Chapter 3

Pseudo-Differential Operators of
Homogeneous symbol class

involving the Weinstein transform

3.1 Introduction

In 1965, Kohn and Nirenberg [32] originated pseudo-differential operators of the
homogeneous class of C'°°- symbol and proved many interesting results by exploit-
ing the theory of Fourier transform. Using the same integral transform theory,
Zaidman [82] discussed the properties of pseudo-differential operators and commu-
tators on the homogeneous class of symbol of order zero. Grafakos [20] studied
the boundedness of pseudo-differential operators on homogeneous Lipschitz spaces
for the Fourier transform concerns. Motivated from the results of [20], Grafakos

and Torres [21] found pseudo-differential operators with homogeneous symbols and
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studied many properties. Benyi and Bownik [3] examined anisotropic classes of ho-
mogeneous pseudo-differential symbols and discussed many important observations.
Pathak and Upadhyay [56], introduced pseudo-differential operators associated with
a homogeneous class of symbols involving Hankel transform and studied various
properties. Later on, with the help of the same transform theory, Upadhyay [78§]
found the properties of the pseudo-differential operator associated with the homoge-
neous class of symbol in the LP- norm sense. In 2018, Upadhyay and Chauhan [79]
investigated the characterization of pseudo-differential operators associated with the
same type of symbol involving n-dimensional Hankel transform. Motivated by the
work of [56, 78, 79, 82|, our main intention of the present chapter is to study the
pseudo-differential operators P(z, D) and Q(z, D) associated with a homogeneous
class of symbol and studied many properties by exploiting the theory of the Wein-
stein transform.

We organize the present chapter by the following way:

Section 3.1 is introductory which gives the brief description about pseudo-differential
operators associated with the homogeneous class of symbol. In Section 3.2, bound-
edness of multiplication operators and other results related to the Sobolev type space
are given. Section 3.3, provides various properties of pseudo-differential operators
P(x, D) and Q(z, D) associated with the homogeneous class of symbol by taking the
Weinstein transform. In Section 3.4, product of symbols and commutators of two
pseudo-differential operators are defined and some results related to commutators

of two pseudo-differential operators on H"? - type Sobolev space are proven.
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3.2 Boundedness of Multiplication Operators

In this section, LZ(RTFI)— type Sobolev space H;P is defined and the boundedness

of multiplication operators is discussed on the Sobolev type space.

Definition 3.2.1. Let s € R. We define H>?,1 < p <oo is the space of all functions

¢ € SL(RT™) which satisfies

1]

e = L+ €123 Fall g (3:2.1
This space H3P is called LP(R’)- type Sobolev space of order s.
For p =2, (3.2.1) becomes

16]l552 = 1L+ 1€1%)2 Fall o rsry. (3.2.2)

Lemma 3.2.2. Let u € S.(RT™"). Then Fou € S.(RTH) and the following inequal-

ity holds

[(Fa)(©)] < G+ IEID ™, Vg €Ny (3.2.3)
where Cy is a positive constant depends on q.
Proof. The proof of this lemma can be done from (1.4.6) and [50]. O

From Friedrichs and Lax [16], we define the following operator:

The Friedrichs operator ¢(D) is defined as

P(D)u=F (p&)(Fau)(©)), Vue S.(RE) (3:24)
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where ¢ is a measurable function on R’ffl.

Theorem 3.2.3. Let a > —% and ¢(§) be a measurable function such that

(Ol < C+lgl)", ¥YreN. (3.2.5)

Then the operator p(D) maps continuously from HE™"™* to HE? and satisfies the

following norm inequality

le(D)ul

252 < C|u| ster2, Yu € S*(R:”_—’_l) (3.2.6)

where C' is a positive constant and the operator ¢(D) is of order 2r.
Proof. From (3.2.3), we have Fu € S, (R"™). Then it satisfies

(Fau)(©] < G+ €)% Vqe N, (3.2.7)
Therefore,

(&) (Fau) ()] < CA+ [[El1")[(Far) (©)]- (3.2.8)

From (3.2.7), we get

(&) (Fau) ()] < Co1 + [1E1H) (1 + [1€)*) 1
< CH1+ gD, (3.2.9)

where C) = CC, is a positive constant depends only on g.

By taking the Weinstein transform in (3.2.4), we get

Fa(o(D)u) (§) = ¢(&)(Fau)(§). (3.2.10)
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Now, from (3.2.2), we have

lp(D)ul

e = [ I | (D) O i),

+

Using (3.2.10), we get

lp(D)ul

2o = [ IR A Fa) O ).

In view of (3.2.8), the last expression becomes

lp(D)ul

2 SO [ IR (L4 €127 (Fa) € Paa(©)
<c [ IR I ©) P (@

< C|lul

2
H2¢+2T’2 .

Theorem 3.2.4. Let ¢ € S, (R and ¢ € S,(R™). Then we have

Fa(¢ * ?ﬂ) = ]:a(gb)-’ra(w) (3.2.11)

Proof. From (1.4.11) and (1.4.13), we have

(¢ *w %ﬁ) (iL‘) = €i<x/7tl>ja(xn+1tn+1)€_i<y/7t,>ja (yn+ltn+1)
Ri+1 R1+1 Ri"rl

x e T (it )S(0) 0 (2)dpta () dpta (y)dpta(2)

= [ aenatu) ([ i)l dia(v))
R1+1 Ri+1

X (/]RTrl €_i<z/’t'>ja(ZnthJrl)l/’(Z)dua(Z))d,ua(t).
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By (1.4.1), we get

(¢ %0 V) (2) = / e Jo(Tngitnsr) (Fad) () (Fatd) (t)dpa (t).

n+1
R+

By inversion formula of the Weinstein transform, we have
(640 0)(@) = Fo ' (Fa(0) Fal) ) (@),
Therefore, for ¢, € S.(RT*) we find

Fo(@ *uw ) = Fol(@)Fa(t)).

