Chapter 3

Minimum Operator Based Data

Driven Control

3.1 Introduction

Data-driven approaches have emerged as a popular research domain and have been ap-
plied to numerous real-world applications [49]. DDC methods can be broadly categorized
into two main approaches. The first approach involves using a predefined transfer func-
tion for the controller, where its structure remains fixed while the numerical parameters
are directly adjusted based on insights obtained from measured data [13]. The second
approach focuses on designing a generic controller using function approximations, which
may include techniques such as neural networks or Taylor series approximations. In this
case, the controller parameters are fine-tuned by minimizing a specified performance cri-
terion, utilizing both offline and online input-output data [14], a concept popularized as
model-free adaptive control (MFAC). In this chapter, we have used a concept called the
pseudo partial derivative (PPD) and pseudo gradient (PG) an approaches to capture the
dynamic behavior of the controlled plant, moving away from the traditional state-space
representation. This framework includes three different dynamic linearization data mod-
els [14]: compact-form dynamic linearization (CFDL), partial-form dynamic linearization
(PFDL), and full-form dynamic linearization (FFDL). These models offer equivalent rep-
resentations of system dynamics, focusing on how changes in the control input and other
influencing factors affect the system’s output.

In [14], MFAC method utilizing CFDL data-driven modeling is presented. This ap-
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proach designs controllers and analyzes closed-loop systems using only measured 1&O,
without relying on dynamics. Linearizing the nonlinear system using CFDL, a new non-
affine system is established, which contains an unknown nonlinear term and a linear para-
metric term affine to the control input and preceding output data. Thus, it is necessary to
address the influence of the unknown nonlinear term on the system effectively. The fusion
of CFDL with a DSMC framework is effective in handling such nonlinearities. The concept
of model-free adaptive sliding mode control, which combines MFAC with DSMC, was first
introduced in [15], though it did not account for disturbances and system uncertainties.
Building on this, [16] proposes an adaptive DSMC using CFDL for a class of discrete
nonlinear systems. Recently, minimum operator approach has been extended to the dis-
crete sliding mode domain, with notable advancements in DSMC [50], [2] as MDSMC.
This chapter proposes the following novelties for nonlinear DTS with perturbations using

DDC framework:

e Design of controllers by combining the CFDL approach with minimum-operator-

based MDSMC.

e The proposed data-driven control laws ensure finite-time boundedness of the switch-
ing function and reduced quasi-sliding mode domain (QSMD), offering improved

robust control compared to previous approaches.

3.2 CFDL Data Model & Disturbance Estimation

A MIMO discrete-time nonlinear system can be represented as:

Yrt1 = f (yka Yk—15 s Yk—ny, Uk, Uk—1, - - - ,Uk—nu) + Op (3~1)

yr € R" and u;, € R" denote the output and input of the dynamics, respectively; n, >
0,n, >0 where ny,,n, €Z" are unknown. ¢ denotes the constrained perturbations

such that ||0x|| < D, where D > 0. The function f(-) characterizes the DTS, such that:

k1 = f (yk,yk—h sy Yk—ny, Uk, Ug—1, - - - 7uk—nu) (3~2)
Accordingly, (3.1) can be expressed as
Ykr1 = Zkt1 + Ok (3.3)
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Assumption 1. The system described by (3.1) exhibits both controllability and
observability. In particular, if the target signal y; , , remains bounded, it follows that the

control input wu; will also be constrained, allowing .1 to accurately track the desired

signal v ;.
Assumption 2. The partial derivative %(k') is continuous.
Assumption 3. The DTS (3.1) satisfies a generalized Lipschitz condition, which is

expressed as
|Ayis1| < b[Auy

for any k& where |Auyg| # 0, with b > 0. Here, Aygr1 = ypr1 — yx and Aug = up — up_1.

Remark 1. From a practical standpoint, Assumption 1 serves as a fundamental
prerequisite for ensuring the system’s controllability. Assumption 2 implies that a finite
variation in the control input does not result in an infinite variation in the system output.
From an energy perspective, Assumption 3 states that the rate of change of a controller’s
energy cannot approach infinity if its input energy changes are finite.

Lemma 1 [51]. Consider the nonlinear system (3.2). If f(-) satisfies Assumptions 1
and 2, then for |Aug| # 0, there exists a PPD &, and CFDL data model can be expressed

as:

AzkH = kauk (34)
where _ -
Cbllk ¢12k e ¢1nk

Ek _ ¢21k ¢22k ' ¢2.nk

_(/)nlk (/)an e (/)nnk_
where |||| < b is constrained Vk > 0.

