Chapter 5

Study of Existence Results for
Fractional Functional Differential
Equations Involving Riesz-Caputo

Derivative

5.1 Introduction

In Chapter 3, we studied the existence and uniqueness of mild solutions of FDEs
(3.1) and the controllability results of the fractional order control system (3.2) along
with the Caputo fractional derivative. Apart from this, in Chapter 4, we extended
this study and discussed the existence and approximate controllability of a fractional
control system with delay along with the Caputo fractional derivative. However, in

some physical phenomena that started in the past but are also dependent on their
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evolution in the future, such as geophysics, stock price options, control theory, me-
chanics, etc., there have been studies to support the Riesz derivatives being more
appealing than the right or left derivatives as they can account for the synchronous
impacts from either side of the domain[16, 17]. For example, to simulate the occur-
rence of anomalous diffusion within porous media (a physical phenomenon wherein
the rate at which particles spread deviates from that predicted by classical Brown-
ian motion), Riesz derivatives arc more suitable. Further, taking the Riesz-Caputo
derivative rather than the Riesz derivative in the Riemann-Liouville sense allows
us to avoid a number of nonphysical challenges[119]. According to the findings
presented in [18], the Caputo definition offers a solution to several challenges en-
countered using the Riemann-Liouville derivative. It addresses problems such as
the non-zero derivative of a constant, mass balance error, hyper-singular improper
integral, and the ill-posed nature of the fractional derivative related to the initial
condition, thereby providing more accurate solutions. Furthermore, it has been
demonstrated that the Caputo derivative, unlike the Riemann-Liouville derivative,

exhibits a suitable extension of the extremum principle [19].

Incorporating the Riesz-Caputo derivative in FDEs enables the efficient and ac-
curate representation of nonlocal dependencies and complex temporal behaviors.
Now, we pay attention to the differential equations along with Riesz Caputo’s frac-
tional derivative. In particular, this chapter is concerned with the existence results
for a family of FDDEs employing the Riesz-Caputo fractional derivative in a Ba-
nach space by utilizing FC techniques, Kuratowski’s measure of noncompactness,

Carathéodory conditions, and some theorems on fixed-points.

Due to the challenges associated with obtaining analytical and numerical solu-
tions to such equations, particularly those involving both the right and left fractional

derivatives at the same time, some researchers are investigating the existence and
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uniqueness of the solutions of various types of linear and non-linear FDEs. In the
past few years, substantial progress has been achieved in establishing the control-
lability, existence, and uniqueness of various classes of FDEs [120, 121] and cited

therein.

In 2021, Toprakseven [122] established existence and uniqueness results for so-
lutions to a fractional BVP involving higher-order Riesz-Caputo derivative, using
some fixed-point theorems. Zhang et al. [123] investigated a fractional BVP with
7 € [0,1] in 2019, and they studied the existence of positive solutions using Kras-
noselskii’s and Leray-Schauder theorems related to fixed-points. In [124], the authors
discussed some existence and uniqueness results under the self-similar form to the
space-fractional diffusion equation involving Riesz derivative in the Caputo sense by
employing some fixed-point theorems and FC techniques. Further, in [89], the au-
thors explored the existence and uniqueness of solutions to a family fractional BVP
consisting of second-order Riesz operators in the Caputo terms. The Banach fixed-
point theorem was employed to establish the uniqueness-related theorem, while the
demonstration of existence results utilized Krasnoselskii and Schaefer’s fixed-point

theorems.

Driven by the earlier discussion, in this chapter, we consider the following frac-

tional delay differential equations:

6 Dix(t) = f(t.x(pa (1)), x(pa2(1)), -, x(pa (), ¢ € [0, T,

x(0) = xo, X(T') = xp,

(5.1)

where ¢D7] is the Riesz-Caputo fractional derivative of order n € (0,1), J = [0, T],

and X is a Banach space. The continuous functions p; : [0.7] — [0,7] are delay
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terms satisfying the conditions 0 < p;(t) < t for i = 1,2,...,n, n € N. We note

that, f : [0,7] x X™ — X is a continuous function.

We aim to explore a more profound investigation in this area and derive addi-
tional results beyond those already established. Specifically, under certain assump-
tions on f, we analyze the existence of solutions to the equation (5.1). Further, we
provide illustrative examples relevant to our findings. We utilized tools from frac-

tional calculus, nonlinear analysis, and fixed-point theory to achieve these results.

