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2.1 Introduction

Nonconvex and nonsmooth optimization problems are of great interest while modeling

the problems in applied mathematics and operations research. A vast majority of

machine learning algorithms train their models by solving optimization problems in

which the designed objective is nonconvex and nonsmooth. The calculus of subgradients

and subdifferentials of nonsmooth IVFs plays a key role in the analysis of nonconvex

and nonsmooth composite IOPs, and the minimization of such functions can model a

variety of imaging tasks.
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2.2 Motivation and Contribution

The existing ideas on the calculus of nonsmooth IVFs are inadequate to derive the

optimality conditions of nonsmooth IOPs. Several theories on optimal solutions for

nondifferentiable interval-programming problems (see [25, 99]), the KKT theory for

IOPs (see [48,50,100]), and Fritz-John theory [101] for IOPs do not hold for certain IVFs

(see Note 2.1 and Note 2.2). In this chapter, we first briefly propose gH-subdifferential

calculus for IVFs. We report a result on the directional derivative of the maximum of a

finite number of convex IVFs. Next, we define the weak efficient solution of IOPs that

observes the comparability of functions. By using this idea of weak efficient solution

to an IOP, we derive a Fermat-type, a Fritz-John-type, and a KKT-type optimality

conditions for weak efficient solutions of nonsmooth IOPs that do not involve convexity

assumption. Further, it is known that the nature of an arbitrary problem is nonconvex;

due to this, a relation has been proposed to estimate the weak efficient solution of a

nonconvex composite problem to an IOP with the help of gH-subdifferential calculus

of IVFs. The entire study is supported by suitable illustrative examples.

2.3 gH-Subdifferential

In this section, we derive some results based on gH-subgradient and gH-subdifferential

of IVFs. In the sequel, we propose the Fermat-type, Fritz-John-type and a KKT-type

conditions for IOPs.

Definition 2.1 (Convex set of intervals). Let S be a nonempty subset of I(R)n. Then,

S is said to be a convex set if for every Ŷ, Ẑ ∈ S,

β1 ⊙ Ŷ⊕ β2 ⊙ Ẑ ∈ S for all β1, β2 ∈ [0, 1] with β1 + β2 = 1.

Definition 2.2 (Convex combination of intervals). An interval X̂ ∈ I(R)n is said to
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be a convex combination of the intervals X̂1, X̂2, . . . , X̂p ∈ I(R)n if

X̂ =

p⊕
j=1

βj ⊙ X̂j with βj ≥ 0 and

p∑
j=1

βj = 1.

Definition 2.3 (Convex hull of a set of intervals). For a nonempty set S ⊆ I(R)n, the

convex hull of set S, co(S), is defined by

co(S) =

X̂ ∈ I(R)n : X̂ =

p⊕
j=1

βj ⊙ X̂j, X̂j ∈ S with βj ≥ 0 and

p∑
j=1

βj = 1

 .

Next, we define the supremum and infimum of IVFs whose domain being a set of

interval vectors.

Definition 2.4 (Supremum and infimum of an IVF). Let S ⊆ I(R)n. Then, supremum

and infimum of an extended IVF Γ : S → I(R) are defined by

sup
S

Γ = sup{Γ(X̂) : X̂ ∈ S} and inf
S
Γ = inf{Γ(X̂) : X̂ ∈ S}, respectively.

Lemma 2.1 Let S ⊆ I(R)n and Γ : S → I(R) be an extended IVF. Then, for S1,S2 ⊆

S with S1 ⊆ S2 and β ≥ 0,

(i) inf
S2

Γ ⪯ inf
S1

Γ,

(ii) sup
S1

Γ ⪯ sup
S2

Γ,

(iii) inf
S

(β ⊙ Γ) = β ⊙ inf
S

Γ, and

(iv) sup
S

(β ⊙ Γ) = β ⊙ sup
S

Γ.

Proof: See Appendix B.1. □
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Remark 2.1 It is to note that ‘β ≥ 0’ is a necessary condition in (iii) and (iv) of

Lemma 2.1. For instance, consider the set of interval vectors S = {X̂ = ([1, n], [1, 2n]) :

n ∈ N} ⊂ I(R)2 and the IVF Γ : S → I(R) given by

Γ(X̂) = Γ(X1,X2) = X1 ⊕X2.

In view of Definition 2.4 and taking β = −1, we observe that

β ⊙ inf
S
Γ = β ⊙ inf{Γ(X̂) : X̂ ∈ S} = (−1)⊙ inf{[1, n]⊕ [1, 2n] : n ∈ N}

= (−1)⊙ inf{[2, 3n] : n ∈ N}

= (−1)⊙ [2, 3] = [−3,−2]

and inf
S
(β ⊙ Γ) = inf{(β ⊙ Γ)(X̂) : X̂ ∈ S} = inf{(−1)⊙ ([1, n]⊕ [1, 2n]) : n ∈ N}

= inf{(−1)⊙ [2, 3n] : n ∈ N}

= inf{[−3n,−2] : n ∈ N}.

Since the set {−3,−6,−9, . . .} has no lower bound in R, (β ⊙ Γ) has no lower bound

in I(R). Thus, infimum of (β ⊙ Γ) does not exist in I(R). Hence, inf
S
(β ⊙ Γ) does not

exist in I(R).

Similarly, we see that

sup
S
(β ⊙ Γ) = sup{(β ⊙ Γ)(X̂) : X̂ ∈ S} =sup{((−1)⊙ ([1, n])⊕ [1, 2n]) : n ∈ N}

=sup{((−1)⊙ [2, 3n]) : n ∈ N}

=sup{[−3n,−2] : n ∈ N} = [−3,−2]

and β ⊙ sup
S

Γ = β ⊙ sup{Γ(X̂) : X̂ ∈ S} =(−1)⊙ sup{[1, n]⊕ [1, 2n] : n ∈ N}

=(−1)⊙ sup{[2, 3n] : n ∈ N}.
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Since the set {3, 6, 9, . . .} has no upper bound in R, Γ has no upper bound in I(R).

Thus, supremum of Γ does not exist in I(R). Hence, β ⊙ sup
S

Γ does not exist in I(R).

Therefore, we see that (iii) and (iv) of Lemma 2.1 are not true if β = −1.

