Chapter 5

A Class of Pseudo-Differential
Operators Involving the Weinstein

Transform

5.1 Introduction

Pseudo-differential operators are a generalization of partial differential operators
that extend the concept of differentiation to functions that are not necessarily
smooth or rapidly decreasing. They play a significant role in various branches
of mathematics, particularly in the theory of partial differential equations (PDEs)
like Sobolev spaces and harmonic analysis. The aforesaid theory provides a proper
framework for analyzing and solving a wide range of problems involving differential
equations in non-smooth settings.

Using Fourier transform theory, Kohn and Nirenberg [26] developed algebra and cal-

culus of pseudo-differential operators, and they studied many important properties.
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Later on, Hormander [22, 23|, Kato [25], Rhuzhansky and Turunen [54, 55|, Treves
[80], Wong [88], made important contributions in this area by taking the concept of
the Fourier transform. In 1996, by using the Fourier transform theory Pathak [47]
introduced generalized Sobolev spaces and pseudo-differential operators on the space
of ultradistributions. Pathak and Pandey [48] developed a class of pseudo-differential
operators associated with Bessel operators using Hankel transform theory. Using the
same transform theory, Pathak and Upadhyay [51] considered pseudo-differential
operators associated with the homogeneous class of symbol. Pathak and Upadhyay
[52], proved the LT — boundedness result of pseudo-differential operators associated
with the Bessel operator and applied these results in Sobolev type spaces. For the
Weinstein transform concerns, Upadhyay and Sartaj, [84-86] presented many results

regarding the theory of pseudo-differential operators.

In the present chapter, with the help of the Weinstein transform technique, the
author introduces the concept of the pseudo-differential operators associated with
the symbol a(z,£) on the space S, (R"™) by exploiting the theory of ultradistribu-

tion and studied many properties.

5.2 The Pseudo-differential Operator A(z, D)

In this section, definitions and properties regarding the pseudo-differential operators
associated with the symbol a(z, £) are obtained on the space S,,(R7"') by exploiting

the theory of Weinstein transform.

Let {My}, k € Ny be the sequence of positive numbers that satisfies the following
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conditions: for some positive costants K and h,

(M.1) M? < My 1M1, k€N
(M.Q) M, < K hP min M, M.y, k € Ny
0<I<k
— M4
(M.3) Z < 00.
= M

We define functions M(t) and P(t), t > 0, associated with the sequence { M} as

follows:
M,
M(t) :=sup In (t* —0). (5.2.1)
k M,
oo M()
P(t) := th —. 5.2.2
=3 ¢ 5 (522)

For z € R}, we write M (z) for M(|z|) when no confusion arrises.

Lemma 5.2.1. Let M(t) be the function associated with the sequence {My}, then

from [24, p.8], we have
M(Lt) < g LMt + C, t>0, L>1, C€R. (5.2.3)

Definition 5.2.2. Let {M,} and {N,} be two sequences of positive real numbers
satisfying the conditions (M.1), (M.2) and (M.3). Then S(M,, N,; R**!) is defined
to be the space of all complex valued infinitely differentiable functions ¢ on R:ﬁ“
satisfying

2" Di¢(x)| < C A* B M, N,, (5.2.4)

for certain positive constants C, A and B depending on ¢ with

FulS(M,, Ny RTH] = S(N,, My; RTH. (5.2.5)
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Definition 5.2.3. Let » > 0. The symbol class S” is the set of all complex-valued
functions a(z, &) : C®(RTT x RT) — C, even with respect to the last variable,
such that for any two multi-indices o and f3, there is a positive constant C, g,

depending « and [ only, such that
a r=pB n
(D2D2a(x,€))| < Cap(1+|IE]D)Z", @, € RTH.