This chapter is structured as follows: Section 5.2 begins with a discussion of
fundamental definitions, theorems, and lemmas essential for establishing the main
results. In Section 5.3, we present three existence theorems for the solutions of
the considered differential equation (5.1) based on various sets of assumptions on f.
In Section 5.4., we discuss some examples that illustrate our findings. Finally, in

Section 5.5, we give the conclusion.

5.2 Preliminary Results

This section introduces some definitions and basic results which will be used through-

out this chapter.
Definition 5.1. [125] (Carathéodory conditions) A map 1 from [0, 7] x X" to
X fulfill the Carathéodory conditions if:

(a‘) w(v/ﬁl; M2, '7/’671,) is measurable V Wi € X7 (Z = 17 27 cee 7n)'

(b) ¥(t,-, -, ...,-) is continuous for a.e. ¢t € [0,7], .
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(c) Let B, ={pu € X : ||u|| <r}, then for any r > 0, 3 g, € L'[0, T] such that

sug (T, 1, poy - o i) || < & (8), ae. 7 €10,T).
i €6

Definition 5.2. [126, 127, 128] (Kuratowski measure of noncompactness) Let
v: K — R', where K be a subset of Banach space X, and K is bounded. Then, the

Kuratowski measure of noncompactness v is given by:

v(K) =inf{d > 0 : K can be covered by a finite number of sets of diameter < d}

=inf{d > 0: K = U, K; and diameter(K;) <d fori=1,2,...,n}.

Lemma 5.3. [126, 127, 128] Given a Banach space X and bounded subsets Gy
and Gs of X, the Kuratowski measure of noncompactness possesses the following

characteristics:

(1) Gy is precompact iff v(Gy) = 0.
(2) Forc€R, v(cGy) = [c|v(Gy).

(8) v(G1) = v(Gr) = v(CoGy).

(4) For Gy C Ga, v(G1) < v(Ga).

(5) v(G1 U Ga) < max {v(G1), v(Ga)}.

(6) Let Gy +Go = {g: g8 =81 + 82, 8 € Gi,8 € Go}. Then, v((G1 + Go)) <
v(G1) + v(Ga).

(7) Suppose U is a Banach space, and the function v from D(¢)) C X to U holds
the Lipschitz condition with the Lipschitz constant . Then, for any G C D(v)),

where G is bounded, v(1(G)) < qu(G).
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(8) Consider a decreasing sequence of nonempty, closed, and bounded subsets of
a Banach space X denoted by {G;}°,, and limv(G;) = 0, then N2,Gi is
1—00

nonempty and compact in X.

We refer [126, 127, 128] to gain a more profound understanding of the Kuratowski

measure of noncompactness and its associated characteristics.

Lemma 5.4. [129] Suppose G is an equicontinuous and bounded subset of C' (J, X),

then so is CoG.

Lemma 5.5. [2, 130] Let G C X be bounded, where X is Banach space. So for a
countable subset Gy of G, v(G) < 2v(Gy).

Lemma 5.6. [131, 132] Suppose G C C (J, X) is equicontinuous and bounded, then

v(G(7)) is continuous on J and satisfies the following inequlity:

o [owar) < [vigan

Lemma 5.7. [127] Consider G C C'(J, X), where G is equicontinuous and bounded.

Then, v(G(t)) is continuous fort € J along with v(G) = max v(G(t)).
€

Definition 5.8. [128] Let D C X, where X is a Banach space. Then, a continuous
function ¢ from D to X is called strict set contraction if v(¢(G)) < qu(G) for some

0 < g <1 and all bounded sets G C D.

Lemma 5.9. [128] Suppose G is a bounded, closed, and convex set contained in a
Banach space X. If 1 is a strict set contraction mapping from G to itself, then it

possesses a fived-point in G.
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Lemma 5.10. [82] Suppose 1 is n times continuously differentiable function over

the interval [0, T], then

n—1 (k)
otz Do) = ()~ - i oy
k=0 ’
and
e = o - ST ]

k=0

5.3 Existence Results

In this section, we introduce some pertinent findings regarding the existence results

to the system (5.1) under various set assumptions on f.

