CHAPTER 2

ON MGT THERMOELASTICITY:
DOMAIN OF INFLUENCE RESULTS

2.1 A Domain of Influence Theorem under MGT Ther-

moelasticity Theory

2.1.1 Introduction!

The present chapter of the thesis aims to present some qualitative analysis on the re-
cently proposed thermoelasticity theory, the Moore-Gibson-Thompson thermoelasticity
theory. It is worth to recall that the domain of influence (DOI) theorem is a very effec-
tive tool to analyze the deformation of a material body under any thermomechanical
effects. From this theorem, it can be concluded that a solution of given system vanishes
outside a bounded domain at a finite time and in terms of data specified in a bounded
support. This theorem verifies the hyperbolicity of the model and defines the finite
propagation of thermoelastic disturbances. Due to the infinite behavior of thermal dis-
turbances, the classical coupled thermoelasticity theory is unable to achieve this type
of theorem. Nunziato and Cowin (1979) first introduced the idea of domain of influence
theorem for elastic materials with voids. Ignaczak (1978b) introduced the domain of

influence theorem in view of the linear thermoelasticity. Further, Ignaczak (1979a) also

!The content of this sub chapter is published in Mathematics and Mechanics of Solids, 26(2),
285-295 (2021)
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discussed the domain of influence theorem under the asymmetric elastodynamics. In
linear elastodynamics, the DOI theorem with energy inequalities was reported by Car-
bonaro and Russo (1984). Ignaczak (1991) and further Hetnarski and Ignaczak (1999)
presented the DOI theorems under the generalized thermoelasticity theories of LS type
and also of GL type. For linear thermoelasticity with internal variable and thermal
relaxation, the DOI results were validated by Cimmelli and Rogolino (2002). Later on,
the concepts of domain of influence were described by Ignaczak and Ostoja-Starzewski
(2010) in detail. Mukhopadhyay et al. (2011) presented the domain of influence theo-
rem under the DPL model. Further, Kumar and Kumar (2015) investigated the domain
of influence theorem under the TPL model. The domain of influence theorems under
the type-II thermoelasticity theory were reported by Kumari and Mukhopadhyay (2016;
2017a). For the MGT theory for dipolar medium, Marin et al. (2020c) provided the
DOI results.

The purpose of this subchapter is to extend the concept of domain of influence for
potential-temperature disturbance under the MGT thermoelasticity theory which has
been introduced in literature recently. We start with summarizing the field equations for
a homogeneous and isotropic material under consideration of the MGT model. Further,
an identity regarding the potential of the displacement and temperature is established in
the context of a mixed initial-boundary value problem. Lastly, the domain of influence
theorem is derived based on this identity by considering certain conditions to be satisfied
by the material parameters. This theorem proves that under MGT theory, the pair of
potential with temperature generates the thermoelastic disturbance vanishing outside
the bounded domain for a bounded support of thermomechanical load and for a finite
time. It has been shown that the given bounded domain is very much dependent on
the support of the load and the result for the present context reduces to the domain
of influence result derived in generalized thermoelasticity theory of Lord and Shulman

under some special conditions.
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2.1.2 Basic Equations and Problem Formulation

An isotropic and homogeneous thermoelastic material is considered which is enclosed
by the closure of a bounded, open, and connected set. Let BB denote the closure of that
domain. The boundary and interior of B are classified as 9B and B, respectively. The
governing equations defined in B x [0, c0) under the MGT model can be written in the

following way:

Equation of motion:

p g+ (p+ A) ug i — pii; — 0, = —Fi. (2.1.1)

Heat conduction equation:
0 ) o? , .
<K* + K&) V30 = (a + Tq@> (yToum- + ,OC'E9> . (2.1.2)

It is assumed that the material constants satisfy the following conditions:

>0, A>0, Cg>0, p>0, 3\+2u>0, Ty >0,

K >0, K*>0, 7,>0. (2.1.3)

Now, assuming the absence of any body force in the system, F; is considered to be
zero and displacement is taken as the gradient of a scalar field. Consequently, we take
u; = 4, where ¢ is used to represent a scalar field defined on B x [0,00). Then from

Egs. (2.1.1) and (2.1.2), it is obtained that

P . v
Vip — -
7 21+ N 20+ A

=0 on B x[0,00), (2.1.4)

kv (2.2 (fyTV?ngrpC 9’) on B x[0,00). (2.1.5)
ot ot ot 0 b o o

37



CHAPTER 2. Domain of influence results

For convenience of mathematical formulation in the above equations, the dimensionless

variables and notations are introduced in the following way:

_ CEC%p / CEclp 0 / CEC%p

t' i t, o = T 6’:?, W= e
0
A2 Cpeip® KT 2 A2

It is worth mentioning that Quintanilla (2019) has shown the stability condition of
the solutions depending on the material parameters that the solution of the system in
the context of MGT thermoelasticity is exponentially stable if the relation K*7, < K
is considered. Hence, in view of this, the relation K*7, < K is transformed to the

following dimensionless form by using above dimensionless variables and notations:
The relation K*7, < K implies that

KK

—— < K.