Lemma 2.2 Let S ⊆ I(R)n and Γ1, Γ2 : S → I(R) be extended IVFs. Then,

(i) inf
S

Γ1 ⊕ inf
S

Γ2 ⪯ inf
S

(Γ1 ⊕ Γ2) and

(ii) sup
S

(Γ1 ⊕ Γ2) ⪯ sup
S

Γ1 ⊕ sup
S

Γ2.

Proof: See Appendix B.2. □

Definition 2.5 (Closed set in I(R)n). A set S ⊆ I(R)n is called closed if for every

convergent sequence {Ĝk} in S converging to Ĝ, Ĝ must belong to S.

Definition 2.6 (Bounded set in I(R)n). Let S ⊆ I(R)n. An interval Â ∈ I(R)n is

said to be a lower bound or an upper bound of S if

Â ⪯ Ĉ or Ĉ ⪯ Â, respectively for all Ĉ ∈ S.

A nonempty set S ⊆ I(R)n, which is bounded above and below, is said to be bounded.

Theorem 2.1 (Finite union of closed sets in I(R)n). Let S1,S2, . . . ,Sp be a finite

collection of closed sets in I(R)n. Then,
⋃p

j=1 Sj is closed.

Proof: Let {Ĝk} be an arbitrary sequence in
⋃p

j=1 Sj that converges to Ĝ ∈ I(R)n,

where Ĝk = (G1k ,G2k , . . . ,Gnk
)⊤ and Ĝ = (G1,G2, . . . ,Gn)

⊤. Since {Ĝk} contains

infinitely many terms and
⋃p

j=1 Sj is union of finite number of sets, there exists at least

one Sj that contains infinitely many terms of the sequence {Ĝk}. Hence, by Lemma

1.9, we get a subsequence of {Ĝk} in Sj which converges to Ĝ . Since Sj is closed, by

Definition 2.5, Ĝ ∈ Sj, which implies that Ĝ ∈
⋃p

j=1 Sj. Hence,
⋃p

j=1 Sj is closed. □
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Theorem 2.2 (Finite union of bounded sets in I(R)n). Let S1,S2, . . . ,Sp be a finite

collection of bounded sets in I(R)n. Then,
⋃p

j=1 Sj is bounded.

Proof: Since S1,S2, . . . ,Sp are bounded sets in I(R)n, there exist X̂1, X̂2, . . . , X̂p and

Ŷ1, Ŷ2, . . . , Ŷp in I(R)n such that

X̂j ⪯ Ĉj ⪯ Ŷj for each Ĉj in Sj, j = 1, 2, . . . , p. (2.1)

where X̂j = (X1j ,X2j , . . . ,Xnj
)⊤ and Ŷj = (Y1j ,Y2j , . . . ,Ynj

)⊤.

Let X̂ = (X1,X2, . . . ,Xn)
⊤ and Ŷ = (Y1,Y2, . . . ,Yn)

⊤, where Xµ = [minxµj
,minxµj

]

and Yµ = [max y
µj
,max yµj

] for all µ = 1, 2, . . . , n and j = 1, 2, . . . , p. Then,

X̂ ⪯ X̂j and Ŷj ⪯ Ŷ for each j = 1, 2, . . . , p. (2.2)

From (2.1) and (2.2), we obtain that for all j = 1, 2, . . . , p,

X̂ ⪯ Ĉj ⪯ Ŷ

or, X̂ ⪯ Ẑ ⪯ Ŷ, where Ẑ ∈
p⋃

j=1

Sj.

Hence,
⋃p

j=1 Sj is a bounded set. □

Theorem 2.3 (Closedness of the convex hull of a set in I(R)n). Let S be a nonempty

closed set in I(R)n. Then, the convex hull of S is a closed set.

Proof: Let {Ĝk} be an arbitrary sequence in co(S) that converges to Ĝ ∈ I(R)n,

where Ĝk = (G1k ,G2k , . . . ,Gnk
)⊤ and Ĝ = (G1,G2, . . . ,Gn)

⊤.

Since {Ĝk} ∈ co(S), there exists {βk
j } ⊂ R+ and {Ĝ

k

j} ∈ S such that

Ĝk =
n⊕

j=1

βk
j ⊙ Ĝ

k

j for all k ∈ N with
n∑

j=1

βk
j = 1.
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Also, βk
j ≥ 0 with

∑n
j=1 β

k
j = 1 gives that βk

j is a bounded sequence. Thus, we have

βk
j → βj such that βj ≥ 0 with

n∑
j=1

βj = 1.

Since S is closed, {Ĝ
k

j} ∈ S must have a convergent subsequence. Assume that Ĝ
k

j →

Ĝj. Therefore, by closedness of S,

Ĝj ∈ S and Ĝ =
n⊕

j=1

βj ⊙ Ĝj ∈ co(S).

Thus, Ĝk → Ĝ ∈ co(S). Hence, co(S) is a closed set. □

Theorem 2.4 (Boundedness of convex hull of a set in I(R)n). Let S be a nonempty

bounded set in I(R)n. Then, the convex hull of S is bounded.

Proof: Since S is bounded, there exist X̂ and Ŷ in I(R)n such that

X̂ ⪯ Ĉj ⪯ Ŷ for all Ĉj in S.

Therefore, for all Ĉj in S, βj ≥ 0, and
∑p

j=1 βj = 1, we obtain

p⊕
j=1

βj ⊙ X̂ ⪯
p⊕

j=1

βj ⊙ Ĉj ⪯
p⊕

j=1

βj ⊙ Ŷ

=⇒
p⊕

j=1

βj ⊙ X̂ ⪯ Ẑ ⪯
p⊕

j=1

βj ⊙ Ŷ

=⇒ X̂ ⪯ Ẑ ⪯ Ŷ,

where Ẑ =
⊕p

j=1 βj ⊙ Ĉj ∈ co(S). Since Ẑ is arbitrary, co(S) is a bounded set. □

Example 2.1 Let Y ⊆ Rn be convex. Take the IVF F : Y → I(R), which is defined by

F(y) = ∥y∥0 ⊙C, (2.3)
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where ∥y∥0 is the number of nonzero components in y and 0 ≺ C ∈ I(R). Let us

calculate the gH-subdifferential set of F at ȳ ∈ Y. There arise the following cases:

Case 1: If ȳ = 0 and Ĝ ∈ ∂F(ȳ), then for all y ∈ Rn

(y − ȳ)⊤ ⊙ Ĝ ⪯ F(y)⊖gH F(ȳ) =⇒ y⊤ ⊙ Ĝ ⪯ ∥y∥0 ⊙C.

