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over a graded symmetric operad (graded algebras with finite-
dimensional homogeneous components). This allows us to dis-
cuss the universal constructions for k-ary quadratic algebras
and graded algebras like graded Leibniz, graded Poisson alge-
bras, Gerstenhaber algebras, BV algebras, etc. In the end, we
characterize P-algebra automorphisms in terms of the invert-
ible group-like elements of the finite dual bialgebra C(a). We
also give a characterization of the abelian group gradings of

finite dimensional P-algebras.
© 2025 Elsevier Inc. All rights are reserved, including those
for text and data mining, Al training, and similar

technologies.
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1. Introduction

Operads are structures that formalize the concept of operations with multiple inputs.
They provide a framework to study and encode various types of algebras. The term
“operad” was first introduced by J.P. May [18], though its origins trace back to Lazard’s
work [13]. Operads have played a key role in the study of loop spaces, with notable
contributions from topologists such as M. Boardman and R. Vogt [8], J.P. May [17],
and J. Stasheff [21]. Beyond topology, operads have found applications in differential
geometry, quantum field theory, category theory, string topology, and combinatorics
[18,19,25]. There are multiple equivalent ways to define an operad, but the monoidal
definition is particularly straightforward to state. Let Vect denote the category of vector
spaces over a field K and Funcyec the category of endofunctors on Vect. An algebraic
operad P is a monoid (P, ,n) in the category Funcyect. The other equivalent descriptions
of operads, can be found in [14, Chapter 5]. In this paper, we focus on symmetric (graded)
operads, which we will explicitly define in the next section. Representations of an operad
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P are called algebras over P or P-algebras. Classical algebras such as associative, Lie,
and commutative algebras can be defined as algebras over operads Ass, Com, and Lie,
respectively. Other operads, such as those encoding pre-Lie, Leibniz, Zinbiel, perm, and
Poisson algebras can be found in [14, Chapter 13]. The operadic approach offers new
insights, even for classical algebras, by treating different types of algebras within a unified
framework.

Given two unital associative algebras A, B over a field K, a coalgebra measuring from
A to B is a pair (C,¢), where C is a coalgebra over K and ¢ : C — Hom(A, B) is a
K-linear map such that

o(c)(ab) = Z¢(C(1))(a)~¢(c(2))(b) and &(c)(la) = e(c¢)lp forall ce C,

where a,b € A, A(c) = Y c@1) ® ¢2)- A coalgebra measuring (C,$) can be seen as a
generalization of algebra homomorphisms from A to B, since for any group-like element
c € C, ¢(c) : A— B is an algebra homomorphism. M. E. Sweedler [22] first introduced a
universal measuring coalgebra for associative algebras. This universal construction leads
to an enrichment of the category of associative algebras over the monoidal category of
coassociative coalgebras and finally, associates a natural universal acting Hopf algebra
to an algebra (see [22, Chapter 7]). Recent articles [5,6,10] studied measurings between
monoids, algebras over operads, Hopf algebroids and discussed the associated enrich-
ments and other applications. The dual notion of an existing notion is equally important
in Hopf algebra theory [22]. Yu. I. Manin [15] and D. Tambara [23] dualised Sweedler’s
universal construction and called it ‘universal coacting bi/Hopf algebra’ These objects
have many applications in non-commutative algebraic geometry [20]. The universal coact-
ing algebra exists only for finite-dimensional algebras. In last five years, there are several
successful attempts to explicitly construct a universal coacting bi/Hopf algebra for asso-
ciative algebras [16], Lie and Leibniz algebras [1], Poisson algebras [3], and Lie-Yamaguti
algebras [9]. These constructions provided tools to solve hard and complex problems in
the literature such as: 1. characterizing the group of automorphisms of an algebra, and
2. characterizing the abelian group gradings on an algebra. We also refer the reader to a
construction of universal (co)acting objects with generalized duality results in the case
of Q-algebras [4].

