Chapter 3

Two-Dimensional Wayvelets Collocation Method for

Electromagnetic Waves in Dielectric Media

3.1 Introduction

Wavelets are powerful tool which have been used in numerical techniques. Nowa-
days, wavelets theory are mostly used in the field of applied science and engineering.
Also, this allow the accurate representation of a variety of functions and operators.
Recently, wavelets have been found their location in many applications (see for in-
stant [111; 112; 113]). Particularly, wavelets are very successfully used in signal
analysis [114]. It is proved that wavelets are powerful tool to explore new direction in
solving partial differential equations. Wavelets are localized functions [115], which
are the basis for energy-bounded functions [116] and in particular for L?(R). So, we
have implemented orthogonal wavelet functions in our proposed method. The most
frequently used orthogonal functions are Legendre function [117], Chebyshev [118],
Laguerre polynomials [119], etc.. The main notion of using an orthogonal basis is
that the problem under consideration reduces to a system of linear or nonlinear
algebraic equations. This can be done by truncated series of orthogonal basis func-
tion for the solution of the problem using the operational matrices (see for instant
[120; 121; 122]). It is noted that wavelets operational matrix method is not only
simplifies the problem but also speedup the computation. Therefore, in the last two

decades different families of wavelets have been widely for solving fractional partial
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differential equations (FPDEs).

FPDEs have been one of the essential tools for various areas of applied Mathe-
matics (see for instant [111; 112; 113|). FPDEs occur naturally in many field of
science and engineering. In recent years fractional derivatives have found numerous
applications in many fields of physics, finance and hydrology [123]. Also, fractional
analysis has established so many applications in recent studies in mechanics, and
physical sciences phenomena in area like diffusion process [124], electrochemistry
[125], arterial sciences [126], the theory of ultra-slow processes [127], etc. Frac-
tional derivatives provide an excellent instruments for the description of memory
and hereditary properties of various materials and processes. A great deal of effort
has been expanded over the last 15 years or so in attempting to find robust and

stable numerical and analytical methods for solving FPDEs of physical interest.

In this chapter, we present a numerical wavelet collocation method (NWCM) by

using two wavelets to solving FPDEs arising from electromagnetic wave in dielectric

media (EMWDM) (see [128]) as follows:

(oDu)(t, 1) — A (oD u)(t, 2) — Mo V3u(t,z) = f(t,2), (3.1)

with initial condition

u(t,z) =0,vt<0, wu(t,r)#0,V0<t<l,0<x<]l,

where, V2 is Laplace operator, A; and )y are known constant coefficients depend
on the frequency independent properties of medium and 1 < 8 < o < 3. Also, both
the fractional derivative present in Fq.(3.1) are defined in the Riemann-Liouville
derivative sense. In Fq.(3.1), u(t, z) is unknown function which will be determined

in this chapter.
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3.2 Function approximation

Suppose that f(,z) is an arbitrary function in L?*(€2), then it can be approximated
as follows:

U
k=1 o 2K -1

ft,x) = Z Z Z Z foo @ ().

(3.2)
n=1m=0p'=1 m'=0

If the infinite series (3.2) is truncated for m = M — 1,m" = M  — 1, then approxi-
mation of (3.2) can be represented as in the following form
2F 1M 198 1M 1
f(tﬂ 1‘) ~ Z Z Z Z f’nmn"m’ q)nmnlml (t7 .73) = FTq)(t,x)

(3.3)
n=1 m=0 /=1 m'=0

Where, F and @ are 28128 =107 M’ x 1, vector given as follows:

F = [f170,1,0, s 7f1,0,1,M'—17 J1020° 7f1,0,2,M'—1’ : 7f17072k/—1707 B
f170,2k/—17M’717 sy Jim-110, 0 f1,M—1,1,]\,1'_1> Jiv-120, f1,M_1,2,M’—17
f1,M—1,2k'—1,0 ARV U W VY f201,00 s faoaar -1 [20200
f2,0,2,z\,1’—1’ T ’f27072k'—170’ T 7f27072k’—17M’_15 T 7f2,M—1,1,0, T af2,M—1,1,M'—17
fopr-1200 5 fonr-a o -1 f2,M—1,2k/*1,0 o fz,M—l,Qk'fl,M’—l’ o
for-101,05" " af2k-1,0,1,ML1a for-1020," " 7f2k717M7172kl717M/71]T

(3.4)
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And

= [P101,0, 5 Progar—1 Prozo s Lo P g g
®140,2k/717M/,17 P10, (I)l,Mfl,l,M’flv Q1 ar-1,2,0, 7(I)1,Mfl,2,MLl
CI)1,M—1,2k'*1,0”' ’ ¢1,M—1,2k'*1,M’—17CDZO»LO’ o Paoo

Popom -1 ’q)2,0,2k’*1,0’ o ’q)z,o,Qk’fl,M’_v"' » Poa-1,1,05 s Po 11 1
@2,]\1—1,2,07 T ®2,M—1,2,M/—1©2’M_172k‘/—170 T ®2.M—1,2k‘/_1,M/—17 Ty q)Qk_l,O,l,()’ Ty
H L. D , . B , e P , 1T
2]&'7]7071’M - ? 2k7]7072k 71707 ’ 2k717032k 7]70’ ) 2k71,M—1,2k 71,M’—1

(3.5)

Theorem 3.2.1 The series solution f(t) = > o2 > [um®E (1) define in Eq.(1.7)

using LWA method converges to f(t).

Proof See [112].

