
Chapter 5

A Note on Stability and Fractal

Dimension of Bivariate α-Fractal

Functions

The aim of this chapter is to investigate the stability of bivariate α-fractal function

with respect to the parameters, which is inspired by the results available in the thesis

[90]. Furthermore, we also try to estimate the bounds for the dimension of its graph

under certain conditions on the parameters.

This chapter is organized as follows. In the next section, we recall the framework of

α-fractal functions given in [43]. Section 5.1 is devoted to present the continuous

dependence of α-fractal function fα on the parameters α, s and △. In Section 5.2,

we estimate the dimension of α-fractal function. In the last part, we focus on some

properties of the associated fractal operator.
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5.1 Continuous Dependence of IFS Parameters

Theorem 5.1.1. For fixed f ∈ C(⊏⊐), net △ and s ∈ C(⊏⊐) satisfying s(x) =

f(x), ∀ x ∈ ∂∆, the map W : S → C(⊏⊐) defined by

W(α) = fα
△,s,

is continuous, where S = {α ∈ C(⊏⊐) : ∥α∥∞ ≤ q < 1 and q is a fixed number}.

Proof. For a fixed net △, scale function α, and base function s, the map fα
△,s is

unique, and being the fixed point of the Read-Bajraktarević operator (see Equation

(1.11.1)) the α-fractal function fα
△,s satisfies the functional equation: for all x ∈ ⊏⊐ij,

where (i, j) ∈ Σ, we have

fα
∆,s(x) = f(x) + α(x)fα

∆,s(Qij(x)) − α(x)s(Qij(x)). (5.1.1)

It is obvious that S is well defined. Let α, β ∈ S then from the above functional

equation, we have

W(α)(x) = f(x) + α(x)fα
∆,s(Qij(x)) − α(x)s(Qij(x)),

and

W(β)(x) = f(x) + β(x)fβ
∆,s(Qij(x)) − β(x)s(Qij(x)).

We shall show that W is continuous at α. For this, subtract one from other of the

above two equations, for x ∈ ⊏⊐ij, where (i, j) ∈ Σ, we have
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W(α)(x) −W(β)(x)

=
(
α(x)fα

∆,s(Qij(x)) − α(x)s(Qij(x))
)

−
(
β(x)fβ

∆,s(Qij(x)) − β(x)s(Qij(x))
)

= α(x)fα
△,s(Qij(x)) − β(x)fβ

△,s(Qij(x))

+ (β − α)(x)s(Qij(x))

= α(x)fα
△,s(Qij(x)) − β(x)fα

△,s(Qij(x))

+ β(x)fα
△,s(Qij(x)) − β(x)fβ

△,s(Qij(x))

+ (β − α)(x)s(Qij(x)).

Now using triangle inequality and definition of uniform norm, we have

∣∣∣W(α)(x) −W(β)(x)
∣∣∣ ≤ ∣∣∣(α− β)(x)fα

△,s(Qij(x))

+ β(x)(fα
△,s − fβ

△,s)(Qij(x))
∣∣∣

+
∣∣∣(β − α)(x)s(Qij(x))

∣∣∣
≤ ∥α− β∥∞∥fα

△,s∥∞ + ∥β∥∞∥fα
△,s − fβ

△,s∥∞

+ ∥β − α∥∞∥s∥∞

= ∥α− β∥∞
(
∥fα

△,s∥∞ + ∥s∥∞
)

+ ∥β∥∞∥fα
△,s − fβ

△,s∥∞.

It follows that for all x ∈ ⊏⊐, we get

|W(α)(x) −W(β)(x)| ≤∥α− β∥∞
(
∥fα

△,s∥∞ + ∥s∥∞
)

+ ∥β∥∞∥fα
△,s − fβ

△,s∥∞.

The above implies that

∥W(α) −W(β)∥∞ ≤∥α− β∥∞
(
∥fα

△,s∥∞ + ∥s∥∞
)

+ ∥β∥∞∥W(α) −W(β)∥∞.

Using 1 − ∥β∥∞ ≥ 1 − q, we have
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∥W(α) −W(β)∥∞ ≤∥α− β∥∞
1 − q

(
∥fα

△,s∥∞ + ∥s∥∞
)
.

Since α is fixed and ∥fα
△,s∥∞ is bounded, we have W is continuous at α. Since α was

taken arbitrarily, W is continuous on S.

Theorem 5.1.2. Let f ∈ C(⊏⊐), a partition △, a scale function α ∈ C(⊏⊐) with

∥α∥∞ < 1 and X = {s ∈ C(⊏⊐) : s(x) = f(x), ∀ x ∈ ∂∆}. Then the map

V : X → C(⊏⊐) defined by V(s) = fα
△,s is Lipschitz continuous.

Proof. We know that for a fixed partition △, a scale function α, and a suitable

function s ∈ C(⊏⊐), the map fα
△,s is unique. Further, being fixed point of Read-

Bajraktarević operator, fα
△,s satisfies the functional equation: for all x ∈ ⊏⊐ij, where

(i, j) ∈ Σ, we have

fα
∆,s(x) = f(x) + α(x)fα

∆,s(Qij(x)) − α(x)s(Qij(x)). (5.1.2)

It is obvious that V is well defined. Let s, r ∈ X. For reader’s convenience, we write

V(s)(x) = f(x) + α(x)fα
∆,s(Qij(x)) − α(x)s(Qij(x))

and

V(r)(x) = f(x) + α(x)fα
∆,r(Qij(x)) − α(x)r(Qij(x)).

