Chapter 6

Analysis of a Class of Fractional
Delay Integro-Differential
Equations with Riesz-Caputo

Derivative

6.1 Introduction

In Chapters 3 and 4, we have studied the existence and uniqueness of mild solu-
tions and the controllability of FDEs with delay employing the Caputo fractional
derivative in Banach spaces. Further, in Chapter 5, we generalized our previous
study on the existence and uniqueness of solutions for FDEs with the Caputo frac-
tional derivative to include the Riesz-Caputo fractional derivative. We discussed

the existence and uniqueness of results for FDEs along with the Riesz-Caputo frac-

tional derivative. Now, we pay our attention to the integro-differential equations
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of fractional order. In particular, this chapter studies the existence and uniqueness
of results for fractional order integro-differential equations with delay, incorporating
the Riesz-Caputo fractional derivative by utilizing FC techniques and fixed-point

theorems.

In 2019, Gu et al. [123], discussed a class of FDEs involving the Riesz-Caputo
derivative, and introduced physical meaning. They provided the existence results
for positive solutions by relying on Krasnoselskii’s and Leray—Schauder’s fixed-point
theorems. In the work presented in [134], the authors successfully demonstrated the
existence, uniqueness, and stability of solutions for a specific class of implicit func-
tional FDEs characterized by finite delays and instantaneous impulses. The proof
for these results was established by employing the Banach contraction mapping prin-
ciple in conjunction with Schaefer’s and Darbo’s fixed-point theorems. The study
in [135] focused on addressing the existence, uniqueness, and Ulam-Hyers-Rassias
stability for a specific set of coupled systems in the context of implicit FDEs involv-
ing Riesz-Caputo fractional derivatives. These results were established through the
application of the Banach contraction mapping principle and Schauder’s fixed-point
theorem. To explore more such research involving Riesz-Caputo derivatives, one can

go through [14, 87, 88, 136] and cite theirs in.

Here, we examine the following family of fractional delay integro-differential

equations:

(I)%CD?X(t) = f(tv $(M1(t))’x(u2(t>)7 e 7X(:un(t))a QX(Mn+1(t)))v ted,

x(0) = %o, x(T') = xr,

(6.1)

where §9D] is the Riesz-Caputo fractional derivative of order 1 € (0,1), J = [0, 7],

and X is a Banach space. The continuous functions y; : [0,7] — [0,T] are delay
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terms satisfying the conditions 0 < u;(t) <t fori=1,2,...,n,n+ 1, where n € N.
Moreover, f : [0, 7] x X" — X is a nonlinear function and @ is an integral operator

defined as:

Qx(t) = /th(t,p,X(unH(p)))dp,

along with the function ¢ : A x X — X is nonlinear and continuous such that

A={(t,x):0<x<t<T}.

Our goal is to delve deeper into this field and establish results beyond what has
already been achieved. First, we investigate the existence and uniqueness of solutions
of fractional delay integro-differential equations (6.1) in Banach space along with
the Riesz-Caputo fractional derivative. We utilize FC techniques and fixed-point
theorems to establish the above results. Further, by introducing a partial order in
a Banach space of all continuous functions, we look into the existence of extremal
solutions. In the end, a few examples are showcased to evince the proficiency of the

offered results.

This chapter is organized in the following manner: Section 6.2 covers the fun-
damental definitions, theorems, and lemmas essential for establishing our study’s
main results. The existence and uniqueness of the solution of (6.1) are examined in
Section 6.3. The extremal solutions of (6.1) are discussed in Section 6.4. Relevant
examples associated with our findings have been discussed in Section 6.5. In the

end, we give the conclusion in 6.6.
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6.2 Preliminary Results

This section introduces some definitions and basic results that will be used through-

out this chapter.

Lemma 6.1. [137] (Nonlinear contraction mapping) In a non-empty com-
plete metric space (X,d), a mapping ¢ : X — X is characterized as a nonlinear
contraction if there exists a continuous, non-decreasing function w : RT — RT
satisfying the conditions: (i) w(0) = 0, and (i) w(r) < r for r > 0 such that
d(¥(x),¥(x)) < w(d(x,%)) for allx,x € X.