It is possible only for Ĝ = 0. Therefore, ∂F(0) = {0}.

Case 2: If ȳ ̸= 0 and Ĝ ∈ ∂F(ȳ), then

(y − ȳ)⊤ ⊙ Ĝ ⪯ ∥y∥0 ⊙C⊖gH ∥ȳ∥0 ⊙C for all y ∈ Rn. (2.4)

Let ∥y∥0 = p and ∥ȳ∥0 = q. Then, we have

n⊕
i=1

(yi − ȳi)⊙Gi ⪯ [min{(p− q)c, (p− q)c}, max{(p− q)c, (p− q)c}]. (2.5)

Without loss of generality, let the first m components of (y − ȳ) be nonnegative

and the rest (n−m) be negative. Then, from (2.5), we have

m⊕
i=1

(yi − ȳi)⊙Gi

n⊕
j=m+1

(yj − ȳj)⊙Gj

⪯ [min{(p− q)c, (p− q)c}, max{(p− q)c, (p− q)c}].

Therefore, we get

m∑
i=1

(yi − ȳi)gi +
n∑

j=m+1

(yj − ȳj)gj ≤ min{(p− q)c, (p− q)c} and

m∑
i=1

(yi − ȳi)gi +
n∑

j=m+1

(yj − ȳj)gj ≤ max{(p− q)c, (p− q)c}.

The above inequalities hold only when gi, gi, gj and gj are all zeros and q ≤ p. But
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q ≤ p for all y holds only when ȳ = 0. Hence, we have a contradiction to ȳ ̸= 0.

From Case 1: and Case 2:, it is clear that gH-subgradient of IVF (2.3) exists only at

ȳ = 0 and ∂F(0) = {0}.

Remark 2.2 The IVF (2.3) of Example 2.1 does not satisfy the property F(βy) =

β ⊙ F(y). For instance, consider y = (1, 0, . . . , 0) and β = 1
2
. Then,

F(βy) = C and β ⊙ F(y) =
1

2
⊙C.

Hence, F(βy) ̸= β ⊙ F(y).

Remark 2.3 The IVF (2.3) of Example 2.1 is not convex. For instance, consider

y1 = (1, 0, . . . , 0) and y2 = (0, 1, . . . , 0). Then, for β1 = β2 =
1
2
, we have

β1 ⊙ F(y1)⊕ β2 ⊙ F(y2) = C ≺ 2⊙C = F(β1y1 + β2y2).

Thus, the IVF F is not convex.

Lemma 2.3 Let Y ⊆ Rn and F : Y → I(R) be an IVF. Then, for any ȳ ∈ dom(F)

and β ≥ 0

∂(β ⊙ F)(ȳ) = β ⊙ ∂F(ȳ),

where dom(β ⊙ F) = dom(F).

Proof: Let Ĝ ∈ ∂F(ȳ). Then, for any y ∈ dom(F),

(y − ȳ)⊤ ⊙ Ĝ ⪯ F(y)⊖gH F(ȳ)

⇐⇒ β ⊙ ((y − ȳ)⊤ ⊙ Ĝ) ⪯ β ⊙
(
F(y)⊖gH F(ȳ)

)
for β ≥ 0

⇐⇒ (y − ȳ)⊤ ⊙ (β ⊙ Ĝ) ⪯ β ⊙ (F(y)⊖gH F(ȳ))

⇐⇒ (y − ȳ)⊤ ⊙ (β ⊙ Ĝ) ⪯ (β ⊙ F)(y)⊖gH (β ⊙ F)(ȳ))
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⇐⇒ β ⊙ Ĝ ∈ ∂(β ⊙ F)(ȳ),

which is the required result. □

Remark 2.4 It is to observe that in Lemma 2.3, the condition on β to be nonnegative

is necessary. For instance, consider β = −1 and the IVF F : R → I(R) given by

F(y) = [1, 2]⊙ |y|.

We observe from [6, Example 1] that

∂F(0) = {G ∈ I(R) : [−2,−1] ⪯ G ⪯ [1, 2]}

and β ⊙ ∂F(0) = {(−1)⊙G ∈ I(R) : [−2,−1] ⪯ G ⪯ [1, 2]}.

Now, let us assume that there exists G ∈ I(R) such that G ∈ ∂(β ⊙ F)(0). Then, for

any y ∈ R, we must have

(y − 0)⊙G ⪯ (β ⊙ F)(y)⊖gH (β ⊙ F)(0)

i.e., y ⊙G ⪯ [−2,−1]⊙ |y|,

which requires the following cases:

Case 1: for y < 0,

y ⊙G ⪯ [−2,−1]⊙ (−y), i.e., [1, 2] ⪯ G, and

Case 2: for y > 0,

y ⊙G ⪯ [−2,−1]⊙ y, i.e., G ⪯ [−2,−1].

As there exists no G ∈ I(R) that satisfies [1, 2] ⪯ G and G ⪯ [−2,−1], we conclude
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that

∂(β ⊙ F)(0) = ∅ ≠ β ⊙ ∂F(0).

Lemma 2.4 Let F1,F2 : Y → I(R) be two convex IVFs on the nonempty convex set

Y ⊆ Rn. Then, F1 ⊕ F2 is a convex IVF on Y .

Proof: Let F(y) = F1(y)⊕ F2(y). Then, for any y1, y2 ∈ Y and β ∈ [0, 1],

F(βy1 + (1− β)y2)

=F1(βy1 + (1− β)y2)⊕ F2(βy1 + (1− β)y2)

⪯β ⊙ F1(y1)⊕ (1− β)⊙ F1(y2)⊕ β ⊙ F2(y1)⊕ (1− β)⊙ F2(y2)

=β ⊙ (F1(y1)⊕ F2(y1))⊕ (1− β)⊙ (F1(y2)⊕ F2(y2))

=β ⊙ F(y1)⊕ (1− β)⊙ F(y2).

Thus, F1 ⊕ F2 is a convex IVF on Y . □

Theorem 2.5 (gH-directional derivative of the maximum function). Let Y be a nonempty

convex subset of Rn. Let A be any finite set of indices. For each i ∈ A, let Gi : Y →

I(R) be convex and gH-continuous IVFs such that GiD(ȳ; d) exists for all ȳ ∈ Y. Let

for each y ∈ Y, the set {Gi(y) : i ∈ A} is a set of comparable intervals and define

G(y) = max
i∈A

Gi(y).