On subtracting one from other of the above two equations, we get for x ∈ ⊏⊐ij,

V(s)(x) − V(r)(x) = α(x)fα
∆,s(Qij(x)) − α(x)s(Qij(x))

− α(x)fα
∆,r(Qij(x)) + α(x)r(Qij(x))

= α(x) (fα
△,s − fα

△,r) ◦ (Qij(x))

+ α(x)(r − s) ◦ (Qij(x)).
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Now using triangle inequality and definition of uniform norm, we have

∣∣V(s)(x) − V(r)(x)
∣∣ ≤ ∥α∥∞∥fα

△,s − fα
△,r∥∞ + ∥α∥∞∥q − s∥∞.

The above inequality holds for all x ∈ ⊏⊐. Therefore,

∥V(s) − V(r)∥∞ ≤ ∥α∥∞∥fα
△,s − fα

△,r∥∞ + ∥α∥∞∥s− r∥∞.

This can be recasted as ∥V(s) − V(r)∥∞ ≤ ∥α∥∞
1−∥α∥∞∥s− r∥∞. It follows that

∥V(s) − V(r)∥∞ ≤ ∥α∥∞
1 − ∥α∥∞

∥s− r∥∞.

This shows that V is a Lipschitz continuous map with Lipschitz constant ∥α∥∞
1−∥α∥∞ .

Our next target is to show that fα
∆,s continuously depends on the partition ∆. We

shall show this with an additional assumption that the germ function f and function

s are Lipschitz functions. First let us remind the following well-known theorem by

Barnsley [8].

Theorem 5.1.3. Let (X, d) be a complete metric space. Let {X;w1, w2, . . . wN} be a

hyperbolic IFS. For n = 1, 2, . . . N, let wn depend on the parameter p ∈ (P, dp) subject

to the condition d
(
wnp(x), wnq(x)

)
≤ K d(p, q) for all x ∈ X with K independent of

n, p, or x, where (P, dp) is a metric space. Then the attractor A(p) ∈ H(X) depends

continuously on the parameter p ∈ P, with respect to the Hausdorff metric h induced

by d.

As a prelude, we write the following.
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Note 5.1.1. Let us endow C(⊏⊐) with the following metrics:

d1(f, g) := sup
{
|f(x) − g(x)| : x ∈ ⊏⊐

}
and d2(f, g) = hρ

(
Gr(f), Gr(g)

)
,

where hρ is the Hausdorff metric induced by the box metric ρ (or any equivalent

metric):

ρ
(

(x, y, z), (x̄, ȳ, z̄)
)

= max
{
|x− x̄|, |y − ȳ|, |z − z̄|

}
.

It is known [91] that d1 and d2 are equivalent metrics on C(⊏⊐).

Theorem 5.1.4. Let f, s ∈ C(⊏⊐) be Lipschitz continuous with Lipschitz constant

kf , ks respectively, satisfying s(x) = f(x), ∀ x ∈ ∂∆. Assume that scale function

α ∈ C(⊏⊐) is Lipschitz function with Lipschitz constant kα such that ∥α∥∞ < 1.

Then a mapping T : Y → C(⊏⊐) defined by T (△) = fα
△,s is continuous, where

Y = {△ ∈ RN+M+2 : △ is a partition of ⊏⊐}.

Proof. In view of Remark 1.11.2, let X = ⊏⊐× [−M,M ] and Wij(x, y, z) =
(
Pij(x),

Fij(x, y, z)
)
, where ui(x) = aix + bi, vj(y) = cjy + dj and Fij(x, y, z) = α

(
Pij(x)

)
z +

f
(
Pij(x)

)
− α

(
Pij(x)

)
s(x). Let us work with the following metric on R3 (denoted

by ρ again), which is equivalent to ρ given before,

ρ
(
(x, z), (y, z′)

)
= ∥x− y∥2 + θ|z − z′|,

where θ is a suitable constant to be determined later. Further, with A := max{|ai|, |cj| :

(i, j) ∈ ΣN × ΣM}, we get

|ui(x) − ui(x
′)| = |ai| |x− x′| ≤ A|x− x′|
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and

|vj(y) − vj(y
′)| = |cj| |y − y′| ≤ A|y − y′|.

Similarly,

|Fij(x, z) − Fij(y, z
′)| =

∣∣∣α(Pij(x)
)
z + f

(
Pij(x)

)
− α

(
Pij(x)

)
s(x) − [α

(
Pij(y)

)
z′

+ f
(
Pij(y)

)
− α

(
Pij(y)

)
s(x′, y′)]

∣∣∣
≤ |α(Pij(x))z − α(Pij(x))z′|

+ |α(Pij(x))z′ − α(Pij(y))z′|

+
∣∣f(Pij(x)

)
− f

(
Pij(y)

)∣∣
+ |α

(
Pij(x)

)
s(x) − α

(
Pij(x)

)
s(y)|

+ |α
(
Pij(x)

)
s(y) − α

(
Pij(y)

)
s(y)|

≤ ∥α∥∞|z − z′| + Akα∥x− y∥2|z′|

+ Akf∥x− y∥2 + ∥α∥∞ks∥x− y∥2

+ ∥s∥∞kα∥x− y∥2

≤ ∥α∥∞|z − z′| + AMkα∥x− y∥2

+ Akf∥x− y∥2 + ∥α∥∞ks∥x− y∥2

+ A∥s∥∞kα∥x− y∥2

≤ ∥α∥∞|z − z′| +
(
AMkα + Akf + ∥α∥∞ks

+ A∥s∥∞kα

)
∥x− y∥2.