Lemma 6.2. [138/(Nonlinear fixed point theorem) Suppose 1 is a nonlinear
contraction mapping from a non-empty complete metric space (X, d) to itself. Then,

¥ has a unique fixed point.

Lemma 6.3. [89] Suppose ¢ is a completely continuous operator from a Banach
space X into itself, and the set A = {x € X | x = ot(x), 0 < o < 1} is bounded.

Then, v admits at least one fized point in X.

Definition 6.4. [137] Let ” <7 be a partial order. A Solution x,; to the BVP (6.1)
is said to be maximal if for any other solution x, one has x < x;;. Again a solution

Xm is called a minimal solution of the BVP (6.1) if x,, < x.

Lemma 6.5. [137] Suppose [x.,%.] € X is an order interval with partial order
7 X7 where X is a Banach space and let ® from [x.,X.] to itself be a nondecreasing
function. If each sequence {®x,} C ®([x,%.]) converges, whenever {x,} is a mono-
tone sequence in [X.,X.|, then the sequence of ®-iteration of x, converges to the least
fixed-point &, of ® and the sequence of ®-iteration of X, converges to the greatest

fizxed-point £ of ®. Moreover,

& =min{y € [x., X : ¥ = Py}, and & = max{y € [x,,X] : § = Py}. (6.2)
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6.3 Existence and Uniqueness Results

Lemma 6.6. The BVP (6.1) can be expressed as the subsequent integral equation:

(1) = 30 +x7)

s | =D () X)), X (2). Qe (2))

1

+ W/t (p— )" (p,x(pu1(p)), x(pt2(p))s - - -, X(11n(p)), QX (41 (p)) ) dp-

Proof. By Definition 1.11, we have

1 n

where (I} and ;7 are the left, right Rieamann-Liouville integrals respectively.

Now, applying Lemma 5.10 for 0 < n < 1, we have

This gives

x(t) = [X(O) + x(T)] o I BODIx(1). (6.3)

| —

Now, by equation (6.1) and (6.3), we have

(1) = 3000+ x1)

i %?7)/0 (t = )" (p. (11 (p)) X (12(p))s - - - X (11 (P)), Qx(ptn11(p)) ) dp

1

+ﬂ5[<%%W”@wm@»Am@xmmmmmammﬂ@»@.
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It completes the proof. O

Theorem 6.7. Assuming that f is a continuous mapping, and 3 a M € R such

that for x(pi(t)) € X,t € J,(i=1,2,...,n,n+1):

[[F (8 x(a (£)), x(p2(8)); - - X (e (1)), Qx(pina (1)) || < M.
Then, for any xo,xy € X, the system (6.1) has a solution x* € C'(J, X).

Proof. Let us define an operator ¢ from C (J, X) to itself given by

Ox(t) = %(xo + xr)

i | = D (0 x(ap). - X (2). Qe (2)

+ ﬁ/t (p = )" (p x(ua(p), x(p2(p)) - X(n (p)) @X(ttn1.(p))) dp.

Since f is continuous in J x X", then we get ® is continuous on C (J, X). Next, we

show that ®(B,) is bounded and equicontinuous, where
B, ={xeC(J,X):|x]| <r}.
For every x in the closed ball B, and each ¢ € J, we obtain

[2x(®)]

< Sllxo + %7l

i ﬁ / (t = p)" (oo X1 () x(p2(p)), - X(t(P). QX(ptnsa (1)) || dp

' ﬁ / (p = 6" M (s X () x(p2(P)). -+ X(p10(9), QX(ptas1(p)) )| dp

<1|| + |\+1 t(t Y1 EM 4 1 T( )Tt M
= pgy VT i) ), P
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27" M

= T+ 1)

”X() + XTH +

< Q.

N —

This illustrates that the set ®(B,) is bounded.

Next, we show that ®(B,) is equicontinuous for x € B, and #, ¢, € J such that

t1 < to.

