

[—2,3] ©eY

F(y) = [—2,3] ®cosyd[1,2] Oy

, y €R.

In our results, we have used the IVEF F in which there is no need to have the expressions
of f and £ to derive the required results.
Nezt, we observe that Fritz-John conditions and KKT conditions in [32, 48, 100, 101,

103,104] are applicable for smooth IOPs. For instance, the theories in [32,48,100, 101,
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103,104] are not applicable for the following IOP:

inf F(y;,y9) = [0,2] @ 42 @ [1,2] © |ye] (2.26)
subject to g1(y1,%2) =y1 +y2 — 1 <0, g2(y1,%2) =31 + 32 —2<0

Y1, Y2 € y g RZ'

Due to the restriction of existing theories to smooth IOPs, we have derived our results

for nonsmooth IOPs. Now, the lower and upper functions of F in (2.26) are given by

[, ye) = |ya| and f(yr,y2) = 2y7 + 2|ya].

Note that both the functions [ and f are not differentiable at (0,0). Thus, the Fritz-
John and KKT conditions in [32, 48,100,101, 103, 104] cannot be applied.

Now, observing that
0=y10 0Dy ® 0= F(y,y2) Ogu F(0,0),

we have 0 € OF(0,0). Note that the set of feasible points in (2.26) is (—oo, 3] x (=00, 3],

and F, g1, go are convexr on Y. Also, g1, gs are differentiable on Y and

1 3
Vai(yr, y0) = and Vga(y1,y2) =
1 1

As we see that for any By >0, 1 = P2 =0,

0 € B,0F(0,0) ® £1991(0,0) ® £20g5(0,0)
and 0 € 0F(0,0) ® 51091(0,0) & B2092(0, 0)

with $1g1(0,0) = 0, Bag2(0,0) =0,
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the proposed Fritz-John-type condition (2.14) and KKT-type conditions (2.20) and
(2.21) are applicable for the problem (2.26).

Further, since for very rarely smooth IVFs the gH -subdifferential sets get exactly equal
to the zero vector, the proposed Fritz-John-type and KKT-type conditions are inclusion

relations (see (2.14) and (2.20)) instead of equalities.

2.4 Application of gH-Subdifferentials in Nonconvex
Composite Optimization

In this section, a necessary efficiency condition for nonconvex composite IOPs and a

sufficient condition of convex IOPs are derived with the help of gH-subdifferentials.

Theorem 2.9 (Efficiency conditions for the composite model). Let Y be a nonempty
convex subset of R". Let F: )Y — I(R) U {+oo} be a proper IVF and let H:Y —
I(R) U {400} be a proper convex IVF such that dom(H) is a subset of the interior of
dom(F). Consider the IOP:

inf P(y) = inf Fly) & H(y). (2.27)

If y € dom(H) is a weak efficient solution of (2.27) and F is gH-differentiable at 7,

then

(—1) © VF(g) € OH(j). (2.28)

The converse is true if F is convex on ).

Proof: Let g,y € dom(H) and g € (0,1) such that ys = (1 — 8)y + Sy € dom(H).

Since 7 is a weak efficient solution of (2.27),

P(y) = P(yp)
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— F(y) @ H(y)

A

F(ys) ® H(ys)

— FpeH(y) = F(1-7p)y+6y) @ H(By + (1 - 5)7).

Due to convexity of H and Lemma 1.4, we have

F(y) ® H(p) < F((1-B)j+By) @ fo Hy) & (1 - §) © H(g)
— F( @ BOHG) < F((1-A)j+fy) B H(y) by (i) of Remark 1.2

e % ® (F@) ogu F((1 - B)7+ By)) = H(y) Ogn H(7) by (i) of Lemma 1.4

— (-nogo (F<<1 _ 8)7+ By) Sun F<y>) < H(y) 6yn H(p).

Since F is gH-differentiable, as 5 — 07, we have

(y—9)" © (1) © VF(5)) = H(y) Oy H(y)

— (—1) ®© VF(y) € 0H(y).

To prove the latter part, we assume that F is convex on Y and (—1) ® VF(y) € 0H(y).
Let g is not a weak efficient point of the problem (2.27). Then, there exists a point ' €
dom(H) such that P(y’) < P(g). Therefore, for any 3,5’ € (0,1) with 5+ 8’ =1, we

have

BOPEY) 2 BOPY)
or, BOPWY)SH OPH) =X SOPH) @ OP©Y)

or, OPW)® OP®y) = (Bap)oPly) = P(y).

Due to convexity of F and H on ), we have

F(By + 8y @BoH®Y)® s ©H®)
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= BoF@y)es oF(@pesoHy)s s o Hy)

= F(y) o H(y).
Thus, from Lemma 1.4, we obtain

Fiy+6y —9)eB0H(Y) = F(i) & soH®)

% © (F(5) 0 F(@ + B — 7))
(-1)o % o (F+ 80/ — 7).

or, H(yl) OgH H(fg) =

or, H(y') ©45 H(y) =

This is a contradiction to the asuumption that (—1) ® VF(y) € 0H(y) for all y € Y.

Hence, 3 is a weak efficient point of F. O

Note 2.3 For nonconvex F, the converse of Theorem 2.9 is not true. For instance,

consider the IOP

inf  F(y) ® H(y), (2.29)
yE[—575}

where F, H : [=5,5] — I(R) are defined by
F(y) = [2,4] ©y° & [1,1] and H(y) = [3,3].
Therefore,

202 +1, fory>0 _ 43 +1, fory>0
(y) = and f(y) =
43+ 1, fory <O, 203+ 1, fory<O.