Taking K = max
{
∥α∥∞, A + θ[AMkα + Akf + ∥α∥∞ks + A∥s∥∞kα]

}
, we infer that

ρ
(
Wij(x, z),Wij(y, z

′)
)
≤ Kρ

(
(x, z), (y, z′)

)
.
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Note that with θ <
1 − A

AMkα + Akf + ∥α∥∞ks + A∥s∥∞kα
, the mapping Wij is a

contraction and {X;Wij} is a hyperbolic IFS. Let ∆ := {xi : i = 0, 1, 2, . . . , N ; j =

0, 1, . . . ,M, x0 < x2 < · · · < xN : y0 < y2 < · · · < yM} and ∆̃ := {x̃i : i =

0, 1, 2, . . . , N ; j = 0, 1, . . . ,M, x0 = x̃0 < x̃1 < · · · < x̃N = xN ;x0 = ỹ0 < ỹ1 < · · · <

ỹM = yM} be two nets of ⊏⊐. Note that the maps ui, vj, Fij and Wij depend on

the net chosen, hence we denote ui, vj, Fij and Wij corresponding to the net ∆ by

ui,∆, vj,∆, Fij,∆ and Wij,∆ respectively. Further

ρ
(
Wij,∆(x, z),Wij,∆̃(x, z)

)
= ρ
((

ui,∆(x), vj,∆(y), Fij,∆(x, z)
)
,
(
ui,∆̃(x), vj,∆̃(y), Fij,∆̃(x, z)

))
.

If i ∈ ΣN is an odd number then we have

ui,∆(x) =
xi − xi−1

xN − x0

x +
xNxi−1 − x0xi

xN − x0

, ui,∆̃(x) =
x̃i − x̃i−1

xN − x0

x +
xN x̃i−1 − x0x̃i

xN − x0

.

Therefore,

∣∣ui,∆(x) − ui,∆̃(x)
∣∣ =

1

xN − x0

∣∣(xi − x̃i)(x− x0) + (x̃i−1 − xi−1)(x− xN)
∣∣

≤ 1

xN − x0

(
|xi − x̃i||x− x0| + |x̃i−1 − xi−1||x− xN |

)
≤ |xi − x̃i| + |x̃i−1 − xi−1|

≤ 2∥∆ − ∆̃∥2.

We can deduce the similar expression when i is an even number. Furthermore, one

gets similar expression for
∣∣vj,∆(y) − vj,∆̃(y)

∣∣. Now
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∣∣Fij,∆(x, z) − Fij,∆̃(x, z)
∣∣ =

∣∣∣α(Pij,∆(x)
)
z + f

(
Pij,∆(x)

)
− α

(
Pij,∆(x))

)
s(x)

−
(
α
(
Pij,∆̃(x)

)
z + f

(
Pij,∆̃(x)

)
− α

(
Pij,∆̃(x)

)
s(x)

)∣∣∣
≤ kα(M + ∥s∥∞)

∥∥∥Pij,∆(x) − Pij,∆̃(x)
∥∥∥
2

+ kf

∥∥∥Pij,∆(x) − Pij,∆̃(x)
∥∥∥
2

≤ 2
√

2
(
kf + kα(M + ∥s∥∞)

)
∥∆ − ∆̃∥2,

where Pij,∆(x) =
(
ui,∆̃(x), vj,∆(y)

)
and Pij,∆̃(x) =

(
ui,∆̃(x), vj,∆̃(y)

)
. Consequently,

ρ
(
Wij,∆(x, z),Wij,∆̃(x, z)

)
≤ 2

√
2(1 + θkf )∥∆ − ∆̃∥2.

The previous inequality reveals that the IFS maps Wij depend continuously on the net

∆ ∈ Y. Consequently, Theorem 5.1.3 yields that the attractor G(△) ∈ H(X) depends

continuously on ∆ ∈ P, with respect to the Hausdorff metric hρ. Let g, h ∈ C(⊏⊐) and

Gr(g), Gr(h) be the graphs of g and h respectively. By Note 5.1.1, it follows that

∥gn − g∥∞ → 0 if and only if hρ

(
Gr(gn), Gr(g)

)
→ 0.

Therefore, for a given ϵ > 0 and ∆ ∈ Y, we have

∥T (∆̃) − T (∆)∥∞ = ∥fα
∆̃,s

− fα
∆,s∥∞ < ϵ whenever ∥∆̃ − ∆∥2 < δ.

That is, T is continuous at ∆. Since ∆ ∈ Y is arbitrary, T is continuous on Y .

We plot the α- fractal function of the original function on the domain [−1, 1]× [−1, 1].
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The ∆ is taken by the partition {−1,−0.5, 0, 0.5, 1} of [−1, 1]. We choose the

different scaling function α(x, y) corresponding to the original bivariate function

f(x, y) = 100(y − x2)2 + (1 − x)2 and base function s(x, y) = x2y2f(x, y). The

following graphs depict that α-fractal function fα has continuous dependence on the

scaling function α(x, y), net ∆ of rectangular grid, and the base function s(x, y).

Original function f(x,y) fα at α = 0.1

fα at α = 0.5 fα at α = 0.9

Figure 5.1.1: f(x, y) = 100(y − x2)2 + (1− x)2, s(x, y) = x2y2f(x, y).

5.2 Fractal Dimension of α-Fractal Function

We write the following note which is a modification of [92, Proposition 1].
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Remark 5.2.1. We equip the set ⊏⊐× R with a metric d defined as follows:

d((x, t), (y, u)) = r1∥x− y∥2 + r2|(t− fα(x)) − (u− fα(y))|,

for every (x, t), (y, u) ∈ ⊏⊐ × R, and for fixed but arbitrary r1, r2 > 0. Then the

metric d makes the space ⊏⊐× R complete.

We should mention that the techniques involved in the proof of the next theorem is

same as in that of [92, Theorem 4].