In this paper, we consider finite-dimensional algebras over a symmetric operad and
construct a universal coacting algebra unifying the different constructions [1,3,9,16] in
literature. We show that the category of finite-dimensional P-algebras is enriched over
the dual category of commutative algebras. Consequently, we obtain a universal coacting
bi/Hopf algebra for any finite-dimensional algebra over P. We also consider the notion
of graded operads and algebras over a graded operad to construct a universal algebra for
graded algebras. We explicitly show that our universal coacting bi/Hopf algebra coincides
with the universal coacting bi/Hopf algebra of Lie/Leibniz algebras [1], Poisson algebras
[3], and associative algebras [16] when the underlying operad P is Lie/Leib, Pois, and
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Ass respectively. In a sequel, we also discuss the universal constructions in the special
cases of some (graded) quadratic algebras such as Zinbiel algebras, pre-Lie algebras,
perm algebras, k-ary quadratic algebras, graded Lie algebras, graded Poisson algebras,
Gerstenhaber algebras, Batalin-Vilkovisky algebras, and Loday type algebras. In the end,
we give a complete description of automorphism group of a finite dimensional P-algebra
and characterize the abelian group gradings on any finite dimensional P-algebra.

Organization of the Paper:

In Section 2, we recall all the necessary definitions and basic notions related to the
theory of operad. In Section 3, we first construct a universal algebra C(a) for a finite
dimensional P-algebra a. In the process, we prove Theorem 3.2, which generalizes the
result obtained for the case of associative algebras [16, Theorem 1.1}, Lie/Leibniz alge-
bras [1, Theorem 2.1], and Poisson algebras [3, Theorem 2.2] to the case of any finite
dimensional algebra over a symmetric operad. In the end of the section, we give a con-
struction for algebras (with finite-dimensional homogeneous components) over graded
operads. Section 4 is devoted to a discussion on the enrichment of the category of finite-
dimensional P-algebras over the category dual to the category ComAlg of commutative
algebras. As a consequence of this enrichment, we obtain a natural universal coacting
bi/Hopf algebra for any finite dimensional P-algebra. In Section 5, we show that the
universal polynomials for finite-dimensional algebras over binary quadratic operad are
generated by universal polynomials of degree 2. It follows that universal coacting bi/Hopf
algebra obtained for a finite dimensional P-algebra coincides with the universal coacting
bi/Hopf algebra obtained for the case of Lie/Leibniz algebras [1], Poisson algebras [3],
and associative algebras [16] if we take the operad P to be Lie, Pois, and Ass respec-
tively. We also describe universal polynomials and algebras for other (graded) quadratic
algebras. In Section 6, we give a complete description of automorphism group of a finite
dimensional P-algebra a in Theorem 6.1 and characterize the G-gradings on a for an
abelian group G in Theorem 6.6.

Notations and Conventions:

In this paper, we fix a field K of characteristic 0. We take all vector spaces, linear
maps and tensor products over K, unless stated otherwise. By a commutative algebra, we
always mean a commutative, associative algebra. We denote by Alg, ComAlg, ComBiAlg,
and ComHopf, the categories of associative algebras, commutative algebras, commutative
bialgebras, and commutative Hopf algebras, respectively. For any given operad P, we
denote by P-Alg the category of all P-algebras. Throughout this article, S,, denotes the
usual group of permutations on n elements. For foundational material on Hopf algebra
theory and category theory, we refer the readers to [22] and [12], respectively.

2. Preliminaries

In the section, we recall the all the necessary definitions and notions related to operads
and graded operads, that we use throughout this article.
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Definition 2.1. An S-module over K is a family P = (P(0),P(1),...,P(n),...) of right
K[S,,]-modules P(n). The tensor product of two S-modules P and Q is given by

P®Q(n):= P Pi)© Q) ® K[Sh(, )]

i+j=n

where Sh(i, j) denotes the set of all (¢, j)-shuffles of S,,. The category of S-modules, de-
noted by S-mod, forms a monoidal category given by the following composition product

PoQ(n):= @P(k) ®S, Quk

k>0

The notation Q®F denotes the tensor product of k copies of the S-module Q. The unit
for the composition is given by I = (0,K,0, - --). See [14, Section 5.1, pg 123] for further
details regarding S-modules and their products.