Lemma 5.11. The boundary value problem (5.1) can be reformulated as the follow-
ing integral equation:
1
X(t) = §(X0 + XT)

1

O] / (t = p)" " (p, x (1 (p)), X(p2()). - - -, x(p1a(p))) dp

" ﬁ/t (p = )" (0. x(a (9)), x(2(p)) - - X () A (5.2)
Proof. By definition (1.11), we have

1 n
(I DY + (1) I S DR)x(h)

oI} (CDIx(t) = 5
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where oI} and , I} are the left, right Rieamann-Liouville integrals respectively.

Now, applying Lemma 5.10 for 0 < n < 1, we have
oI REDIx(t) = x(t) — =[x(0) + x(T)].
This gives

[X(O) + X(T)} +o I} Schgx(t).

N =

x(t) =
Now, using equation (5.1), in the above equation we have

x(t) = %(XO + xr)

A /Ol(t = )" (2, x(pa(p)), x(12(p)). - x(n(p))) dp

I'(n)
n ﬁ / (0 — (. x((P)) x(pi2(9))s - x(un())dp. (5.3)
This completes the proof. O

Theorem 5.12. Let us assume the following conditions:

(R1) Suppose f from [0,T] x X™ to X is a continuous function and there exist non-

negative constants P; such that

16 CE X (8 x(a(8), - X (1))) = £ (1% (12 (£)), K(p22(8)), - X (1)) |
< Z PL'HX(Mi(t)) - ;((Nz(t))}

)

for all x(ui(t)).,f((ui(t)) € X and P = max Hf(t, 0,... 7O)H.
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1
(Ry) Let §Hx0 + x|l + M < m for some m > 0, where N = Zmpi + P,

2T,'7 n
v = andp:fyzpi be such that 0 < p < 1.

I'(n+1) P

Then, for any xo.xr € X, there ezists a solution x* € C (J, X) to the system (5.1).
Proof. Suppose Hp={x:x € X with ||x|| < mfort e J,x(0) =xp and x(T') = xz}.
Now, let us define the operator ® : H,, — H., as follows:

Px(t) = %(xo +xr)

+ ﬁ /0t<t = p)" (p, x(11 (), X(t2(p)); - X(p1a(p)))

" ﬁ/t (p — )" (p,x(11(p)), x(p12(p)): - - -, x(ptn(p)) ) dp.

First, we prove that ® maps H,, to H,,. Now, for all x € H,,, we have

XD < 3l -+l
L/ (n-1)
+W/O (t = )" | (p, x(u1(p)). x(p2(p)), - - -, x(pa(p))) || dp
+ ﬁ/t (p — ) Vf(p, x(11(p)), x(2(p)), - - ., x(1n(p))) || dp

—f(p,0,....0)[| + [If(p,0,....0)]||dp

I'(n)

i [ @0 [||f(p,x<u1<p>>,x<u2<p>>, X))
—f(p,0,... ,O)H + ||f(p,0,... ,O)H} dp
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+ﬁ/0(t_p)(ﬁ1)|:Z7)i“x(ﬂi(p))|+P]dp

1
+ = — t)(=1 [ Pl x(pi(p +73]
o / > Pt (o)
<4
§|X0+XT||
mn T n
* )| 2 PO+ P+ e | Pl + 7
1 27 r
§||XU+XT||+ (77+1 ;Pim—l—P]
1
§HXO+XTH + N,
<m

Therefore, ® maps H,, into itself. Now, we show that & is a contraction mapping

on Hn,. For all x,x € H,,, we obtain

| Dx(t) — Px(t)||
Sﬁfo (t — )T D||f (p, x (1 (p))s X(p2(D)), - -, X ()
—£(p, X1 (), X(112(p)), -, (g1 (p))) || dp
+ﬁ/t (p = O (p,x(1a(p)), x(p2())s - -+, X(p1(p)))
— £ (p,%(11(p)), X(p12(p)) - X(p1a())) || dp
< (1n) / p)r 1>z7aux () — X(ps(p)) | dp

1 T
+ ﬂ/ P — t)(n_l)ZPiHX(M(p — x(pa(p))||dp
T - 8
27’ [Ix — H+ +1 ZPHX—XH

2T &

*F(n+1 ZPHX
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g[v§jﬂbx—iu
=1

< pllx =X,

which shows that

J@x(t) — ()] < pllx— .
From the above discussion, we deduce that ® is a contraction mapping from H,
to Hm. Consequently, the system (5.1) has a solution by the generalized Banach

contraction principle. With this, we conclude the proof. O

In the subsequent Theorems 5.13 and 5.14, we demonstrate the existence result

for the solution to the system (5.1) by using different set of assumptions on f.