Definition 5.2.4. Let a(z,£) : C®(R x R%™) — C be a symbol. Then for
u € S,(R}H), the pseudo-differential operator A(z, D) associated with the symbol

a(x,§) is defined by

(A(z, D)u)(x) = /R L s (@ )ale, ) (Fuu) () dus(6)- - (5.2.6)

If a(z, ) possesses a power series expansion in £ with variable coefficients depending

on z, i.e.,
o0

a(w,€) = Y aa(x)(=1)* €] (5.2.7)

la=0]

Then from (5.2.6) and (5.2.7), we have

oo

(A(z, D)u)(x)

= [ O L&) (3 aal@) (1) ) (Fo) ) dis(€)
Ry Ja=0|

I / ) (1) ) (Fo) € dias(€)
|a=0| Ry

=Y a / P (o) (Fatt) € dus(E)

?
=

[
NE

an () F [(—nansn?a(fwu)(t) (@).

0

8
I
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There In veiw of (1.4.5), we have

(A, DYu)(x) = Y aal@)Fy (Ful(Ang)iu)(€)) (2)
|a|=0
= D aa(@)((Anp)u)(x).
|a|=0
Therefore,
(A, D)yu)(@) = Y aa(®)((Anp)iu)(@). (5.2.8)
|ee]=0

The above expression allows the pseudo-differential operator associated with symbol
a(x,€) of an infinite order differential operator.

If we take x € K, where K is a compact subset of R"™ and

|aa(2)] < Ck i, (5.2.9)
Then, from (5.2.7), we have
o llgller- 2Ly
la(z, )] < Ck -
|§=:0 20 Mo

|a|=0
s (2L||€])T M, =
< O sup LI Mo Hﬁl) 0. ( Z 2*|a|)
@ o la|=0

< Cy exp (ML),

where C} = C" =0 27l

This motivates us to consider a general class of symbols, which is denoted by S],, r >

0.

Definition 5.2.5. The function a(z, &) : R x R?*! — C is said to belong to S7,
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if and only if a(r, &) € R x R and for all compact set K C R and for all

o, B € Nyt and a positive constant Cx = C, 5,1 such that the estimate
|D¢Dla(x, )| < Cre™ @, ¥ (2,8) € K x R} (5.2.10)

holds true.
Theorem 5.2.6. Let a(x,&) € S!,. Then the pseudo-differential operator A(x, D) is

a well-defined mapping of S,(RH) into C=(RH).

Proof: Now, the pseudo-differential operator A(x, D) is associated with symbol

a(z, ) is defined by

(Al D) = [ | e Saa FE€) dua(©). ¥ ue S,REY). (5211

+

Let K be any compact set of R%™ then from (5.2.10), we have
la(x,€)| < Coprre™®, V¥ (z,8) € K x RML (5.2.12)
Now,

| T (2116, )alz, €) (Fuu) (6))|
<1 T (@nragara)| - lalz, )] - |(Fuu)(©)]
< la(z, &)| - [(Fuu)(©)|
< Coorice™O|(Fuu)(©)]

— C’O,OmKem(f)eM(f) | (qu)(§)|e_”"(f).
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Also, since u € S, (R7H), using (3.2.22), above expression becomes

165 Ty (2160 11)al, ) (Fuu) (€]
S 007077“7[(61%‘)(&) . 7T07)\(U)6_)\w(£)

= Co0,rK Wo,A(U)e_(’\_T)w(f) € Ll(Rﬁlfl), for A >r.

This demonstrates the existence of (A(x, D)u)(x), V x € R as well as continuity

in R7*!. Moreover, from (1.4.15), we have

| (A g)s[e ) Tg(@ni1Enrn)ale, €) (Fuu) (€)]]
= |[(Fou)(€)(An ) [ T (21 €nsn )z, )]

! ZZZ S ()
(o

q=0 |p’'|<2(v—3) 91,02,...,6n,>0

Eﬂm n+1

Jﬁ<wn+1sn+l>) (Dm< 5)) \

In view of (1.3.30) and (5.2.10), we obtain

| (A ) T (2nmnsr)alz, €) (Fuu) (€))|

27 m .
Z Z v\ (m v—j
j 0 || <2(r—i) 1,00, dnz0 M/ N4 0102....0p

7=0 m=1 g=

1 m—v TW
X mEé7m|xn+1| ||€Hp +qC(0,p’+26’+m—q,r,K) (g)l(F u) (5)’
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So that we have

| (A 0)i [ T (i1 Enr )al, €) (Fuu) (€)]]

27 m
230 3 ()(0)sisamizent e
/)