[Px(t2) — Px(t)

’ { - L) /O (4 - p)" M (px(pa(p)), x(12(p)), - X (1 (), @ (ptns1(p))) dp

+ 5= /0 z(ta—p)"‘lf(p,X(ul(p)),X(uz(p)) ----- xu(pin(p)), @x(tins1(p)) ) dp

< H [F(ln) /02(152 — p)" (p, x(11(p)), x(p2(p)), - - -, X(pn(p)), @x(pns1(p))) dp
i 0= X 0) K )) Xa ), Qs ()|
+‘ {ﬁ ; (p — )" (p,x(11(p)), x(p2(p)), - - ... X(pn(p)), @x(ptns1(p)) ) dp
_ ﬁ ) (p — t)" H(p. x(u1(p)), x(p2(p)), - - -, X(,un(p)),QX(,Un+1(p)))dp] H
=L+
We have
I = HF(lf,,) 0 l(ﬁz p)" (0, x (1 (p), x(12(p))s - - - s x(11 (), @x(ptns1(p)) ) dp
- ﬁ /0 1(t1 — )" (0, x(1a () X(p2(p)) -+ X (1 (p)), Qx(pin41(p)) ) dp
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1 " =1 _ (¢ _ pyn-1 s 1 N —_ )1
< | = = oy ) Mas g [ = gy aray

—0 as ) — 6.

Likewise, we can assert that Iy — 0 as t; — #,, leading to || Px(t2) — Px(t1)|| — 0 as
t1 — 1z, consequently, ®(B,) is equicontinuous. Applying the Arzela-Ascoli theorem,

we conclude that ® is a completely continuous operator.

Finally, consider the set Ay = {x € C'(J,X): x=pP(x) .0 < p < 1}. We show

that this set is bounded. For each x € Ag, some p € (0,1), and for each ¢t € J, we

have
—||x(¢
QH il
< Slixo + x|l

i ﬁ / (t = p)" |[f(p, x(1a(p)), X(112(P)), - - - X (11 (p)). @x(ptn11())) || dp

+ﬁ / (p = 6" [F (X (11 (P)) s X(12(P)); - X(s1(p)), Qx(pin1())) || dp

1 M T [ g
<—||xO+xT||+—[ [e=pap= | <p—t>”—1dp}
2 F(n) 0 t
<1” n ||+ 2TM
— [| X X —_—.
=TT P+ 1)
Therefore,
IOl < o 2w +xell + =M <
X — [ X X —_— 0.
e Pl R R Py

This shows that A, is bounded. Therefore, according to Lemma 6.3, ® has at least

one fixed-point. With this, the proof is concluded. O

Theorem 6.8. Let us assume the following
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(R1) There is a positive constant L such that for any x,x € X

27"
t,p,x) —q(t,p,X)| < Lx—X%|, and, — < 1.
lq(t, p,x) = q(t, p,x)| < Lx —%| NOES)

(Ry) The function f from J x X" to X is continuous and salisfies

{f(taxlyx% s 7Xn>Xn+1) - f(ta)_(l'/)_(?*, s 7)_(77,7)_(71-‘1-1)‘

< |X1 - )_(1| |X2 - )_(2| |Xn - )_(n|
< max | — — —, —
a? + |x3 —x1|” a® + [xg — Xa| " @® + |xp — Xy

X1 — X1 }
b

A% 4 [Xng1 — Xng |

for allx,x € X, t € J, where a € R such that |a] > max{1, LT}.
Then, for any xo,xy € X, the system (6.1) has a unique solution x* € C' (J, X).
Proof. Let us define an operator ® from C'(J, X) to itself given by
1
Ox(t) = §(x0 + xr)

i ﬁ /0 (t = )" (P x(ua(p)), x(p2(p)) - - X(p1 (), Qx(prn41(p)) ) dp
+ ﬁ/t (p = )" (2. X (p)) X(p2()) - - - X(ptn(P)), Q¥ 11 ()) ) dp.