Theorem 5.13. Let the function f from J x X" to X satisfy the Carathéodory
conditions. Then, ¥ xo,xp € X, the boundary value problem (5.1) has a solution

x* e C(J,X).

Proof. Let us assume that ® : C' (J, X) — C (J, X) defined by

Ox(t) = %(xo + xr)
1

+ W/O (t — p)" " (p,x(p1(p)), x(p2(p)), - - -, x(pa(p)) ) dp
+ ﬁ/t (p — )" (p. x(pa(p)), x(12(p)), - - -, x(pa(p)) ) dp- (5.4)
The proof consists of multiple steps.

Step 1: First, we show the continuity of ® : C'(J, X) — C (J, X)

Let the sequence {X,, }men C C (J, X) such that x,, — x in C' (J, X). Then, there

exists a positive integer r(r > 1) in such a way that for all m € N, ||x,,,|| < r. Define
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the set B(x,r) as follows:
B(x,r)={xe C(J,X):|x]| <r}.

Since for cach ¢ € J, we have 0 < () < t; (i = 1,2,...,n,n + 1). Thus, for

Xm, X € B(x,r), we get
(1% (12:(2)) = (1)) || < X — x|l = 0 as m — oco.
Since, f satisfy the Carathéodory conditions. So, for a.e. t € [0,T], we have

£t % (1. (8)), Xom (12 (1)) -+ Xom (0 (1))

— F(t,x(pu1 (1)), x(p2(t)), .., x(pn(t))) as m — oo.

For every m € N, we have

£t 3 (11 (£)), X (12(1)), -+ X (p1 (1))

= F (4 x(ua (1)), x(ka2(t), - x(1a())) < 28:(1).
Further,

[[Pxn (2) — Px(2)]]

1

< H%(xo +x7) = 5 (%0 +x7)

_l’_

T'(n) /0 (1 — p)(n_l)f(pvXm(ﬂl(p))axm(MQ(p)), .. 7Xm(Mn(P)))

—f(p.x(ua(p)), x(p2(p)), - - - - x(pta(p))) dp

+ ﬁ/t (p = )" E (D 3 (111 (P)) s X (12(P)), -, Xon (b1 (P)))
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1 1
§(X0 + XT) — §<XQ + XT)

L t _ p)(—1)
+F(n)/o(t 2

dp

F(p, % (101(P))s X (112(P)), - -+ s Xin (1 (D))

L ’ _ £\(n—1)
+F(n)/t (P =1

Therefore, ® is continuous.

Step 2: Next, we show that®(B(x,r)) is equicontinuous for x € B(x,r) and

t, t € J such that #; < t5. Then,

[®x(t2) — Px(t1) ||

H[ F(ln)/o t— )" VE (0, x(pa(p)), %2 (p)), - - x(p1a(p)) ) dp
F(ln) /:(p — )"V (p,x (i (p), x(pi2(p)), - - - x(un(p)))dp}
+ [% /j(tz — ) I (p,x(111 (p)), X (12(p)), - - . X1 (p)) ) dp
v F(ln) LT(p_ )T (p x(n (p), x(p2(p)), - - X(Mn@)))dp} H
= H [ﬁ /Otl(tl — )"V (p,x(a(p)), x(12(p)), - X (g (p)) ) dp
- ﬁ / "t = D) (X)) K20, x(un@)))dp} H
+‘ [ﬁ :(P— 1)V (p.x(pa (p), x(12(p)), - - X(a(p))) dp
ﬁ :“’ 1) OF (p. x(a1 (p)) (12 (p). x(un@)))dp} H
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We have

(tr = p) " Vf (p, x(pur (p))- X(p2(p)), - - -, x(pn () ) dp

p1
—~
=
~—
o

—5%3/1@—pw*wwmwmmxam@»rnmwam»@
Ll%@—pW“”@MWﬂM%%m@Dw~MWAMDMM

1 [h

(i —p)"" = (. — p)" & (p)dp

t2
_ p\n—1
F(n)/h (t—p)" "ge(p)dp — 0 as t; — .