Rewriting (3.4) as:

Zh4+1 = 2k T §kAuk (35)

From (3.3), we obtain;

Ayk-i-l = AzkH + Ady, (36)
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where Azp1 = 21 — 2k, and Ady, = 0 — 0x_1. Using (3.4), (3.6) can be further written

as:
Yr+1 = Yr + Epluy + Ady (3.7)
Let &, = ) .
(bllk 0 o ... 0
0 @22k o ... 0
0 0 0 - b

Hence, (3.7) can be expressed as:
ka1 = Yk + EDdug + Ady (3.8)

where A§), = Z?Zl GijpAuje + Ady, i #jandi=1,...,n

Remark 2. The disturbance term Ady, representing the coupling between control
loops, disturbances, and unmodeled system dynamics, is treated as a generalized distur-
bance, estimated online via perturbation estimation techniques. In contrast, the dynamic
linearization (DL) technique is applied to construct a virtual DL model at each sampling
point, where the PPD implicitly estimates model uncertainties using 1/0 data.

Remark 3. It is important to note that the value of &, in (3.4) may not always
Ek—8r—1

. < k where
S

align with its variation range. In other words, & may satisfy, max
k > 0 and t, represents the sampling interval. Consequently, & can be expressed as a
variable component ¥, combined with a constant component . It is important to note
that &, may take on very small values at certain sampling times, and the parameter ¢ is
selected to maintain &, within a suitable range.

Remark 4. The system represented by (3.8) can be approximated to quasi-linear
dynamics in local operating regions. Specifically, systems where the non-linearity can be

effectively captured by the PPD representation and the Lipschitz condition holds robustly.

3.2.1 Perturbation Estimation

The approach employs perturbation estimation methodology [1] also in [52] as one-step de-
layed estimation strategy for disturbance estimation, assuming slow varying disturbance.

The perturbation component Ady of the DTS (3.8) is evaluated as
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Yri1 = Yk + EAuy, + ASy = yp = yh1 + & Ay

B R B B (3.9)
+ Adp1 = Adp = Adg-1 = Yr — Yr—1 — §p_1Duk—1,
which allows us to rewrite (3.8) as
Y1 = Yo + Ep Ay + Ay, — Ay, (3.10)

where Ad, = A& — A4}, represents the perturbation assessment error. Thus,

Ady = Aoy — NSy, = [(yr — Ya—1) — (Y41 — Yr)
— &1 Aug_y + EAw].

Based on Assumption 1 and Lemma 1, it is established that y;, u, and Ek are bounded.
Consequently, it can be inferred that Ad}, is also bounded.

Remark 5. It performs well when disturbances change linearly or predictably over
time. Due to its simple architecture and exceptional performance, perturbation estimation

has found widespread use in different control systems.

3.2.2 Pseudo Partial Derivative Assessment

The index function for the unknown PPD estimation, as given in [14], is used in this
chapter as

. R 2 2
J(&) = Hyk — Yk-1 — 5kAuk—1H +v & — 5k-1” (3.11)

where ék is the estimated value of £,. Setting a%] = 0, we obtain
k

HAu!

v+ AUl
Qgiik = égu(l) if |€f;zzk| <e

€ = &1 + [Ayk - ék—lAuk—l] ;

(3.12)

v > 0,1 € (0,1], and € > 0 is sufficiently small. Here qz@i,»(l) > 0 is the initial value of
gb}ik. Let us define ék =), + ¢. Then, (3.10) can be further written as

Yir1 = Y + Uk + @) Aug + Ady, — AJ, (3.13)

where J; can be obtained using (3.12), and ¢ = diag{y1, p2,...,pn}t. The elements of ¢

are taken as a non-negative constant.
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Remark 6. To guarantee the feasibility of the adaptive law (3.13), v should be
selected to be smaller than the magnitude of Auwy.

Remark 7. The updating law (3.13) is designed based solely on the controlled
system’s input and output measurement data, without reliance on the model’s structural
and dynamic information.

Remark 8. At certain sampling instances, the diagonal element §k may become
exceedingly small. Consequently, the parameter ¢ is chosen to ensure that §k remains

within an acceptable range.