Then, for any ȳ ∈ Y and d ∈ Y,

GD(ȳ)(d) = max
i∈I(ȳ)

GiD(ȳ; d), where I(ȳ) = {i ∈ A : Gi(ȳ) = G(ȳ)}. (2.6)

Proof: Let ȳ ∈ Y and d ∈ Y such that ȳ + βd ∈ Y for β > 0. Then,

Gi(ȳ + βd) ⪯ G(ȳ + βd) ∀ i ∈ A
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or, Gi(ȳ + βd)⊖gH G(ȳ) ⪯ G(ȳ + βd)⊖gH G(ȳ) by (iii) of Remark 1.2, ∀ i ∈ A

or, Gi(ȳ + βd)⊖gH Gi(ȳ) ⪯ G(ȳ + βd)⊖gH G(ȳ) ∀ i ∈ I(ȳ)

or, lim
β→0+

1

β
⊙ (Gi(ȳ + βd)⊖gH Gi(ȳ)) ⪯ lim

β→0+

1

β
⊙ (G(ȳ + βd)⊖gH G(ȳ)) ∀ i ∈ I(ȳ)

or, maxGiD(ȳ; d) ⪯ GD(ȳ)(d) by Lemma 1.8, ∀ i ∈ I(ȳ). (2.7)

To prove the converse, we assert that there exists a neighbourhood N (ȳ) such that

I(y) ⊂ I(ȳ) for all y ∈ N (ȳ). Assume contrarily that there exists a sequence {yk} in Y

with yk → ȳ such that I(yk) ̸⊂ I(ȳ). Choose ik ∈ I(yk) but ik /∈ I(ȳ). Since I(yk) is

closed, ik → ī ∈ I(yk). By gH-continuity of Gi, we have

Gī(yk) = G(yk) =⇒ Gī(ȳ) = G(ȳ),

which is a contradiction to ik /∈ I(ȳ). Thus, I(y) ⊂ I(ȳ) for all y ∈ N (ȳ).

Let us consider {βk} ⊂ R+, βk → 0 and ȳ + βkd ∈ N (ȳ) for all d ∈ Y . Then,

Gi(ȳ) ⪯ G(ȳ) ∀ i ∈ A

or, G(ȳ + βkd)⊖gH G(ȳ) ⪯ G(ȳ + βkd)⊖gH Gi(x̄) by (iii) of Remark 1.2, ∀ i ∈ A

or, G(ȳ + βkd)⊖gH G(x̄) ⪯ Gi(ȳ + βkd)⊖gH Gi(ȳ) ∀ i ∈ I(ȳ + βkd)

or, lim
k→∞

1

βk

⊙ (G(ȳ + βkd)⊖gH G(ȳ)) ⪯ lim
k→∞

1

βk

⊙ (Gi(ȳ + βkd)⊖gH Gi(ȳ)) ∀ i ∈ I(ȳ)

or, GD(ȳ)(d) ⪯ max GiD(ȳ; d) by Lemma 1.8, ∀ i ∈ I(ȳ). (2.8)

From (2.7) and (2.8), we obtain GD(ȳ)(d) = max
i∈I(ȳ)

GiD(ȳ; d). □

Remark 2.5 It is to note that for each y in Y, comparability of the intervals in {Gi(y) :

i ∈ A} is a necessary condition in Theorem 2.5. For instance, consider Y = [0, 2] and

the IVFs

G1(y) = [y2 − 2y + 1, y2 + 5] and G2(y) = [1− yey−3, 5− 2yey−3], y ∈ Y .
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Here, A = {1, 2}. The IVFs G1 and G2 are depicted in Figure 2.1(a). From Figure

2.1(a), notice that at several y’s in Y, the set {Gi(y) : i ∈ A} = {G1(y),G2(y)}

consists noncomparable intervals. Below, we show that the relation (2.6) in Theorem

2.5 does not hold at ȳ = 0. Here, I(ȳ) = {1, 2}. The gH-directional derivative of Gi’s

for i ∈ I(ȳ) at ȳ = 0 along d ∈ R are given by

G1D
(0)(d) = lim

β→0+

1

β
⊙ (G1(βd)⊖gH G1(0))

= lim
β→0+

1

β
⊙ ([β2d2 − 2βd+ 1, β2d2 + 5]⊖gH [1, 5]) = [−2, 0]⊙ d, and

(2.9)

G2D
(0)(d) = lim

β→0+

1

β
⊙ (G2(βd)⊖gH G2(0))

= lim
β→0+

1

β
⊙ ([−βdeβd−3 + 1,−2βdeβd−3 + 5]⊖gH [1, 5]) = [−2,−1]⊙ e−3d.

(2.10)
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(a) The IVFs G1 and G2 of Remark
2.5

 

𝑑 
G1D  (0)(𝑑) 

G2D  (0)(𝑑) 

GD  

O 

(b) The IVFs G1D and G2D of Remark 2.5

Figure 2.1: Geometrical illustration of IVFs of Remark 2.5

The functions G1D
(0)(d) and G2D

(0)(d) are drawn in Figure 2.1(b). We observe
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that for any d ∈ R \ {0}, G1D
(0)(d) ⊂ G2D

(0)(d). Hence, the right side of the relation

(2.6) does not exist for any d ∈ R \ {0}. Accordingly, the question of holding (2.6) does

not arise.

From this example of G1 and G2, we thus see that for each y in Y, comparability of

the intervals in {Gi(y) : i ∈ A} is a necessary condition to hold (2.6).

Theorem 2.6 (Fermat-type efficient point condition). Let Y be a nonempty convex

subset of Rn and F : Y → I(R) be a convex IVF. Then, ȳ is a weak efficient solution

of inf
y∈Y

F(y) if and only if 0̂ ∈ ∂F(ȳ).

Proof: If ȳ is a weak efficient solution, then for all y ∈ Y , we have

0 ⪯ F(y)⊖gH F(ȳ)

⇐⇒ (y − ȳ)⊤ ⊙ 0̂ ⪯ F(y)⊖gH F(ȳ)

⇐⇒ 0̂ ∈ ∂F(ȳ),

which is the required relation. □

Lemma 2.5 Consider the IVF F : Y → I(R) and real valued functions g1, g2, . . . , gp :

Y → R. Let for the IOP

inf
y∈Y

F(y) (2.11)

subject to gj(y) ≤ 0, j = 1, 2, . . . , p,

the infimum value, denoted by Finf = [f
inf
, f inf ], be finite. Consider another IOP

inf
y∈Y

F∗(y) (2.12)

where F∗(y) = sup{F(y) ⊖gH Finf , g1(y), g2(y), . . . , gp(y)}, i.e., F∗(y) = [f ∗(y), f
∗
(y)],
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where

f ∗(y) = sup{min{f(y)− f
inf
, f(y)− f inf}, g1(y), g2(y), . . . , gp(y)} and

f
∗
(y) = sup{max{f(y)− f

inf
, f(y)− f inf}, g1(y), g2(y), . . . , gp(y)}, respectively.