Similarly, we can say that I, — 0 as t; — ty, and hence ||®x(ty) — Px(#)|| — 0

as ty — ty.

Therefore ®(B(x,r)) is equicontinuous.

Step 3: Finally, we show that Z(t) = {®(B(x,r)) : x € B(x,r)} is relatively
compact in X. Note that Z(0) and Z(T) are relatively compact in X. Fixed

t € (0,7), and for each x € B(x,r), and 6 € (0, t) define

Psx(t) = = (%0 + x1)

f%ié_upw*wnmm@»mwxm%~w%%@ﬁﬂp

+%77>/t (p—t)"_lf(p,x(,ul(p)),x(,uz(p)),...,x(,un(p)))dp

-4

Here,

t—4§
/ @—mw1u%mm@»mwxmxuw«%w»wﬁ

t—0
S/ (t—p)" 'g(p)dp,
0
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and

i

[ o= 0 s (0D xGpa).. ,an(p)))de

-4

S/t (p— )" & (p)dp,

-4

Since (t —p)" 'g.(p) and (p — )7 'g,(p) € L'[0,T]. Then, the set Zs(t) = {Psx(t) :

x € B(x,r) is relatively compact in X. For any x € B(x,r), we get

[@x (1) — Psx(1)]

[ (=0 X (0D x(a0). - ¥ ()

I ,an(p)))de

< ﬁ /t; {(t —p)" = (p— t)”l}
£ (92 (0)), x(12(p)), - ,an(p)))de

= T) /t_g (E=p)" = (= )" Je(p)dp.

Hence, we have relatively compact sets {®sx(t) : x € B(x,r)} which are arbitrarily
close to the set {®x(t) : x € B(x,r)}, for ¢t € (0,7"). Thus, {®Px(t) : x € B(x,r)} is
relatively compact in X, V ¢ € (0,7). Consequently, it is compact in X, V ¢t € J as
it is already compact at ¢ = 0,7. Therefore, ® : C (J, X) — (J, X) is completely

continuous as an implication of the Arzela-Ascoli theorem.

Let x = ((®x). Then, for 0 < ¢ < 1, we get

x(t) =

(Xo + XT)
¢

= / (t = )" (p, x(p1 (1)) X(p2(p), - X1 (1))

¢
2
W
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+ %/t (» — t)n_lf(p’x(:“l(]?))aX(M(P)), . ,x(,un(p)))dp,

and for t € J, we get

I(0)] = § o -+ x|

_{_%/Ot(t_p)ﬁ1||f(p7X(Iul(p)),x(,uz(p)),~-~sx(ﬂn(p)))”dp

* % /t (p - t)n71||f(p,x(ﬂl(p))7x(/t2(p))> ce 7X(/1’n(p))) Hdp

< o+

" % [At(t B p)nilgr(p)dp + /t (p— t)nilgr(p)dp

=M (say).

Thus, there exists a constant § > M satistying ||x|| < 5. Consider the set B = {x €
C(J,X) :||x|| < B}. Clearly, there is no x € 9B fulfilling the condition x = {(Px)
for ¢ € (0,1). As a result of the Lemma 1.3, there exists a fixed-point x € B for @,

thus (5.1) has a solution. This completes the proof. O

Theorem 5.14. Assume that the following hypotheses are met:

(R3) Let the nonlinear function f from J x TR" to X be continuous and bounded
such that
M(MR) 1

AR ST 9

where M(R) = sup{||f(¢,x1,%2, ..., x| (£, X1, %2, ..., %) € J X TR},
Tr ={xe€C(J,X):|x| <R}

(Ry) For any equicontinuous and countable sets G; C X (i = 1,2,...,n), there are

non-negative Lebesque integrable functions g; € L* (J,RT), (i = 1,2,...,n)
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such that for t € J,

n

v(f(t,G1,02,....Gn)) <> _eilt)v(Gi), (5.6)

i=1

with

ﬁsnp {/Ot(t —p)"! ggi(p)dp T /tT(p — gyt ggi(p)dp] <1. (5.7)

teJ

Then, for any xo,xr € X, there exists a solution x* € C'(J, X) to the system (5.1) .
Proof. Let ® : C'(J,X) — C (J, X) defined by

Dx(t) = %(XO + x7)

! ﬁ / (t = )" (px(ua () X(12(p). - X(11a(p)) dp

1

+W/t (p — )" (p.x(pr(p), x(p2(p))s - - -, x(p(p)))dp.  (5.8)

