Chapter 5

A Newton Linearized Two-Level
Alternating Direction Implicit
Scheme for Two-Dimensional
Nonlinear Time Fractional
Reaction—Diffusion Equation on a

Bounded Domain

5.1 Introduction

In this chapter, we apply the Newton linearized alternating direction implicit scheme
based on the L2 — 1, interpolation approximation [110] on graded meshes for solving

two-dimensional time fractional reaction—diffusion equation with Dirichlet boundary
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condition on a bounded domain,

(

6 Dju(r,y,t) = Au(z, y,t) + f(u(z,y,t) + F(x,y,1), (z,y,t) € Q2 x (0,7,
§ u(z,y,0) = ¢1(,y), (z,y) € Q,

U(.CE,y,t) = ¢2([B,y,t), (x,y) S 8Q,t € (O,T],

\

(5.1)

where, Q = (0, L) x (0, L) C R? is a bounded and convex polygon in R? « € (0, 1),
F ' is the sufficiently smooth known function and f(u) is a nonlinear function known

as reaction term such that it satisfies the Lipschitz condition

| f(u1) = fuz)| < Lluy — usl,

where L is a positive Lipschitz constant.

This study presents an effective numerical method for solving time fractional non-
linear reaction—diffusion equation. In the process of developing the scheme, the
time fractional derivative is approximated using the L2 — 1, scheme on the graded
meshes, and spatial discretization is done using central difference approximation.
The nonlinear reaction term is approximated by using the second-order Newton lin-
earization method. Further, in order to reduce the computational cost for solving
the two-dimensional problem, an alternating direction implicit algorithm is applied
whose main advantage is that it reduces the multi-dimensional problem to a set
of independent one-dimensional problems. Various types of fractional differential
equations are being solved by the researchers using alternating direction implicit
methods such as [111, 112, 113, 114]. finally the unique solvability, stability, and

convergence of the scheme are discussed.

In summary, the main contributions of this work are:



Chapter 5. A Newton Linearized Two-Level Alternating Direction Implicit... 127

e A fully discrete alternating direction implicit scheme is developed for solving

(5.1) using L2 — 1, formula and standard central difference approximation.

e Due to the presence of the initial layer at ¢ = 0, in the solution of nonlinear time
fractional PDEs, smoothly graded meshes are considered for the discretization

of the temporal domain.

e The stability and convergence of the scheme are studied rigorously. The finite
difference scheme is proved to have (1 + a) order convergence for smooth
solution and « order convergence for nonsmooth solution in temporal direction

and second order convergence in spatial direction.

The outline of this chapter is as follows: in Section 5.2, we propose a linearized
alternating direction implicit scheme for solving (5.1) and discuss the regularity
conditions of the solution. Unique solvability, stability, and error estimates of the
fully discrete scheme are discussed in Section 5.3. In Section 5.4, numerical experi-
mentation is done to validate the theoretical findings. Finally, in Section 5.5, some

concluding remarks are given.

5.2 Fully Discrete Alternating Direction Implicit

Scheme

By choosing the positive integer M as temporal partition parameter, we discretize
the time domain [0,7] as 0 = tg < t; < to < --- < tpy = T, with step size
T, =t —tj—1,j=1,2,---M. For 0 < o < 1 define t;,_, = t; — o1. For positive
integers M, and M, as spatial partition parameters, we set the spatial mesh as

Ty = nhy, n =0,1,--- M, and y,, = mh,, m = 0,1,2,--- , M. The space-time
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mesh is (T, Ymstho), n=0,1,--+ My, m=0,1,2,--- My, k=1,--- M. Let Q,

be the set of discrete grids such that Q, = {(zn, Ym) : 0 < n < M;,0 < m < My},

Qn = QN Q and 0Q, = Qp, N IN. Define local step size ratio p, = -2 and

Tk+1

T = max |7j|. For any sequence of functions {¢*}, define V,¢F = ¢F — ¢F~1 and
<<

PF7 = (1 — o)pF + apk~L.