Now, we show that ® is a nonlinear contraction mapping on C' (J, X). Let t € J

x(11(t)),%(ps(t)) € X. Then, by assumption (R;), we have

()
<5 / () <20 X)), @1 ()
— £(p,x(11(p)), X(12(p)); -+ X (11 (p)); QX (pin11(p))) |dp
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— (0, X(11(p)), X(p2(p)); - -+, Xt () QX (pn11(p))) |dp
Lt S X)) = X(u(p))]
Sty U7V {a2+vwmm>ﬂmuw|
X(p2(p)) — %(p2(p))| X(p2n () — X(ptn(p))|
a® + |x(ua(p)) —X(p2(p))|” "7 a% + [x(pn(p)) — X(1n(p))]

|Qx(pni1(p)) — @X(ptn11(p)))| } J
a? + ‘Qx(ﬂn-i-l(p ) — Qi(ﬂnﬂ(p))}

N ﬁ/j v t)"_lmax{ x(p1(p))

.....

| Qx(ttn1(p) — QR (1 (p)) | }dp
a2 + ‘QX(NWH»l(p ) - Q)_((NrH»l(p))} .

Again, by assumption (R;), we obtain

|QX(Mn+1(t)) - Qi(ﬂnﬂ(tm
/Oq(t,p,X(unH(p)))dp—/o q(t, p, X(pns1(p))) dp

gALMMMM—WwMMW

Then, we have

@wwmmilmwmﬂiwwﬂwm

INO)) a? + |x(p1(p)) — X(ua(p))|
x(p2(p)) — %(p2(p))| X(kn(p)) — X(pin ()|
a? + |x(p2(p)) = X(p2(p))] " @ + [x(pa(p)) — X(pta(p))]
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Now, here 0 < p <t < T and 0 < u(t) < tforalli=1,2,...,n,n+1. So, by

taking supremum over ¢, V ¢ € J, we obtain

L I T
Dx(t) — Px(t)|| < —— t —p)7 ' max ) d
o) a5 < s [0 S
Lo sl Tl )
+— — ¢)" ! max , d
r(n)/t (p=1) {a2+||x>_<]| @+ LTx—x S
o 2T [ el Tl g
max 5
ST TET O @ 1 x— x| @ + LTx — x|

o d X=X LTI =%
- a?+ ||x —x||” a? + LT|x — x|

<w(|lx =), ¥ x(u(p)), x(1:(p)) € X,
where

r LTr
a®>+r a*+ LTr

w(r)—max{ }<7’, for r > 0,

which shows that @ is a nonlinear contraction on C'(.J, X'). Therefore, by Lemma

6.2, the system (6.1) possesses a unique solution. This concludes the proof. O

In the following Theorem 6.9, we establish the uniqueness of the solution to the

system (6.1) by imposing a set of somewhat weaker constraints on ®.

Theorem 6.9. Let us assume the following:
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(Hy) The function f : J x X" — X s continuous, and there exist non-negative
constants M; such that ¥ x;,%; € X (i=1,2,...,n,n+1),t € J,

n+1

Hf(t,xl,XQ, e ,Xan+1)—f(t,>_<1,>_<27 I 7)_(n7)_(n+1) H S Z Mlel - )_(lH’
=1

and

M = max|[f(t,0,...,0)]

(Hy) For any x.X € X there is a positive constant Ly such that

||Q(t7pax) - Q(tapa)_()H < L1||X - )_(H

n

2 n
— and th 51 = M; + M1 LT h that 0 <
Tl + 1) an ere exists q “/Z + My 111 suc at 0 <

i=1

(Hs3) Let v =

¢ < 1.
Then, for any xo,xr € X, the system (6.1) has a unique solution x* € C (J, X )sy.
Proof. Define the operator ® : C' (J, X) — C (J, X) as follows:

Ox(t) = %(XU + xr)

" ﬁ / (£ = )" (px(n (0)), x(p12(9)), - X (i (0)), @x(ptnss (1)) dp

+ %n)/t (p— )" (p, x(p1(p)), x(p2(p)), - - -, x(pn(p)), QX(ptns1(p))) dp.