Therefore

1
b0<—/
q

After dropping the prime for simplicity, the following relation is obtained:

by < - (2.1.6)

Tq

In view of the above, Egs. (2.1.4) and (2.1.5) are transformed to the following dimen-

sionless forms after dropping the primes for simplicity:

Vi — ¢ —0=0 on B x [0,00), (2.1.7)
O\ w2, (O D 9.
(bo + 5) V0 = <§ +Tq@) (&‘V o+ 0) on B x [0,00), (2.1.8)
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_ T

where £ = PET is the thermoelastic coupling constant.
1

Now, the initial conditions to the above Egs. (2.1.7) and (2.1.8) for € B are considered

as

0 (z,0) = By,
0 (x,0) = 6y,
6 (x,0) = by,
w (x,0) = o,
¢ (,0) = o,
& (x,0) = o, (2.1.9)

and the following boundary conditions are adjoined:

0=40(z,t),

wn; =g (x,t) on B x (0,00). (2.1.10)

2.1.3 Main Results

Firstly, the following two sets are introduced:

(I)forx € B, wog #0 or ¢g#0 or $g#0 or Gy #0
Dy(t)={z€B: or 00 or fy #0 (2.1.11)

(2)for (x,7) € B x [0,t], 0 (z,7) #0 or g(x,7)#0

and
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D(t) = {1; e B: Q(x,0t) N Dy () # @} . (2.1.12)

As described by Ignaczak and Starzewski (2010), one can explain that for a fixed time
€ (0,00), the set Dy (t) defines the support of thermomechanical load for the present
system (2.1.7)—(2.1.10) under the MGT thermoelasticity theory. Further, in view of the
above thermomechanical load, the set D (t) represents the domain of influence where v
is any real parameter and € (x, vt) is an open ball with center z and radius vt. Hence,
D (t) is a set of all the points of B that can be reached by those thermomechanical
disturbances that start from the set Dy (t) and whose propagation speed does not
exceed v.
Now, an attempt is made in the next theorem to derive an identity in the context of

MGT thermoelasticity theory that will be used to establish the final result.

Theorem-2.1.3.1: Let (¢, 6) be a solution to the mixed problem (2.1.7) —(2.1.10) and

[ () € C*(B) represents a scalar field in such a way that the set
Fo={z€B:1l(z) >0} (2.1.13)

be bounded. Then

/ o .1 (@)) = [12) Lo (2,0) + Lo (2.0)] }aB

l\.’)lP—‘

_|_

I(z)
/ Ly (z,8)dt — 1 (x )Ll(:c,O)}dB
B

+/B{ Ol(x) M (, t)dt}dB+/B{/ol(x) N, (2, 1)1, (a:)dt}dB

/ { l(w —t] N; (z,t) n; () dt}dA, (2.1.14)
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where

Lo (,t) = byr 0.0, (2.1.15)
Ly (2,1) = 02 + 7,0,0, 4+ bo0.0.; + (V>3 + 24 .ip4, (2.1.16)
M (z,t) = (1 — bory) 0,40, (2.1.17)
N (z,t) = 0(bob; + 0, — ep.) + 5, V3 ¥ (x,t) € B x [0,00). (2.1.18)

The hat notation for any function g = g (z,t) is used here as follows:

. 0 0? —
= p —|—Tq@ g on B x [0,00). (2.1.19)

Proof: The hat operator is applied to Eq. (2.1.7) and the gradient is taken to get

(V2§)i—0;,—¢;=0 on B x [0,00). (2.1.20)

We will employ the following identities:

|

(V%)%

DO | =
Q

0i(V?¢) = (9:V%p),; —

>

t

Then, taking multiplication of Eq. (2.1.20) with 5(,52 and using above identities, the

following equation is acquired:

{c,é,igfz,i + (v2<,5)2} bed b, = 2($,V20) . (2.1.21)

DO | ™
Flo

Further, taking multiplication of Eq. (2.1.8) with 6 and making use of the following
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identities:

We further find

;gt {92 + 7,005 + 2by7,0,0 ; + b ;6. } —ep.0,
(1= bom) 6,0 = [8 (0 + bt — =6.) | (2.1.22)

The following equality is obtained after summation of Eqs. (2.1.21) and (2.1.22):

DO | —
Flo

{Ll (x,t) + %Lo (:U,t)} + M (z,t) = N, (x,1), (2.1.23)

where Lo, Ly, M and N; are given in Eqs. (2.1.15), (2.1.16), (2.1.17) and (2.1.18),

respectively.