To discretize the Caputo time fractional derivative, we use the well-known L2 — 1,

formula [110]. So we have,

th—o
& Doyt :/ wWi—altp—o — s)u'(s)ds
0

k=1 ot th—o
= Z/ Wi—a(tp—o — $)u'(s)ds + / Wi—a(tk—o — $)U'(s)ds.
j=17ti—1 lk—1

Let P ju be the linear interpolate of u at the nodes ¢;_4, t; (2.1) and P ju be the

quadratic interpolate of u at the nodes ¢;_; and ¢; and t;4; (2.10). So we have

k—1 tj th—o
EDoyr = Z/ Wi—a(tho — ) (Paju) (s)ds + / Wi—a(th—o — $)(P1;)(s)ds
j=1"7ti-1
Vol N 2(s —tj—1/2)

te—1
k—1 t;
:Z Wi—a(thi—o — )
= /t]-_l B T T+ )
ti

- V., uP
+ / wl—oa(tk—a - S) dS,
Lk

1 Tk

(p; Vol — Vfuj)] ds

k-1
—a{V b + > <a,(€k_)jVTuj + pjb,gl?jvfuj+1 — b,g“_)jVTuj> : (5.2)
j=1

k—1
k k k j
A+ 3 (A - AP

j=1
i Aék)uk + 0O, k=1,2,--- , M, (5.3)
where af = - tik:: Wi—a(tk-o — 8)ds,
ko _ 1 [t

ay_; =7 J,. wWi—a(tk—o — s)ds,
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t.
b’,j_j = m ftjj,l(s —tj—1/2)wWi—a(tk—o — 5)ds,
and
(
k k .
aéjl béf)p J=1

(k) _ n .
Ay = a2 << k-1,

a(()k) + pk—lbgk)a ] = k.
\

The diffusion terms are approximated by standard second order discretization,

~ 52uk7¢7 4

Uz ($n, Ym, tkfo') ~ 6?3“2?75 + O(h’azc) and uyy(xm Ym; tk*"') y-n,m

So we have,

k—1
_Al(cki)lugz,m + Z(Al(ckf)jfl - Al(c]i)])ugz,m + A(()k)ufz,m = 53‘“7]2,_75 + 5;“2,

Jj=1

O(h2).

—0
m

+ [ (Ui + F (@0, Y tio). (5.4)

Lemma 5.2.1. For ¢(t) € C3[0,t], k=1,2,--- , M and for any o € (0,1) we have,

$(te-o) = 06(tr-1) + (1 = 0)s(tr).
Proof. Using Taylor’s expansion formula, we obtain

S(tpo) =s(tx, — oTk)

=¢(t) — o’ (tr) + O(72),

(5.5)

=(1—0)s(te) + o(s(te) — ms'(tr) + O(7%)) + (1 — 0)O(7?),

=(1 — 0)s(ty) + os(ty — ) + O(T?),

=(1 = o)s(tr) + o6(tr-1) + O(77).
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O]
The nonlinear term f(uf7) is approximated as,
Flug,m) = flup ) + (1= 0) f (g ) (U = ) (5.6)
From (5.4), (5.5) and (5.6), we have
Ay = (L= 0)02u ) — (1= o)dgusly — (1= o) f (w0 )
= A0+ (Gl S ) flul ) — (1= o) f (uf )
k—1
3 (AE = AL, s+ F @y ). (5.7)
j=1

Let Af — (1 — o) f'(uf ) = o and dividing both sides of (5.7) by ¢ we get,

n,m

1-— 1
T LR AT E(A,g'f)lugm o+ ) + fk))

k—1
- (1 - U)f/(ui,_ml)uﬁ,_ni + Z <A](ck_)j_1 - A](gk_)j> Uf'%m + F(xnv Yms tk—a)) .

—1

<

To construct the alternating direction implicit scheme, we add the perturbation term

(1-0)2 2¢2/. k k—1
050, (Up yy — Upy ) SO We get,

1-— 1— 1—o0)? 1
(1 — —< . 0>5§) <1 — —( . 0)52) uk = —< o) 5§5§uﬁ}1 + E (Aék)lu%m

y n7m 2
Y

F o2+ 82+ Fuks)) — (- o) f (b

z“nm

k-1
k k j
#3 (A ) = ALY+ Pl ). (53)
j=1
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Omitting the small error terms, we obtain the following numerical scheme,

(1—-o0) (1—o0) (1—0)? _ _

where

L - - _ C1n ke
ot = (A + oG24 B2+ ) = (1 )

k—1
k k i
+ Z <Al(€—)j—1 - Al(c—)]) u?l,m + g<xn7 Ym, tk—o)) . (510)
j=1

By introducing the intermediate variable Uy ,, = (1 - %(53) Uk ... we obtain the

following two-level linearized alternating direction implicit scheme,
1-— 1—o0)?
(1 _(=9) 53) Ur =@kl 4 L= 0) a0 it (5.11)
K K Q

2 ¥y Yn,m>
0

(1 - ng)éj) Uk =Ur (5.12)

The typical solutions of nonlinear time fractional PDEs have an initial layer exten-

sively described by [115, 95],

l
%(:ﬁ,t) <C,1=0,1,2 3 4, (5.13)
—gts(:c,t)‘ <CA+t*"™), ac(0,1)U(1,2), m=1, 2, 3, (5.14)

where C' is a constant.