Again, for x,x € C'(J, X) and for ¢t € J , using conditions (H;) and (H>), we have

[Dx(t) — Px(2)]]
1

IN

W/o (t = p)" M| (p, x(p1 (). x(2(p)), - - - (1 (D)), QX (11 (p)))
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- f(p7>_((ﬂl<p))v)_((ﬂ2(p))v T f)_((:un(p))a Q)?(;un—k—l(p))) Hdp
*’i:%ﬁj,/f (0 — )" |f(p.x(pa(p), x(12(p)), - - -, x(pn(p)), @x(ptns1(p)))
— £ (p, %(11(p)), X(2(p)), - - X(ttn(p)), QR (ttn11(p))) || dp

n

< ﬁ / (t =27 S0 Mx1(2)) = X) |
+ M1 [| Q% (pn41(P)) — QX (b1 ()| dp
N ﬁ / (= )" D Milx(u(p)) = x(u(p)) |

=+ -/\'Jn—I—IHQX(/J'n—i-l (p)) - Q;((Mn—s—l(p))Hdp

™ -
< — M; ||x — % M, 1 TLq||x —X
< i 17| 30 M b M a3
(T —1)" [ & _ -
—_— M;||x — M1 TLq||x —
iy | 2 M5+ M T3

< 7{2 M; + J\JnHLIT] [ — x||

i=1

< qufjx = x|,
which implies that
[Px(#) — Px(1)[| < qullx = X][.

Therefore, the operator ® acts as a contraction mapping on C (J, X). Using the
generalized Banach contraction mapping principle, we deduce that the system (6.1)

has a unique solution. This concludes the proof. O
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6.4 Existence of Extremal Solutions

In this section, we investigate the existence of extremal solutions for the system (6.1).
To facilitate this, we consider X = R"™, and introduce a partial ordering denoted by
7 <7 in C (J,R"), defined as x; < xq if and only if x;(#) < xo(#)Vt € J, where the
order relation in R" is defined coordinate-wise, that is for a = (a1, as,...,a,),b =
(b1,bay...,0,) €R™ a <biff a; < b;, (i =1,2,...,n). Furthermore, we define the

order interval [x,,X,] as follows:

[Xe, Xo] = {x € C (J, X) : % 2 x XX}

Before proceeding further, we define the following definitions:

Definition 6.10. [137] (Lower Solution) A function x € C'(J,R") is said to be a

lower solution to the BVP (6.1) on J if

FODPx(t) < F(tx(a () X)), - x(1a(£)). Qxlproa (1)), ¥ 1 € .

x(0) = xo, x(T) = x7.

Definition 6.11. [137] (Upper Solution) A function x € C'(J,R") is said to be

an upper solution to the BVP (6.1) on J if

EODIx(t) 2 F(tx(a (6) X)), - x(1a(£)). Qo (1)), ¥ 1 €,

x(0) = %o, x(T') = xq.

Theorem 6.12. Let us assume the following:

(Q1) t — f(t, X1, X2, .+, Xp, Xpt1) 1S measurable V x; € R", (i =1,2,...,n,n+1).

(Q2) f(t,X1,Xa, .« Xp,Xns1) @8 non-decreasing inx; (i =1,2,....,n,n+1), t € J.
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(Q3) For0<p<t<T, q(t, p,x) is non-decreasing in x.

(Q4) For anyr € RT, 3 g. € L*(J,R) such that for B, = {x € R" : ||x|| < r},

sup |f(,x1, %2, -+« s Xps X 1)| < g-(F), t € J.
X, € By

(Q5) The BVP (6.1) possesses an upper solution X, and a lower solution x, on J

wWith X, > X.

Then, the equation (6.1) has both a minimal and a mazimal solution in the interval

J.

Proof. By Lemma 6.6, the BVP (6.1) can be expressed equivalently as the following

integral equation:

Ox(t) = %(Xo + xr)

" ﬁ /Ot(t — )" (X (11 (p)) X (p2(p))s - -+ X (i (p)), @x (11 (p)) ) dp

+ ﬁ /f (p - t)nilf(pvX(Ml(p))>x(ﬂ2(p))a te >X(Mn(p))v Qx(:un+l(p)))dp'

The proof consists of the following steps:

Step 1: Using the assumptions (@), (Q3), we conclude that ® is non-decreasing

in [x,X.|. Let x,X € [x., %] be such that x < X. Then, we have

Px(t) = %(Xo +xr)
+ ﬁ/o (t=p)" ' (p,x(11(p), x(p12(p)); - - -, X (i (p)), @x(pm11(p)) ) dp

+ ﬁ/t (p = )" (0, X (0)), X(p2(0)) - - X (2 (), QX(ptn11(p)) ) dp

1,
§(X0+XT)
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" ﬁ /0 (t — p)an(p’ )_((:ul(p))> X(MQ(p))a c v>—<(/~bn(p))v Q)_((/Ln—kl(p)))dp

- ﬁ/t (p = )" (p (11 (p)), X(p12(p)) - - X(n (1)), QX(ptn1.(p))) dp.