Theorem 5.2.1. The map Wij : ⊏⊐ × [−M,M ] → ⊏⊐ × [−M,M ] is a contraction

map with respect to the above metric provided the scale function α : ⊏⊐ → R satisfies

|α(x) − α(y)| ≤ kα∥x− y∥2, and

max

{
max{|ai|, |cj|} +

2r2Mkα max{|ai|, |cj|}
r1

, ∥α∥∞

}
< 1.

Proof. Let (x, t), (y, u) ∈ ⊏⊐× [−M,M ]. Then we have

d
(
Wij(x, t),Wij(y, u)

)
− r1∥

(
Pij(x)

)
−
(
Pij(y)

)
∥2

= r2

∣∣∣(α(Pij(x)
)
t + f

(
Pij(x)

)
− α

(
Pij(x)

)
s(x)

− fα
(
Pij(x)

))
−
(
α
(
Pij(y)

)
u + f

(
Pij(y)

)
− α

(
Pij(y)

)
s(y) − fα

(
Pij(y)

))∣∣∣
= r2

∣∣∣α(Pij(x)
)(
t− fα(x)

)
− α

(
Pij(y)

)(
u− fα(y)

)∣∣∣
= r2

∣∣∣α(Pij(x)
)(
t− fα(x)

)
− α

(
Pij(x)

)(
u− fα(y)

)
+ α

(
Pij(x)

)(
u− fα(y)

)
− α

(
Pij(y)

)(
u− fα(y)

)∣∣∣
≤ r2|α

(
Pij(x)

)
|
∣∣(t− fα(x)

)
−
(
u− fα(y)

)∣∣
+ r2|α

(
Pij(x)

)
− α

(
Pij(y)

)
| |u− fα(y)|.
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Hence,

d
(
Wij(x, t),Wij(y, u)

)
− r1∥

(
Pij(x)

)
−
(
Pij(y)

)
∥2

≤ r2∥α∥∞|
(
t− fα(x)

)
−
(
u− fα(y)

)
|

+ 2r2Mkα max{|ai|, |cj|}∥x− y∥2.

Further, we get

d
(
Wij(x, t),Wij(y, u)

)
≤ r1∥

(
Pij(x)

)
−
(
Pij(y)

)
∥2 + r2∥α∥∞|

(
t− fα(x)

)
−
(
u− fα(y)

)
|

+ 2r2Mkα max{|ai|, |cj|}∥x− y∥2

= r1 max{|ai|, |cj|}∥x− y∥2 + r2∥α∥∞|
(
t− fα(x)

)
−
(
u− fα(y)

)
|

+ 2r2Mkα max{|ai|, |cj|}∥x− y∥2

≤

(
max{|ai|, |cj|} +

2r2Mkα max{|ai|, |cj|}
r1

)
r1∥x− y∥2

+ r2∥α∥∞|
(
t− fα(x)

)
−
(
u− fα(y)

)
|.

Therefore, we have

d
(
Wij(x, t),Wij(y, u)

)
≤ max

{
max{|ai|, |cj|} +

2r2Mkα max{|ai|, |cj|}
r1

, ∥α∥∞

}(
r1∥x− y∥2

+ r2
(
t− fα(x)

)
−
(
u− fα(y)

)
|
)

= max

{
max{|ai|, |cj|} +

2r2Mkα max{|ai|, |cj|}
r1

, ∥α∥∞

}
d
(
(x, t), (y, u)

)
.

This completes the proof.

Remark 5.2.1. The above theorem conveys us that when the scale function α

satisfies the Lipschitz condition, we can define a metric d with respect to all maps

Wij : ⊏⊐× R → ⊏⊐× R are contraction map. By the definition of d, we could easily
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say that metric d and Euclidean metric are equivalent. If one would like to show the

stability of fractal perturbation with respect to parameters α and s, then one will not

be able to describe the stability by above theorem because here metric also depends on

parameters.

Now let us introduce the notion of separation properties for an IFS in terms of

Wij. We say that the Wij satisfy the Open Set Condition (OSC) if there exists a

non-empty bounded open set U with

∪(i,j)∈ΣWij(U) ⊂ U,

and terms present in the above union are disjoint. Further, if the above U satisfies

U∩Gr(fα) ̸= ∅, then we call that Wij satisfy the Strong Open Set Condition (SOSC).

Theorem 5.2.2. If the IFS {⊏⊐× R : Wij, (i, j) ∈ Σ} as defined earlier satisfies the

following condition:

cij∥(x, t) − (y, u)∥2 ≤ ∥Wij(x, t) −Wij(y, u)∥2 ≤ Cij∥(x, t) − (y, u)∥2,

for every (x, t), (y, u) ∈ ⊏⊐ × R, where 0 < cij ≤ Cij < 1 ∀ (i, j) ∈ Σ. Then s∗ ≤

dimH(Gr(fα)) ≤ dimB(Gr(fα)) ≤ s∗, where s∗ and s∗ are such that
∑

(i,j)∈Σ cs∗ij = 1

and
∑

(i,j)∈Σ Cs∗
ij = 1, and fα is the FIF corresponding to the IFS {⊏⊐×R : Wij, (i, j) ∈

Σ}.

Proof. From [5, Proposition 9.6], we deduce that dimB(Gr(fα)) ≤ s∗. To get the

required lower bound for dimH(Gr(fα)), one may begin as follows.

We choose an open set U = int
(
⊏⊐
)
× R, where int(⊏⊐) denotes interior of the
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rectangular domain ⊏⊐. It is obvious to see that

ui(int(I)) ∩ uk(int(I)) = ∅, i ̸= k

and

vj(int(J)) ∩ vl(int(J)) = ∅, j ̸= l.