Remark 5.2.1. As discussed in [93, 95], if ¢; € Hj(2) N H?(), for every ¢ and f(u)

is Lipschitz continuous then (5.1) has a unique solution u such that,

u € C([0,T7; L*(Q)) N C([0, TT; Hy(Q) N H*()),
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Remark 5.2.2. To tackle the initial singularities, we assume some restrictions on the
temporal step sizes. Let C,. > 0 be a constant independent of k and r > 1 is fixed

such that,

7 < Cormin{l, ¢, "}, 1 <k < M, t, < Coty_y and

Tk/kalgcr tk/tkfb QSICSN (515)

Due to the presence of initial layer in the solution of nonlinear time fractional PDEs
assumption (5.15) is necessary. Graded meshes are one of the examples of the
meshes that satisfy the condition given in (5.15). On any given interval [0, 77,
graded meshes are defined as,

k‘ T
t, =T% — k=0,1,---,M
k (M())’ s Ly ) 05

where M is a positive integer and r > 1 is the grading parameter adapted to the

strength of the singularity.

5.3 Stability and Convergence of the Alternating
Direction Implicit Scheme
The coefficient matrices in both the system of equations (5.11) and (5.12) are strictly

diagonally dominant which ensures the uniqueness and existence of solution of the

finite difference scheme.
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5.3.1 Stability Analysis

Now we will discuss the stability of the finite difference scheme using von Neumann
stability analysis. We introduce the perturbation term 7,7, to the finite difference
scheme (5.9) and examine how the perturbation term 7 = U}  — U,’Zm, propagates

with time, where Uffm is the solution of the perturbed system. So we have,

(1—-o0) (1—-o0) k rk (1_0)2 k— rk—
(1 - Tfﬁ 1— T5§ Unim —Upn) = Téiés(Un,rnl — Ui
1

2 (AP~ 02+ o (B0 - ) + (082 - O2)
U = FOED = (1= o) (FWEDULE - FOEHTEY)

k—1
3 (A - A0) (Ul - UL )
7=1
Using the Lipschitz property of the function f, we have

(1_ (1_‘7)52> <1_ (1_0)52) o (1_0>25252Tk—1+1(A(k) 70
o " ? 0

0 Y n,m 0 Ty 'n,m k—1'nm
+ ‘7(527'5,;11 + 557'5;11) + LT,,IZ;I - C(1—- O')T:f’;,bl
k—1
k k i
+ (Al(c—)j—l - Ai(c—)])ﬂirr}) (5.16)

1

<.
I

To apply the von Neumann stability analysis, let T,’f’m = heiwinhetivamhy - where w;

and wy are wave numbers. Note that,

4 wlhx . . . .
557_:7’” — _ﬁ s1n2 5 gkezwlnhz-l—zwgmhy — Algkezwlnhz-i-zwgmhy’

T

4 wah . . . .
557_7];771 — _ﬁ Sll’12 5 Yy gkezwlnthruugmhy — )\2€kezt.u1nhz+mumhy'

Y
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We have from (5.16),

(H%Al) (H%&)g@_ “;U) W 1<Ak O a(A £ A)ER!

s}

k-1
+ Lfkil - C(l o O-)fkil + Z Al(ck 7j—1 A§])§]1>7
7=1

1 1-0 1
¢ = ) (1-0) (( : A = (A€ + o (O + Ag)EF
(1+5520) (1+ E2) N & 0

k—1
HLET (1 o)t (Al - A,ﬁ"“)j)ff—l)).

Now, by using the idea of mathematical induction we show that [£*| < [£°| for all k.

For £ =1 we have,

1 1 —0)? 1
€' < 1-0) 1-0) (( 2 ) )\1)\2+—(A,(€ LT o(Adr+ )

LL-cq —a)))rs%

observe that, 1 —o, 0 > 0and 1 —o < o, C;o > 0. So we have,

1 (1— o)
1= (14520 (14 852%) ( @20 Ml

4 o

(1-o0)
0

()‘1 + AZ)) |€0|>
€' < 1€°].