Definition 2.2 (Monoidal Definition). An operad P is a monoid in the monoidal category
of S-modules. More precisely, it is an S-module P = {P(n)},,>0 endowed with morphisms
of S-module

y:PoP—-P and n:1—=+P

called composition map and unit map respectively, which makes P into a monoid. For a
more detailed description of the monoidal definition we refer the readers to [14, Section
5.2.1, pg 131].

There are several other equivalent definitions of an operad, including the classical,
combinatorial, and partial definitions. We describe the partial definition below, while
the classical and combinatorial definitions can be found in [14, pg 142 and pg 161],
respectively.

Definition 2.3 (Partial Definition). An operad P is a sequence {P(n)},en of vector
spaces, together with partial composition maps

o; : P(m) x P(n) = P(m—1+n)

for 1 <4 < m and n > 0, along with a unit element 1 € P(1) satisfying the following
conditions

o (Associativity) for all € P(m), v € P(n), and n € P(r)

(mojmn)oipj_1v 1<ji<i—1,
(pojv)ojn=1 po; (voj_iz1m) i<ji<m+4i—1, (2.1)
(Hojmmerm) oy m+i<j<m-—1+n.
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o (Equivariance) Each P(n) has a right action of S,, - : P(n) x S,, = P(n), denoted
by (¢, 0) — p - o, such that for all p € P(n), v € P(m) and 0 € S,,, 7 € S,

(p-o)o; (v-1)= (o v) (o o;T) (2.2)

where o o; 7 is the block permutation, with the i*” entry of ¢ being replaced by the
entire block 7.

o (Unitality) There exists a unique element 1 € P(1) such that u € P(n) (with n > 1),
and 1 <7< n,

pno;l = p = 1oy p. (2.3)

A pictorial description of the above mentioned conditions can be found in [14, Section
5.3.4, pg 146].

Let us consider a fundamental example to illustrate the basic idea of operads: the
endomorphism operad, associated with a given vector space serves as a key example to
understand the operadic composition.

Example 2.4 (Endomorphism operad). For any vector space a, the endomorphism operad
End, is given by

End,(n) := Hom(a®",a) for all n >0, (2.4)
where a®" denotes the n-fold tensor product of a, and by convention a®? = K. The partial

composition maps given by o; : Hom(a®", a) x Hom(a®™ a) — Hom(a®™ 1" q) are
defined as follows:

foiglar,...;am—14n) = fla1, .., ai—1,9(ai, .., Qitm—1); Gitms - Gm—14n) (2.5)
forall a,...,am_11n € a. The right action - : Hom(a®", a) x S,, — Hom(a®", a) is given
by

(f-a)(al,...,an) = f(ag(1)7...,ag(n)) (2.6)

and the unit element 1 is the identity map id, € Endq(1).
Example 2.5. Consider a constant sequence of the field K as follows:
Com(n) :=K for all n > 0.

together with partial compositions, S,, right action, and unit element described below.
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Partial composition: For any a € Com(m) =K and b € Com(n) =K define
aojb:=ab foralll <i<m.
(the usual multiplication of K). The associativity of the partial composition maps follows

from the associativity and commutativity of the multiplication in K.

Sp action on Com(n): The right action of S,, on Com(n) is assumed to be trivial for
each n > 1, i.e., for any o € S,, and f € Com(n); f-o0 = f.

Unit element: For any n > 1 let 1](Kn) € Com(n) = K denote the multiplicative identity
of Com(n) = K. With this notation 1]%1) is the unit element in Com. Thus, making Com
an operad.

Next, we give an example of an operad P in which all the spaces P(n) are equal to a
fixed vector space V.