3.3 Minimum Operator Based CFDL-DSMC Design

This section outlines the controller design process of the MDSMC-CFDL scheme. A data-
driven controller is derived from the CFDL data model and the MDSMC scheme, and
the stability of the proposed control method is also demonstrated. Further development

is presented for the SISO case; however, the MIMO case will follow the same approach.

Desired yd +C\ .
. > <
Trajectory

e v y
u
DDDSMC N Controlled
Plant
7'} Q
R D)
. PPD
- Filrl:(i:i'rilogn Estimation
Algorithm

Data driven Discrete Time Sliding Mode Control

Figure 3.1: Flow chart of MDSMC-CFDL scheme.

3.3.1 Design of Controller Using CFDL-RL1 Scheme

Define the tracking error as follows:

ex = Yk — Y (3.14)
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where yj, represents the system output signal and y; denotes the bounded desired input

signal. Define the sliding function as
Ny = \eg (3.15)
The CFDL-RL1-based control strategy can be obtained using [2] as shown below:
Nir1 = M€ri1 = MiYrt1 — Yhs
Ry, — sign[Ng] min([Ry|,¢) = M [yr + (Vk + ) Auy, + Ady — Ady — Yis1]

The control can be obtained as

T
Ay, = #(Nk — sign[Ry] min(|Re|, ¢) — Ay (g — Ady, + Ady + 5,

Here, n = /\1(1§k + ¢), further to implement the controller, the future reference
position y; ., is required. In practice, the desired trajectory is typically predefined within
the control system, making y; ,, available.

T .
Ay = TZ]—T(Nk — sign[Ry] min(|Re], 6) — Ay (g — Ady + vpy1) (3.16)
It is important to note that the control law in equation (3.16) is derived under the as-
sumption that Ady, is accurately estimated, specifically Ady = 0. However, A # 0. To
ensure robustness against errors in disturbance estimation, the parameter ¢ should satisfy

the following condition:
¢ > wm > || A (3.17)

3.3.2 Design of Controller Using CFDL-RL2 Scheme

Consider the same tracking error and the sliding function as defined in (3.14) and (3.15),
respectively. The CFDL-RL2-based control strategy can be obtained using [2] as shown

below:

N1 = Mi€ria
. v
Ny — ¢sign[N;] min <%, ]Nk|ﬁ> = M[Yks1 — Vi

. . N A e < /
N, — ¢sign[N;] min <%, ]Nk|ﬁ> = MYk + (O + ) Auy + Adg, — Ay, — Ypoy4]
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The control can be obtained as
o N N NN

U = nnT(Nk ¢sign[Ny] min ( . s [Nk | ) A (yk — Adk + Ypy) (3.18)
Remark 11. In control law (3.18), setting ¢ to 1 and keeping 3 very close to zero
results in behavior similar to control law (3.16) with ¢ = 1. The interaction between ¢
and 3 influences the convergence of the switching function. Smaller values of ¢ and 3 lead
to slower convergence, while keeping  close to 1 and ¢ large ensures rapid convergence
of the switching function. Furthermore, the selection of ¢ and /3 for various applications

can be tailored based on the actuator saturation limits of the respective systems.

3.3.3 Stability Analysis

Lemma 2. If the nonlinear system described in equation (3.1) satisfies Assumptions 1 to
3 and is controlled using the CFDL-RL1 algorithm using (3.16), with the desired signal
V)41 being bounded, then the estimated value ék will also be bounded.

Proof Considering the PPD estimation algorithm, we have two scenarios;
Case 1: if quk < ¢, this will ensure quk = g%,-i(l), and ék will be bounded.
Case 2: if ¢y, > €, using (3.12) we have:
VAT ) -

——5— | &1
v+ AUl

gk:Afk'F(l—

Using Lemma 1, we have ||&|| < b, and

Ja < (1= ) o] + 22
k V+Aui_l kol

Considering (3.19), we have
A, | < Aui_ | <v+Aui,

Here, v > 0 and II € (0, 1], Therefore, there exists a positive constant v € (0, 1], leading

to the following:

HAu}
0<1-— <v<1
v+ Au
Thus, we have:
&l < Hgk—1 +2b < Hgk—QH +24+2b
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=

it follows that ék is bounded. Consequently, fk is also bounded.

Theorem 1. If Assumptions 1 to 3 are satisfied for the system (3.1) the controller
described by (3.16) and (3.17) is used and the time-dependent term Ad, and &, are
updated according to equations (3.10) and (3.12), then the QSM will converge in a finite
number of steps.