Let |€¥] < [€°] for k =1,2,--- ,5 — 1. For k = s,

1 1—0 _ 1, ¢ o
&7 = (1—0) (1—0) <( 2 ) Mg ™ 4+ = (AP0 + o (M + A)e!
(1 +52 Al) <1 + 5 )\2> 0 0
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s—1

+LET - C1—o)e T+ (AY, - Aisé)j)gj» ’
j=1

1 {(1 —0)

(1 + %M) (1 + M)Q) 4

4
Cll-o) , A(()S)]
0 0

2 1— L
< /\1/\2+( QU)(/\1+)\2)+E

|§0|7

1 (1—0)?
< >
(1 + %M) (1 + =2 >\2> 0

<|€°.

1—
Ao + ( 0 ) (M + X)) +1 |§0|,

5.3.2 Error Estimate

The discrete coefficients A,(fj ; satisty the following properties proved in [116, 117]
P1: Discrete coefficients are monotone, i.e., 0 < A,(f_)l < A,&k), 1<k<M.

P2: There exist a positive constant m4 such that,

AR, >

tj
/ wi—a(ty — $)ds, 1 < j <k < M.

WATJ tj—l

P3: There exist a constant p > 0 such that the local step size ratio p, < p,
1 < n < M. With the help of these properties, we define the complimentary discrete

convolution kernel and get the following lemmas.

Lemma 5.3.1. [115] Let the coefficients

k
]. n n .
PP = = N (A, AR 1< <k -1, (5.17)

n— k—mn>

1
P = —,
0 A(()k)

then it holds,

S PP alty) <ma, 1<k <M,
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and
k
Y PP <tgmal(2-a). (5.18)
j=1

Lemma 5.3.2. [115] For any sequence {¢*}2 . it holds that,

—_

k
SN TAR VA1) < (65, (D2) 7)), for 1 < k < M. (5.19)
j=1

[\

Lemma 5.3.3. [115] Suppose that the nonnegative sequences {¢%, ¢5 12 satisfy,

k
ST AP V(@) < M0+ Na(@h D)2+ 0 (0F + 1), k> L (5.20)

7=1

Then it holds that,

J
oY < 2E, (2max(1, p)maAts) | ¢} + max P~ @ W05 +mal'(2—a)ten |, (5.21)

<<k
n=1

where 73 satisfies maxj<p<p 7 < (2maI'(2 — ))\)_?1, A=A+ Ao

Lemma 5.3.4. [116] Suppose that ¢ € C3(0,T] and there exist a constant Cy, > 0

such that,
|6"(t)] < Co(1+m7%), for 0 <t <T.

Then it holds that

2<n<k

k m
Z‘Pk ]|’71| < C¢ (— + max t:’: (3— Ot)/T7_3—a) :
7j=1

. tiio &'(s o .
where ’V{ = r‘(ll,a) f(]] (f:(s))a ds — (‘DT ¢(t))J
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To study the detailed error estimate, we need to introduce the following discrete

system,

CDRUkT = AUKS, — f(UK) — (1= o) fUSHUL,, ~ UL, (5.22)

Tn,m

Let b =Uk  —uk . (2n,ym) € QY and 1 < k < M. So we have

n,m?

6 D en o — Ay — v = (B + (o) (5.23)

T n,m n,m?

where (E;)),, and (E)k , represent the truncation errors in time and space direc-

n,m

tions, respectively. From the regularity assumption (5.13), the second order spatial

discretization gives, [|(E): .|| < Ch? The term rp9 from Eq. (5.23) is evaluated

as,

e =fUn) + (1= ) (U Ug = Und) = f )
— (1= 0) ' () (Ury sy — U )
=f(Upm) = () + (1= 0) f'(Unr U — (1= 0) f' () U
+ (L= 0) f (U ) Un o — (1= 0) (g g )03 i+ (1= 0) f (w0t
= (1= o) (U + (L= o) f (U )
— (1= o) f'(uF Yyl L (5.24)

n,m/“nm

For f € C?*(R), there exist a constant C' > 0 such that,

If () < C, (5.25)
LU = fum DI < Clle (5.26)

1@ = f@ I < Clle . (5.27)
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From (5.24), (5.25), (5.26) and (5.27), we have,

<C {HE'HH + (L= o)[U llllennll + (1 = o)lleq mll 1ty + (L= o) [[€¥]

+(1 = o) ultllebmt + (1= o)kl
(1= 0)CC1+ (1= 0)C] bl + (1 = o)C ekl

<[C+(1-0)CC +
(5.28)

=" (Jlekall + ek, ll)

Using Theorem (3.1) of [118]. Taking inner product with €/ on (5.23), we have,

<CD? an’ Eﬁgq) - <A€Z’,gn7 efz’,gn> :<T7]§:;fn7 eﬁzgn> <(Et)n m» 'lrczfr:l>
+ (B ms €nom)-
ko eko ) > 0 and from Lemma (5.3.2),

The positive semidefinite property gives (—Aey 7., €57,

B

k

1 .