Example 2.6. Let V be a vector space with a basis being given by the set {b1,...,b,} = B.
Now, we consider the following sequence of vector spaces:

P(n) := Hom(B,K) =V for any n >0, (2.7)
where Hom(B,K) denotes the vector space consisting of all set maps from B to K. We
define the partial composition, S,, right action on P(n), and the unit element as follows:
Partial composition: For any f € P(m) = Hom(B,K) and g € P(n) = Hom(B,K) we
define

foig:=f-g forall<i<m,

where f - g is defined pointwise using the multiplication defined on K. We note that
the associativity of the partial composition maps follows from the associativity and
commutativity of the multiplication in K.

Sp action on P(n): The right action of S,, on P(n) is assumed to be trivial for each
n>1 ie., forany c € S, and f € P(n); f-o0=f.

Unit element: Considering the constant map 1 : B — K, defined as 1(b) := 1k for all
b € B, we note that 1 € P(1) acts as the unit element in P. Thus, turning P into an
operad.

Example 2.7. Consider a sequence of vector spaces over K as follows:

0 -
Ass(n) :=< K n=1, (2.8)
K
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along with partial compositions, S,, right action, and unit element described below.

Partial composition: Let o € K[S,] and 7 € K[S,,] be two basis elements. Define

o 0; 7 := The block permutation, where the i*" entry of o is replaced

by the entire block T,

then extend it linearly to whole of K[S,] and K[S,,].

Sy action on Ass(n): The right action of S,, on Ass(n) = KI[S,,] is the regular action that
is defined as follows. For any basis element o € K[S,] and 7 € S,,, defining o7 :=0 - 7
(group multiplication of S,,), and then extending it linearly to whole K[S,] gives us the
Sy, right action on K[S,,].

Unit element: 1 € K = Ass(1) is the unit element of Ass. Thus, making Ass an operad.

For more examples of operads, we refer the reader to [7], where a comprehensive list
of examples along with detailed descriptions can be found.

Definition 2.8. Let P = {P(n) : n > 0} and Q = {Q(n) : n > 0} be two operads. A

morphism of operads y : P — Q consists of a sequence of linear maps v, : P(n) - Q(n)
for all n > 0 such that

7 (lp) =1g (2.9)

and for all n,m > 1 and o € S,, the following diagrams commute.

P(n) x P(m) —= P(m —1+n) P(n) —Z— P(n)
%@mnl lvm_un %l b" (2.10)
Q(n) ® Q(m) —— Q(m —1+n) Q(n) —— Q(n)

Definition 2.9. A P-algebra is a vector space a along with a morphism of operads 7 :
P — End,. Let a and b be two P-algebras with the P-algebra structures given by
v :P — End, and 7 : P — Endy, respectively. A P-algebra morphism from a to b is a
linear map f : a — b such that for any n € N and u € P(n)

Flm()(ar,. . an)) = Fn(u)(flar),- .., fan)). (2.11)

Equivalently, the following diagram commutes for any ¥ € N and u € P(k)

Tk
a® 5 q

S

b®k Tk
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An equivalent definition of P-algebras, using the language of category theory, can be
found in [14, Section 5.3.4, pg 146].

Remark 2.10. Any algebra over the operad Com (see Example 2.5) is a commutative and
associative algebra. In contrast, an algebra over the operad described in Example 2.6 is
a vector space endowed with p distinct binary operations, each of which is commutative
and associative, but with no imposed compatibility conditions between them. Finally,
an algebra over the operad Ass (see Example 2.7) is an associative algebra.

Definition 2.11. Let M be an S-module. The free operad over the S-module M is an
operad T (M) equipped with an S-module morphism n(M) : M — T (M) which satisfies
the following universal property: Any S-module morphism f : M — P, where P is
an operad, extends uniquely into an operad morphism f: T (M) — P such that the
following diagram commutes

In other words, the functor T : S-mod — Op is left adjoint to the forgetful functor
Op — S-mod, where Op denotes the category of operads over K. An explicit construction
of the free operad T (M) is described as follows:

T(M)(n):= B M), (2.12)

teRT (n)

where RT'(n) denotes the set of all rooted trees with n leaves such that each vertex
has atleast one input. And M (t) denotes the tree wise tensor product, for a detailed
description of M (t) see [14, Section 5.6.1, pg 160].