To solve further, the following relation is employed:

I(z)

I(z)
N [ () — £] dt = /‘ [N (1) @) — 1] = N () L ()

l/ Ny (2. 0)[ )—ﬂ# i/MM@ﬁh@ﬁ.

N3

0

(2.1.24)

Now, integrating two times of Eq. (2.1.23) from ¢t = 0 to t = [ (x) over ¢ and employing
Eq. (2.1.24), we obtain
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1 . 1
5 [Fo(@0(2) = Lo (2,0) = 1 () Lo (2,0)] + 5

/l(x) Ly (z,t)dt — 1 (z) Ly (x, 0)]
I(x)

+/l(x) [ (z) —t| M (x,t)dt +

I(z)
N; (z,t)1; (x)dt = [/ N; (x,t) [l (z) — ] dt] :

%

(2.1.25)
Since the Eq. (2.1.13) implies that the set .%; is bounded, each term in Eq. (2.1.25) is
bounded. Thus, taking the integration of Eq. (2.1.25) over B and making use of the

divergence theorem in the right-hand side, Eq. (2.1.14) is acquired. Thus, the proof of

Theorem-2.1.3.1 is complete.

In the next theorem, a domain of influence theorem is derived on the basis of the iden-

tity (2.1.14) under the MGT thermoelasticity theory.

Theorem-2.1.3.2: If (p,0) is a smooth solution of problem (2.1.7) — (2.1.10) and if
the set D (t) given by Eq. (2.1.12) defines the domain of influence at time ¢ and for

thermomechanical load Dy (t) given by Eq. (2.1.11), then

¢=0=0on {B—D(t)} x[0,¢], (2.1.26)

where v > 0 satisfies the following identity:

1
vaax{l—i—a,Q,bo,—}. (2.1.27)
T,

q

Proof: Let

A=BNQ(w,vr) (2.1.28)

and
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T—1lr—w| forzeA
L (z) = : (2.1.29)

0 forx ¢ A

where (w,7) € {B— D (t)} x (0,t) is a fixed point and v is a parameter defined by Eq.
(2.1.27).
Now, since 7 < t and from the definitions of A and domain D (t) represented by Eqs.

(2.1.28) and (2.1.12), respectively, the following relation is acquired:

Dy(t)NA=0Q. (2.1.30)
Therefore, we obtain
=0, ¢.ni=0on (ANIB) x [0,1] (2.1.31)
and
0=0, ¢;n; =0 on (ANIB) x [0,1]. (2.1.32)
Also

¢ (2,0) =¢(x,0) =@ (2,0) =0 on A,

0 (x,0) =0 (x,0)=6(z,0)=0 on A. (2.1.33)
From Eqgs. (2.1.18), (2.1.29) and (2.1.32), the following relation is achieved:
Ir(x)
/ / (7 (x) —t] N; (x,t)n; (z) dt p dA = 0. (2.1.34)
aB | Jo

Moreover, Egs. (2.1.33) and (2.1.20) yield
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0 (x,0) = V%@ (x,0) =0 on A, (2.1.35)
0, (x,0)=¢,;(x,0)=0 on A, (2.1.36)
0, (x,0)=0 on A. (2.1.37)

Hence, definitions of Lg (z,t), Ly (z,t) and [, (x) imply that

Lo (z,l; (z)) forz €A

Lo (x,1; (2)) — Lo (x,0) — I, () Lo (x,0) = (2.1.38)

0 forx ¢ A

and

fOT(m) Ly (z,t)dt for x € A

/ L (e t) b — 1 (2) Ly (2,0) = (2.1.39)

0 for v ¢ A

Now, after substituting [, (x) into Eq. (2.1.14) and with the help of Eqs. (2.1.34),

(2.1.38) and (2.1.39), one can find the following relation:

et yiset [ [ dtdm/{/ ”UT@)_HM@,Odt}dB
:_/A{/OlT(x) Ni (z,t)1-; (x) dt}dB. (2.1.40)

In view of Eq. (2.1.6), it is obtained that M > 0 on A. Therefore, the following

inequality is found from Eqgs. (2.1.29) and (2.1.40):
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lT(x
;/Lo(a:l ))dB + = // :BtdtdB<v// N; (z,t) dt| dB.