= ®x(t) forall teJ

Step 2: Next, we show that @ is a mapping from [x,,X,] to itself. Since ® is a

nondecreasing operator in [x,, X.|, then for any x € [x.,X.],
Xo (1) = Px, (1) < Px(t) < PX.(t) = X.(t) for all t € J.

Hence, ® is a mapping from [x,,X.] to itself.

Step 3: Consider a monotone sequence {x,,} in the interval [x,,X,|. Our objec-
tive is to demonstrate that the sequence {®x,,} converges in ®([x.,x.]). By the
monotonicity of {x,,} it follows that the sequence {®x,,} is monotone in ®([x,x.]).
Moreover, if the conditions (@) — (Q5) are satisfied, then there exists a Lebesgue

integrable function g : J — R™, as mentioned in [137], defined by:

g(t) = ‘f(t7X*(Ml(t>>’x*(ﬂ2(t))7 e 7X*(H7L(t))7 QX*(NnJrl(t)))‘
+ [F (R (i (), % (12(8)), - % (i (8); Qe (41 (1)) |

such that V x(t) € [x., %], t € J,

’f(t7x(:u1(t))7x(/~62(t))ﬂ T 7X(Mn(t))7 QX(Nn+1(t>))’ < g(t).
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Further, we shall establish that V¢ € J, and x,,, € [x, X.], ® is uniformly bounded

and equicontinuous.

|®xm(t)|
1
= §‘X0 + XT|

+ ﬁ A (t— p)nil}f(pyXm(ﬂl(p))axm<ﬂ2(p))v o X (Ba (D)) me(MnJrl(p))) }dp

i ﬁ/t (0 = " (2, (1.(0)) X (112(P)): - - s X (10 (P)), @i (1 1.()) ) |l

< |xO+xT+i[ / (t— p)"g(p)dp + / (p— £y g(p)dp

()
= M(say), V m.

DO | =

By taking supremum over ¢, V t € J, we get ||(I>x,,,LH < M, which shows that {®x,,}

is uniformly bounded.

Again, for x,, € [x.,X.], t1, 2 € J such that #; < ty, we get

| P (1) — Pxi ()]

X {f(p, Xm(,ul (]9)), Xm(ﬂ2(p))v cee >Xm(lu*n(p))a me(:un—i-l(p))) }dp

_ L ! _ 4)(n=D)
o,
X {f(p;Xm(,ul(p))uxm(:u2(p))7 B ,Xm(:un(p))a me(:u’n-l-l(p))) }dp

XA (2 m (11 (9)), X (12(D)), -+ Xon (1 (D)), QX (i 11(p))) }dp

L ! _ +\(n—1)
+P(n)/@(p %)

X (P xim (111.(2)) s X (12(P)); - - Xan (0 (), @ (111 () ) }di’] '
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X AT (s (12.(P)), X (112(P)) - -+ X (1 (D)) QX (141 (p))) }lp

fi " _ n\(n—=1)
F(n)/o (= p)

‘ {f<p,xm<u1@»>,xm<uzu»>,u.,xm<uﬂ<p>m<9xm<un+1u»>)}dp]\

X {F (0, xm (11()), Xen (112(D)); - -5 X (11 (), @i (1141 (p))) Flp

_ ! — )1
G J, 0
X (2 xm (11.(P))s X (12(D)) -+ X (2 (P)) me(unﬂ(p)))}dp} ‘

=1 + I,.