This in turn yields that Wij(U) ∩ Wkl(U) = ∅, for each (i, j) ̸= (k, l). Note also

that U ∩ Gr(fα) ̸= ∅, that is, the IFS satisfies the SOSC. Let us use Σ = Σ and

for ξ = (i, j) ∈ Σ, Wξ = Wij, cξ = cij. Since U ∩ Gr(fα) ̸= ∅, we can choose

a word w ∈ Σ∗ such that Gr(fα)w ⊂ U , where Σ∗ := ∪m∈NΣm and Gr(fα)w :=

Ww(Gr(fα)) := Ww1 ◦Ww2 ◦ · · · ◦Wwm(Gr(fα)) for w ∈ Σm and m ∈ N. Further,

for n and ξ ∈ Σn, the sets Gr(fα)ξw are disjoint. Therefore, the IFS {Wξw : ξ ∈ Σn}

satisfies the hypotheses of [5, Proposition 9.7]. Hence, by defining cξ := cξ1cξ2 . . . cξn ,

one has sn ≤ dimH(Bn), where Bn = ∪ξ∈ΣnWξw(Bn) and
∑

ξ∈Σn c
sn
ξw = 1. Since

Bn ⊂ Gr(fα), we have sn ≤ dimH(Bn) ≤ dimH(Gr(fα)). If possible assume that

dimH(Gr(fα)) < s∗, where
∑

ξ∈Σ cs∗ξ = 1. This provides sn < s∗. Consequently, one

gets

c−sn
w =

∑
ξ∈Σn

csnξ ≥
∑
ξ∈Σn

c
dimH(Gr(fα))
ξ ≥

∑
j∈Σn

cs∗ξ cn(dimH(Gr(fα))−s∗)
max = cn(dimH(Gr(fα))−s∗)

max ,

where cmax = maxξ∈Σ{cξ}. Since cmax < 1, we arrive at a contradiction as n tends to

infinity. This further produces dimH(Gr(fα)) ≥ s∗, completing the proof.

Remark 5.2.2. Under the assumptions of Theorem 5.2.1, we may find a upper

bound for the Hausdorff dimension of graph of α-fractal function fα using the above

theorem. For example, if the scaling function α is a constant function then kα = 0.
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Define

Cij = max

{
max{|ai|, |cj|} +

2r2Mkα max{|ai|, |cj|}
r1

, ∥α∥∞

}

= max
{

max{|ai|, |cj|}, ∥α∥∞
}
.

Now from the above theorem, we have dimH(Gr(fα)) ≤ dimB(Gr(fα)) ≤ s∗, where

s∗ is satisfying
∑

(i,j)∈ΣCs∗
ij = 1.

Remark 5.2.3. If cij = Cij for all (i, j), that is, all maps Wij are similarity transfor-

mations, then by a result of Hutchinson [2], we get dimH(Gr(fα)) = dimB(Gr(fα)) =

s, where s is a unique solution of
∑

(i,j)∈Σ csij = 1. In addition to that we have

0 < Hs(Gr(fα)) < ∞.

Remark 5.2.4. As is well-known [5] that the OSC and SOSC are equivalent for

similitudes and self-conformal maps. One may ask that whether or not the OSC and

SOSC are equivalent for the IFSs generating α-fractal functions.

Remark 5.2.5. It is known that for a pure self-similar set or self-conformal set

A, dimH(A) = dimB(A) = dimB(A), for more details see [5]. Note that the nature

of α-fractal functions depend on the IFS parameter. In particular, one can obtain

pure self-similar or partial self similar α-fractal functions by choosing suitable scaling

functions and thus for α-fractal functions we may or may not get the equal dimensions.

Remark 5.2.6. Here we talk about continuity of the Hausdorff dimension. Note

that the Hausdorff dimension is not a continuous function. For example, An :=

[0, 1
n
] → A := {0} in Hausdorff metric but dimH(An) = 1 does not converge to

dimH(A) = 0. In the previous section, we have shown the continuous dependence of

α-fractal function on the parameters. A natural question on the continuity of the

Hausdorff dimension of α-fractal function with respect to the parameters involved

may arise. However, we feel that the result may not be true in general.
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Next we aim to compute fractal dimension of Gr(fα) using the concept of oscillation

spaces. We refer the reader to [38, 93, 94] for oscillation spaces. It is worth

to emphasize that some proofs regarding oscillation spaces are motivated by a

research work [25, 38]. However, we include an expanded version of arguments

for completeness and record. Let Q ⊂ [0, 1] × [0, 1] =: I2 dyadic square so that

Q =
[

i
2m

, i+1
2m

]
×
[

j
2m

, j+1
2m

]
for some integers m ≥ 0 and 0 ≤ i, j < 1

2m
. For a

continuous function f : I2 → R,

we define oscillation of f over Q as follows:

Rf (Q) = sup
x,y∈Q

|f(x) − f(y)|

= sup
x∈Q

f(x) − inf
x∈Q

f(x),

and total oscillation of order m,

Osc(m, f) =
∑

|Q|=2−m

Rf (Q),

where the sum ranges over all dyadic squares Q ⊂ I2 of side-length |Q| = 1
2m

.

We define oscillation space Vβ(I2) by

Vβ(I2) =
{
f ∈ C(I2) : sup

m∈N

Osc(m, f)

2m(2−β)
< ∞

}
.