(2.1.41)
From Eq. (2.1.18), the following inequality is obtained:
IN; (2, 8)] eIl 92| + 101 (1bos + 0] + £l
20 4.4 20)? 4 (9)? 0.0, +b20.0,+ )| bod
Sg gp,gp,—i_(vgp)_'—() ,7+077+<> 0_(09)
2 2 2 dt
(2.1.42)

Thus, in the contexts of Lo (z,t) and L, (z,t) given by Egs. (2.1.15) and (2.1.16),

respectively and from the inequalities (2.1.41) and (2.1.42), it is acquired that

%’( )/eedBt (Tq——)// 0.0 ;dtdB
%( 1+€)//T(x 24tdB + = (1——)// | b adtdB
%(1__)// (V2 2dtdB+—(1——>//T(x)69dtdB<0

(2.1.43)

Now, Eq. (2.1.43) has all non-negative integrals since all the coefficients in Eq. (2.1.43)
are non-negative, provided v > max {1 + &,2, bg, Tiq} . Hence, all the integrals are non-
negative and the equality sign holds in this equation which imply that each term in A

vanishes.

Particularly, we take

D>

(z,0, () =0, V?@ (2,1, (z)) =0 on A. (2.1.44)
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Since (y,0) is sufficiently smooth and from the definition of [, (z), the following is

obtained:

0 (x.1, (x)) = 6 (w,7) s (2.1.45)

Vi (2,1 () = VP (w,T)
Consequently, taking the limit * — w in Eq. (2.1.44) and using Eq. (2.1.29), the

following equation is found:

V3¢ (w,7) =0, 0(w.7)=0. (2.1.46)

In view of an arbitrary point (w,7) of {B — D (t)} x (0,t) and with the smoothness

property of (¢,0), we get

0 (w,7) =0, V2@ (w,7)=0 on {B—D(t)} %[0, (2.1.47)

Therefore, from Eqs. (2.1.47) and (2.1.7), the following is achieved:

0(w,7)=¢(w.7)=0on {B—D(t)} x[0,1]. (2.1.48)

Now, Eq. (2.1.48) implies the following results for (z,7) € {B — D (t)} x [0,¢]:

¢ (w,m) = ¢ (w,0) +7,§ (w,0) {1 — e/} (2.1.49)

and

0 (w,7) =0 (w,0) + 7,0 (w,0) {1 — e 7} (2.1.50)

Definition of D () combining with Eq. (2.1.7) yields

@ (w,0) = § (w,0) =0 (w,0) =0 (w,0) =0 on {B—D(t)}. (2.1.51)
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Hence, in view of the Eqs. (2.1.49) and (2.1.50), we find

$=0=0on {B—D(t)} x[0,¢]. (2.1.52)

Finally, from the Eq. (2.1.52) and the definition of D (¢), it is concluded that

¢=0=0on {B—-D(t)} x[0,]. (2.1.53)

This completes the proof of Theorem-2.1.3.2.

2.1.4 Conclusion

From the theorem 2.1.3.2 as established in previous subsection, it is observed that
if the condition (2.1.6) holds then the pair (¢, #), which satisfies the mixed-problem
(2.1.7) — (2.1.10) under the MGT model, generates the thermoelastic disturbance van-
ishing outside the bounded set D (t) for a finite time ¢ and for a bounded support of
thermomechanical loading. The bounded domain is observed to be dependent on the
given support of thermomechanical loading. Moreover, in view of taking the relation
(2.1.6), it is concluded that the thermoelastic disturbance propagates with finite speed
less than or equal to v represented by the Eq. (2.1.27). Thus, it is clear that the
maximum speed v depends on the phase lag 7,, thermoelastic coupling constant ¢, and
bp. We also observe that the propagation speed of thermoelastic disturbance generated
from (¢, #) is infinite if the phase-lag parameter 7, vanishes. This is an important
finding of the present subchapter.

Furthermore, it is worth recalling the fact as shown by Quintanilla (2019) that the
solution of MGT theory decays exponentially provided the condition K*7, < K holds,
otherwise it leads to unstable solution of the problem. Here, in view of this condition it
implies that by < % (see derivation of Eq. (2.1.6)). Hence, it is interesting to see that

the inequality v > max {1 +¢,2, by, T—lq} reduces to v > max {1 +e,2, %} as obtained
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by Ignaczak and Starzewski (2010) under the LS thermoelasticity theory. Therefore,
if the condition (2.1.6) is considered then the hyperbolicity of the MGT thermoelastic
model is proved and the upper bound of propagation speed of disturbance under the
MGT model is dependent on material parameters similar to the LS thermoelasticity

theory. This is an important observation of the present work.
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2.2 A Domain of Influence Theorem for a Natural
Stress-Heat-Flux Problem in the Moore-Gibson-

Thompson Thermoelasticity Theory

2.2.1 Introduction?

In the previous subchapter, the domain of influence theorem in terms of temperature
and potential is established under the MGT thermoelasticity. Now, this subchapter
is motivated to prove the domain of influence theorem corresponding to the natural
stress-heat-flux problem for the theory of MGT thermoelasticity. Following is the orga-
nization of the work. The fundamental equations in terms of stress and heat-flux pair
concerning an isotropic and homogeneous medium under the MGT model are summa-
rized in Subsection 2.2.2. Further, Subsection 2.2.3 discusses some definitions related
to the support of thermomechanical load and the set of the domain of influence. In
Subsection 2.2.4, an energy identity is first presented in the present context and then
the domain of influence theorem regarding this identity has been established. Lastly, it
has been concluded that the pair of stress with heat-flux generates the stress-heat-flux
disturbance vanishing outside the bounded domain for a finite time and for a support
of prescribed thermomechanical load which is bounded. It is also found that the do-
main of influence depends on the thermoelastic coupling constant and other material

parameters.