Here @ is a mapping from C (J, X) to C(J,X), which is continuous due to the
continuity of f in J x Tr". Now, let us consider a positive constant r > 0 such
M(R)

1
that%im — <r< T Based on condition (5.5), we can find another constant
— 00

Ro > 0 such that
M(R) < FR(), VR > R(). (59)

o 17!
r )] }, and Tp- is a set defined as follows:

1
Let R* = max {Ro, §(XO—|—XT) [1_F(77T

Tre = {x € C(J,X): x| <R*}.
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Using equations (5.8) and (5.9), we can deduce the following

1
12x][ < 5 ljxo + xzll

+%/0 (t — )T Vf (p,x (1 (p)), x(12(p)); - - - s x(pn(p))) || d
N ﬁ/t (p — OV (0, x(11 (p)), x(12(p)): - - -, x(11(p))) || dp
1 1 ! n—1

< lho+xell+ g [ (=) MRy

L e

+F(77)/t oM

1 2rTn R *

< R*.

—HX0+XT|| + <
L(n+1)

(\]

This means ® : T+ — Tk~ is continuous and bounded.

Next, we show that ®(T+) is equicontinuous for #, &, € J such that t; < &

| Px(t2) — Px(t1) |

H[ (= ) (i (9)), x(12(0)), - X1 ()
- / (0= X)) X)) ¥ )]
*{ﬁ /< — )V (p, X1 (). X(2(p)). - X(1a(p)))
+F(177) / "0 = )V (X ()Xo, x(un@)))dpm
= H[r(ln) /Otl(tl =)V (p.x (1 (p)). X(12(p)): - - X(pn(p)) ) dp
s [ s ) x|
+‘ {ﬁ /:@ — 1) (p x(pa (p)), X(12(p)); - X(pn(p))) )l
ﬁ :<p = 1) VE (p,x(1 (), X(12(p)) - - - X(,Ln(p)))dp} H
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We have

I = Hi [ = 0 ) X)) X))l

/ (1 — p) TV (p, x(pir (9)) X(p2(0)), - Xt (9))) dp

g L 0= 2 00 X)), )|
< ﬁ 0 b - ) = (- )T MR dp
+ F(l’fl) /t2(t2 —p)"TM(R¥)dp = 0 as t — t,.

Similarly, we can say that I — 0 as t; — t, and hence ||[®x(t2) — ®x(t1)]| — 0 as
t; — tp, which shows ®(Bg-) is equicontinuous. So, using Lemma 5.4 Co®(Bg-) is
bounded and equicontinuous subset of ®(Bx+).
Finally, we show that ® : Co®(Bg-) — Co®(Bg-) is a strict set contraction mapping.
Now, by means of Lemma 5.5, for any G C CoG, there is a countable set Gy = {x,} C
G such that

v(®(9)) < 2(®(G)). (5.10)

Since Co®(Bg-) is equicontinuous and bounded therefore Gy C Co®(Bg-) is equicon-
tinuous and bounded.

Now, as the consequence of Lemma 5.6, we have

V(D (Go(1)) = {ﬁ / (£ — Y (0, Golpr (). Golk2(p)s -, Goltn (1)) dp

+ﬁ / (r - t)”lf(p;go(lh(P))ago(N?(p))?'"’g‘)(“"(p)))dp}

< %) {/0 (t—p)" v {f(pa Go(pa(p)), Go(ua(p)). - - - >gO('u"(p)))} dp

n
n / (p— 1) [f(p, Golya(p)), Golpa(p)), . ,gown(p)))dp]
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< f |, ¢ L)

[0 S s @)

t

Now, through Lemma 5.7, we obtain v(®(Gy)) = max v(®(Go(t))). Therefore,
a5

v(®(9))

IN

2v(P(G))
1 ! —1 -
mu} (t—p)" ;gi(p)V(gi(m)dp

n
T / (vt _ngp)u(gi(p))dp]

< %n) Uot(t —p)" ;gi(p)dp + /tT(p — ) é gi(p)dp} v(G).

IN

By equation (5.7), we obtain

v(®(9)) < v(9).