Theorem 3.2.2 A function f(t) defined on [0,1) with bounded second derivative
|f"(t)] < B, can be expanded as an infinite sum of CWA and the series converges

uniformly to the function f(t), that is,

K6 =33 fun@C (1)

n=1 m=0

Proof See [37].
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3.3 Operational matrices
3.3.1 Legendre wavelet operational matrix of differentiation with respect
to variable t

Let ®L(¢,x) be two-dimensional Legendre wavelet defined in Fq.(1.8) then deriva-

tive matrix as follows:

0 .1 B

(2(t) @ " ()

o)

t
= (D"®"(t)) ® (12"(x))
= (D" @ I)(D"(t) ® " (x))
= Dy " (t, @),

0

a<1>L(zf, r) = DFOL(t, x), (3.6)

where, D = D! ® [ is the matrix of order 28-12F LM M (see [131]) and also I is

the identity matrix.

3.3.2 Legendre wavelet operational matrix of differentiation with respect

to variable x

Let ®L(t,2) be two-dimensional Legendre wavelet defined in Eq.(1.8) then deriva-

tive matrix as follows:
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= (19*(t)) @ (D" ®"(x))
=(I® DL)(<I>L(t) ® <I>L(:c))
= D, oL (t,z),

9 L _ DLyl

where, DI = [ @ DV is a k=19K 1N f A1 x 2=19K “1 A7) matrix (see [131]) and

also I is the identity matrix.

3.3.3 Chebyshev wavelet operational matrix of differentiation with

respect to variable t

Let ®“(t, z) be two-dimensional Chebyshev wavelet defined in Eq.(1.12) then deriva-

tive matrix as follows:

§<I>C(t, x) = a((I)C(t) ® & (x))
= (DY2°(1)) ® (19°(x))
= (D¢ ® I)(®°(t) @ ®°(x))
= DE®Y(t, x),
%@C(t, z) = DE®C(t, z), (3.8)

where, DY = DY ® I is the matrix of order 9k=19K =11 )’ (see [37]) and also I is

the identity matrix.
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3.3.4 Chebyshev wavelet operational matrix of differentiation with

respect to variable x

Let ®°(t, z) be two-dimensional Chebyshev wavelet defined in Fq.(1.12) then deriva-

tive matrix as follows:

) 0
0y = @) o 0(a)

= 0°(t) © -0 (x)

= (12°(t)) @ (D72 (x))

= (I D°)(2°(t) ® 2%(x))
= D72t x),

S0,

9 c _ NCHC

where, DY = I® D% is a k19K “1 N[ )" x 2K=19F =1 N[ \f matrix (see [37]) and also

I is the identity matrix.

3.3.5 Legendre wavelet almost operational matrix of integration with

singularity for variable t

Let ®% (¢, ) be two-dimensional Legendre wavelet defined in Fq.(1.8) and 0 < n < 1

then,we get

/twd _/t h(s) ® P"(z)

(E—sy (t — )"

_ t‘I)L(S) s Ly
_/O(t—s)nd ® O (x)

~ (VERH(1) ® (195 (x))
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= (VF@)(@"(t) ® ()

= H}/®"(t, ),
S0,
t (I)L
/ (:2) 1o~ HEGE (1 ), (3.10)
o (t—s)
where, HF = VE @ I, T is identity matrix, and for V¥ see appendix subsection
6.1.1.

Now, we find operational matrix for 0 < v < 1 as follows:

/t Oi(s,a) /t (s) ® BH(x) |

(t—s)” (t —s)”

_ t(I)L(S) s Ly
_/O(t—s)Vd ® d*(x)

~ (Wheh(t) ® (19"(x))
= (Wre 1)@ (1) @ (z))
= QtL(I)L(t7 CC),

S0,

tq)L(S’@ s~ OLDL(t
/0—(t_3)yd ~ QLN 7), (3.11)

where, QF = W' @ I, I is identity matrix, and for W’ see in appendix

subsection 6.1.1.
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3.3.6 Chebyshev wavelet almost operational matrix of integration with

singularity for variable t

Let ®“(t,2) be two-dimensional Chebyshev wavelet defined in Fq.(1.12) and 0 <

¢ < 1 then,we get

/t (s, ), _ /t 2°(s) @ 2%(x) |

(t—s) D

using similar process as we have been done for Legendre wavelets, we get

t‘bc(sax) s — HOCPC (+. ¢
/0—(t—s)<d = H, ®"(t,x), (3.12)

where, HX = V¢ ® I, I is identity matrix, and for V¢ see appendix subsection
6.1.2.

and also for 0 < ¢ < 1 as follows:,

tHC (s
/o %d& = QYdY(t, z), (3.13)

where, Q¥ = W ® I, I is identity matrix, and for W¢ see in appendix subsection

6.1.2.

3.4 Method of the solution

Representing the Fq.(3.1) via expansion
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Table 3.1: List of denotation
General Uses of Uses of
symbol LWA CWA
O(t,x) PL(t, x) DY (t, x)
D Dt D¢
V %42 Ve
w wit we
D, DE D¢
D, DE D¢
H, HE HE
Q: Qf QF
Let us consider the problem Fq.(3.1)
(0D%u)(t, ) — M (oDl u)(t, z) — A\ V3ult, z) = f(t,z), (3.14)

now, using definition of Riemann- Liouville fractional derivative defined by Fq.(1.17)

and Laplace operator in Fq.(3.14) and then Eq.(3.14) transform as follows:

b O [ use) o 1 D [
(1~ {a]) o7’ /ou—s){a}d Mea—plal L

t— 3){5}

ds—

Ao(u(t, ) + uge(t, ) = f(t, ).