Corollary 3.2.5. Let ¢,v € S,(R'™). Then we have
Fo (90 ) = FH(O)F (1)
Proof. Let £ € R/*!. Then from (1.4.6), we have
Fo (& %0 ) (=€) = Fald +u ¥)().
Using (3.2.11), above expression becomes

Fo (6 0 ¥)(=€) = Fa(@)(§) Fal®)(€)-

Again, from (1.4.6), the last expression becomes

Fa (¢ %0 ) (=€) = Fo () (=€) Fo () (=€)

(3.2.12)
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Since the last expression holds for all £ € R7*!. Hence

Fol(@xw¥) = F L (O)Fu (0.

O
Corollary 3.2.6. Let a,u € S,(R™"). Then the following relation holds
Fola) sy Fo(u) = Fyulau). (3.2.13)
Proof. For ¢, € S.(RT*), choose ¢ = F,(a) and ¢ = F,(u).
Then from (3.2.12), we can find
F N (Fala) x4 Faluw)) = Fi (Fala)) Fr 't (Falw))
=au
Taking the Weinstein transform, the last expression yields
Fola) #y Folu) = Folau).
O

Theorem 3.2.7. (Multiplication Ope’rator)
Let « > —3,s € R and let p,q,r € [1,00] such that é + % —% = 1. Then for

a € S.(R™™) the operator u — au maps continuously from HZP to HO and

satisfies the following norm inequality

laul,0r < Cagq.s U] Voue S.(RY (3.2.14)

25:PP
«

where Coq.q.5 is a positive constant for ¢’ conjugate top' and s > mag (221012 204ni2)

9 ’ pd
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Proof. From (3.2.13), we have
Folau) = Fola) *y Faolu).
Therefore,

(L

Thus, we have

1
T

dua(ﬁ)) :

Sl

r

(Falan))©) (Fal@) % Falw) ) (©)

@) = ([

[Falaw)[zy, = [ Fa(a) #uw Fa(uw)]lLg

Using (1.4.17), the last expression becomes

| Fa(au)

1y, < [[Fala)|l g | Fa(w)l - (3.2.15)
Now, we find

qd/ia (5)

(Fa@)(©)

q __
@l = [

= [ e E s g "a(6). (3.216)

(Fal@)) (@)

Let p', ¢’ are conjugate to each other. Then by Hélders inequality, (3.2.16) becomes

7@l = ([ 0+ 16D ¥ an©)”

< L

=11+ [lel*)

% e

(Fal@))(©)

qp/dua(é ))

! 1L+ IEN)2 (Faa) |

/ /.
qq qp’
La La
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Therefore,

1Fal@) e = 1+ NEN) 2N 1+ €172 (Faa) | g (3.2.17)
Similaly, we can find
|1 Fa(w)llzg, = 1L+ NEIP) 2 o 1+ 11E17)2 (Fatu) | - (3.2.18)

Using (3.2.17) and (3.2.18) in (3.2.15), we obtain

IFalau)llzg < N+ NEIP T2 g 1L+ 1€ 72y

X I+ €2 (Faa)l| oo 1L+ 1IENP) 2 (Faw)l] -

From (3.2.1), the last expression yields

latllpse < I+ 1E12) 3 g 10+ HEN) 3ol ltl s

S Oaaqvqlvs ||u||Hi,pp/7

where C,, 445 = [|(14][€]]?) 2 Lao [(1+]1€)17) 2 1po llall, s is the positive constant
fors>max(w,w). O
qq 2

Corollary 3.2.8. Let « > —3% and s € R. Then for a € S,(R}""), the operator

u— au € S,(R™), ¥V u € S.(R) and following norm inequality holds

vV >1 (3.2.19)

“au”’Hg’l < Oa,l]’,s‘|u| 5P’

where Cy ¢ s 15 @ positive constant for ¢ is conjugate to p’ and s > mfl—?”.
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Proof. From the similar technique used in Theorem 3.2.7, we obtained the required

result. O]

Corollary 3.2.9. Let « > —3% and s € R. Then for a € S,(R}™"), the operator
u — au maps continuously from H?" to HY2. Moreover, following norm inequality

holds

laul,02 < Cogs |ul Voue S, (RYT (3.2.20)

Héhﬁ

2a+n+2 2a+n+2)

where C, 4 s 15 a positive constant for ¢’ conjugate to p' and s > max( g

Proof. Using similar steps of Theorem 3.2.7 for r = 2, we get the desired result. [J

3.3 Pseudo-differential operators associated with

the Weinstein transform

In this section, various properties of the pseudo-differential operators P(x, D) and
Q(z, D) associated with homogeneous class of symbol o(z,&) are investigated by

exploiting the theory of the Weinstein transform.

Definition 3.3.1. Let A denotes the class of all C*- functions o : RT™ xR} — C
which satisfies the following properties:

(i) o(x,t&) = o(z,§) for t > 0.

(i) lim oo o(z,€) = (00, &) for £ € RYH and o(00, ) is a C- function.

(iii) Define o'(z,&) = o(x,§) — o(00, ) and assume that the estimates
(1+ ||$||2)k‘D§DZU/(%§)| < Cpy s (3.3.1)

for all x € R} and ¢ € R%™ such that ||¢]| = 1, where k € Ny and 3,y € Nt
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Example: Let o(z,&) = 377 Ci(1 + [l2]|*)™%, ~; > 0, where C; are constants,
Then o(00,&) = Cy and o € A.

Lemma 3.3.2. Let s € Ny and o be a C*°- function. Then

AZnaz ’ ZZ Z ( ) (517 ']’571) E;,r|xn+l|ris D§5l+r0($,€) )

j0T151 6>0

(3.3.2)

where 26' + 1 = (201, -+ ,26,,7) € NI and 2|6'| + 7 = 201 + -+ + 25, + 7.