One can define

Vβ−(I2) = {f ∈ C(I2) : f ∈ Vβ−ϵ(I2) ∀ ϵ > 0}

and

Vβ+(I2) = {f ∈ C(I2) : f /∈ Vβ+ϵ(I2) ∀ ϵ > 0}.
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Theorem 5.2.3 ([93], Theorem 4.1). Let f be a real-valued continuous function

defined on I2, we have

dimB(Gr(f)) ≤ 3 − γ ⇐⇒ f ∈ Vγ−(I2) if 0 < γ ≤ 1

and

dimB(Gr(f)) ≥ 3 − γ ⇐⇒ f ∈ Vγ+(I2) if 0 ≤ γ < 1.

Lemma 5.2.4. Let f, g ∈ C(I2) and λ ∈ R. Then for m ∈ N, we have the following

1. Osc(m,λf) = |λ|Osc(m, f).

2. Osc(m, f + g) ≤ Osc(m, f) + Osc(m, g).

3. Osc(m, fg) ≤ ∥g∥∞Osc(m, f) + ∥f∥∞Osc(m, g).

Proof. 1. For m ∈ N and f, g ∈ C(I2), one proceeds as follows

Osc(m,λf) =
∑

|Q|=2−m

Rλf (Q)

=
∑

|Q|=2−m

sup
x,y∈Q

|(λf)(x) − (λf)(y)|

=
∑

|Q|=2−m

|λ| sup
x,y∈Q

|f(x) − f(y)|

=|λ|
∑

|Q|=2−m

sup
x,y∈Q

|f(x) − f(y)|.

Finally, we get

Osc(m,λf) =|λ| Osc(m, f).

2. Turning to second item, we have
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Osc(m, f + g) =
∑

|Q|=2−m

Rf+g(Q)

=
∑

|Q|=2−m

sup
x,y∈Q

|(f + g)(x) − (f + g)(y)|

≤
∑

|Q|=2−m

(
sup
x,y∈Q

|f(x) − f(y)|

+ sup
x,y∈Q

|g(x) − g(y)|
)

=
∑

|Q|=2−m

Rf (Q) +
∑

|Q|=2−m

Rg(Q)

= Osc(m, f) + Osc(m, g).

3. The third item follows through the following lines.

Osc(m, fg) =
∑

|Q|=2−m

Rfg(Q)

=
∑

|Q|=2−m

sup
x,y∈Q

|(fg)(x) − (fg)(y)|

=
∑

|Q|=2−m

sup
x,y∈Q

|f(x)g(x) − f(y)g(x)

+ f(y)g(x) − f(y)g(y)|

≤
∑

|Q|=2−m

(
sup
x,y∈Q

|g(x)||f(x) − f(y)|

+ sup
x,y∈Q

|f(y)||g(x) − g(y)|
)

≤
∑

|Q|=2−m

(
∥g∥∞ sup

x,y∈Q
|f(x) − f(y)|

+ ∥f∥∞ sup
x,y∈Q

|g(x) − g(y)|
)

=∥g∥∞
∑

|Q|=2−m

Rf (Q) + ∥f∥∞
∑

|Q|=2−m

Rg(Q)

=∥g∥∞Osc(m, f) + ∥f∥∞Osc(m, g).
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Thus we have established the result.

Proposition 5.2.5. Let f ∈ Vβ(I2), we define ∥f∥Vβ := ∥f∥∞ + supm∈N
Osc(m,f)

2m(2−β) .

Then ∥.∥Vβ forms a norm on Vβ(I2).

Proof. Through simple and straightforward calculations, we have

1.

∥f∥Vβ = 0

⇐⇒ ∥f∥∞ = 0 and sup
m∈N

Osc(m, f)

2m(2−β)
= 0

⇐⇒ f = 0,

2.

∥λf∥Vβ =∥λf∥∞ + sup
m∈N

Osc(m,λf)

2m(2−β)

=|λ| ∥f∥∞ + |λ| sup
m∈N

Osc(m, f)

2m(2−β)

=|λ| ∥f∥Vβ ,

and

3.

∥f + g∥Vβ =∥f + g∥∞ + sup
m∈N

Osc(m, f + g)

2m(2−β)

≤∥f∥∞ + ∥g∥∞ + sup
m∈N

Osc(m, f + g)

2m(2−β)

≤∥f∥∞ + ∥g∥∞ + sup
m∈N

Osc(m, f)

2m(2−β)
+ sup

m∈N

Osc(m, g)

2m(2−β)

=∥f∥Vβ + ∥g∥Vβ .

Thus the proof of proposition is complete.

Lemma 5.2.6. Let {fn} be a sequence of continuous functions that converges uni-

formly to some f : I2 → R and m ∈ N, then we have

Osc(m, fn) → Osc(m, f).



Chapter 5. A Note on Stability and Fractal Dimension ..... 120

Furthermore, let {fn} be a sequence in Vβ(I2) that converges uniformly to some

f : I2 → R, then we have

sup
m∈N

Osc(m, f)

2m(2−β)
≤ lim inf

n→∞
sup
m∈N

Osc(m, fn)
m(2−β)

.

Proof. Let m ∈ N, then we have

lim
n→∞

Osc(m, fn) = lim
n→∞

∑
|Q|=2−m

Rfn(Q)

= lim
n→∞

∑
|Q|=2−m

sup
x,y∈Q

|fn(x) − fn(y)|

=
∑

|Q|=2−m

lim
n→∞

sup
x,y∈Q

|fn(x) − fn(y)|

=
∑

|Q|=2−m

sup
x,y∈Q

|f(x) − f(y)|

= Osc(m, f).