Chapter 3. Two-Dimensional Wavelets Collocation Method for EMW... 60

(3.15)

To find the solution of F'q.(3.15) by using the collocation method, we will first obtain
matrix form of FPIDEs. In this way, we suppose the approximation of w(t,z) as

follows:

1
ok=1 pr_1 9k =1 0 1

u(t,x) ~ Z Z Z Cn,m,n/,mlq)n,m,n/,ml (t,l‘) = CT(I)(t7 x>’ (316)

where, Cypnime is unknown for n = 1,2,..,281 m = 0,1,..,.M — 1, n' =
1,2,..,2" m/'=0,1,...,M' — 1.

Now, partially differentiate Fq.(3.16) w. r. t. ¢ as follows:
w(t, z) =~ CTDd(t, x),

again, partially differentiate above equation with respect to t as follows:

uy(t, r) = CT(D,)?®(t, ), (3.17)
similarly,
Uge(t, ) = CT (D, ) ®(t, ). (3.18)
Also
8 [Oé]—'-l
<§> O(t,z) = Dy O(t, x), (3.19)

o [B]+1
<a> O(t,x) ~ Dg@(t,:t), (3.20)
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and

f(t,x) =~ FT®(t, x). (3.21)

Using Fq.(3.15) and Eq.(3.16) as follows:

e (1) a [ s mi g () . [ -

Ao (us(t, ) + uge(t, ) = f(t, ).
(3.22)

Putting the approximation Fq.(3.17), Fq.(3.18), and Fq¢.(3.21) in Eq.(3.22) as fal-

lows:

ﬁ (%) o /ot %d - Almf—Tm}) @)W /ot %d

M (CT(D)?*®(t, z) + CT(D,)*®(t, 7)) = FTO(t, ).
(3.23)

Now, grouping Fq.(3.10), Eq.(3.11)(or Eq.(3.12), Eq.(3.13)) and Eq.(3.23) as fol-
lows:
oT 9\ e+t o7 o\ P+t
rro (o) 000 gy (o) @
~Xa(CT(Dy)? + CT (D)) 0(t, x) = FT®(t, x),

(3.24)

or,

cT o [a]+1 o 5 [8+1
mHt (a) O(t,x) — Alm@t (E) O(t,x)

—XCT((Dy)? + (D,)?)®(t,2) = FTo(t, x).

(3.25)
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Grouping Fq.(3.19), Fq.(3.20) and Eq.(3.25) as follows:

cT cr T 2
r(1— {a})HtDa - AlF(l - {ﬁ})QtDB A (3.26)

~0CT(D)*)®(t,z) = FTo(t, x),

or,

T ; _ ; _ 2 2\ _ T
C (F(l_{a})HtDa Alr(l_{ﬂ})@pﬁ Aa(Dy) AQ(Dm)> FT.(3.27)

Finally, £q.(3.27) as follows:

ct = Fﬁmmpa — )\1MQ,5D5 — X2(Dy) — A2(D,)?] 71 (3.28)

Grouping Fq.(3.16) and Fq.(3.28), we get

u(t,z) = FT[mHtDa - Almw}ﬁ (D)= M (D) Bt 7).

(3.29)

Now, we use the collocation method for solving Eq.(3.29). For this, we suppose

t ={t:;}Y, = % and = = {z;})_, = 4 are the set of (N) nodes. We substitute

these nodes in Eq.(3.29) and then we find the numerical solution of Fq.(3.15) and

hence Eq.(3.1) solved numerically.

3.5 Convergence analysis:

3.5.1 For Legendre wavelet

Theorem 3.5.1 Let (%@)N, T > 0 be the Legendre wavelet approximation

(LWA) of (aggﬁ&:::)) and assume that the mized second derivative of (agﬂggm) is
O™t u(t,x)
ot29x7+2

bounded by a constant Ki.i.e. ‘ < Ky, then we have the following upper
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bound of error:

2 Kl@
218 ’

55) - (557),

where, © is a polygamma function ,p = F3(—3/2+ N).

L2

2k 1 2k —1

Zm 0 Zn =1 szzo Cn,m,n/ ,m' q)f;mm/ ,m' (t? ZL‘)

truncating it upto N-1 level, we get

Proof Let g;“ =y

ok—1 N_1 2K -1 N_1
<8x7) ZZ Z Z ' Lo m(t,x).

n=1 m=0 n/=1 m/=0

Now,

’
1 ok —1 o)

o7 2k—1 oo
(a:;i> (81‘T> Z Z C”m” m nmn m (t,(L’),

n=1 m=N ,'=1 m'=N

taking L? norm both side, we get

1))

/ / ((ay) - (g;l:)N)thdx,

or,
0"u o™u 2
H(@W) N (8357)
1 oo oK -1 2
0 0 n=1 m=N n/=1 m/=N
or,
o"u k-1 oo W1
"(8907) <3x7) H Z Z Z Z nmn’ m' (3.30)
n=1 m=N n’=1 m/=N
where,

1 1
O™u(t
oot = / / Tub gt (4 2)dbde. (3.31)
,m,n ., 0 0 axT n,m,n ,m
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Using Fq.(1.9) in Eq.(3.31),we get
1 ,p—" A
Cﬂ,m,n/,ml = / /2k_1 —8 g(t;x) (2m+ 1)1/22(k_1)/2
0 gk * (3.32)
Pn(2"t —2n+ 1)®F,  (z)dtdz,
putting 28t — 2n + 1 = s, in £q.(3.32) as follows:
1 1 a7 s+2n—1
mat = Jo )T G
Pm(s)Cbi, v (T)dsdz,
or,
9—(k+1)/2 1 L g7y (2=l
Cromn’ = —12/ @, f(x)/ u o 0)
Tt 22m+1)1/2 J, mm 1 dz™
d (Pm—i-l(s) - Pm/_l(S))de.T,
or,
9—(k+1)/2 1 L grtly(st2n=l o
Cnmn, m = (_1) / (I)L’ ’(:L‘)/ ( 2 )
MM, 2(2m + 1)1/2 J, nom = 0s0x™
(Prnt1(s) — Por—1(s)) dsdx,
or,
— T s+2n—1
ot = o [t oy [
s 42m + 1)V2 J, mom 1 0s0x™
P, - P P, — P,
mr2(s) m(s) _ m(s) m—2(5) dsdz,
2m +3 2m —1
or,
9—(k+1)/2 1 L 72y (st2n=l
Cn,m,n/,m/ = —4(2 n 1)1/2 / (I)ﬁ/ m' (QU) / 8( 282k7_ )
" 0 -1 ot (3.33)