Proof. From [19, p. 14], we can find a constant £, for r € {0,1,---, s} depending

only on « satisfying

S 23
e
N D D) B (A N P CX N (D)
j=0 r=1 J Tt
where (A,)57 = (88—;% +- 4 %)S’j.
Using multi-index theorem for s — 7 € Ny, we have
o s —j 0251 825"
A = e . 3.34
D Dl PR e S (3.4

81,0 0 >0
With the help of (3.3.4), (3.3.3) becomes

82\5’\—1—7‘

s 27
s o S s—7] ! S
Aa,n,za(x7£> - Z Z Z (j) (51, . ’5n) Ear n+1 |:a,§l}?6l o 8x%5nax2+l 0’(1’75) 9

j=0 r=1 61, ,0n>0

where §' = ((51,--- 7511) € Ny and ‘5" =0+ 49,
Therefore,

s

2j o
AG a0 (@ >y ()(517‘9 {5,1)]5;7“ rA[DE T o(x,€)]. (3.3.5)

7=0 r=1 61, ,0,>0
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Hence,

s 27 .
Ag’mxa(x, )‘ < Z (S) (51 5. ) j§ )E{’)7T’$n+l|rs D9265/+r0,(x’ 5) ‘
: B ) » On,

O

Lemma 3.3.3. Let u € S,(R™™) and o(x,&) € A. Then u(x)o(z,€) € S.(R%)
and Fy [u(z)o(z,§)] € S (RYH).

Proof. Let u € S.(RT™) and o(z,&) = o(00,€) + o'(z,£) € A, then from the

defintion of the Schwartz space
(1+ [lz]*)!| Diu(z)| < Cys, Vg € No,6 € Njt. (3.3.6)
Let ¢ € Ny and p € Nj!. Then from Binomial theorem, we have

L+ [l=]*)*

D2lu(o)o(e. 9| < (14 1l Y (§) |Duto)| D2 otz )

<p

< el S () IDuto)] D20 e €

<p

Using (3.3.1) and (3.3.6), above expression becomes

(L +ll=])

D2[u(e)oo,)]| < 1+ ol 3 (§) Costa-+ ol

d<p

x Cop-si(1+[|2]*) "

<1+ [2]?)" Z() CysCo sk

6<p
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Therefore,

sup (1+ [l]|*)?

n+1
z€RY

D [u(;c)a(x,g)]( <C,, VkeN,

where C, , is a constant depends only on ¢ and p.

Hence, u € S,(R™). Also, from (1.4.6) we get F, [u(z)o(z,&)] € S (R}). O

Theorem 3.3.4. For all {,n € RTFI we have the following estimates

(1) Let 0(00,&) be a C™- function. Then

1€ — 7l

|o(00,€) — (00, 1) Sc(m

) < O+ e —nlP) 20+ lP) 2 (3.37)

(ii) Let o > —1 and A € R Then

L+ AP (Fao ) A 6)] < Caprp, VP EN (3.3.8)

where Co . 15 a positive constant for k> a+ 5 +p+ 1.

(iii) Let a > —% and X\ € R, Then

1€ =7l

L+ AP (Far Y08 = (For YA < oo (7

), VpeN (3.3.9)

where Cokp 15 a positive constant for k > o+ 5 + 1.

Proof. (i) For proof we can refer [82, p. 347].

(ii) Using Binomial theorem, we have

iS]

L+ PP F) 00 = 3 (7 I (F) 0,

s=0



Chapter 3. P.D.O. of Homogeneous symbol class involving the W.T. 62

In view of (1.4.3), we get
~ (v
L+ IR E) 0O =3 (M) U A (8,0 )00, (3310
5=0
From (1.4.3), above expression becomes

W+ PP FE)0O =3 (0) 0 [ e )

s=0

X AZ na: ([E, f)dua(ﬂf)

Therefore,

S

L+ IMPP[(Fac”) (X, ©)] < <p>/R+1 A8, 20" (2, 6) | dpa (). (3.3.11)

S=

Using (3.3.2), we can find

T P S SIS ()(5,° 775 ) Bt =Dz )|

7=0 r=1 61, ,0n,>0

In view of (3.3.1), the last inequality becomes

A ne0 ‘ Z Z Z ( ) ( ‘?57) B, . Cos 4k

7=0 r=1 61,--,0n,>0

X |Zpga |75 (1 A+ ||z|*) 7 (3.3.12)

From (3.3.12), (3.3.11) becomes

p s 27 -
(1 + ||)\||2)P‘ (“FO‘OJ) (>‘7£)| < Z Z (p) (S> ( L )E‘;WCO,Q(S’—H’,IC
j=0 r=1 §1,,,>0 S J 517 e 7571

s=0 j=

< [ el o1 olP) (o).
R
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Therefore,

(4 NP |(Far') 0 8)| < = ()0 (s, aoaris

5= .] 51 n =

<[ el o).

n
+

Using (1.3.4), the last expression becomes

p .
(RVRRIEXOTORITED DD DI (4 [ (i FoAWC Y

7=0 61, ,6,>0
<[ el ey
R+

2(p— k)+2a+1
< Clpe [ 0+ lal?) dr

+

S Ooc,k,pv

where Cy 1 p is a positive constant for k > a + 5 +p+ 1.