2.2.2 Basic Equations and Problem Formulation

In this subsection, the governing equations under the MGT thermoelastic model are

formulated involving the pair of stress and heat-flux. The basic governing equations and

2The content of this subchapter is published in Acta Mechanica, 232, 177-187 (2021)
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the constitutive relations in the same context for isotropic and homogeneous medium

are therefore considered in the following way:

Stress equation of motion:

Energy equation:
—qii + pH = Cs + Ty, 6. (2.2.2)
Stress-strain relation:
! A 0ij | + b0 (2.2.3)
eij = — | 05 — =———— 00 a06;;. 2.
T o\ 342 MY e
Heat conduction equation:
0 0
e P e

Strain-displacement relation:

1
Cij = 9 (usj + ;) = U(i,j)- (2.2.5)

Here, C's denotes the specific heat at constant stress.

Now, with the help of Egs. (2.2.1) — (2.2.5), a problem on natural stress-heat-flux

involving the pair (;;,¢;) is considered that satisfies the field equations as follows:

o1
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o\ 1 . o\ . a\ p
* — | = . — —gG=|K'+K— | =—H,;, (2.2.
(K +Kat) Gy (i + acloon), (1 +Tq8t> . ( - m) g (220)

where, the notation F; ;) = 3 (Fi; + Fj;) is used.

Now, we must recall that Eq. (2.2.6) is a generalization of the Ignaczak equation

(Ignaczak (1991) and Ostoja-Starzewski (2019)).

The material parameters satisfying the following conditions are assumed:

p>0, >0, A>0, Cs>0, a >0, Ty > 0,

7, >0, K" >0, 3\+21 > 0. (2.2.8)
Further, as discussed in previous subchapter, the following relation is considered:
K > K*r,. (2.2.9)

Now, we set the following notations in Eqgs. (2.2.6) and (2.2.7):

_ P -
G(ij) =p 1F(z',j) - C,—SOétH&'j, (2.2.10)
S (K* + K%) OiHﬂ-. (2.2.11)
S

Then, from Eqgs. (2.2.6) and (2.2.7), it is obtained that

1 A Tyo? a

P O(ik.kj) {QM (0] 3)\+2M0klc ]) Cs Okk04j +CSC]k,k j ), ( )
. 0\ 1 . 0\ .

(K -+ K&) C_S (Qng -+ atTOUkk>7i — (1 + Tqa) q; = —Mmy;. (2213)
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The initial conditions on = € B to the above Eqs. (2.2.12) and (2.2.13) are assumed in

the following way:

0ii(2,0) = a?j,
0

Qi(m) 0) - Q?,
Gi(7,0) = ¢, (2.2.14)

and boundary conditions on 0B X [0, oo[ are taken as

/
O'ij’flj = 0@'7

qan; =q. (2.2.15)

The present problem which is based on the pair of stress and heat-flux is known as a
natural stress-heat-flux problem (Ignaczak and Ostoja-Starzewski (2010)). Therefore, a

solution to the natural stress-heat-flux problem is called a stress-heat-flux disturbance.

2.2.3 Some Definitions

Now, in the present context, we discuss the concepts of the support of thermomechanical
load and the set of the domain of influence before moving on to the main results.

Definition 1. It is considered that ¢ € (0,00) is a fixed time. Then, the set

(1) for x € B, J%#O or d?jgé() or ¢ #0 or ¢'#0 or ¢ #0

Dy(t)=Sr€B: (2)for (x,7) €IB x [0,1], 0/ #0 or ¢ #0

(3)for (x,7) € 9B x [0,t], Gujy #0 or m; #0
(2.2.16)
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is said to be the support of thermomechanical load of the present system (2.2.12) —

(2.2.15) at time ¢.

Definition 2. Let Q (z,vt) is an open ball with center x and radius vt, where v is

any real parameter. For the above thermomechanical load Dy(t), the set
D(t) = {x e B: Q(x,vt) N Dy (1) # @} (2.2.17)

defines the domain of influence. Thus, the set D(t) defines a set of all the points of B
which can be accessed by the thermomechanical disturbances propagating from Dy(t)

with a finite speed not exceeding v (Ignaczak and Ostoja-Starzewski (2010)).