Pinia(s) — P(s)  Pu(s) — Paa(s)
( om+3  2m—1 )dex‘
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Using Fq.(1.9) in Eq.(3.33), we get

/

9—(k+1)/2 2,;771 . 120k N ,
Crmal ! = 4@2m+1)12 Ju'a (Zm +1)772" B (202 — 20" — 1)
ok’ —1
1 8T+2u(8+32—1’1') Prio(s) — Pu(s)  Pu(s) — Pn_s(s)
— dsdzx.
_1 0s20x 2m + 3 2m — 1

(3.34)

Putting 2¥'z — 2n' — 1 = r in Eq.(3.34) and processing the same as done above we

get,
c 9—(k+1)/29—(k +1)/ L gy s+2n 177‘+§Z/’71)
n,m,n’,m’ — 16(2m—|— 1)1/2 2m 1 1/2/ / 8828T7+2
Un,m(s)an’m/ (t)deT’,
where,
o) = F220) = Pals)_ Palo) ~ Pl
n,m o+ 3 y— ’
and,
() = 2 = Pu(r)  Po(r) = Frva(r)
n,m le + 3 2m/ _ 1 .
Now,
2- (k+k +2) 1 074-4 s+2n 1’ T+§Z/_l)
Cromnt e |7=
| ot | 256(2m + 1)(2m’ + 1) | / / 3323TT+2
O-n:m(s)o-n/,m/ (t)deT |27
or

92— k+k +2) ar+4 9+2n 1 r42n/ —1)
| Cnmn ,m/ ’ / / : 2V |2 dsdr
— 256(2m +1)(2m' + 1) 8526’7°T+2

/ / | U,,L,m(s)an/,m/ (r) |* dsdr,
1/
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or,
K2 k+k +2) )
dsdr,
where,
87—+4 (s—f—gn 17 T+ZZ 1) _ K
0s20r7+2 b
or,
K2 1
| Crmavant 'S 2(k+k’+10)(2mj-1)(2m/ +1) / [ Fum(3) I ds
- (3.35)
[ o) P
-1
Now,
1 ' (Pria(s) = Puls)  (Pu(s) = Pnoa(s)”
2 m+2 m m m—2
= - d
[ Vot pas= [ (P e
_ /1 (2m — 1) Ppya(s) — (4m + 2) Pp(s) + (2m — 3)Pm_2(s))2 i
—1 (2m+3)(2m +1)
< [ Cno DBl  AE) SR,
. (2m + 3)%(2m — 1)?
_ 12(2m + 3)?
(2m +3)%(2m — 1)2(2m — 3)
Thus ,we get
! 12
2 : 3.36
/_1 [ onm(s) [7ds < (2m — 1)2(2m — 3) (3:36)
Similarly,
/1 | (t) *dt < 12 (3.37)
RN 2m —1)2(2m’ —3) '
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Grouping Fq.(3.35), Fq.(3.36) and Eq.(3.37),we get

’C ., ’2< 9K12
AT 64(2k+K ) (2m — 3)4(2m’ — 3)4’

(3.38)

Eq.(3.38) implies,

2k 1 ) 2k —1

DS BID BRI

n=1 m=N n'=1 p,/ =N

/

2k—1 oo 00
EYT Y = @39
64(28+K) (2m — 3)4(2m’ — 3)*

1
n=1m=N n'=1 /=N

i i 2k 12k’ 19K2
5, S GA(2E) (2m — B)A(2m’ - 3)

Therefore,

2k—1 o 2k -1

i OK,* 1 3 ?
S5 5 S 1o P gy ()

e (i 2 : (3.40)
<o (5 (5))
Egs.(3.30) and (3.40) together implies :
H(auawf ) (" ))N < <l2{1182> (F‘”’(_?B*N))Q’
[(%3:7) - (57), e (3.41)

where o = F3 (’73—1—]\7).

Lemma 3.5.2 Let u(t,x) be the sufficiently smooth function in Q@ and (u,)n(t, )
be the LWA of u..(t,x). Assume that the mized second derivative of u(t,x) is

bounded by a constant G1.
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1.€.
oul(t, x)
‘(W)‘ =

then ,we have the following upper bound of error :
G2@2

[tz — (Uea) N | < ?7

where, p = F3(52 + N).

Proof Proof is similar as theorem 3.5.1, if 7 = 2.

Lemma 3.5.3 Let u(t,z) be the sufficiently smooth function in Q and (uy)n(t, )

be the LWA of uy(t,x). Assume that the mized second derivative of u(t,z) is

bounded by a constant Gy. 1i.e.

oul(t, x)
‘( BGIE )' <Gz,

then ,we have the following upper bound of error :

G2p2
| wee = (uu)n [72< %a

where, p = F3(52 + N).

Proof Proof is similar as theorem 3.5.1.