Then, the sets of weak efficient points of (2.11) and (2.12) are identical.

Proof: Let the set of weak efficient points of (2.11) be Y ′. To prove the required

relation, we show that

(i) F∗(y) = 0 for all y ∈ Y ′ or

(ii) 0 ≺ F∗(y) for all y ̸∈ Y ′.

If y ∈ Y ′, then gj(y) ≤ 0 for all i = 1, 2, . . . , p and F(y) = Finf . This implies that

F∗(y) = 0.

If y ̸∈ Y ′, then y is either ‘not feasible’ or ‘feasible but not weak efficient’.

Let y be not feasible. Then, for some j, gj(y) > 0, which implies 0 ≺ F∗(x).

Let y be feasible but not weak efficient. Then, Finf ≺ F(y), which implies that 0 ≺

F∗(y).

□

Theorem 2.7 (Fritz-John-type necessary condition for IOPs). Let Y be a nonempty

convex subset of Rn. Consider the constrained IOP

inf
y∈Y

F(y) (2.13)

subject to gj(y) ≤ 0, j = 1, 2, . . . , p,

where F : Y → I(R) be a convex IVF and g1, g2, . . . , gp : Y → R be real-valued convex

functions. If ȳ is a weak efficient solution of (2.13), then there exist βj ≥ 0, j =
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0, 1, 2, . . . , p, not all zeros, such that

0̂ ∈ β0 ⊙ ∂F(ȳ)⊕
p∑

j=1

βj∂gj(ȳ) (2.14)

and βjgj(ȳ) = 0, j = 1, 2, . . . , p.

Proof: Let ȳ be a weak efficient solution of (2.13). Denote F(ȳ) = Finf . Then, by

Lemma 2.5, ȳ is a weak efficient solution of inf
y∈Y

F∗(y),

where F∗(y) = sup{F(y)⊖gH Finf , g1(y), g2(y), . . . , gp(y)}.

Since F∗(ȳ) = 0, then by Theorem 2.6,

0̂ ∈ ∂F∗(ȳ). (2.15)

From [102, Theorem 3.50], we have

∂F∗(ȳ) = β0 ⊙ ∂(F(ȳ)⊖gH Finf)⊕
∑
j∈I(ȳ)

βj∂gj(ȳ), (2.16)

where βj ≥ 0 such that
∑

j∈I(ȳ)
βj = 1 and I(ȳ) = {j ∈ {1, 2, . . . , p} : gj(ȳ) = 0}.

In view of (2.15) and (2.16), we obtain

0̂ ∈ β0 ⊙ ∂(F(ȳ)⊖gH Finf)⊕
∑
j∈I(ȳ)

βj∂gj(ȳ).

Let H(ȳ) = F(ȳ)⊖gHFinf . Then, ∂(H)(ȳ) = ∂F(ȳ). Now, by taking βj = 0 for j ̸∈ I(ȳ),

we get the desired result. □

Note 2.1 It is to be observed that the condition on ȳ to be a weak efficient (instead of

efficient) point of (2.13) is necessary. If ȳ is an efficient solution of the IOP (2.13),

then F(ȳ) and F(y) can be noncomparable IVFs and (2.14) is not true at ȳ. Consider
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the IOP

inf F(y) = [1, 2]⊙ y2 ⊕ [0, 2]⊙ y ⊕ [2, 5] (2.17)

subject to g1(y) = y − 1 ≤ 0, g2(y) = 3y − 2 ≤ 0, y ∈ Y = [−2, 1].

Note that the set of feasible solutions of F is
[
−2, 2

3

]
and F, (refer to Figure 2.2)

g1, g2 are convex on Y. Also, F is gH-differentiable on Y as f(y) = y2 + 2y + 2 and

f(y) = 2y2 + 5 are differentiable on Y. Thus, from Theorem 1.4,

∂F(y) = {∇F(y)} = {[2, 4]⊙ y ⊕ [0, 2]}

and ∂g1(y) = {∇g1(y)} = {1}, ∂g2(y) = {∇g2(y)} = {3} for all y ∈ Y .

−2 −1.5 −1 −0.5

4

8

12

f

f

y

F

Figure 2.2: The IVF F of Note 2.1

All y’s in the red line segment in Figure 2.2 are efficient solutions of (2.17). Thus,

ȳ = 0 ∈ [−1, 0] is an efficient solution of the IOP (2.17). However, for all β0, β1, β2 ≥ 0,

not all zeros,

β0 ⊙ ∂F(ȳ)⊕ β1∂g1(ȳ)⊕ β2∂g2(ȳ) = β0 ⊙ [0, 2]⊕ β1 ⊙ [1, 1]⊕ β2 ⊙ [3, 3] ̸= 0.

Hence, 0 ̸∈ β0 ⊙ ∂F(ȳ)⊕ β1∂g(ȳ)⊕ β2∂g2(ȳ).



56 2.3. gH-Subdifferential

Next, we identify a KKT-type optimality condition based on the weak efficient

solution of an IOP. To propose these conditions, we need to take an extra condition,

which refers to Slater’s condition:

there exists ȳ ∈ Y such that gi(ȳ) < 0 for all i = 1, 2, . . . , p. (2.18)

Theorem 2.8 (KKT-type necessary condition for IOPs). Let Y be a nonempty convex

subset of Rn. Consider the constrained IOP

inf
y∈Y

F(y) (2.19)

subject to gj(y) ≤ 0, j = 1, 2, . . . , p,

where F : Y → I(R) is a convex IVF and g1, g2, . . . , gp : Y → R are real-valued convex

functions. Suppose the Slater’s condition (2.18) is satisfied. Then, ȳ is a weak efficient

solution of (2.19) if and only if there exist βj ≥ 0, j = 1, 2, . . . , p, such that

0̂ ∈ ∂F(ȳ)⊕
p∑

j=1

βj∂gj(ȳ) (2.20)

and βjgj(ȳ) = 0, j = 1, 2, . . . , p. (2.21)

Proof: Let ȳ be a weak efficient solution of (2.19). Then, from Theorem 2.7, there

exist β̃i ≥ 0, not all zeros, such that

0̂ ∈ β̃0 ⊙ ∂F(ȳ)⊕
p∑

j=1

β̃j∂gj(ȳ) and (2.22)

β̃jgj(ȳ) = 0, j = 1, 2, . . . , p. (2.23)

If β̃0 ̸= 0, then the result is true by taking βj =
β̃j

β0
, j = 1, 2, . . . , p in (2.22). Let us
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assume contrarily that β̃0 = 0. Then,

0̂ ∈
p∑

j=1

β̃j∂gj(ȳ) =⇒ 0̂ ∈
p∑

j=1

β̃j∂gj(ȳ).