2.2.4 Main Results

Now, as in previous subchapter, we proceed to formulate an identity regarding the

present context. For this we assume that the following inequality is satisfied by v:

v > max(vy, vy, U3, Uy), (2.2.18)

where

v = (2—“) (2.2.19)

[ K Cs )2\’
vy = {chg !1+ c (1 Cg) ” , (2.2.20)

K* Cy cp\2 )2
_ 1428 (1B 9.2.21
3 {CS +CE< CS)]} ’ ( )
(3\+2u) C )i :
_ ) LA+ Cs (0 Ce)®
vy = s [1 (1 Og) ] : (2.2.22)
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where C'g represents the specific heat at constant strain satisfying the following relation
with Cyg :
Cs = Cp + 3a; (3\ +2p) Tp. (2.2.23)

Now, the following energy identity is derived for the present context in view of the

above definitions.

Theorem-2.2.4.1: Let (0;;,q;) satisfies the mixed problem (2.2.12) — (2.2.15) with
smoothness property and e(z) € C'(B) is considered to be a scalar field in such a way
that the set

Jo={zr€B: e(x) >0} (2.2.24)
is bounded. Then

! / {Bo (e (@) = [e (@) Eiy (2,0) + By (2,0)| }aB

2
%/B {/Oe(x) By (2.8) dt — ¢ (2) (:E,O)}dB
+/B{/Oe(x) [e(a:)—t]L(m,t)dt}dB+/B{/oe(x)Mi (z.1) e, (:v)dt}dB
:/aB {/Oe(x) [e(:p)—t]Mi(x,t)ni(x)dt}dA+/B{/Oe(x) [e(a:)—t]N(g:,t)dt}dB,

(2.2.25)
where
Ey (z.1) ZK;OT‘] (G:)* (2.2.26)
By (0.0) = st + 51 (00— gge () ) = o ()’
+C§T0 (Grpe)” + [1{0 () + %‘1 (G)° . (2.2.27)
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K — K*
L(x,1) _E - Km) ()7, (2.2.28)
1o
i 1 : 1. . dY\ .
]\41 (ZIT, IL) =p O-ijo-jk:,k + C_S Okl + To%’k K + Ka q;, (2229)
0

where for any function g = g (z,t) defined on x € B x [0,00[, §() is denoted in the

following way:

§= (K* + K§> g. (2.2.31)

Proof: First, we apply the hat operator as represented by Eq. (2.2.31) on Eq. (2.2.12)

and multiply by 5ij to both sides of Eq. (2.2.12), then we obtain

1A x 1 L A DY TOOZ,?: X oy 5 2
P OGkki)Oi5 — |5 | 9450i5 — 5N | 5 OkkOkk | — OkkOkk | + = Qk,kOkk = —G(z’j)Uz’j-
2,& 3\ + Q[L CS OS
(2.2.32)

Now, we multiply both sides of Eq. (2.2.13) through 7;'¢; and get

. o\ 1 . 1 N .| o1z P
{ (K + Ka) Cs (qrx + OétTonk>,i} Ty g — { (1 + Tq&) QZ} 15 4 = —miTy ' gs
(2.2.33)

Adding Egs. (2.2.32) and (2.2.33) and after some straight-forward manipulations, the

following equation is obtained:
10 (0
20t | Ot ’
where Ey, Ey, L, M; and N are given by Eqs. (2.2.26) — (2.2.30), respectively.

Since the following relation holds:
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e(x) e(x)
/0 My e (x) — ] dt = /0 (M () e () — ], — M (2. t) e ()
= )]W (z,t)

e(x e(z)

2

(2.2.35)

Therefore, taking double integration of Eq. (2.2.34) from ¢ =0 to ¢ = e (x) over t and

making use of Eq. (2.2.35), we get

[ (o )~ Bo(2,0) — e () B (,0)] 4+

e(x)
2 /0 Ey (z,t)dt — e (x) By (z,0)

. /e(z) [6 (I) - t] . (x7 t) g /e(x) ]\{2 (377 t)e,i (33> dt

+ / @ — N (@) dt. (2.2.36)

N3

e(x)
= [/0 M; (z,t) e (z) — t]dt

The set Jy is bounded from the Eq. (2.2.24). So, each term in Eq. (2.2.36) is considered
to be bounded. Therefore, taking the integration of Eq. (2.2.36) over B and employing
the divergence theorem in the RHS, the Eq. (2.2.25) is obtained. This proves the
Theorem-2.2.4.1.

Now, the domain of influence theorem for a natural stress-heat-flux problem is derived

under the MGT thermoelasticity theory.