3.5.2 For Chebyshev wavelet

Theorem 3.5.4 Let (du—(m)> , T >0, be the Chebyshev wavelet approximation

(CWA) of (8 ull, m)) and assume that the mized derivative of (8 ult,)

by a constant Ks.1.e.

0T 2u(t, x)
OtoxT+1

< Ky,

) 18 bounded
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then we have the following upper bound of error:

I(55+7) - (57),

where F[1, N] is polygamma function.

2 2
Ky

L2

Proof Proof start as theorem 3.5.1 upto Fq.(3.30) and then next steps are given

below:

Lot 0Tu(t, z)
Crmm' ! = to) e e t,z)dtd
n,mmn’,m /0 /0 CU( ,{E) orT nymn’ m'’ ( ,l’) xz,

or,

1 1 T
Cromon! ' = / / w(t)w(l’)%ﬁ;@@ﬁ,m(t)@il,m/(x)dtdx,
0 0

or,

! . ! OTu(t,x)
Cn,m,n’,m’ - /(; w('x)@n’,m’ (IL') (/0 w(t)ax—yémm(t)dt) dx.

Using Fq.(1.13) and taking m > 0, m’ > 0 (since proof at m = m’ = 0 is obvious),
we get

_n __
ok—1

1 T
0" u(t, x)
— c k )
oot = | )@ ue) [ 7" (21— 2m 4 )00
o(k+1)/2
N

ok

(3.42)

T, (2%t — 2n + 1)dtdz,

putting 2¥ — 2n + 1 = &, in Eq.(3.42) as follows:

o(—k+1)/2 1

Cn,m,n’m’ = =
v Jo

1 oTu (£+2n 1

w(T) P (x) /_ wn (&) 0T

1

71‘)

Tn(&)dEder,



Chapter 3. Two-Dimensional Wavelets Collocation Method for EMW... 70

o(=k+1)/2  p1

VT o

1 GTu(—£+§Z_1 ,T)
VESSEC (3.43)

Ty (€)déda.

;=

1
(2B, 0 (2) /
—1

Cn,m,n’m

Putting & = cosf in Eq.(3.43) so T,,(0) = cos(m#f) and hence Eq.(3.43) as follows:

2(—k+1)/2 1 ™ 1 aT cosé‘Jr?nfl7
Cn,m,n’m’ = = W(ﬂj)q)%/ m/ (27)/ U( 2; aj)
VT 0 ’ 0o V1—cos?d Ox
cos(mb)sinfdfdz,
or,
o(=k+1)/2 1 ™ 9Y 0089+2n717
Cormmmy = ——— [ w(@)®S, . (z) / Lt
o VT 0 ’ 0 Ox*
cos(m@)dfdzx,
or,
2(—k+1)/2 1 IS 3T+11, cost9—i-2n—1,37
Crmmm = ——= | w(z)P, ., (a:)/ L )
m N ’ 0 000xY
Sm(me)d@dw
m )
or,
2(—k+1)/2 T 1 . aT—i—lu(cosGeranfl’x)
Crmmm’ = i ), sm(m@)/o w(z) Py, (1) 05T dxdf,
or,

o 9(—k+1)/2  rm (m6) /2“ (2" , )2<k’+1)/2
nmn/m’ — T T — sin(m Wp! 2% —2n" +1

m~/T n/— T

VT Jo P VT (3.44)

, T+, M,x
T (28 — 20" +1) (5 )dxde.

000x*

Using Fq.(1.13), putting 2¥'z — 2n’ + 1 = 5 in Fq.(3.44) and processing the same
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as done above, we get

2(7k+1)/2 2(716/4*1)/2 ™ 1
Cnmn’m’ = - sin(mb / Wn! (M
aT+1u( cosf+2n—1 n+2n'—1 )

2k ) ok!
T dndo,

T (1)

or,

o(—k+1)/2 9(—K+1)/2

Chmmim = — sin(m#@ / o
" NI I N BV
aT—l—l (cos@+k2n 1 n+2n’ —1)
12" nde.
060n

(3.45)

Putting n = cost’ in Eq.(3.45) so T,y = cos(m'#’) and hence Eq.(3.45) as follows:

2(7k+1)/2 2(7k’+1)/2

Crmnim' = — sin(mb / cos(m'6’
| et [sintnt) [ costu's)

6T+1u( cosf4+2n—1 cosf’ +2n’'—1 )

2 M d0de
0000"* ’
or,
. B 2(—k+1)/22 k’+1)/2/‘ / a'r+2 cosG+2n 1 cost’ ;;;2/” —1)
N NG aeaeﬂ”l
sin(m@)sin(m’60")db’'do,
or,

Cn,m,n’m’ -

—(k+k'—1) /2/ / 8T+2 0050+2n 17 cos@’;?ln —1)
o095 (3.46)

sin(m@)sin(m'6")dode’.

mm'n

Now, Fq.(3.46) as follows:

92— (k+k'—1)
’Cn,m,n’m’|2 =~ mm 7[_ / /

2

ar+2 0089+2n 1 cosf’+2n’ — 1)

2K’
0980T+1

|sin(m@)|? |sin(m'@")|” dode,
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or,
, 2 (kK1)
Cominl” € T / / K2d0d0,
(mm/m)?
or,
) 92— (k+k'—1)
’Cnmn’m’| S K2 d@d@’
” (mm/T)
or,
o 2—(k+k’—1)
’ n,m,n/m’| —W 2-
So,
2h=1 oo 2k -1 k=1 oo 2k -1 oo o~ (h-+K/—1)
ZZZICmnmISZZZZ G 2
n=1 m=N n’=1 m'=N n=1 m=N n’=1 m’=N
K2
=3HHLNW,

where, F[1, N] is polygamma function.