Hence, the mapping ® : Co®(Bg~) — Co®(Bg~) is a strict set contraction mapping.
As a consequence of Lemma 5.9, it follows that & possesses a fixed-point u* €
Co®(Bg-), which is contained within the space C (J, X). This concludes the proof.

O

5.4 Applications

A few illustrated instances of our suggested results are provided in this section.
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Example 5.1. Let’s take a look at the following fractional differential equation:

Dby = ¢+ SO | THa(t) | con (Ux(ua(),

€ (0,1), (5.11)

sin (O)X(pa (1)) | e”X(pa(t)) | cos ()x(ps ()

f(t x(pa (8)), x(pa(1)), x(p3(1))) = t + 100 T * 100

Let x(1(1)),%x(ps(1)) € X, i =1,2,3. We get

[1F (8, x(a (8), x(ua(8), x(us (1)) = (8, %(ua (1)), % (pa(t)), % (1)) |

_1mm pa(1)) = %(s ()] + 55 eCia(0) — K(a0) |

105l s(6) — x(s(0) |

Hence, (R;) of Theorem 5.12 holds.
Clearly,
P = max ||f(¢,0,0,0)|| =

t€[0,1]

14+2/I'(3/2)
1—2/251'(3/2)
5.12 are met. So by making use of Theorem 5.12, equation (5.11) has a solution.

Now, if we take m >

} + 1, then all the assumptions of Theorem

Example 5.2. Let us explore the subsequent fractional differential equation:

XeDx(t) = tsin (x(u1(t)) cos (x(ua(t)), t € (0,1),

x(0) =xo, x(T') = xr.

(5.12)
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Here, we have

F(tx(n (£)) x(pa(£))) = tsin (x(gua (1)) cos (x(pa(1))

Clearly, f(-,x(u1(t)),x(p2(t))) is measurable, ¥ x(u;(t)) € X, (i = 1,2), and (¢, -, )
is continuous for all ¢ € [0,1].

Now, for any r > 0, 3 g,(t) = e* € L*[0, 1] such that

sup [[f (¢, x(p1 (8)), x(u1 (1)) || < € ¥V ¢ €[0,1],

XiGBr

where B, = {x € X : ||x|| < r}. So, by Theorem 5.13, equation (5.12) has at least a

solution.

Example 5.3. Let us consider the following differential equations:

RC DIy ( —/\le ),t €[0,T],
(5.13)

x(0) = xo, x(T) = xr,

where X > 0, and ||x;(t)|| <R, (i=1,2,...,n).

Clearly, f : J x Tr — X such that

Hf(t,xl( ), Xa(1 ) H < /\Z HX H < nA\R.
So, we get M(R) < nA\R = % < n\ Taking R — oo we get
im S <
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1 1
If we choose A such that nA < i e, A< o then (Rg) the condition of Theorem
n
5.14 is satisfied. Let P be the kernel of Kuratowski’s measure of noncompactness
on the Banach space (X, || - ), with zero element 6, and {#} € P. Now, if we

1
choose A such that A < —, then according to arguemnt presented in [133] for any
n

equicontinuous and countable sets G; € X, (i = 1,2,...,n) we have

I/(f(t, gl, gg, N ,gn)) S V<)\i QZ> S Ai V(gi), (514)

where A is non-negative Lebesgue integrable function. Again,

ﬁsnp {/Ot(t —p)"! égi(p)dp + /tT(p -t égi(p)dp]

ted
1 t n T
< ——sup [/ t—p)Tt Adp —|—/ p— t)”_ldp]
() e [ Jo ( ) ,z:; ¢ (
ni ¢ 1 T 1 "
< sup{/ t—p”dp—i—/ p—1t)" )\dp]
F(U) teJ 0 ( ) t ( ) ;
2n\T™M
< —.
“T'(n+1)
1 17 1
Now, for A < min{q —, —, M all the conditions of Theorem 5.14 will be
nl " n’ 2nIM

satisfied, and hence equation (5.13) has a solution.

5.5 Conclusion

This chapter investigates the existence of solutions for fractional delay integro-
differential equations in Banach space along with the Riesz-Caputo fractional deriva-

tive. Employing FC techniques, Kuratowski’s measure of noncompactness, Carathéodory
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conditions, and multiple fixed-point theorems, we establish a few results for the ex-
istence of solutions. A few instances are presented at the conclusion to demonstrate

the competence of the suggested outcomes.

Kook skoskok sk ok ook >k ok