Proof From (3.15) we have,

Riy1 = /\16k+1

using (3.14) and (3.15), we have

Nip1 = Merr1 = M[Yrr1 — Vg
= Myp + (ﬁk + o) Auy + Ady — AJ,
— Vet
When applying control law (3.16), the system follows
N1 = —Adg + Ny, — sign[Ny,] min(|Ry], <)

From, (3.17) we have
— Wy < Ab), < Wiy (3.19)

Hence, when X, < ¢ using (3.17) we have the next step as —¢ < Nz,; < ¢, Hence meeting
definition 2 and for k = T (Xg) = 1, we have N1 < w,,. Here w,, is defined as (3.17) and

T (Rp) is a settling time function. Now, if we have the scenario, Ry > ¢
Npy1 = —Adg + Ry — ¢

—2¢ < N1 — N <0 (3.20)

Hence, meeting definition 2. Also,

Nipp1 <N — ¢+ wyy

N < Vi1 — (¢ — wm)

<Ny — k(s — wp)
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and for some k = T(Rg) = f&(%l, we have N1 < wp,. Here, w,, is defined as (3.17).
Thus, it can be inferred that the modulus of the switching function reaches an ultimate
bound of w,,, attained within a finite number of steps.

Lemma 3. If the nonlinear system described in equation (3.1) satisfies Assumptions
1 to 3 and is controlled using the CFDL-RL2 algorithm using (3.18), with the desired
signal y; , being bounded, then the estimated value ék will also be bounded.

Proof Using (3.18), the proof will follow a similar approach to that of Lemma 2.

Theorem 2. If Assumptions 1 to 3 are satisfied for the system (3.1) the controller
described by (3.18) and (3.19) is used and the time-dependent term A4y, and &, are
updated according to equations (3.10) and (3.12), then the QSM will converge in a finite
number of steps.

Proof From (3.15) we have,
Nk+1 = >\16k+1-
Using (3.14) and (3.15), we have
Nip1 = Mek1 = M [Uk1 — Vg
= Ailye + (g + @) Auy + Ady — Ady — Y]
When applying control law (3.18), the system follows
N — A, + Ry, — ¢sign[Ny] min <@, |Nklﬁ>

when %1 < [Ng|? using (3.17) we have the next step as —¢ < N4y < ¢
Hence, meeting definition 3 and for k& = T(Rg) = 1, we have N1 < w,,,. Here w,,
is defined as (3.17) and T (Xg) is a settling time function. Now, if we have the scenario

2> Rl
N1 = —Adg + Ny, — ¢ sign(Ry,) [Ny |?
= Ry < | = SRR + o
proceeding ahead with |Ny|, we have

R < Rz @ — <Ry | Ry [T w21 [ 7

< [Ro[(1 = <[ Ro|[Ro|”™H + wr[Ro| 1) . ..

(1 = Ny |Re—a |71 + i [Re g | 1)
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Rel < R ](1 = <[] Nol " + o )" (3.21)
Now, at a certain k, we will have the scenario

[Ro] (1 = ¢ Ro|P + wRo| ™))" < <Ry |7
Using (3.21), we have, |[Ng| < ¢|N|? = [Ny < wpn.

Therefore,

1
¢1-8
Npt1]| S wpmy  Vk 2> {bgu_qxorlwmmorl] Ww ;

and for some k = T (X,), we have

(TF
T(Ro) = 10%[1-;|N0|71+wm|;<0|71]w :

Thus, it can be inferred that the modulus of the switching function reaches an ultimate

bound of w,,, attained within a finite number of steps.

3.4 Result and Discussion

To validate the performance of the CFDL-RL1 and CFDL-RL2 control schemes, this
section presents numerical simulation using a nonlinear system example and experimental
validation of the same on a coupled tank system test bench. Additionally, to highlight

the characteristics of the proposed method, numerical comparisons are made with CFDL-

DITSMC [1] for both proposed algorithms.