Hence,

H(aﬂ> B (%)N

Lemma 3.5.5 Let u(t,z) be the sufficiently smooth function in Q and (a ult, m))
N

2 < KTg(F[l,N])z.

be the CWA of (8 = tm)) Assume that the mized derivative of (8(;7(2’:”)) is bounded

by a constant Si.i.e.
Otu(t, x)

Dios | O

then we have the following upper bound of error:

Ou(t, x) O?u(t, x) 2 S? 9
' Or2 _< Ox2 )N L2<7(F[17ND )
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where, F[1, N] is polygamma function.

Proof Proof is similar as theorem 3.5.4,if T =2 .

Lemma 3.5.6 Let u(t,z) be the sufficiently smooth function in 2 and (BQgg’m))N

be the CWA of (8 gté z)> Assume that the mized derivative of <%) is bounded

by a constant Ss.i.e.
Otu(t, )

prp

then we have the following upper bound of error:

' 82%(;2, x) (821:,9(;, x)>N

where, F[1, N] is polygamma function.

2 2
< 2Ny,

L2

Proof Proof is similar as theorem 3.5.4.

3.6 Error analysis
Since our problem FEq.(3.1) reduced in Fq.(3.15) as follows:
1 0 b ou(s, x) 1 3} b ou(s, )
a+1 [ A7) e o\, — (Bl )
e L e R i e U ol

—Xo(uy(t, ) + uee(t, ) = f(t, ),
(3.47)

and approximate solution of Fq.(3.45) as follows:

1 0 \la Y uy(s, ) 1 0 L[ un(s, o)
( )[] /0 ds —)\1—)(5)[5“ /0 N s

M- (o)) 9 O TR ST e
() (2) + () (2)) = f (0,
(3.48)

Let e,(t,z) = u(t,z) — uy(t,x) be the bounded error function of approximation

solution uy (¢, x) to exact solution.
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I'(1—{a}) 0t

Subtracting Fq.(3.48) from Fq.(3.47) as follows:

; 2 " tu(s,x)—u]\/(s,a}) . 1 2 (8141
() / ds — =

I(1—{a}) ot (t —s)lo} (1 —{p}) ot
/o U(S’é)__;;?;gsw)ds = No(ug(t, x) = () (t,) (349)

Fan(t, ) = (Ua) N (8, @) + f(E2) = fn(t,2) -

Taking L?-norm both side in Fq.(3.49) as follows:

1 O s [Fuls,z) —un(s,z) 1 9 g [Fuls,z) —un(s, )
EA S e i T S ot

= Ao uan(t, 2) = (i) (t, ) + vau (b, ) = (uae) v (E @) + f(2) = (@)

1 a]+1 [u(s, ©) — un(s, x)|| 1 9 (B]+1
(e / t—s)w s~ MllFr— e
[ el =g < ) — )1
+Hum<t,x> — () (b D)) + () — Flt, )]
Jutt, ) ~ ux (6 gy 1) [ s~ Wil
’ =@y @™ ), too@ M- (7))
G | ) < Pelllu(t o) = (et 2
lttaa(t, ) — () () ) + (o) — Fv(t )],

1-{a}

Ju(t, 2) = () 1{@})“3)[@“({;}_1) W {5}>
1-{8}

(o WH(#) < Pral(lwee(t, 2) = () (2, 2) | (3-50)

+||u:(:a:(taz) - (u:c:r:)N(tvx)H) + ||f(t7 .Z') - fN(tvx)H)
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since, 1 < 8 < a < 3 then
1 ifl<a<2
[a] = (3.51)
2 if2<a<3.
and also
1 if1<p <2
8] = (3.52)
9 if2<p <3
thats why Fq.(3.50) arieses three cases as follows:
Case 1. Error bound if 1 < @« < 2 and 1 < 8 < 2 then Fq.(3.50) as follows:
1 %) tl—{a}
u(t,r) —un(t,x — |(=)?
0 ., 118}
(5;) (W) < [Xof(flue(t, 2) — (un) v (t, z)|
Hltaa (t, 2) = (uaa) v (¢, 2)[]) + (8, 2) — fa(t @),
or,
Ju(t, ) — e, )| gy L0 = )
I'(1—{a}) I'(1 {ﬁ})
(—{BD ) < Daflluw(t, 2) — (ww)w (1, 2|
F e[ tiae (t, 2) = (tze ) (£, 2) | + [ f(E, 2) = fn(E, 2],
or,
Ju(t,z) — un(t, z)| ‘
1/, x) — fn(E o) 4 [AofJuw(t, ©) — (uu)n (7))
(3.53)

N (lr(l_l{a})|( {a})t - {a}‘f")‘l“l“l {8}) ‘)({6})t = {ﬂ})
| A2 l[taa (t, ) — (taa)n (L, 7) |
T2 (o)== + Pl DB

+
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Case 2. Error bound if 2 < a < 3 and 2 < § < 3 then Fq.(3.50) as follows:

lu(t, ) = un(t, )]
1£(t,2) = f(t, )| + Deallun(t, 2) — () (2, 2)]
= (e He @+ a2 = Iy DBH + {82 1) (354)
o[ttt ) — (1) (£, )]
(Iraap et (L + {a)t=271 — |\ || gt DB (L + {81t =21)

+

Case 3. Error bound if 2 < a < 3 and 1 < 5 < 2 then Fq.(3.50) as follows:

|lu(t, z) — un(t, x)|]
1 (t,x) — falt, )] + Mol lue(t, ) — (uw)n(t, z)||
= (e I(fad 1+ {ah)t 2 4 [y (18101 (3:55)
| Ao l|ttze (2, ®) — (Ua) N (¢, )|
(el ({od (1 + {ah)t =271 + [ | (8D =121