5 2 A Vellehmll” < Irmll® + 1B sl + 1 (Eo)illers,
=1

< C" (llekall? + ek ll®) + llekll (1B + 1 (E)ERI)

using Lemma (5.3.3) and Lemma (5.3.4),

lefmll 4B (2max(l, p)madty) | max > PP I(E)RG] + 7l (2 = o)t Ch? |

n=1

- Tm
< el m—(3— a)/r 33—« a2
<4E, (2max(1, p)TaAt}) _C¢(_m + 22132(]615 ) +toh

which gives the overall convergence result.
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5.4 Numerical Experiments

In the present section, we discuss numerical examples to validate the theoretical
findings. For the numerical experimentation of the problem having non smooth
solution, we divide the interval [0,7] in two parts, [0,77] and [T*,T] such that

T* = 27". The first subinterval [0, 7™] is discretized into smoothly graded meshes

with ¢, = T*(Mio)r for 0 < k < My and My = QTT_]\f vt Further, the second subinterval

[T, T] is discretized with uniform meshes.

FExample 5.4.1. Consider the 2-dimensional time fractional Fitzhugh-Nagumo reaction—

diffusion equation widely used in modeling transmission of nerve impulses [119],

;

OCDtau(x7yat) _AU’(I7y7t) —U(]_ —U)(U—Q) = F(l’,y,t), (x,y) < Q? 0<t <1,

u(z,y,0) = sin(rz) sin(7ry), (x,y) € Q,

u(z,y,t) =0, (x,y) € 00, t € (0,T],

\

where Q = [0,1]%, 0 < # < 1, and F is chosen correspondingly to the exact solution
u(x,y,t) = (1+t*) sin(nz) sin(my). The given problem has a smooth solution with a
nonzero initial condition, so we consider the uniform discretization of the temporal
domain by choosing the grading parameter » = 1. We calculate the numerical error
and convergence order in temporal and spatial directions using the devised finite
difference scheme. The obtained results are presented through the Table 5.1, Table
5.2, and Table 5.3. These tables show that the numerical scheme is (1 + «)th-order
accurate in time direction and 2nd-order accurate in space direction. Consider the
formulas,

e(h) = max Ufm(hm,hy,T) - U%’2m(hx/2,hy/2,7') , (5.29)

0<n<M;
0<m<Ms
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e(1) = [ Dnax Ufm(hx,hyﬁ) - Ui%(hx, hy,T/2)], (5.30)
og_m_ngg

where h = h, = h,. Using (5.29) and (5.30), we graphically validate the convergence
order in temporal and spatial directions. We fix M; = M, = 400 and vary M =
20,40, 80, 160, 320, and obtained error using (5.30) is plotted using log-log plot.
Similarly, by fixing M = 320 and varying N = 10, 20, 40, 80, 160, 320, the log-log
plot of error using formula (5.29) is shown. Through Fig. 5.1(a), Fig. 5.1(b), and
Fig. 5.1(c) we see that the slopes are 1.6, 1.8, and 2, respectively which are in good

agreement with theoretical convergence order.

TABLE 5.1: MAE and CO in temporal and spatial directions for a=0.4 for Ex.

(5.4.1).
M, = M, = 500 N = 5000
N My = M,
MAE CO MAE CO
40  3.52023E-04 23 5.87848E-03

80 1.33837E-04 1.39519 24 1.44546E-03  2.02391
160 4.89402E-05 1.45138 2° 3.49262E-04 2.04914
320 1.75765E-05 1.47736 26 7.90387E-05 2.14367

TABLE 5.2: MAE and CO in temporal and spatial directions for a=0.6 for Ex.

(5.4.1).
M, = My = 500 N = 5000
N M, = M,
MAE CO MAE CO
40 2.17938E-02 23 1.14962E-02

80  7.18899E-03 1.60006 21 2.86358E-03 2.00527
160 2.47983E-03 1.53554 2° 7.16591E-04 1.99860
320 8.76186E-04 1.50093 26 1.80541E-04 1.98882
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TABLE 5.3: MAE and CO in temporal and spatial directions for a=0.8 for Ex.