Now for m ∈ N, we get

Osc(m, f)

2m(2−β)
=

∑
|Q|=2−m supx,y∈Q |f(x) − f(y)|

2m(2−β)

=

∑
|Q|=2−m supx,y∈Q | limn→∞ fn(x) − limn→∞ fn(y)|

2m(2−β)

= lim
n→∞

∑
|Q|=2−m supx,y∈Q |fn(x) − fn(y)|

2m(2−β)

= lim
n→∞

Osc(m, fn)

2m(2−β)

≤ lim inf
n→∞

(
sup
m∈N

Osc(m, fn)

2m(2−β)

)
.

This proves the assertion.

Theorem 5.2.7. The space (Vβ(I2), ∥.∥Vβ) is a Banach space.
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Proof. Let {fn} be a Cauchy sequence in Vβ(I2) with respect to ∥.∥Vβ . Equivalently,

for a given ϵ > 0 we have a natural number n0 such that

∥fn − fk∥Vβ < ϵ ∀ n, k ≥ n0.

By definition of ∥.∥Vβ , one gets ∥fn − fk∥∞ < ϵ ∀ n, k ≥ n0. Since (C(I2), ∥.∥∞) is a

Banach space, we have a continuous function f with ∥fn − f∥∞ → 0 as n → ∞. We

claim that f ∈ Vβ(I2) and ∥fn − f∥V β → 0 as n → ∞. Let m ∈ N and n ≥ n0. In

view of Lemma 5.2.6, we have

∥fn − f∥∞ +
Osc(m, fn − f)

2m(2−β)
= lim

k→∞

(
∥fn − fk∥∞ +

Osc(m, fn − fk)

2m(2−β)

)

≤ lim
k→∞

(
∥fn − fk∥∞ + sup

m′∈N

Osc(m′, fn − fk)

2m′(2−β)

)

≤ sup
k≥n0

(
∥fn − fk∥∞ + sup

m′∈N

Osc(m′, fn − fk)

2m′(2−β)

)

= sup
k≥n0

∥fn − fk∥Vβ

≤ ϵ.

The above is true for every m ∈ N. Therefore, we obtain f − fn0 ∈ Vβ(I2). Using

Lemma 5.2.4 we have f = f − fn0 + fn0 ∈ Vβ(I2) and ∥fn − f∥Vβ ≤ ϵ ∀ n ≥ n0,

hence the proof.

Remark 5.2.7. Let N = M = 2k for some k ∈ N and |uj(I)| = |vj(I)| = 1
2k

for all

j ∈ ΣN . Then for m > k, we have

Osc(m, g) = N2Osc(m− k, f),

where g(x) := f(Qij(x)) for x ∈ ⊏⊐ij.
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Proof. We have

Osc(m, g) =
∑

|Q|=2−m

sup
x,y∈Q

|g(x) − g(y)|

=
∑

|Q|=2−m

sup
x,y∈Q

|f(Qij(x)) − f(Qij(y))|

=
∑

i,j∈ΣN

∑
|Q|=2−(m−k)

sup
x,y∈Q

|f(x) − f(y)|

= N2Osc(m− k, f),

(5.2.1)

completing the proof.

Theorem 5.2.8. Let f, s, α ∈ Vβ(I2) be such that s(x) = f(x),∀ (i, j) ∈ ∂ΣN,0 ×

∂ΣN,0. Further, we assume that |uj(I)| = |vj(I)| = 1
2k
, ∀ j ∈ ΣN for some k ∈ N

and N = 2k. If max
{
∥α∥∞ + N2 supm∈N

Osc(m,α)

2m(2−β) ,
N2∥α∥∞
2k(2−β)

}
< 1, then fα ∈ Vβ(I2).

Furthermore, we have 2 ≤ dimH(Gr(fα)) ≤ dimB

(
Gr(fα)

)
≤ 3 − β.

Proof. Let Vβ
f (I2) = {g ∈ Vβ(I2) : g(x) = f(x), ∀ x ∈ ∂∆}. We observe that

the space Vβ
f (I2) is a closed subset of Vβ(I2). It follows that Vβ

f (I2) is a complete

metric space with respect to the metric induced by norm ∥.∥Vβ . We define a map

T : Vβ
f (I2) → Vβ

f (I2) by

(Tg)(x) = f(x) + α(x) (g − s)(Qij(x)),

for all x ∈ ⊏⊐ij, where (i, j) ∈ ΣN × ΣN . Lemma 5.2.4 produces the well-definedness

of T. Using Remark 5.2.7 for g, h ∈ Vβ
f (I2), we have
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∥Tg − Th∥Vβ =∥Tg − Th∥∞ + sup
m∈N

Osc(m,Tg − Th)

2m(2−β)

≤∥α∥∞∥g − h∥∞ +
∑

(i,j)∈ΣN×ΣN

∥α∥∞
2k(2−β)

sup
m∈N,m>k

Osc(m− k, g − h)

2(m−k)(2−β)

+
∑

(i,j)∈ΣN×ΣN

∥g − h∥∞ sup
m∈N

Osc(m,α)

2m(2−β)

≤

(
∥α∥∞ +

∑
(i,j)∈ΣN×ΣN

sup
m∈N

Osc(m,α)

2m(2−β)

)
∥g − h∥∞

+
( ∑

(i,j)∈ΣN×ΣN

∥α∥∞
2k(2−β)

)
sup
m∈N

Osc(m, g − h)

2m(2−β)

≤max

{
∥α∥∞ + N2 sup

m∈N

Osc(m,α)

2m(2−β)
,
N2∥α∥∞
2k(2−β)

}
∥g − h∥Vβ .