+

3.7 Numerical examples

In this section, six examples are given to demonstrate the efficiency and accu-
racy of our proposed method using Legendre wavelet approximations (LWA) as
well as Chebshev wavelet approximation (CWA) for 1 < f < a < 3 with basis
function at k = k&' = 1, M = M’ = 3 (see graph 3.1-3.6). Also, we are given er-
ror tables (see table 3.2,3.4,3.6,3.8,3.10,3.12), Iy — error and I, — error (see table
3.3,3.5,3.7,3.9,3.11,3.13) for each example.
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Example 3.1 Consider the following FPDE for a = % and § =

N[

(

(oDgu)(t,x) — G D7 u)(t, x) — §Vult,x) = f(t,);

¢ u(t,0) =0;

f(t,l’): I 1

1 . .
302 4413

For these conditions there is known analytical solution

u(t,z) = tx.

_
R

error
N
|

error

Figure 3.1: Fig 1.(a), represent the errors between the exact solution of example 3.1 and its
numerical solution to utilizing the LWA for k = k¥’ =1, M = M’ = 3 and Fig 1.(b),
represent the errors between the exact solution of example 3.1 and its numerical
solution to utilizing the CWA for k = k' =1, M = M’ = 3.
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Example 3.2 Consider the following FPDE for o = % and § = %:

(

(oDgu)(t, ) — 5 (D) u)(t, x) — §Vult,z) = f(t,);

¢ u(t,0)=0;

f(ﬁ,l‘): T — — 1.

3302 16t4T3

For these conditions there is known analytical solution

u(t, z) = t.

x 10 Fig 2.(a)

error

zZ=

Y
,;{,{,;{,{y’%lll

”‘/’"

error

7]

Figure 3.2: Fig 2.(a), represent the errors between the exact solution of example 3.2 and its
numerical solution to utilizing the LWA for k = k' =1, M = M’ = 3 and Fig 2.(b),
represent the errors between the exact solution of example 3.2 and its numerical
solution to utilizing the CWA for k =%k =1, M = M’ = 3.
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Example 3.3 Consider the following FPDE for o = % and § =

N[

(

(oDpu)(t, ) — 5D/ u)(t, ) — §Vult,z) = f(t,);

¢ u(t,0)=0;

t,x) = % — L.
It x) 3572 4ti1“%

For these conditions there is known analytical solution

u(t, z) = t.

error

Figure 3.3: Fig 3.(a), represent the errors between the exact solution of example 3.3 and its
numerical solution to utilizing the LWA for k = k' =1, M = M’ = 3 and Fig 3.(b),
represent the errors between the exact solution of example 3.3 and its numerical
solution to utilizing the CWA for k =%k =1, M = M’ = 3.
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Example 3.4 Consider the following FPDE for a = % and § =

IN[]

(OD?U)(t’ IL‘) - i(ODfu)(t’ 1‘) - %VQU(t,l’) = f(t’ ZE);

u(t,0) = 0;

_|_9x(f—i) + (3t—4)ic(a:2—1) '
4t3 Fg 12¢3 Fg

For these conditions there is known analytical solution

u(t,x) =te(t — 1)(z — 1)).

error

error
O N

06 ' = 06
0.4 0.2 0.2 04

Figure 3.4: Fig 4.(a), represent the errors between the exact solution of example 3.4 and its
numerical solution to utilizing the LWA for k = k' =1, M = M’ = 3 and Fig 4.(b),
represent the errors between the exact solution of example 3.4 and its numerical
solution to utilizing the CWA for k =%k =1, M = M’ = 3.
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Example 3.5 Consider the following FPDE for o = % and = %:

(

(OD?U)<t’ ZL‘) - i(ODfu)(t’ 33) - %VQU(t,.l’) = f(tv iE);

u(t,0) = 0;

3
_ 1 17—64tdz(l—x) (8t—11)(1—x)x
Flt,) = H2(1 = ¢+ 20(1 = )] + §[ehei=s) — (otton

o3 (z—1) | (Bt—4)az(z—1)

+ 2 1
4rs 4372

For these conditions there is known analytical solution

u(t,z) =tx(t — 1)(x — 1)).

-8 Fig 5. (a)

error
N

N\l 7"

O

error

Figure 3.5: Fig 5.(a), represent the errors between the exact solution of ezample 3.5 and its
numerical solution to utilizing the LWA for k = k¥ =1, M = M’ = 3 and Fig 5.(b),
represent the errors between the exact solution of example 3.5 and its numerical
solution to utilizing the CWA for k =k =1, M = M’ = 3.
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Example 3.6 Consider the following FPDE for o = % and § =

IN[]

;

(OD?U)<t’ IL‘) - i(ODfu)(t’ 1‘) - %VQU(t,l’) = f(t’ ZE);

u(t,0) = 0;

3
Flt,x) = 1201 — )t + 22(1 — 2)] + %1[*64%1?%“) — (8*'*1111):;”‘*")””]

9z (z—1) (3t—4)a(x—1)
1n2 + dn2
44312 12¢3T2

For these conditions there is known analytical solution

u(t,x) =te(t — 1)(z — 1)).

error

error

Figure 3.6: Fig 6.(a), represent the errors between the exact solution of example 3.6 and its
numerical solution to utilizing the LWA for k = k¥’ =1, M = M’ = 3 and Fig 6.(b),
represent the errors between the exact solution of example 3.6 and its numerical
solution to utilizing the CWA for k =k =1, M = M’ = 3.
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Table 3.2: Error by using LWA and CWA for example 3.1 at o = %, 8=
and M = M' = 3.