Theorem-2.2.4.2: Let v denotes a real parameter satisfying the inequality defined by
the Eq. (2.2.18). Then, if the domain of influence is defined by the set D (¢) at time
t and for thermomechanical load Dy (t) and if the pair (o;;, ;) satisfies the problem

(2.2.12) — (2.2.15) with smoothness property, then

0i;j=0, ¢=0 on {B—D(t)} x[0,]. (2.2.37)
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Proof. We consider a fixed point (w,7) € {B— D (t)} x (0,t). Let

A=BnNQ(w,vr) (2.2.38)

and

T—ilr—w| forzeA
er(z) = (2.2.39)

0 for z ¢ A

where v is a parameter given by the Eq. (2.2.18).

Now, from the definitions of domain D (¢) and A defined by the Egs. (2.2.17) and

(2.2.38), respectively and from the inequality 7 < t, we find

Dy ()N A= 0. (2.2.40)
Therefore, it is obtained that
0Ny = 0, qin; — 0 on (A N GB) X [O,t] (2241)
and
gim; =0, ¢n; =0, Gm; =0 on (ANAB) x [0,1] (2.2.42)
G(Z‘j) = 0, m; =0 on A X (0, t) . (2243)
Further, the following is acquired:

Now, in view of Egs. (2.2.29), (2.2.39) and (2.2.42), we obtain
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/ { / T o @) — ] M, (1) i (2) dt} A =0, (2.2.45)

Similarly, in view of Egs. (2.2.30), (2.2.39), and (2.2.43), it is found that

/ { / " e () — N (1) dt} dB = 0. (2.2.46)

Clearly, applying the definitions of Fy (z,t), Ey (x,t) and e, (x), the following results

are achieved after some straight-forward manipulations:

, Ey(z,e; (x)) forxeA
Ey(z,er (x)) — Ey (2,0) — e, (z) Ey (2,0) = (2.2.47)

0 for x ¢ A

and

er(z) fo El (x,t)dt for x € A
/ By (2,8) dt — e, (2) By (z,0) (2.2.48)
0 0 for x ¢ A

Now, substituting e, (x) into the Eq. (2.2.25) and making use of the Eqs. (2.2.45) —
(2.2.48), we achieve

%/AEO (z, e; (m))dBJr%/A/OeT(I)El (m,t)dtdB+/A{/OeT(z) s (x)—t]N(x,t)dt}dB
_ /A { /0 L ety e () dt}dB. (2.2.49)

Since Eq. (2.2.9) imply that N > 0 on A. Therefore, from the Egs. (2.2.39) and

(2.2.49), the inequality is found as follows:
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er(z) e.,—(:c
1/E0(x,67(x))d3+1// Fi (2.1) dtdB < * // M, (. 1) dt| dB.
2 A 2 AJo v

(2.2.50)
Now,
1 Gii 1 0\ di
Z M| <p | H sy — K*+ K :
v M| <p v Tikk| * oo Cy o + TOQkk ( N 675)
_ az |0zt| K*q¢; + Kq; K*¢; + Kq;
<p~t |24 ‘ A4+ G|
=r oiwel + Gy Cy Tk v C TO Gk v
(2.2.51)

To compute each term of the RHS of Eq. (2.2.51) and simplify the Eq. (2.2.51), the

following relation is used:

Vab < = (sa +£7), (2.2.52)

N[ —

where ¢ denotes a dimensionless positive parameter and m and n are nonnegative

physical fields with the equal dimension.

2
In order to compute the first term of BEq. (2.2.51), we employ a = (6,,1)°, b= (—)
and € = 1 in Eq. (2.2.52) and then obtain

~

|5k | o

1 1
<= 5 (a”]amk + awaw> . (2.2.53)

In order to compute the second term of Eq. (2.2.51), the following relations are used:

m\»—t

2 )2 1 : 2 Cp < CE>
0“— b —— (K + Ki)?, e = 1—=ZE) 7 (2254
(Ukk> 1)2 (atT0)2 ( q Q) CS CS ( )

Therefore, using Eq. (2.2.54) in Eq. (2.2.52), it is obtained that
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Now, by fixing a = (Gus)?, b = (%)2 and € = 1 in Eq. (2.2.52), we get the last

term of Eq. (2.2.51) as

R 1 Y. .
{(Qk,k)2 + 2 (K*q; + qu‘)z}
K*K d

©\2
S (@) (2:2:56)

{@M b [0 + (G } -

Thus, Eqs. (2.2.51), (2.2.53), (2.2.55), and (2.2.56) yield

1 pt 1.
SAM| <P (6, 6upn + —5i6s
v| i| < 5 ij,j Ok, 211715

2 ~1 1
a;lo ) Cp Ce\ 2/: \*, Cs Ceg\?2 1 .2 N2
v 2C { Cyg ( CS> (Ukk) + Cxg Cy UZQ%T(? [( q ) + ( Q) ]

1 N | 2 12
+m {(%k) t2 [(K*¢)" + (Kdi) }}
K*K Cs (. Ce\?\ d ..
YT {HCE (1 Os) }dt (@) (2.2.57)

Further, the relation (2.2.23) implies that
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CX???)