We have
L[ oy
h= F(n)/o (t2=p)
X [F (D2 3 (11 () Xen (12(P))s - - -+ X (11 (P))s @en (11 (p))) | dp
—_ L " o1
o [ =)
X [F (2, xm (11 (P))s X (12(D)); - > X (pn (9)), @i (141 (p)) ) | dp
g ), P
£ (s X (111 (9))s X (112(2)), - -+ 3 Xem (i (1)) s QX (i1 ( )))]dp'
1 1 1 -1 t2 -
< W[/O [(tZ_p) _(tl —p) ] ( )dp+/tl (tg—p) g(p)dp]

—0 as t; — .

Similarly, we can say that I — 0 as ¢, — t, and hence |<I>xm(t2) — fbxm(tl)‘ — 0 as
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t1 — tp. By taking supremum over ¢, V t € J, we get H<I>xm(t2) — <I>xm(t1)H — 0 as

t1 — to. Therefore, {®x,,} is equicontinuous.

Thus, by applying the Arzeld-Ascoli theorem, the sequence {®x,,} converges
in @([X*,)_(*]). Consequently, by Lemma 6.5, the BVP (6.1) has a minimal and a

maximal solution over the interval J. O

6.5 Applications

In this section, we provide two illustrative examples demonstrating the efficacy of

our proposed outcomes.

Example 6.1. Consider the following FDDFEs:

e tcost

RCD1/2 t) =
0 i x() e

| A
() + o2 [ sint p x(ns(2)dp. ¢ € [0.1),
99 Jo (6.4)

Clearly, f is continuous. Now,

t))’ tee 7X<Mn(t))-» X(Mn-&-l(t)))
t, )_((Ml(t))v )_((/J'Q(t))v s 7)_((,U/n(t))v )_((MnJrl(t))) H

[|x(pa (£)) = x(pa (2))|] + %HQX(%HU)) — Q%(pny1 (1)) ]|,

Hf(t’ X(Ml(t))’X(NZ

—f

—~ =

<

&Gl

1
which gives: My = M1 = T and M; =0, for, 1 =2,3,...,n.
Further, M = max ||f(¢,0,...,0)|| = 0.
tel0,1]

Again

la(t, p,x) = q(t, p,X)|| < |[x(ptns1()) = %X(pni2 (1) || = L1 =
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Since

Tn

———— " M+ M, 1 [nT = 0082063939421 < 1. Thus, by Theorem (6.9)
I(n+1) =

the differential equation (6.4) has a unique solution.

Example 6.2. Let us examine the following nonlinear FDDFEs:

\

0 Dix(t)

61‘,
= TE e m®
1
+5

x(0) = xo, x(T) = xr.

+ ¢ tanh (x(u2(1)))

t
/ €3tp Sgn(€X(Nn+l(p)))dp, te0,T], 0<n<l, (6.5)
0

Suppose X = R". Clearly, the assumptions (Q1) — (()3) be satisfied.

Now, there exists g(t) = 3e* € L'[0,T] such that for all x € B,,t € [0, T], where

B, ={xe€ X :|x[| <r},r € RT, we have

_3€3t <

t

- 2t
S Themm T T

1

t
: / ¢ p sgn (e 0))dp < 36,
0

anh (x(,ug(t))) +

Therefore, we define the functions 6 and ¢ such that,

and

(

\

\

FODYO(t) = —3e¥

tefo,T], 0<n<1, (6.6)
0(0) = 6, O(T) = br,

0 Dlo(t) = 3¢

te0,T], 0<n<t, (6.7)

9(0) = ¢o, o(T) = ¢r.
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Both differential equations, (6.6) and (6.7), admit a solution as per the Existence
Theorem (6.7), namely 6 and ¢. These are the upper and lower solutions, respec-
tively, for the boundary value problem (6.5). So, by employing Theorem 6.12 equa-

tion (6.5) possesses both a minimal and a maximal solution over the interval .J.

6.6 Conclusion

In this chapter, we explored fractional integro-differential equations with delay, in-
corporating the Riesz-Caputo fractional derivative. Initially, we examined the ex-
istence and uniqueness of solutions for these equations in Banach space using FC
techniques and fixed-point theorems. We then introduced a partial order in a Ba-
nach space of continuous functions to investigate the existence of extremal solutions.

Finally, we presented a few examples to illustrate the effectiveness of our results.

Kokokokok skokokokokok