(t, ) LWA CWA

1.01e-14 1.35e-15
1.10c-14 1.24¢-15
1.06e-14 3.11e-15

1.08e-14 1.17e-15

( )

( )

( )

( )

(0.5,0.5) 1.06e-14 4.85¢-15
( ) 1.02¢-14 443¢-15
( ) 1.07e-14 3.57e-15
( ) 1.02¢-14 1.06¢-15
( )

9.44e-15 1.12e-15
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Table 3.3: lo — error and ly — error by using LWA and CWA for example 3.1 at o =
3, 8=5%k=kK=1and M =M =3.

Norm LWA CWA
ly 3.36e-14 1.71e-15
lo 1.10e-14 5.25e-16

Table 3.4: Error by using LWA and CWA for example 3.2 at a = £, B =

I k=K =1
and M = M’ = 3.

el

4.74e-16  1.69e-15
4.20e-17 1.61e-16
2.64e-16  3.74e-16

5.27e-16 4.76e-15

4.44e-16  4.05e-15
2.78e-16  2.70e-16
0.00e-16  1.02e-16

)
)
)
)
0.5,0.5)  5.56e-16 4.79e-15
)
)
)
) 5.56e-16 2.60e-16

Table 3.5: lo — error and o — error by using LWA and CWA for example 3.2 at a =
L B=2k=kK=1land M =M =3.

Norm LWA CWA

lo 2.03e-15 1.17e-14

loo 1.30e-15 2.44e-15
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Table 3.6: Error by using LWA and CWA for example 3.3 at o = %, B =
and M = M' = 3.

k=K =1

ST

(t, x) LWA CWA

1.60e-15 1.89e-15
1.32e-16  1.94e-15
8.19¢-16 4.87e-15

1.22e-15 6.83e-15

1.05e-15  7.32e-15
5.56e-16  5.59e-15
2.22e-16  2.45e-15

)
)
)
)
0.5,0.5)  1.33e-15 7.67e-15
)
)
)
) 9.98¢-16 4.57e-15

Table 3.7: lo — error and ly — error by using LWA and CWA for example 3.3 at o =
L B=%k=kK=1land M =M =3.

Norm LWA CWA

Iy 5.07e-15 1.89¢-14

3.69e-15  9.09e-15

lo
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Table 3.8: Error by using LWA and CWA for example 3.4 at a = %, B =
and M = M' = 3.

k=K =1

w3

(t, x) LWA CWA

1.57e-8 2.31e-8

1.74e-9  2.09e-8

)
)
0.3,0.3) 1.31e-8 1.89e-8
) 2.38e-8 1.69e-8
) 2.78e-8 1.15e-8
) 2.39e-8  1.29e-8
0.7,0.7) 1.31e-8 1.11e-8
0.8,0.8) 1.74e-9  9.18e-9

0.9,0.9)  1.57e-8 4.41e-9

Table 3.9: lo — error and ly — error by using LWA and CWA for example 3.4 at o =
3, B=5%k=kK=1and M =M =3.

Norm LWA CWA

ly 6.11e-8 1.43e-8

2.78e-8 5.58e-9

loc
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Table 3.10: Error by using LWA and CWA for example 3.5 at a = %, 8= %, k=K =1
and M = M' = 3.
(t, x) LWA CWA
0.1,0.1 5.52e-9 1.26e-8

8.50e-9  9.67e-9

)
)
0.3,0.3) 7.28¢-9  6.59e-9
) 1.41e-8  3.35¢e-9
) 1.67e-8 0.00e-9
) 1.40e-8  3.43e-9
0.7,0.7) 7.28¢-9  6.90e-9
0.8,0.8) 8.50e-9  1.04e-8

0.9,0.9) 2.52e-8 1.38e-8

Table 3.11: lo — error and ls — error by using LWA and CWA for example 3.5 at o =
L B=5%k=kK=1and M =M =3.

Norm LWA CWA

I 6.32¢-8 3.45¢-8

9.52e-8 1.71e-8

loc
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Table 3.12: Error by using LWA and CWA for example 3.6 at o = %) B = %7 E—k —1
and M = M’ = 3.
(t, x) LWA CWA
0.1,0.1 6.48¢-9 1.33e-8

2.05e-8  9.66e-9

)
)
0.3,0.3) 3.52e-8  6.23e-9
) 4.61e-8 3.01e-9
) 5.00e-8  0.00e-9
0.6,0.6) 4.68e-8  2.86e-9
0.7,0.7) 3.93e-8  5.58e-9
0.8,0.8) 2.05e-8  8.21e-9

0.9,0.9) 6.45e-9 1.08e-8

Table 3.13: lo — error and ls — error by using LWA and CWA for example 3.6 at o =
L. B=%k=kK=1and M =M =3.

Norm LWA CWA

Iy 1.01e-7  3.18¢-8

9.00e-8 1.33e-9

Lo

3.8 Conclusions

In this chapter, we first transform the original fractional partial differential equa-
tions into a equivalent weak singular fractional partial integro-differential equations
and then we applied numerical wavelet collocation method based on Legendre and
Chebyshev wavelets approximation and utilized its operational matrices to solve the
fractional partial integro-differential equations. For this purpose proposed fractional
partial integro-differential equations is written in the system of linear algebraic

equation by using wavelets operational matrix of integration and differentiation
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based on Legendre wavelet approximation and Chebyshev wavelet approximation.
Moreover, we studied the convergence analysis, and error analysis of the proposed
method when 1 < f < a < 3. Finally, from the examples considered here, it can
be easily seen that numerical wavelet collocation method for fractional partial dif-
ferential equations arising from electromagnetic waves in dielectric media obtained

result as accurate as possible.

kKK ok kokokok kok >k