1

Cy

3(3\ +

2/1)

_Cg

2.2.
S (2:2.58)

o)

Therefore, in view of the definitions of Ey and E; given by Eqs. (2.2.26) and (2.2.27),

respectively and using Eqgs. (2.2.50), (2.2.57) and relation (2.2.58), we arrive at

A ]- A
(— — ﬁ) / / (Uzy akk(5”> (Uij — gakkézj> dtdB

K*

1—
To

_I_

K

T

q

T, —

K*
031)2

K

CSU2

{
{

Cs
1 =
+ Cr

(

Ce
R
Cs

)}
/A /0 o (i.)2dtdB

er(z)
[ [ araas
AJO

1

1 Cg
3

3N+ QMC_S
LS
To

/A /0 o <6kk>2dtdB
1}] A(Qi)2d3§0~

From Eq. (2.2.18), it is concluded that the coefficients of all the integrals in Eq. (2.2.59)

L-0-8))

are nonnegative. Thus, the non-negativity of all integrals with the equality sign in this

equation implies the vanishing of each term of Eq. (2.2.59) on A.
Particularly, we have

i (x,e-(2)) =0, 4 (z,e-(x)) =0 on A. (2.2.60)

Since (05, ¢;) is sufficiently smooth and from the definition of e, (z), it is obtained that

Gy (x,e(2)) = 035 (w, 7)

asT — w. (2.2.61)

Gi (z,e-(x)) = ¢i (w,7)
Consequently, the limit z — w is taken in Eq. (2.2.60) and the following equation is

found from Eq. (2.2.39):
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Gy (w,7) =0, ¢ (w,7) =0 on {B—D()} x[0,1]. (2.2.62)

In view of an arbitrary point (w,7) of {B — D(t)}x (0,t) and from the smoothness

property of (c;;,¢;) in B x [0,00), we find that

Gij=0, ¢=0on {B—D(t)} x[0,1]. (2.2.63)
Now, with regard to (z,7) € {B— D (t)} x [0,t], Eq. (2.2.63) implies the following
results:
-1 K
0ij (2,7) = 03 (2,0) + {1 = %7} 5 (2,0) (2.2.64)

and

i (z,7) = qi (,0). (2.2.65)

Since the definition of D(t) yields

045 (¢,0) = 635 (2,0) = ¢; (z,0) =0 on {B—D(1)}. (2.2.66)
Hence, combining Eqs. (2.2.64) and (2.2.65) with Eq. (2.2.66), we finally obtain
0y =0, ¢=0 on {E — D(t)} x [0,¢]. (2.2.67)

Thus, this proves the Theorem-2.2.4.2.

2.2.5 Conclusion

A domain of influence theorem is presented in this subchapter for a thermoelastic pro-
cess described by stress and heat flux as constitutive variables. This theorem indicates
that the pair (o;;,¢;) satisfying the system (2.2.12) — (2.2.15) under the MGT model
generates the stress-heat-flux disturbance vanishing outside the bounded set D (t) for

a prescribed bounded support of thermomechanical load and for a finite time ¢, pro-
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vided the condition (2.2.9) holds. Furthermore, this theorem implies that if the relation
given by Eq. (2.2.9) is considered then we find that the stress-heat-flux disturbance
propagates with finite speed not exceeding v defined by the Eq. (2.2.18). Clearly, v is
observed to be dependent on the phase lag 7,, K, K*, and some other thermoelastic
parameters. It is also concluded that for a given load of the boundary, the associated
domain of influence is specified with a boundary layer of thickness vt. The upper bound
of the speed of stress-heat-flux disturbances can also be found from this theorem. It
must be mentioned that the condition given by (2.2.9) is considered here in view of the
fact as analyzed by Quintanilla (2019) that if the condition K*7, < K holds then the
solution under the MGT theory is exponentially stable, otherwise leads to instability
of solution. Therefore, it can be concluded that the inequality v > max {vy, v9, v3, v4}
reduces to v > max {v, v2,v4} which is interestingly the same inequality as obtained
by Ignaczak and Ostoja-Starzewski (2010) for the case of generalized thermoelasticity
theory of Lord and Shulman. Hence, we can conclude that the hyperbolicity of the
MGT thermoelastic model is established if condition (2.2.9) is satisfied and the max-
imum speed of propagation of disturbance of stress-heat-flux under the MGT model

depends on material parameters in a similar way like Lord-Shulman theory.
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