(5.4.1).
M, = M, = 500 N = 5000
N M, = M,
MAE CO MAE CO
40 R.16964E-03 23 1.11196E-02

80  2.28879E-03 1.83568 24 2.76829E-03 2.00604
160 6.42205E-04 1.83348 25 6.90697E-04 2.00287
320 1.82771E-04 1.81299 20 1.71937E-04 2.00616

10g(c(r))

1og(e(7))

* * log(r)
log(7)

(a) Temporal convergence order for & = 0.6 (b) Temporal convergence order for ov = 0.8

log(e(h))

35
log(h)

(c) Spatial convergence order for a = 0.5

FiGURE 5.1: Convergence order plot in temporal and spatial directions for Ex.
5.4.1.

Example 5.4.2. Consider the following two-dimensional time fractional Fisher’s equa-

tion being extensively used in ecology, heat and mass transfer [118],

OCD?U(I7th> - AU(.I‘,y7t) - u(]' - u2) = F(IL’,y,t), (JI,y) < [0727]27 0<t<l,

(5.31)
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the initial and boundary conditions and source term is chosen such that the exact
solution is u(z,y,t) = t*sin(x/2) sin(y/2), A € (0,1). The considered example has
an initial layer at ¢ = 0, so we use smoothly graded meshes to discretize the temporal
domain. For different values of A\ = «, convergence order in temporal and spatial
directions are calculated with grading parameter r = 2/X. The obtained results
are presented through Table 5.4, Table 5.5, and Table 5.6. The presented results
confirm the ath order temporal accuracy and 2nd order spatial accuracy. Further,

the spatial and temporal convergence orders are validated through Fig. 5.2 using

formulas (5.29) and (5.30).

TABLE 5.4: MAE and CO in temporal and spatial directions with r = 2/\,
A=a =04 for Ex. 5.4.2.

M, = My = 500 N = 15000
N M, = M,
MAE CO MAE CcO

10 6.95711E-02 23 5.74074E-03

20 4.97836E-02 4.82817E-01 24 1.53352E-03 1.90438
40 3.76240E-02 4.04015E-01 2° 4.06510E-04 1.91549
80 2.85467E-02 3.98329E-01 26 9.70798E-05 2.06604

TABLE 5.5: MAE and CO in temporal and spatial directions with r = 2/,

A=a«a=0.6 for Ex. 5.4.2.

M, = My = 500 N = 15000
N M, = M,
MAE CO MAE CO
10 3.56367E-02 23 5.74074E-03
20 2.38411E-02 5.79915E-01 24 1.53352E-03 1.90438
40 1.63443E-02 5.44664E-01 25 4.06510E-04 1.91549
80 1.09952E-02 5.71904E-01 26 9.70798E-05 2.06604
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TABLE 5.6: MAE and CO in temporal and spatial directions with r = 2/\,
A =a=0.6 for Ex. 5.4.2.

M, = My = 500 N = 15000
N M, = M,
MAE CO MAE CO
10 1.87663E-02 23 5.74075E-03

20 1.08575E-02 7.89444E-01 24 1.53353E-03  1.90438
40 6.21735E-03 8.04331E-01 25 4.06510E-04 1.91549
80 3.57763E-03 7.97293E-01 26 9.70798E-05 2.06604

. 45 4 35 -6 55 5
og(7) log(r)

(a) Temporal convergence order for « = 0.6 (b) Temporal convergence order for o = 0.8

og(c(n))

L L
2 joghy L5

(c) Spatial convergence order for o = 0.5

FiGURE 5.2: Convergence order plot in temporal and spatial directions for Ex.
5.4.2.
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5.5 Conclusions

In this work, a linearized alternating direction implicit scheme over graded meshes
is proposed and analyzed for solving a two-dimensional nonlinear time fractional
reaction—diffusion equation having initial layer at ¢ = 0. The discussed scheme is
proved to be uniquely solvable and stability analysis is discussed using von Neu-
mann stability analysis. The numerical scheme is proved to be convergent with
convergence order (711 h?) for smooth solutions and (7%, h?) for non smooth solu-
tions. Numerical experimentation is performed on two test examples having smooth
and nonsmooth solutions, respectively. The Discussed numerical results validate the

theoretical claims.
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