From [102, Theorem 3.78], for a point x∗ which satisfies the Slater’s condition (2.18), we

have
∑p

j=1 β̃jgj(x
∗) ≥ 0, which controverts the presumption that β̃j ≥ 0 and gj(x

∗) < 0

for some j and all β̃j’s are not zero. Thus, β̃0 > 0.

To prove the converse part, assume that ȳ satisfies (2.20) and (2.21) for some βj ≥

0, j = 1, 2, . . . , p.

Define a convex IVF H by H(y) = F(y)⊕
∑p

j=1 βjgj(y). Then,

∂H(ȳ) = ∂F(ȳ)⊕
p∑

j=1

βj∂gj(ȳ).

Since 0̂ ∈ ∂H(ȳ), ȳ is a weak efficient point of H. Therefore, by (2.23) and Theorem

2.6,

F(ȳ) = F(ȳ)⊕
p∑

j=1

βjgj(ȳ) = H(ȳ). (2.24)

Let ŷ be a feasible point of (2.19). Then,

H(ŷ) = F(ŷ)⊕
p∑

j=1

βjgj(ŷ) ⪯ F(ŷ). (2.25)

From (2.24) and (2.25), we obtain F(ȳ) ⪯ F(ŷ), and therefore ȳ is a weak efficient

solution of (2.19). □

Example 2.2 In this example, we provide an instance of verification of the result in

Theorem 2.8. Consider the following IOP:

min F(y1, y2) = [1, 2]⊙ |y1| ⊕ [2, 3]⊙ |y2| ⊕ [1, 3]

subject to g1(y1, y2) = y1 + y2 − 1 ≤ 0, g2(y1, y2) = 3y1 + y2 − 2 ≤ 0
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(y1, y2) ∈ Y ⊆ R2.

The IVF F with f(y1, y2) = |y1|+ 2|y2|+ 1 and f(y1, y2) = 2|y1|+ 3|y2|+ 3 are shown

with pink and green surfaces, respectively, in Figure 2.3. From Figure 2.3, it can be

observed that (y1, y2) = (0, 0) is a weak efficient solution of F.

Observing that

0 = y1 ⊙ 0⊕ y2 ⊙ 0 ⪯ [1, 2]⊙ |y1| ⊕ [2, 3]⊙ |y2|,

Figure 2.3: The IVF F of Example 2.2

we have 0̂ ∈ ∂F(0, 0). Note that the set of feasible points is
(
−∞, 1

2

]
×
(
−∞, 1

2

]
, and F

(refer to Figure 2.3), g1 and g2 are convex on Y. Also, g1, g2 are differentiable on Y.

Therefore,

∇g1(y1, y2) =

1
1

 and ∇g2(y1, y2) =

3
1

 .
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Now, we observe that for β1 = 0, β2 = 0, we have

0̂ ∈ ∂F(0, 0)⊕ β1∂g1(0, 0)⊕ β2∂g2(0, 0)

and β1g1(0, 0) = 0, β2g2(0, 0) = 0,

and hence (2.20) and (2.21) are true for the problem under consideration.

Note 2.2 (Comparison with the existing Fritz-John and KKT optimality conditions

for IOPs).

To the best of our knowledge, the existing theories on Fritz-John and KKT optimality

conditions are in [48, 101, 103] and [32, 48, 100, 103, 104], respectively. We have made

the comparison of our derived Fritz-John-type conditions and KKT-type conditions for

IOPs with the existing theories based on

(i) the use of lower and upper functions, and

(ii) the restriction of results to smooth IOPs.

It is to be noted that in [32, 48, 100, 101, 103,104], the Fritz-John and KKT conditions

require explicit expression of the lower and upper functions (i.e., f and f) of the objec-

tive function. However, the task to find the expressions of f(y) and f(y) is not always

easy. For instance, consider the IVF

F(y) =
[−2, 3]⊙ ey

[−2, 3]⊙ cos y ⊕ [1, 2]⊙ y
, y ∈ R.

In our results, we have used the IVF F in which there is no need to have the expressions

of f and f to derive the required results.

Next, we observe that Fritz-John conditions and KKT conditions in [32, 48, 100, 101,

103,104] are applicable for smooth IOPs. For instance, the theories in [32,48,100,101,
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103,104] are not applicable for the following IOP:

inf F(y1, y2) = [0, 2]⊙ y21 ⊕ [1, 2]⊙ |y2| (2.26)

subject to g1(y1, y2) = y1 + y2 − 1 ≤ 0, g2(y1, y2) = 3y1 + y2 − 2 ≤ 0

y1, y2 ∈ Y ⊆ R2.

Due to the restriction of existing theories to smooth IOPs, we have derived our results

for nonsmooth IOPs. Now, the lower and upper functions of F in (2.26) are given by

f(y1, y2) = |y2| and f(y1, y2) = 2y21 + 2|y2|.

Note that both the functions f and f are not differentiable at (0, 0). Thus, the Fritz-

John and KKT conditions in [32,48,100,101,103,104] cannot be applied.

Now, observing that

0 = y1 ⊙ 0⊕ y2 ⊙ 0 ⪯ F(y1, y2)⊖gH F(0, 0),

we have 0̂ ∈ ∂F(0, 0). Note that the set of feasible points in (2.26) is (−∞, 1
2
]×(−∞, 1

2
],

and F, g1, g2 are convex on Y. Also, g1, g2 are differentiable on Y and

∇g1(y1, y2) =

1
1

 and ∇g2(y1, y2) =

3
1

 .