From Definition 1.7 of convexr IVF, F is not conver as [ and f are nonconvex (refer

to Figure 2.4). Note that F and H are gH-differentiable and

VF(y) =1[6,12] ® y* and VH(y) = 0.
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Aty =0, 0H(y) ={VH(y)} ={0}, and VF(y) = 0. Hence, (—1) ® VF(0) € 0H(y).
However, § is not an efficient point of the IOP (2.29) (refer to Figure 2.4).

F

Figure 2.4: The IVF F of Note 2.3

In the below Examples 2.3 and 2.4, we exemplify Theorem 2.9 by considering some

special cases for H.

Definition 2.7 (Indicator function for IVF). Let Y be a subset of R™. Then, the indi-

cator function 8y : R™ — I(R) at a point y, is defined as

0, ifyey
oy(y) =

+oo, ify¢ V.

Example 2.3 (Convex constrained nonconvex programming problem for IVF). Let )

be a nonempty conver subset of R™. Let F:Y — I[(R) U {400} be a nonconver gH-

differentiable IVF and H : Y — I(R) be a convex IVF which is defined by H(y) = dy(y).
Consider the IOP

inf F(y) ® H(y). (2.30)

yey
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If y € Y is a weak efficient point of (2.30), then from Theorem 2.9, we have
(-1) © VF(y) € 0H(y) = (-1) © VF(y) € 9dy(y).
We observe that if G e I(R)" is a subgradient of 6y aty € Y, then for ally € Y

(y—7)

T G = 8y(y) Son 0y(7)
= (y—9)' ©

Q)

< 0.
Therefore, we have

(-Doy—9) ' ©VFE®y) <o0.

Example 2.4 Let the generic element of R™ bey = (y1, 92, ..., yn) " andp € {1,2,...,n}.
Let F: R" — I(R) U {+o00} be a gH-differentiable IVF and H : R" — I(R) U {400}
be a convex IVFE. Consider the IOP

inf F(y) & H(y) (2.31)

where 0 = C and H(y) = C©® |y,|.

Ify € Y is a weak efficient point of (2.31), then by Theorem 2.9, we have

(=1) © VF(y) € 9H().

From [6], the gH -subdifferential set of H at any § = (Y1, Yo,

- agpfla Oangrla s ,gn)T
in the plane y, = 0 is given by

{(Gy,Gy,...,G) € IR)": (-1)©C=G; = C, forallj=1,2,...,n}
Therefore,

VF(y) = (DiF(y), D2F(y), ..., Do F(H))T,
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18 given by
DiF(y) =1 C if ;> 0, (2.32)
G eIR): (-1)©C= G = C iff—0,

foreachj =1,2,... . n. Thus, (2.32)is a necessary condition for y to be a weak efficient
point of the IOP (2.51).

Remark 2.6 From Theorem 2.9, we can observe that there is no need to develop the
separate calculus for solving a nonconvex composite problem. Also, Note 2.3 shows that

the convezity of IVF F is a necessary condition in Theorem 2.9 for the converse to

hold.

Another application of Theorem 2.9 is given in the following Example 2.5 in esti-

mating Lasso optimality conditions.

Example 2.5 (Lasso optimality condition for IOPs). Let F: R? — I(R) U {400} be
a gH -differentiable IVF and H : R? — [(R) U {400} be a convex IVF. Consider the
0P

min (F(5) @ H(f)), (2.33)

BERP

where F(ﬁ) = %@H@J—QBHSQA and H(ﬁ) = AQ’BSIQBaﬁ = (617527' s 7587' e 7510) €
RP, 0< A,0< B, y € R", Q € R™, and \ > 0.

Therefore, we have

18)= 4 lly— QBla and 7(8) = 3y — Q5|7
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Since F is a gH-differentiable IVF, therefore at 5 € RP, we have

V() = (D\F(B), D:F(B)..... D F(B)" = (-Q"(y — QB)) © A.

Also, from [6], the gH -subdifferential set of H at any B = (B1,Bas- -, Bsr -+, Ba) " is
given by
(_1)®B /Lst <0,

OH()=<{ B if Bs > 0,

{G;€I(R): (-1)®B=G; < B} ifB3,=0.
\
Therefore, from Theorem 2.9, an efficient solution B of (2.33) is characterized by
DiF(B)=Qj(y— QB © A
(
(-)A® B if By <0,

=4 \OB if Bs > 0,

{G,eIR): (-1)A®B=G; 2 0B} iffB, =0,

foreach j =1,2,... n.

2.5 Conclusion

In this chapter, several major results on nonsmooth IVFs and IOPs have been derived—
gH-directional derivative of the maximum of [IVFs (Theorem 2.5), Fritz-John-type nec-
essary efficiency condition (Theorem 2.7), and KKT-type necessary and sufficient effi-
ciency condition for IOPs (Theorem 2.8).

To derive these results, we have discussed the concepts of infimum and supremum

(Definition 2.4) of an IVF on a set of interval vectors, followed by closedness (Definition

2.5), boundedness (Definition 2.6), and convex hull (Definition 2.3) in I(R); also, we
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have derived some properties related to these concepts. One can trivially notice that
in the degenerate case, Definitions 2.1, 2.2, 2.3, and 2.4, reduce to the corresponding
conventional definitions for the real-valued functions (see [102,105]). Finally, using the
proposed calculus for IVF's, a characterization of the efficient solutions of a nonconvex

composite model with IVFs (Theorem 2.9) has been derived.

Kokoskokokoskoskokokkok
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