(iii) From (3.3.10), we can find the following

S

L+ PP (Fa0) 08 = (Fao) ) = 3 ()17 8 (006 = o' |

s=0

Using (1.4.1), above expression becomes

0 I ()00~ EY ) =3 (D) [ et
X A0 (0'(2.€) = o' (1) ) dpa(a)
- zp: (i) (_1)8 /]R’”’l 6_i<xl7/\/>ja(xn+1>‘n+l)

$ (1 ol 25,0 ("2 €) = o/ (2,m)

% (1+ ||2]?) " dpa(z). (3.3.13)
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Now, we take

Fro(z,6) = (1 + ||z||))*AL, 0/ (x,6). (3.3.14)

a,n,x

From (3.3.13) and (3.3.14), we can find the estimate

(1 PP (Far') 08) = (Fac) )| <3 @ [ Vsl = Fistam)
x (14 ||z]|?) " dua(z). (3.3.15)
From [82, p. 349], we have
o ¢ —n

Therefore, from (3.3.15) and (3.3.16) we get

(1+ A7)

(Fac') (A, €) — (Fao’)<m>\ < Z @C(M>

s=0

S A E RN
R

Using (1.3.4), the last expression becomes

(14 1%

€M+ nl

<[ alP) Ha e
Rn+1

+

< CAq ; <§> <M>

<[ el
Rn+1

+

1€ —nll
<Ca YA ETSTERETRTE
-k (Héll +||77||)

(Fad )N E) = (Fuo) (A1) < C A, Z (p) (el y

where Cy 1 is a positive constant for k > o+ 3 + 1. O
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Definition 3.3.5. (Pseudo-differential operator P(z, D))
Let o : C®(R}™ x R™™) — C be a symbol in A. Then for u € S,(R7*), the

pseudo-differential operator P(z, D) associated to o is defined by

VNN

[Pl Dl@) = [ e () PO (3:3.17)

From (1.4.2), the above can be expressed by

FalP(x, D)ul() ZU(wyé)(faU)(é)ﬂL/ oe(n)(Fauw)()dpa(n),  (3.3.18)

n+1
R+

where

F(€) = (00, €)(Fau)(€) + / oL (1) (Fort) () dpia(), (3.3.19)

n+1
R+

and
o¢(n) = / €M o) [ o (@0 161)0 (2,€) ) dpta(w). - (3.3.20)
RY

Lemma 3.3.6. Let a > —% and o’ € A be a symbol. Then we found the following

inequality

|oeD] < Eagp(X+ €117 1+ [Inll*), (3.3.21)

where Eq .y is a positive constant for p and k € Ng such that k > o+ 5 + 5 + 1.

Proof. From (3.3.20), we have

/

02(77) = / . e'tr >ja(xn+177n+1> [eii@ * >ja(xn+1§n+1)al<x7 f)} dpta ()
R}

’

= / . e s >ja(xn+1§n+1) [ei<$ & >ja<xn+177n+1)0,(x’ 5)} djta (7).
R
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With the help of Binomial theorem, we have

ot =3 (Ve [ e ot

S
5=0 +

X [ei@ M >ja(xn+177n+1)al(x, f)}d,ua(x).

From (1.4.3), the last expression becomes

e lglrom =Y (P) e [ e g

s=0

X Ai,n,m [€i<x " >ja ($n+mn+1)0/($a f)} d:ua<x)-

Therefore,

Az,n,:p [el(w & >ja<xn+177n+1)‘7/<$> 5)} ‘

(1+ €17 ]otn)] < Z 0L

X dpig (7). (3.3.22)

From (3.3.22), we estimate ‘As [ei<zl’”l>ja(xn+177n+1)0'(96,f)] ‘

a,n,x

Using (3.3.2), we have

s 27 .
itx ') 3 S s — s
1 S B} ) y Yn

(@i (. €)]].

where 20" + 7 = (26, -+ ,20,,7) € Nyt and |0'| = s — j.
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In view of Leibnitz formula, the last expression becomes

i FUNIRA s s— 25/+T
185 [ i) (2, €) \<ZZ DS ()( 5)( )
j=0 r=1 61, ,6n,>0y<26"+7r y Un Y

X Bp Jtni 5[ D20 o (1)

x ’Di‘y”_”a’(aj,f)‘. (3.3.23)

Using (1.3.4) and (3.3.1), (3.3.23) yields

S

27
i ') 3 s s—j 20" +r
‘Aanm e >Ja(‘rn+17]n+1> ‘ E : E : () (5 . 5 ) ( )
r=1 >0 <26+ J 1, y Un Y

X E(/)é7r00,26’+7"7%k’$n+1’r_sun“hl(l +l)%) 7

Therefore,

S

‘Aam ) ()0 \ iz: Z; 25: ( )(51,8_{5n) (25/“)

N

hl res
X E;,TCO,26’+T—7J€<1+ I1) = a7 (1 [l)%) 7"

s 27 .
s s—] /
< E C
S % (0)(50 ) e
j=0 r=1 61, ,0n>0
218’ |+
x (14 [|n]|*) ">

> 2s—j)+r
<ZZ() El,, Coor(1+ [In]?)*

7=0 r=1

A )7

X |2 [T (14 [|2]*) 7
5 2(s—j)+2s
= Z (J) aQSCOOk(l + ||77|| ) 2
7=0

X [ (L + [J2f*)~*

s—2k
< Eg oL+l @+ ll2®) =, (3.3.24)
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where E”

ks 18 @ positive constant.

Now, from (3.3.22) and (3.3.24) we get

p
(1Yot < 3 (2) BnsAnC4 W [ 1 bl S
+

s=0

s s—2k+2a+1
<3 (O)rauta ol [+ afp) 5
Ryt
<E//

p—2k+2a+1
LapAalt P [ o)

+

For k > a+ 4§ + g + 1, there exists a positive constant E, ; , such that

|oe(n)] < Barp(L+ €117 (1 + [In]1*)*

0
Theorem 3.3.7. The function F(§) is defined in (3.3.19). Then F (&) is Weinstein

transformable.

Proof. Let o € A such that o(z,§) = 0(00,&) + 0’'(z,£). To prove that F(§) is the
Weinstein transformable, it is sufficient to show that F € S, (R%™).