As we see that for any β0 > 0, β1 = β2 = 0,

0̂ ∈ β0∂F(0, 0)⊕ β1∂g1(0, 0)⊕ β2∂g2(0, 0)

and 0̂ ∈ ∂F(0, 0)⊕ β1∂g1(0, 0)⊕ β2∂g2(0, 0)

with β1g1(0, 0) = 0, β2g2(0, 0) = 0,
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the proposed Fritz-John-type condition (2.14) and KKT-type conditions (2.20) and

(2.21) are applicable for the problem (2.26).

Further, since for very rarely smooth IVFs the gH-subdifferential sets get exactly equal

to the zero vector, the proposed Fritz-John-type and KKT-type conditions are inclusion

relations (see (2.14) and (2.20)) instead of equalities.

2.4 Application of gH-Subdifferentials in Nonconvex

Composite Optimization

In this section, a necessary efficiency condition for nonconvex composite IOPs and a

sufficient condition of convex IOPs are derived with the help of gH-subdifferentials.

Theorem 2.9 (Efficiency conditions for the composite model). Let Y be a nonempty

convex subset of Rn. Let F : Y → I(R) ∪ {+∞} be a proper IVF and let H : Y →

I(R) ∪ {+∞} be a proper convex IVF such that dom(H) is a subset of the interior of

dom(F). Consider the IOP:

inf
y∈Y

P(y) = inf
y∈Y

F(y)⊕H(y). (2.27)

If ȳ ∈ dom(H) is a weak efficient solution of (2.27) and F is gH-differentiable at ȳ,

then

(−1)⊙∇F(ȳ) ∈ ∂H(ȳ). (2.28)

The converse is true if F is convex on Y.

Proof: Let ȳ, y ∈ dom(H) and β ∈ (0, 1) such that yβ = (1− β)ȳ + βy ∈ dom(H).

Since ȳ is a weak efficient solution of (2.27),

P(ȳ) ⪯ P(yβ)
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=⇒ F(ȳ)⊕H(ȳ) ⪯ F(yβ)⊕H(yβ)

=⇒ F(ȳ)⊕H(ȳ) ⪯ F((1− β)ȳ + βy)⊕H(βy + (1− β)ȳ).

Due to convexity of H and Lemma 1.4, we have

F(ȳ)⊕H(ȳ) ⪯ F((1− β)ȳ + βy)⊕ β ⊙H(y)⊕ (1− β)⊙H(ȳ)

=⇒ F(ȳ)⊕ β ⊙H(ȳ) ⪯ F((1− β)ȳ + βy)⊕ β ⊙H(y) by (ii) of Remark 1.2

=⇒ 1

β
⊙

(
F(ȳ)⊖gH F((1− β)ȳ + βy)

)
⪯ H(y)⊖gH H(ȳ) by (i) of Lemma 1.4

=⇒ (−1)⊙ 1

β
⊙

(
F((1− β)ȳ + βy)⊖gH F(ȳ)

)
⪯ H(y)⊖gH H(ȳ).

Since F is gH-differentiable, as β → 0+, we have

(y − ȳ)⊤ ⊙ ((−1)⊙∇F(ȳ)) ⪯ H(y)⊖gH H(ȳ)

=⇒ (−1)⊙∇F(ȳ) ∈ ∂H(ȳ).

To prove the latter part, we assume that F is convex on Y and (−1)⊙∇F(ȳ) ∈ ∂H(ȳ).

Let ȳ is not a weak efficient point of the problem (2.27). Then, there exists a point y′ ∈

dom(H) such that P(y′) ⪯ P(ȳ). Therefore, for any β, β′ ∈ (0, 1) with β + β′ = 1, we

have

β ⊙P(y′) ⪯ β ⊙P(ȳ)

or, β ⊙P(y′)⊕ β′ ⊙P(ȳ) ⪯ β ⊙P(ȳ)⊕ β′ ⊙P(ȳ)

or, β ⊙P(y′)⊕ β′ ⊙P(ȳ) ⪯ (β ⊕ β′)⊙P(ȳ) = P(ȳ).

Due to convexity of F and H on Y , we have

F(βy′ + β′ȳ)⊕ β ⊙H(y′)⊕ β′ ⊙H(ȳ)
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⪯ β ⊙ F(y′)⊕ β′ ⊙ F(ȳ)⊕ β ⊙H(y′)⊕ β′ ⊙H(ȳ)

⪯ F(ȳ)⊕H(ȳ).

Thus, from Lemma 1.4, we obtain

F(ȳ + β(y′ − ȳ))⊕ β ⊙H(y′) ⪯ F(ȳ)⊕ β ⊙H(ȳ)

or, H(y′)⊖gH H(ȳ) ⪯ 1

β
⊙ (F(ȳ)⊖gH F(ȳ + β(y′ − ȳ))

or, H(y′)⊖gH H(ȳ) ⪯ (−1)⊙ 1

β
⊙ (F(ȳ + β(y′ − ȳ)).

This is a contradiction to the asuumption that (−1)⊙∇F(ȳ) ∈ ∂H(ȳ) for all y ∈ Y .

Hence, ȳ is a weak efficient point of F. □

Note 2.3 For nonconvex F, the converse of Theorem 2.9 is not true. For instance,

consider the IOP

inf
y∈[−5,5]

F(y)⊕H(y), (2.29)

where F,H : [−5, 5] → I(R) are defined by

F(y) = [2, 4]⊙ y3 ⊕ [1, 1] and H(y) = [3, 3].

Therefore,

f(y) =


2y3 + 1, for y ≥ 0

4y3 + 1, for y < 0,

and f(y) =


4y3 + 1, for y ≥ 0

2y3 + 1, for y < 0.

From Definition 1.7 of convex IVF, F is not convex as f and f are nonconvex (refer

to Figure 2.4). Note that F and H are gH-differentiable and

∇F(y) = [6, 12]⊙ y2 and ∇H(y) = 0.
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At ȳ = 0, ∂H(ȳ) = {∇H(ȳ)} = {0}, and ∇F(ȳ) = 0. Hence, (−1)⊙∇F(0) ∈ ∂H(ȳ).

However, ȳ is not an efficient point of the IOP (2.29) (refer to Figure 2.4).

−1 −0.5 0.5 1
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f
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Figure 2.4: The IVF F of Note 2.3

In the below Examples 2.3 and 2.4, we exemplify Theorem 2.9 by considering some

special cases for H.