<
=0 m=1 4=0 /| <2(—7) e

X Clo,p+m—gr k)€ 5)‘( Fuu)()]

v 2] m
1% m 1 .
< —E/ " m—v Q(V_j)+q
S22 <j>(Q>2(y—j)! Bl T[T E]

7j=0 m=1 ¢=0
X Clo2(v—j)+m—qr i€ [(Fuu) (€)]

=Ny 1
< E . m—v 2(v—j)+
g 1 (]) 2(v —7)! @m’x +1] €]l

AN

=0 m=
X Clo,2(v—9), TK)€TM(§)|(FwU)(f)|
< Z( ) Bkl IEP Cloatognse™ Ol (Fuu) ©)
< By, | T | <1 +1EN2 Coormre™“©@e ™€ . sup XO|(Fuu)(€)|

ger
< Ep, | wng |V (14 1€1D% Clo.0.17€™ S e . 7.\ (w)
<Ep,(1+ |z |)”e“’@)C(0,07r7K)6_()‘_T)w(£) - o ().
Therefore, above implies

(D)l T (@namnir)ale, ) (Fuu) O] < Ef, (14 | 2 )" Cropmmye PO ma(w).

This proves that (A(z, D)u)(x) € C®°(R}H).

Lemma 5.2.7. Let F,u € S(M,, N,; R"™). Then
|(Fuu)(n)] < De M), (5.2.13)

where D and A are positive constants.
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Proof: As F,u € S(M,, N,;R""), then from (5.2.4) we have
In*DY(F,u)(n)| < C A" BT M,, N,, (5.2.14)

where A, B and C' are positive constants depending on the function (F,u).

For ¢ = 0 in (5.2.14), we obtain
[ (Fow) ()| < C A* My N,

So that we have

(Faw)(m)| < C NM(%)(%)

-o(3) ()

where D = C' NyM,, Now, we have

5
S
=
SN—
—~
3
=
Il
m{\A
3
—~
o«
SN—
a~
(-bN
3
—
?
=
SN—
|

Therefore,
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5.3 The Pseudo-differential Operator With Sym-

bols of Exponential M —Growth And w-Growth

In this section, we consider the symbol with growth governed by indicatrix M (t) and
discuss the representation of the pseudo-differential operator A(z, D) is obtained by
the Theorem 5.3.6.

We now consider the symbol to belong to the symbol class S(r]’\l/[) defined below:

Definition 5.3.1. The function a(z,¢) : R x R — C belongs to S@’\Z) if and
only if a(z,£) € C®R}™ x R for r € R,1 > 0, V o, 3 € N"*! there exists

positive constants L > 0 and C,;, > 0 such that

9 a0 .
‘(a_g) (%)%(rﬂ,f)! < ot LI Mg el MO 1M, (5.3.1)

Lemma 5.3.2. Let the symbol a(x,§) € SE"]’\Z). Then

[(An )2 Ty (@nsamnin)a(e, m| < B o (14 [[nl*)?e™ O |lz] ™, (5.3.2)

for EY is a positive constant.

,Q

Proof: From (1.4.15), we find that

(Ang)s e Tg(@ s (@, )

»Y i 2 2 (j)< )(517527_--{75>%E/5’m

7=0 m=1 ¢=0 |p |<2(a j) 01,02,...,0n,>0
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where £, is a constant for m € {0,1,. ... .. ,a} which depends on .
Therefore,

'(Anﬁ)g[ei(x’,n’) Js (l’n+17ln+1)a($, 77)] ‘

(528 2 2 OG5 )

j=0 m=1 ¢=0 |p/|<2(a—7) 01,02,...,6n,>0

Xy (DP tagita’ ' Jﬁ<$n+17]n+1)> <D§/+25/+mqa(x,77)) ‘

Using (1.3.30) and (5.3.1), above yeilds

‘(An B)g[em/’"/>J6($n+1nn+1)a($; )] ‘
zz > T (Mo ) e
y / B)m
=1 ¢=0 |p/|<2(a—7) 61,02, -,6n>0 J q /) \01, 02, 00,00/ !

m-o + +26"+m— IM
‘$n+1‘ ||77H|p Q\‘C’O l’mL\p ql*M| 28 e q||e (n)—IM(z)