Now, from (1.4.1) we have

(00, ) (Fau)(€) = /R D b (o0, u@)da(r).  (3:3.25)

Also, from (3.3.20) we can find

[ o) o)

~

= / (/ e'tr >ja($n+17]n+1) [€_i<$ * >Ja(£n+1§n+1)0/($a f)}dﬂa($)>
Ri+1 Ri+1

X (Fau)(n)dpa(n).
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Therefore,

[ ) o)

-/ ( / ewcm>ja<xn+1nn+1>mu)(n)dua(n))
R7 R+

i@ >ja($n+1§n+1)0/(x’ §)dppa ().
From (1.4.2), we get

L o) o)

/

= | T Faw)(@)e o (@ni18nin)o (2, ) dpta ()
R+

NS

- / 1) J (it ) (2, € () dpia (). (3.3.26)
R+

Using (3.3.25) and (3.3.26), then (3.3.19) becomes

RO = [ O aanan)o o, ula)ina(a)
+ /R " e ) (2np16nin) 0 (2, €)u() dpta () (3.3.27)
= [ elaa) (010,94 0, a0
_ /R - e J (@nirbnst)o (@, E)ul) dpia (). (3.3.28)

Since o is a symbol and u € S, (R"1), therefore by Lemma 3.3.3, we get F,[o(z, &)u(x)] €

S.(RTH1). Hence, F(€) € S.(RTH). O
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Theorem 3.3.8. Let o > —% and o(x, &) be a symbol in A. Then for u € S,(R"),

the pseudo-differential operators P(x, D) associated to o can be expressed as

[P(x, D)ul(x) = / e (@i bar)
R+

3 ( / ei<y’f’>Ja<ynH£n+1>a<y,s>u<y>dua<y>)
R+

% dpta (€). (3.3.29)

Proof. From (3.3.17) and (3.3.28), we get

s

Pl D) = [ i)

x ( / e—f<y”€’>fa<yn+1§n+1>o—<y,£>u<y>dua<y>>
R+

X dpia(§).
In view of (1.4.2), we find
Fal[P(z, D)ul(§) = /Rn+1 e T (gnir&nsn)o (9, )uly)dpa(y). (3.3.30)

O

Lemma 3.3.9. Let 0 € A. Then the pseudo-differential operators have the following

representations

[P(z, D)u)(z) = [P(co, D)u|(z) + [P'(z, D)u](z), Vue S (R}  (3.3.31)
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where

! A

Ploo Dyulla) = [ @ ufaniatunn)

X (/R”H e—i<y,v€/>ja(yn+1§n+1)0(00af)u(y)dua(y))dﬂa(g)’

(3.3.32)

VANVNEN

[P/ (2, DY (z) = / ) ] (i)

R+
X (/Rnﬂ e—i(y/7€'>ja(yn+1§n+1)g’(y’g)u(y)dua(y))dua(g),

(3.3.33)
and o(x,&) = o'(z, &) + 0(00,§).

Proof. From (3.3.29), we have

[P(e. D)ul(e) = [ ef<f’f’>fa<xn+1an+1>( [ e i)
R+ R+
x (0(00,&) + o'(y, oo))u(y)dua(y)>dua(€)
=/ i €0 g, (Tny18ns1)

n+1
+

(/R"H e Vo (Yns1&ns)o (00, §)u(y)dua(y)>dﬂa(§)

/ +1 o >J $n+1§n+1)
R’ﬂ

+

(Lo O Rl . Ot ) ) )

X

_|_
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Hence,
[P(x, D)u|(z) = [P(oo,D)u] (x) + [P/(m,D)u} (7).

]

Theorem 3.3.10. Let a > —% and o € A. Then pseudo-differential operators

P(x, D) have the following norm inequality
IP(z, Dyullyre < Efy g prilltllyries, ¥V ue SR (3.3.34)

where E&k,pmt is a positive constant for k,p € No,r € R and t > 0 such that

t>a+2+dp—r+1.
Proof. From (3.3.31), we have
P(z, D) = P(o0, D) + P'(z, D).
Using (3.3.25) and (3.3.32), we have
Fa[P(o0, D)u](§) = o(00, §)(Fau)(§)- (3.3.35)

Now, from (3.2.2) and (3.3.35), we have

[P (00, D)ulf3,,.- =/ (L + 1&l1")" 1 FalP (00, D)ul(€)*dpal(S)

n+1
R+

= [ I (o0 ORI (P €) Pa)

+

< (sumarmalotoe,91) [ | (0 1P 1) (€)Pana(©)

< CHlluls,
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where C} = (supugnzlla(oo, §)|> is the positive constant.

Therefore,
HP(OO, D)U/H'HQQ é Cl”u”%gQ (3336)
From (3.3.26) and (3.3.33), we get

Fo[P'(z, D)ul (§) :/Rm 0 () (Farw) (n)dpia(n)- (3.3.37)

+

Therefore,

0+ 1695 Z [P DY O] < [0+ 1% ottl(Fan)ldisa(n)

In view of (3.3.21), the last inequality becomes

(14 16195 FulP @ DY) < Basy [ 0+ IEREA+ 11700+ )

X |(Faw)(n)|dpa(n)
L

+

X | (Fauw)(n)|dpa(n)-

< Bap(1+ [1€]1%)

Fort > a+ % +4p —r + 1, we have

prt

(14 IE1%)E Fu [P (@, DY) (€)] < Baurp(1+ IR [[(1 + n)}2) ™

X+ D) T (Far) ) g gy (3:3:38)