3.4.1 Numerical Simulation

Consider the SISO DTS given by

Uk Ye—1 Yk—2 Up—1 (Yp—2 — 1) 4+ u

’ = +d
Yk+1 11 y/%_1 +y,€_2 k
where dj, represents the external perturbation, defined as
[k T
dr = [0.5,0.15sin 30 (YK, Yk—1] (3.22)

The initial states are defined as u(1:2) =0, y(1:3) =0, J(1 : 2) = 2, and € = 107°.
The resetting value (1) is set to 0.5, and the CFDL-DITSMC [1] terms are chosen as
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v =05 II1=0.3, A =0.0002, \y = 0.3, Ay =02, a = %, w=0.01, A =0.002, § =3,

and € = 107°. The reference signal y, is given as

0.5, k£ <500
Yri =
0.8, k> 500
The coefficients A\; for RL1 and RL2 is considered as 1.1 and 3 = 0.1 for RL2. Fig.
3.2 presents the numerical simulation results using the RL1 scheme.Fig. 3.3b presents
control input, and Fig. 3.3a represents disturbance estimation error, which is significantly
lower than previous work. In Fig. 3.2a, the tracking error remains bounded and exhibits
a reduced QSMD compared to the CFDL-DITSMC method. Additionally, Fig. 3.2b
illustrates that the output successfully tracks the reference signal within a finite time.
Simulation results using RL2 scheme are shown in Fig. 3.3. The output success-
fully tracks the reference signal, and the error shows reduced QSMD, as shown in Fig.
3.4b and Fig. 3.4a, respectively. Consequently, the proposed method exhibits improved

performance in both tracking accuracy and error reduction.

3.4.2 Experimental Validation

The coupled tank system is used as a test bench. The schematic in Fig. 3.6a illustrates the
construction of the system, and Fig. 3.6 shows the actual test bench, where the control
objective is to maintain the desired water level in tank 2. Configuration 2 of the coupled
tank system [53] is chosen for the experiments. In this configuration, the control input is
applied to the inlet of tank 1, and the outflow of tank 1 acts as a control for tank 2. This
setup introduces a coupling effect, where the levels in both tanks are interdependent,
adding complexity to the control process. The liquid level is measured by a pressure
sensor at the bottom of each tank, providing a linear voltage output that increases with
pressure. This signal is processed through a conditioning board and converted to a 0 to
5V DC output. The control parameters used for the experimental setup are 5 = 0.1,
A1 = 0.3, A2 = 0.3 and ¢ = 1. For the system parameters, reader may refer to [53]. The

reference water level to track for MRL1 scheme is given as

4 cm, t < 400 sec
Yr =
7 cm, t > 400 sec
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Figure 3.2: Comparison of trajectory error and output for CFDL-RL1 with [1] .
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Figure 3.3: Comparison of control performance and disturbance estimation for CFDL-

RL1 with [1].
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Figure 3.4: Comparison of trajectory error and output for CFDL-RL2 with [1].
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Fig. 3.7a shows the experimental validation of the proposed MRL1 scheme where the
reference levels are achieved in finite time. Fig. 3.7b shows the control input. Similarly,

for MRL2 scheme, the reference level is set as

7 cm, t < 400 sec
Yr =
8 cm, t > 400 sec
Fig. 3.8a depicts the experimental validation of the proposed MRL2 scheme, and Fig.

3.8b shows the control input.

3.5 Conclusion

This chapter introduces two innovative DDC control schemes designed for discrete-time
systems subjected to disturbances. By utilizing the CFDL technique and incorporating
MDSMC methods, these schemes effectively mitigate QSMB and achieve finite-time track-
ing for model-free systems. Compared to existing methods, the proposed approaches are
simpler and more robust due to their reliance on fewer tuning parameters. The effective-
ness of the CFDL-MDSMC framework is demonstrated through numerical simulations
and experimental validation on a liquid-level control system. Numerical results show
improved disturbance rejection and finite-time convergence, while experimental findings
confirm the practical feasibility and robustness of the proposed control schemes in real-
world applications. The proposed DDC control schemes achieve finite-time convergence
under disturbances while minimizing the required design parameters, making them highly
suitable for complex, nonlinear systems, particularly in scenarios where system models are
unavailable. Their successful implementation on a liquid-level control system highlights
their potential for broader adoption across industrial and engineering applications.

As part of future work, we plan to extend this study to highly uncertain or weakly
observable systems, thereby broadening the scope and applicability of the proposed frame-
work. In addition, broader generalizability across different scenarios should be established
with a focus on persistence of excitation, actuator wear, and the energy of the control

signal.
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Figure 3.7: Overview of the experimental results for CFDL-RL1
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(b) Results of CFDL-RL2 scheme control input.

Figure 3.8: Overview of the experimental results for CFDL-RL2
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