2230 u ol V) P R

=0 m=1g=0 |p/|<2a—j) 1/ NI/ P

‘In—l-l‘m °‘||77H|p +al orM(n)—IM(z)

<ZZZ( )( );Eﬁm’OOZmL 2(a—j)+m— q|M|2(a iytmed]

7=0 m=1 ¢=0 Oé—j)
‘x +1’m a||n||l2(a—j)+q| M (n)—1M(x)

(07 m 1 ‘
< Z Z Z ( ) ( )—j)' E}s,m\Co,z,m LR m=al N

7=0 m=1 ¢=0
||2a J)+al grM(n)—1M(z)

X |zna|" "Il

= ZZ( ) Eﬁm|COUL' M Mig(agy ||z "
7j=0 m=1
HnH|2a 7)+m| rM(n) IM(x)

< Z ( ) —J)! EﬁJ‘COl]L‘2 )|Ml2(a—j)len+1‘2j_a

X ||77||I2ale M(n)—IM(z)
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Therefore, we get

(A )21 ) Jg (@i )alz, m)] |
< Elﬁ,a|00,l,aL0M0’ |33n+1 }a”UHlQQZGTM(n)_lM(I)

< B o[l (1 + [Ilf?)ert =,

where Ej , = E’ﬂ’a|C’07l7rL0M0’, is a positive constants depending on «, 3,0,1, .

Now we conclude that

[(An )3 [ g (nimms)a(e, ]| < Ega(1+ [n]?) 7™ |l e,

Let a(z,€) € S&’\Z). Then the function a, () associated with the symbol a(z, ) can

be represented by

ay (&) = / e T (1) [ Tp(wnsimnin)alz, m)ldps(z).  (5.3.3)
+

An estimate for a,(§) is given by Theorem 5.3.3.

Theorem 5.3.3. Let the symbol a(x,§) € S(}\Z). Then the function a,(§) which is

defined by (5.3.3), satisfies the following inequality

|y (€)] < B, (1 + [In]|?)Pe™ ™ (1 + [|¢[1*) 7. (5.3.4)

Proof: Using the binomial expansion, we have
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(1 + [IE]1*)Pay (€)
p
p @ —i{x’, &' iz’ m
:Z< )”§H2 / € < ’£>J5($n+1fn+1)[€< 7n>J,3(xn+177n+1)
a=0 a R

+
x alz, n)|dps(a)
p
p o —ilx! € iz, n
=Z( ) / €12 T (1) [T T (@sr s
0 « Rn+1

+

< al,n)ldps (@),

Using (1.4.5), we have

IR0 = 3 (D)0 [ (sl  sansatoen)

(6%
a=0

< [ T (i1t )ala, )] dpg ().

Integrating by parts we get
p

W EPa© =3 ()0 [ Ot

a=0

X (Dnp)s ") g (@natni)ale, n)]dps (x).

Therefore,

L+ EPlon(@] = 3 (7) [ @2 ot ) dns(o),
(5.3.5)
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In veiw of (5.3.2), we have

(L + 11&11*)Play ()]

p
p " 2\a ,rM(n) o, —IM(x)
<32 (0) L B I e o

< B (1 e [ e ) dg (o)

R}

Therefore,

lay ()] < By, (1+ [Inl*)7e™ ™ (1 + [1€]*) 77

Theorem 5.3.4. Let a(z,€) be any symbol in Salj), then the pseudo-differential

operator A(x, D) admits the representation:

(A(z, D)u)(x) = /]R”'H 6i<xl’§>Jﬁ($n+1§n+1)(/Rn+l ay (&) (Fuu) () dps(n)) dpg(€)
* " (5.3.6)
V u € S(Ng, My; R,

Proof: From (5.3.3), we have

%@:/HKWﬂM%ﬁmWWM%%MmM@WWWﬁ
RY

= Fu [e“””/’ ) Jﬁ (xn+1nn+1)a($, 77)] (f)

By the inversion property of Weinstein transform, we have

Fuay(€) () = 1 Jg(@niams)alz, n).