HL? (R
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From (3.2.2) and (3.3.38), we get
(14 E1%)5 Fa(P'(2, DY) (€)| < Bhpra (1 + 1N T ullygre
where Eéx,k,p,r,t is a positive constant.
Therefore,
r r=2p
|+ g1 Fa (P (@, DY) (€) srgary < Boaral I g gy Nl
(3.3.39)
For p > 2(a+ 2 4+ r + 1), (3.3.39) yields
N
|+ 161 Fu(P'(z. DY) ©) sy < Bokerelullge.
where E, k¢ 18 a constant depends only on «, k, p,r and ¢.
Therefore, from (3.2.2) the last expression gives
H’Pl(‘r’ D)U| ,HZ;,Q S Ea,k,p,?‘,t|’u“’,'{g+t’2- (3340)

From (3.3.36) and (3.3.40), we have

[Pz, D)ullyy2 = (P00, D)u + P'(x, D)ul|yre
< P (o0, Dyullyr + 1P (2, D)ullyy2

< Cl““”HQQ + Ea,k,p,r,tHUHHgﬂQ.
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For t > 0, we have

1P, Dyullyge < Callullypea + Eaprellullonz

S Eg“k',p,r,t HUHHQJ'_th R

!/
where Ea’ kpt

= max(Ch, Eq kprt)- O

Definition 3.3.11. (Pseudo-differential operator Q(z, D))
Let o : C®(R™! x R™1) — C be a symbol in A. Then for u € S,(R?*!), the

pseudo-differential operator Q(x, D) associated with o is defined by

o

[Q(ZL‘, D)u](x) = /Rnﬂ ei<z * >ja(mn+1£n+1)G(§)dﬂa(§)v (3341)

where

G(¢) IU(waf)(faU)(f)Jr/ 7, (&) (Far) (n)dpia(n), (3.3.42)

n+1
R+

and

U;(f) = / o e ot >ja($n+1§n+1) [62‘(&7 " >ja($n+mn+1)0’($,n)}dua(l’)- (3.3.43)
RY

Lemma 3.3.12. Let a > —% and o' € A. Then the following inequality holds

|03 ()] < Fagep(L+ IEI1P) 77 (1 + [In]1*)*, (3.3.44)
where Fokyp is a positive constant and p,k € Ny such that k > o+ 5 + 5 + 1.
Proof. The proof of this lemma is exactly same as Lemma 3.3.6. n

An alternate form of Q(z, D) is obtained.
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Theorem 3.3.13. Let o > —% and o be a symbol in A. Then for u € S.(RT), the

pseudo-differential operator Q(x, D) can be expressed as
Q. Dal(w) = [ ¥ i) oo, O Far) OdhalO): (3349
Y

Proof. We have o(z,£) = 0(00,&) + o’(x,€) and Fyu € S, (RTH).
From (3.3.41) and (3.3.42), we have

(96 D)) = [ (s ) GO dal)

= / el £ >Ja($n+1fn+1)
Ry

< (ot 0F0O) + [

n+1
R+

oA Faa) (i) ) )
= /Rn-u ei<x/,§/>ja<33n+1§n+1)0(oo, f) (fau) (g)dﬂa(f)
+ /R"H ei<$/,§/>ja($n+1£n+1)(/Rn+1 U;(f)(fau)(n)dua(n))d,ua(f)

= /R“H e ) Jo(Tni1€ns1)0 (00, ) (Fat) (€)dpta(€)

o[ ([ . D o 1160000, €) ) ).

(3.3.46)

Taking inverse Weinstein transform in (3.3.43), we get

/ D (16O (Odpa(€) = € (i) (). (3:3.47)
R}
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Therefore, (3.3.46) and (3.3.47) gives

[Q(x, D)u](z) = /Rn+1 €i<x/7§/>ja(xn+1€n+1)0<oo’f)(fau)(g)dua(g)
+ /Rn+1 €i<w,,77,>ja(xn+1nn+1)0"("17, 77) <-7:au)(77)dﬂa(77)
= /Rn+1 ei<rl,§l>ja(xn+1£n+1)0'<oo, 5)(fau) (é)dua(é)

+ /R » @ T (21 Enn )0 (2, ) (Fa) (€)dpa(€).  (3.3.48)

Using linear property in (3.3.48), we find

G Dyulla) = [ oa16a) (750, €) + /(0. €)) (Fa) € )

= /R"'H €i<xl,§/>ja($n+15n+1)0_($,5)(fau)(€)dua(€)’

where o(z,§) = 0(00,&) + o'(z,§). O

Lemma 3.3.14. Let 0 € A and Q(z, D) be the pseudo-differential operators. Then

for all u € S*(R’f“l), the following relation holds
[Q(z, D)ul(z) = [Q(o0, D)u|(z) + [Q'(z, D)ul(x). (3.3.49)
Proof. With the help of (3.3.48), we have

[Q(z, D)ul(z) = /Rnﬂ D o (T 16041) (00, €) (Fatt) (€)dpra(€)
+ /R"-H €i<x,,§,>ja($n+1§n+1)g’($,f)(fau)(g)dlua(f)

= [Q(o0, D)uf(x) + [Q'(x, D)ul(z),
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where

/

[Q(c0, D)ul(x) = /R ) Jo (1) o (00, €)(Fau) (€)dua(€),  (3.3.50)

and

JADVANEN

Q' (x, Dyu(x) = /R L (@i €nin)o’ (2,6 (Faw) (€)dpa()- - (3.3.51)

]

Theorem 3.3.15. Let a > —% and o € A be a symbol. Then pseudo-differential

operators Q(x, D) have the following norm inequality
1Q(x, D)ullyre < F&7k7p,r7t]\u\|%+z,z, Vu e S.(RY (3.3.52)

where F’

wkprt 1S a positive constant for k,p € No,r € R and t > 0 such that

t>a+5+4p—r+1,

Proof. Taking the Weinstein transform in (3.3.41), we get

Using (3.3.42), above expression becomes

FalQ(z, D)ul(£) ZU(w,é)(faU)(f)Jr/ 0, (&) (Faw)(m)dpa(n).  (3.3.53)

n+1
R+

From (3.3.53), we have

FalQ(00, D)ul(§) = o(00, £)(Fau)(§).
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In view of (3.2.2), we have

1Q(c0, Dyull7,> = /Rw(l +1&11%)" o (00, ) P*I(Far) (€) dpta(€)

< (sumermaloo0.€)) [ (+ IR IFa) (@) Pana(©)

< CHllulle.

where C} = (sup||§||:1|a(oo, §)|> is the positive constant.