Definition 2.7 (Indicator function for IVF). Let Y be a subset of Rn. Then, the indi-

cator function δY : Rn → I(R) at a point y, is defined as

δY(y) =


0, if y ∈ Y

+∞, if y /∈ Y .

Example 2.3 (Convex constrained nonconvex programming problem for IVF). Let Y

be a nonempty convex subset of Rn. Let F : Y → I(R) ∪ {+∞} be a nonconvex gH-

differentiable IVF and H : Y → I(R) be a convex IVF which is defined by H(y) = δY(y).

Consider the IOP

inf
y∈Y

F(y)⊕H(y). (2.30)
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If ȳ ∈ Y is a weak efficient point of (2.30), then from Theorem 2.9, we have

(−1)⊙∇F(ȳ) ∈ ∂H(ȳ) =⇒ (−1)⊙∇F(ȳ) ∈ ∂δY(ȳ).

We observe that if Ĝ ∈ I(R)n is a subgradient of δY at ȳ ∈ Y , then for all y ∈ Y

(y − ȳ)⊤ ⊙ Ĝ ⪯ δY(y)⊖gH δY(ȳ)

=⇒ (y − ȳ)⊤ ⊙ Ĝ ⪯ 0.

Therefore, we have

(−1)⊙ (y − ȳ)⊤ ⊙∇F(ȳ) ⪯ 0.

Example 2.4 Let the generic element of Rn be y = (y1, y2, . . . , yn)
⊤ and p ∈ {1, 2, . . . , n}.

Let F : Rn → I(R) ∪ {+∞} be a gH-differentiable IVF and H : Rn → I(R) ∪ {+∞}

be a convex IVF. Consider the IOP

inf
y∈Y

F(y)⊕H(y) (2.31)

where 0 ⪯ C and H(y) = C⊙ |yp|.

If ȳ ∈ Y is a weak efficient point of (2.31), then by Theorem 2.9, we have

(−1)⊙∇F(ȳ) ∈ ∂H(ȳ).

From [6], the gH-subdifferential set of H at any ȳ = (ȳ1, ȳ2, . . . , ȳp−1, 0, ȳp+1, . . . , ȳn)
⊤

in the plane yp = 0 is given by

{(G1,G2, . . . ,Gn)
⊤ ∈ I(R)n : (−1)⊙C ⪯ Gj ⪯ C, for all j = 1, 2, . . . , n}.

Therefore,

∇F(ȳ) = (D1F(ȳ), D2F(ȳ), . . . , DnF(ȳ))
⊤,
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is given by

DjF(ȳ) =


(−1)⊙C if ȳj < 0,

C if ȳj > 0,

Gj ∈ I(R) : (−1)⊙C ⪯ Gj ⪯ C if ȳj = 0,

(2.32)

for each j = 1, 2, . . . , n. Thus, (2.32) is a necessary condition for ȳ to be a weak efficient

point of the IOP (2.31).

Remark 2.6 From Theorem 2.9, we can observe that there is no need to develop the

separate calculus for solving a nonconvex composite problem. Also, Note 2.3 shows that

the convexity of IVF F is a necessary condition in Theorem 2.9 for the converse to

hold.

Another application of Theorem 2.9 is given in the following Example 2.5 in esti-

mating Lasso optimality conditions.

Example 2.5 (Lasso optimality condition for IOPs). Let F : Rp → I(R) ∪ {+∞} be

a gH-differentiable IVF and H : Rp → I(R) ∪ {+∞} be a convex IVF. Consider the

IOP

min
β∈Rp

(F(β)⊕H(β)), (2.33)

where F(β) = 1
2
⊙∥y−Qβ∥22⊙A and H(β) = λ⊙|βs|⊙B, β = (β1, β2, . . . , βs, . . . , βp) ∈

Rp, 0 ⪯ A,0 ⪯ B, y ∈ Rn, Q ∈ Rn×p, and λ ≥ 0.

Therefore, we have

f(β) =
1

2
∥y −Qβ∥22a and f(β) =

1

2
∥y −Qβ∥22a.
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Since F is a gH-differentiable IVF, therefore at β̄ ∈ Rp, we have

∇F(β̄) = (D1F(β̄), D2F(β̄), . . . , DnF(β̄))
⊤ = (−Q⊤(y −Qβ̄))⊙A.

Also, from [6], the gH-subdifferential set of H at any β̄ = (β̄1, β̄2, . . . , β̄s, . . . , β̄n)
⊤ is

given by

∂H(β̄) =


(−1)⊙B if β̄s < 0,

B if β̄s > 0,

{Gj ∈ I(R) : (−1)⊙B ⪯ Gj ⪯ B} if β̄s = 0.

Therefore, from Theorem 2.9, an efficient solution β̄ of (2.33) is characterized by

DjF(β̄) = Q⊤
j (y −Qβ̄)⊙A

=


(−1)λ⊙B if β̄s < 0,

λ⊙B if β̄s > 0,

{Gj ∈ I(R) : (−1)λ⊙B ⪯ Gj ⪯ λ⊙B} if β̄s = 0,

for each j = 1, 2, . . . , n.

2.5 Conclusion

In this chapter, several major results on nonsmooth IVFs and IOPs have been derived—

gH-directional derivative of the maximum of IVFs (Theorem 2.5), Fritz-John-type nec-

essary efficiency condition (Theorem 2.7), and KKT-type necessary and sufficient effi-

ciency condition for IOPs (Theorem 2.8).

To derive these results, we have discussed the concepts of infimum and supremum

(Definition 2.4) of an IVF on a set of interval vectors, followed by closedness (Definition

2.5), boundedness (Definition 2.6), and convex hull (Definition 2.3) in I(R); also, we
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have derived some properties related to these concepts. One can trivially notice that

in the degenerate case, Definitions 2.1, 2.2, 2.3, and 2.4, reduce to the corresponding

conventional definitions for the real-valued functions (see [102,105]). Finally, using the

proposed calculus for IVFs, a characterization of the efficient solutions of a nonconvex

composite model with IVFs (Theorem 2.9) has been derived.

***********


	2 Generalized-Hukuhara Subdifferential Analysis and Its Application in Nonconvex Composite Interval Optimization Problems
	2.1 Introduction
	2.2 Motivation and Contribution
	2.3 gH-Subdifferential
	2.4 Application of gH-Subdifferentials in Nonconvex Composite Optimization
	2.5 Conclusion