Therefore,

/R T (i )ag (§)dps(€) = € Jp(wnpanai)alz,n). (537
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Next, we find

|an (&) (Fuu) ()] < lay(E)] - [(Fuu)(n)]

In view of (5.2.13) and (5.3.4), we obtain

|an(§>(FwU)(n)| < Elﬁlfp(l + ||77||2)p€rM(n)(1 + ||€||2)_”De‘M(%)
= B, D(1+ [[€]*)7"(1 + [|n||*)re™ e M)

= BY (1 + (€)1 + [[n]2perADeMED),

For A > 1, from (5.2.3), we get

|an (&) (Fwu) (n)]

< B (L [EP) (1L + [[n]|2)pesArMED e MED

2
= B0 (14 €)1+ [Inl?yre 24N € LYRET) for v < 34°

Therefore,

@ P mldistn) < B4R [ e nlPye 0 D s o),
+

+

From above, the right hand side of the integral exists on R7*'. Therefore

16 = [ alOFa)mduso) € LR
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Taking the inverse Weinstein transform we have
Lo e[ al©Fu) st date)
+ +

= /R”“ (qu)(ﬁ)[/ ei<z',é’>Jﬁ(xnﬂgnﬂ)an(g)dﬂﬁ(g)]duﬁ(n)

n+1
R+

= /Rn+1 (qu) (7]) [ei<m"’7'>J5($n+177n+1)a(96, 7))} duﬁ(n)

From above the pseudo-differential operator A(x, D) admits the integral represen-

tation. Then we have

(A(z, D)u)(z) = /R L T ( / (&) (Fur) () dpg(n)) dps(€).

n+1
R+

Definition 5.3.5. For s € R, and u € S(Nk,Mk;RCLfl), then norm of u is defined
by .
lolif = ([ e OFE0©Pdn©) . 1< 539
R™ 1

+

Theorem 5.3.6. Let a(z,§) € S(T]’\Z/I) and let A(x, D) be the associated pseudo-

differential operator. Then for all u € S(Ng, My; RTT) we have

1A(z, D)ullyy < Bppsllullii (5.3.9)

Proof: From (5.3.6), we have

(A(z, D)u)(z) = /]R " ei<x“5>Jﬁ(:cn+1§n+1)( /R o (O (Fuu)(n) duﬁ(n))duﬁ(é)

b= (L @Ot st ) ),
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Taking the inverse Weinstein transform we get

F(A@ D)) = [ (@O Fun) o) dus(n)

Then,

F (A D) O] = [ (@l Fan) dusto)

+

< [ Ml | Fan) ] dusto)

From (5.3.4), we have

(A DI)(E)] < [ By InlPrer 0+ [€12)7IFu) o) dslo)

+

=Ef,(1+ ||£||2)_”/ (1 + [Inl*)e™ | (Fuu) ()] dps ()

n+1
]R+

B+ [ 1 et

n+1
R+

x eMD|(Fuu)(n)] dugs(n).

Using (5.2.3), we get

|7 (A, D)) (€)] <Eg,(1+1I€1%)™ / (14 [[y]2)reO-34nM D)

n+1
R+

x MG (Fyu)(n)| dugs(n).
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102

Therefore,

MO F (A(z, D)u) (€|
_ (1—3 ArM(2
< Eg,e™ (14 l€)) p/ LA+ In[|?)Pe= (=2 ADMED)
Rn 1

x M (Fyu)(n)] dug(n)

1
sM 3 Ar 2
< B e ©1 + |1€>)~ </Rn+ |(1+ n]|2)Pe—(1-54rM(% ‘ dug)

+

(Lol Xwaﬂwwmﬁé

s — —(1-3 Ar n
< B,e™O(1 + )7 (1 + 2o 03D L

x [| M0 (Fopu) ()

HLQ(RT'I)'

For r < we get

SA’

|€3M(5)]:(A($,D)u)( )| < E/// D,e (5)(1 + ||§H2)p||eM(%)(]:wu)(T])

Now, from (5.3.8), we obtain

|G, D

ull37

2

I
VN \_/

|ﬂmeme@WWMQ

R+
<m0 [ 100+ ey e )HH

For s < 0, we have
| Az, Dyul|3? < EY, x D, x Ed[ul),?.