Since max
{
∥α∥∞ + N2 supm∈N

Osc(m,α)

2m(2−β) ,
N2∥α∥∞
2k(2−β)

}
< 1, Banach fixed point theorem

yields that T has a unique fixed point fα ∈ Vσ
f (I2). Furthermore, since T (fα) = fα,

we write the following functional equation:

fα(Pij(x)) = f(Pij(x)) + α(Pij(x)) (fα − s)(x)

for every x ∈ I2 and (i, j) ∈ ΣN ×ΣN . Now we define functions Wij : I2×R → I2×R

for (i, j) ∈ ΣN × ΣN by

Wij(x, y, z) =
(
Pij(x), α

(
Pij(x)

)
z + f

(
Pij(x)

)
− α

(
Pij(x)

)
s(x)

)
.

We show in the last part of the proof that graph of the associated fractal function

fα is an attractor of the IFS {I2 ×R;Wij, (i, j) ∈ ΣN ×ΣN}. Following the proof of

Theorem 1 appeared in [8] we may prove that attractor of the above IFS is graph of a

function. It remains to show that it is actually graph of fractal perturbation fα. To
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see that we use the functional equation and I2 = ∪(i,j)∈ΣN×ΣN
ui(I) × vj(I) and get

∪(i,j)∈ΣN×ΣN
Wij(Gr(fα))

= ∪(i,j)∈ΣN×ΣN

{
Wij(x, y, f

α(x)) : x ∈ I2
}

= ∪(i,j)∈ΣN×ΣN

{(
Pij(x), α

(
Pij(x)

)
fα(x)

+ f
(
Pij(x)

)
− α

(
Pij(x)

)
s(x)

)
: x ∈ I2

}
= ∪(i,j)∈ΣN×ΣN

{(
Pij(x), fα(Pij(x)

)
: x ∈ I2

}
= ∪(i,j)∈ΣN×ΣN

{
(x, y, fα(x)) : x ∈ ui(I) × vj(I)

}
=Gr(fα).

From Theorem 5.2.3, we have dimB

(
Gr(fα)

)
≤ 3 − β, completing the proof.

Remark 5.2.8. As mentioned in [94], the oscillation spaces can be treated as

refinements of Hölder spaces. From which, we indicate that the above theorem is very

interesting, and seems to be important when compared with [58, Theorem 5.19] and

[11, Theorem 4.2].

A function f : ⊏⊐ → R is said to be Hölder continuous with exponent σ if

|f(x) − f(y)| ≤ kf∥x− y∥2, ∀ x,y ∈ ⊏⊐,

and for some kf > 0.

For Hölder continuous functions f with exponent σ, let us define σth Hölder seminorm

as

[f ]σ = sup
x̸=y

|f(x) − f(y)|
∥x− y∥σ2

and consider the Hölder space

Hσ(⊏⊐) := {g : I × J → R : g is Hölder continuous with exponent σ}.
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The space Hσ(⊏⊐) is a Banach space when endowed with the norm ∥g∥σ := ∥g∥∞+[g]σ.

We refer the reader to [5] for definitions and some properties of box dimension.

The next theorem is a modification of [58, Theorem 5.19]. Theorem 5.19 in [58] is

proven with a constant scaling factor, but here we prove with a function scaling. We

include it here with a detailed proof for reader’s convenience.

Remark 5.2.9. If f ∈ Hσ0(⊏⊐) then f ∈ Hσ(⊏⊐) for each 0 < σ < σ0.

Theorem 5.2.9. Let f and α be Hölder continuous with exponent σ1 and σ2 respec-

tively. Let s be Hölder continuous with exponent σ3 satisfying s(x) = f(x), ∀ x ∈

∂∆. If max
{
∥α∥σ, ∥α∥∞

(min{|ai|,|cj |})σ

}
< 1 then 2 ≤ dimH

(
Gr(fα)

)
≤ dimB

(
Gr(fα)

)
≤

dimB

(
Gr(fα)

)
≤ 3 − σ, where σ = min{σ1, σ2, σ3}.

Proof. From Remark 5.2.9, we say that f, α and s are elements of Hσ(⊏⊐), where

σ = min{σ1, σ2, σ3}. Let us define Hσ
f (⊏⊐) = {g ∈ Hσ(⊏⊐) : g(x) = f(x), ∀ x ∈

∂∆}. One can check that the space Hσ
f (⊏⊐) is a closed subset of Hσ(⊏⊐). It follows

that Hσ
f (⊏⊐) equipped with the obvious metric is a complete metric space. Now we

proceed by defining a map T : Hσ
f (⊏⊐) → Hσ

f (⊏⊐) by

(Tg)(x) = f(x) + α(x) (g − s)(Qij(x))

for all x ∈ ⊏⊐ij, where (i, j) ∈ Σ. Let g, h ∈ Hσ
f (⊏⊐). We have

∥Tg − Th∥σ = ∥Tg − Th∥∞ + [Tg − Th]σ ≤ max
{
∥α∥σ,

∥α∥∞
(min{|ai|, |cj|})σ

}
∥g − h∥σ.

This with the condition max
{
∥α∥σ, ∥α∥∞

(min{|ai|,|cj |})σ

}
< 1 yields that T is a contraction.

From Banach fixed point theorem, T has a unique fixed point fα in Hσ
f (⊏⊐). Since

fα ∈ Hσ
f (⊏⊐), [55, Corollary 3.11] it deduces dim

(
Gr(fα)

)
≤ 3 − σ. This proves the

result.
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Remark 5.2.10. The above theorem can be compared with [11, Theorem 4.2].

5.3 Conclusion

This chapter has focused on the continuous dependence of the bivariate α-fractal

function on parameters such as the scaling function α, the net △ of the rectangular

grid, and the base function s involved in its construction. We have also established

results regarding its dimension. This chapter has also rigorously examined the

dimensions of the graph of fractal interpolation functions defined on a rectangular

grid under suitable hypotheses on IFS.

***********
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