Therefore,
1Q(00, D)ullyrz < Cif|ullyre. (3.3.54)

From (3.3.53), we have

F[@ @ Dyle) = | o Fu) ol

Therefore,

@+ €2)E 7@ D) < [

R

» ‘(1 + €17 1o (€ (Far) (m)ldpa(n).

"
In view of (3.3.44), the last inequality becomes
(0 16195 7@ D)) (©)] < Fup [ (1 IEIRE 0+ 1EI2) 701+ Il
+
X |(Fate) ()t ()
r—t r4t

r—2p dp—r—t T4t
< FarLH 16 [ 41?1 1)

+

X [(Faw) ()] dpa(n)-
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Thus, we have

r—

2| (1 + [In]1?)

4dp—r—t
|
L2 (R}

NS

(14 1E1%)F Fa[Q (@, DY) (€)] < Fao1 + 1)

r+t

[+ 11P)F (Fa) )] ey

Fort > a+ § +4p—r+1, we can find a positive constant F, ., such that

(1 JEIP)E Fu[ @@, D)u)(€)] € FopFapra(1+ 1€1)F

<[+ ) F (Faw) )]y gy (3:3:55)

From (3.2.2) and (3.3.55), we get

r—2p
2

(1+11€1%)z FalQ (x, D)u] (5)) < Foppra(L+ €I

[l ez,

where F”

akprt 1S @ positive constant.

Therefore,

r—

2p
2 HL%(RTI) HUHHQ&-LQ.

|+l Fo[@@, D)

12 (R1+1) S F(;7k,p,7",tH(1 + HéHQ)

(3.3.56)

For p > 2(a+ 2 4+ r + 1), (3.3.39) yields

|+ lgl®)E Fo[@(@, D] ©)

Lg(Ri+1) < Fa,k7p,7",t||u||7_lg+t,2,
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where Fy, ;¢ 1s a constant depends only on «, k, p, r and ¢.

Therefore, from (3.2.2) the last expression gives

H Q' (z, D)u’

e < Faeorallullgsec.
From (3.3.49), we have

[Q(z, D)ul(x) = [Q(o0, D)ul(z) + [Q'(z, D)u] (x).
Using (3.3.54) and (3.3.57), we obtain

1Q(x, D)ullyyrz = [|Q(00, D)u + Q'(x, D)ullyre
< [1Q(00, D)ullyyr2 + ([ Q' (z, D)ullyyy
< [1Q(00, D)ullyrz + Q' (x, D)ullyyy

< ClHUH’Hg’Q_'_ < Foz,k,p,r,tHuHHg-&-t,Q.
Then we have
19, D)llagz> < Fopprallullyggres,

where F”

a,k,p,r.t = maX(Ch Fa,k,p,r,t)-

(3.3.57)

]

Theorem 3.3.16. Let o > —% and o € A be a symbol. Then we find the following

norm inequality

|(P(x.D) — Q. D))ullyz < Copprtllullygina, ¥ € S.(RIH)

(3.3.58)

where Cypprt 15 a positive constant for k,p € No,r € R and t > 0 such that

t>a+5+4p—r+1,
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Proof. Invoking Theorem 3.3.10 and Theorem 3.3.15, we obtain

|(P(z, D) = Qx, D)) ullyrz < [Pz, D)ullyyrz + [ Q(z, D)ullyra
< Etl)z,k,p7r,tHuHHg+t’2 + Folc,k,p,ntHuHHg"'t’Q

< Ca,k,p,r,t’luHHg‘*‘t727

F/

a,k,pﬂ‘,t) is a constant. [

o /
where Cy prt = max (Ea,k,pmt ’

3.4 Product and Commutators

In this section, we discuss some properties of the product and the commutator

between pseudo-differential operators on H’? - type Sobolev space.
Theorem 3.4.1. Let o1(x, &), 02(x, &) be two symbols in A. Then o(z,£) = o1(x, &)oz(x, )
is a symbol in A.

Proof. For detailed proof, we refer the papers [82, p. 360] and [56, p. 143]. ]

Here, we introduce pseudo-differential operators R(z, D), P(z, D), B(z, D) associ-
ated with symbol p(z,&),0(x, ), 7(x,€) in A, respectively which are defined by the

following way:

P(z,D) = P(c0, D) + P'(z, D),

B(z, D) = B(co, D) + B'(x, D),
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and
R(xz,D) = P(xz, D)B(z, D)
= P(00, D)B(c0, D) + P'(x, D)B(c0, D) + P(c0, D)B'(z, D)
+ P'(x, D)B'(z, D)
=v(D)+ K(z,D)+ Ki(z, D) + Ky(z, D), (3.4.1)
where
0(00,8)7(00, &) = p(00,§) = 7(8), (3.4.2)
o' (,6)7'(2,£) = k(,£), (3.4.3)
(00, )7 (2,8) = ku(x,§), (3.4.4)
and
T(OO,&)O'/(J?,f) = k2($>€> (345)

Using these results, we have

Lemma 3.4.2. Let u € S,(R%™). Then
v(D)u = P(c0, D)B(c0, D)u. (3.4.6)
Proof. In view of (3.2.4), we have
CRIGEY O B YU @),