Which shows that

1Az, DYu[3? < g2
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Next, we discuss symbol and properties with growth governed by the indicatrix w.

Definition 5.3.7. The symbol a(z, £) belongs to the class S(To’f) if and only if a(z, &) €
C(RT xR and for 7 € R, [ > 0 and Vo, B € N"*1, there are positive constants

L and C,,, such that

0

[EANE

D). €)1 < o LV (811 P00, (5:3.10)

Lemma 5.3.8. Let the symbol a(x,&) € SEZ}Z). Then for o € N"* and w € M we

nd the following estimate
fi 9

(A0 )3 e Ts(@nimas)ale, ]| < Bf o (1 + [Inl*)%em™|z][ %), (5.3.11)
where Ej , is a positive constant.

Proof: From (1.4.15), we find that

(Anﬁ)?[em ) Js(Tni1ny1)alz, )]

& a\ (m oa—7 1,
B Z 22 (j)(q)(él,az,....ﬁ)EEﬂ’m

J=0 m=1 ¢=0 |p'|<2(a—j) 01,02,...,0n>

« quJr_la <D£l+q€i<x/’n/>Jﬂ(xn—i-lnn—i-l)) (D;"*%/*m_qa(x, 77)) ’

for E/gm is a constant for m € {0,1,. ... .. ,a} which depends on f.

Therefore,

'(An,ﬁ)g[eml’ ) Jﬁ(xn+177n+1)a<x7 n)] ‘

(528 2 2 D065 )

j=0 m=1 ¢=0 |p/|<2(a—j) 61,02,...,6,>0

x (Df’ gl Jg<xn+mnﬂ>) (Dz’+%’+mqa<x,n>) \
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Using (1.3.30) and (5.3.10), above yeilds

|(An,p)5 e T (s 1mns)alz, )]

a 2 m a)(m)( a—7 )iE/
Zlgpqza ])5152; (j q 617527""75n p/' B,m

|an+1} |77||‘P/+Q|}C’Ol L|P+25'+m q|<|p —I—25/+m—q| ‘erw(n —lw(z)

< Z Z Z Z <a> (Zl) i,!Elg7m|Co,l,mL|pl+m‘I|(‘p’ - q’)!|

7=0 m=1 ¢q= 0‘p‘<2a] '] IO

|$n+1} “UInl| P +4l preo(n) —lw(z)

= Z Z Z ( ) ( )ﬁE/ﬂ,m‘CO,l,mLp(aj)erﬂ

7j=0 m=1 ¢=0

x (|2( —J)+m—q| 2| || 2O bl greotm—teo@)

<> Z ( ) st =1 Fonl Coum L2220 = D! e[

7=0 m=1

> ||T]|||2 a=j)+m| rw(n)—lw(z)

<3 (5 ) gl om0 Rt~

||,)7|||20c| rw(n)—lw(z)

< Ej o|Copal’| |20 |a||77|||2al€m(n)_lw(x)

< B o[l (1 + [[nlf?)ertn =t

where Eg,a = E’B,Q|C’07Z7TL0’, which is a positive constant.

Hence, above expression shows that

(A )3 [T Jg(@nsatinr)a(z, n)]| < Bf o (L4 nlf?) e |||~ ).
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Let a(z,€) € S(U’Jl). Then we define the function a,(§) associated with the symbol

a(x,§) is
0, (€) = / ¢ Ty (@& Ta(@ i ale, )ldpa(z).  (5.3.12)
+

Theorem 5.3.9. Let the symbol a(z,§) € S(U’Jl). Then for a positive constant C’
and multi-indezx o, the function a,(§) is defined by (5.3.12), satisfies the following

estimate

|a, (&) < EF,(1+ ||In||>)Pe™ ™ (1 + ||€]]*) . (5.3.13)

Proof: For, the proof of above theorem, we can refer the theorem 5.3.3.

Theorem 5.3.10. Let a(x,§) € S(TL;I), then the pseudo-differential operator A(x, D)
satisfies

|A(z, D)ulli* < Egpsllull®, ¥V ue Su(RET. (5.3.14)
Proof: Using Theorem 5.3.6, we can proof the Theorem 5.3.10.

*kok
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