From (3.4.2), we obtain

Foa(D))(©) = [ wraan)oloe, r(oo, ule)dua(a).
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By (1.4.1), we find
Jra (’Y(D)u) (5) = Jroz (P(OO, D)B(OO> D)u) (5)

By uniqueness of the Weinstein transform, we get the required result. O
Lemma 3.4.3. Let u € S,(R7™). Then we have

Ki(z, D)u = P(oc0, D)B'(z, D)u. (3.4.7)
Proof. The proof of this lemma is same as Lemma 3.4.2. O
Lemma 3.4.4. Let u € S,(R7™). Then we have

Ks(z, D)u = B(oo, D)P'(z, D)u. (3.4.8)
Proof. This proof is similar as done in Lemma 3.4.2. [
Lemma 3.4.5. Following relation holds

[P'(z, D), B(c0,D)] = P'(x, D)B(co, D) — B(co, D)P'(z, D), (3.4.9)

where [ , } denotes the commutator between two operators.
Proof. The proof of this lemma is obvious. O]

Theorem 3.4.6. Let a > —1 and o,b € A. Then the following norm inequality

2

holds

H [P'(x,D),B(oo, D)}u‘

H2 < Ooz,p,r,tHuHHZ“'Z? Vue S*GRT_l)

(3.4.10)
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where |, ] denotes the commutator and Cop,y be a constant depending upon

pENg, r€R andt >0 such thatt > a+ 5 +4p—r +2.
Proof. From (3.3.18) and (3.3.31), we have
Fo (P, D)B(o0. D)) €) = [ o) (Bloo. D)) ()
R+
From (3.2.4), above expression becomes
Fu(P'(2, D)B(oo, D)u) () = / oo, n)(Far) dualn).  (34.11)
+

Also, from (3.2.4) we have

Fo(Bloo, DYP' (2, D)u ) (€) = 7(00, ) Fu (P'(z, D)u) (&)

— 7(00,€) / o) (Faw)(n)daa ()

- /Rn+1 oe(M)7(00, &) (Far) (N dpa(n).  (3.4.12)

From (3.4.9), we obtain

Fo([P'(2, D), B(oo, D)]u) () = Fo(P'(x, D)B(0o, D)u — B(oo, DYP'(x, D)u ) (€)

= Fo(P'(2, D)B(oo, D)u) (€) = Fu Bloo, D)P'(z, D)u) (£).
Using (3.4.11) and (3.4.12), the last expression yields

Fo( [P D). Bloe, D) (€) = [ (o0.m) = (00, 6))okln) (o) )0
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Therefore,

(14 17 ([P, D), Blo, DJu) ©)] < [ @+ 1€ r(oc,) - rloc,n)

n+1
R+

x Joe(m)] [(Faw)()ldpa(n). (3.4.13)

Also, from (3.3.7) we have
[7(00,8) = (00,m)] < C(L+ 1€ = nll*)*(1 + [Inl*) /2. (3.4.14)
Using (3.3.21), (3.4.13) and (3.4.14) we obtain

(1 + €125 Fa ([P (2, D), Bloo, D)]u) (€)] < CEay / LA e+l =l
X (1 Il 200+ IR (L + Il
X |(Fate) ()l dpaa ()

r—2p
< CaiyL+ €17 [ | (1l = al)

+

4p—r—t—1

< (L+ P77 @+ [nlA) = [(Faw) ()]

X dpa(n)-

In view of Cauchy-Schwarz inequality, the last expression yields

(1 + 1Ig1?) 87 ([P (. D). Bloc, D)]u) €)|

e || (14 ]} = nl*)? rit
< CBop(1+[IEI7) 2 o\ THApET L+ )= (Faw)m)|| | -
(L+{nll*) " L2 (R L2 (R}
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From (3.2.2), the last expression becomes

1+ 1€ 5 Fo ([P, D). Bloo, D)]u) (€)]

el (1+]1€—nl?)
< CBaplullyeea(1 + €]7)7 \\ 0
(14 {Inl?) L2 R
< CEappllullyyriea(1+[E17) =
" H (L+[1E1P) + @+ fInl*) + (X + [[E[P)( + [In]]?)
r+t— 4p+1
(14 {Inl?) L2(RTH)
r— 2p+2 1
SC@@MMMMﬁM(U*ﬂKH) —
(14 {In?) L2 R
T— 2p 1
(1 + H€|| ) r4+t— 4p 1
(14 1{[n]*) LR
T— 2p+2 1
(e — )
(1 + [[n]I*) L2(RTHY)
If we choose t > o + 5 + 4p — r + 2, then we have
(1+ €))7, UV@MB@&WMM
< Can,kauHHngt’z (Oaprt 1(1 + ”5” ) a,p,r,t,2

X (14 |E2) T + Capraa(L + [€]2) 5 >

Therefore,

|+ le) 22 ([P ). Boo, D) @), o

scammmw{ammu+ww sy + Copra

xW+wW”mwm+@mMMﬂwY%WBwQ
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For p > (o + % + r + 3), there is a constant C,, ,,; such that

H [P’(x,D),B(oo, D)}u‘

HQQ S Ca7p,r7t|‘uHHg+t,2.

Conclusion: On the basis of rich calculus of the Weinstein transform and results of
Zaidman [82], Pathak and Upadhyay [56], Upadhyay [78], Upadhyay and Chauhan
[79] and others pseudo-differential operators P(z, D) and Q(x, D) associated with
the homogeneous class of symbol of order zero are introduced and discussed bound-
edness properties on H%? - type Sobolev space by considering theory of the Weinstein
transform. Product of symbols and commutators of two pseudo-differential opera-
tors associated with homogeneous class of symbol are defined and its properties on
certain type of Sobolev space are discussed. The aforesaid results are useful to find
the weak solution of a pseudo-differential equation of pseudo-differential operators

P(z, D) and Q(z, D) associated with homogeneous symbol o(z, §).

KKk