We illustrate this construction by considering a specific example, primarily highlight-
ing the structure of a binary quadratic operad.

Example 2.12. Let F be a right So-module. Consider the binary quadratic S-module
E :=(0,0,F,0,0,...). We denote the free operad over E by T (E) instead of T (E). We
now describe a way to construct T'(E)(n), for each n € N. The non-trivial summands of
T(E)(n) can be identified with a collection of subsets S C {1,2,...,n} which satisfies
the following properties:

e Each S in the collection has cardinality greater than 1,
e The collection includes {1,2,...,n}, and
» For subsets S,.5" belonging to the collection, either S € 5" or S" C S or SNS" = .
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One may think of each S in the collection as the set of leaves lying above a given
vertex in the tree (and in this situation each vertex of the tree is uniquely determined
by the set of leaves above it). So for the set {1, 2,3} there are four possibilities:

{125 {1,234, {({1,35{1,2,3}}, {{2,3},{1,2,3}}, {{1,2,3}}.

The last possibility indexes a trivial summand (because E(3) = 0), so that just leaves
the first three, where the treewise tensor products are each isomorphic to £ ® E. The
first four terms of T (E) are described below:

T(E)(0)=0, T(E)1)=K, T(E)2)=E, T(E)(3)=3EE)
T(E)(4) 2 15(E® E® E)

where k(E ® --- ® E) means direct sum of k copiesof E® -+ ® E.

Having established the foundational concepts and examples related to operads, we
now consider the graded context. While many of the definitions and constructions carry
over, we present them briefly, focusing on the key changes needed for graded operads.

Definition 2.13 ([14, Section 6.2.1, pg 197]). A graded S-module G over K is a family
G = (G6(0),G(1),...,G(n),...) of graded vector spaces over K equipped with a graded
right K[S,,]-module structure. Analogous to the category S-mod, one can show that the
category gS-mod of graded S-modules over K also forms a monoidal category.

Definition 2.14. A graded operad G is a monoid in the monoidal category gS-mod of
graded S-modules. For further details we refer the readers to [14, Section 6.3.1, pg 199].

Building on the partial definition of operads in Definition 2.3, we can similarly define
a partial definition for graded operads. We now provide an example of a graded operad.

Example 2.15 (Graded endomorphism operad). Let A = @,>02, be a graded vector
space. The graded endomorphism operad Endgy is defined as follows:

Endg (n) := Homg (A®™,2A) for all n > 0. (2.13)

where A®™ denotes the n-fold tensor product of 2 over K, by convention A%®° = K, and
Hom, (2A®™,2) denotes the graded vector space of all graded linear maps f : A®" —
A of any degree, that is, for any a1 € Ap,,...,a, € A, , we have f(a1,...,a,) €
Ap, +tpn+|f]- The partial composition maps o; : Homg (2A®",2) x Homg(2A®™, A) —
Homg (A®™=1+7 ) and the right action - : Homg(A®™, 2A) x S,, — Homg (A®",2A) are
defined in the same way as defined in Equation (2.5) and (2.6), which preserves the
degree. The unit element 1 is the identity map idy € Endg(1).
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Definition 2.16. Let G = {G(n) : n > 0} and H = {H(n) : n > 0} be two graded operads.
A morphism of graded operads v : G — H consists of a sequence of degree zero linear
maps vy, : G(n) — H(n) for all n > 0 such that

and for all n,m > 1 and o € S,,, Diagram (2.10) should commute.

Definition 2.17. A G-algebra is a graded vector space ¢ equipped with a morphism of
graded operads v : G — End,.

With these notations and definitions, we proceed to the construction of a universal
algebra associated with a given finite-dimensional algebra over an arbitrary operad.

3. The construction of a universal algebra for algebras over (graded) operads

In this section, we present a universal construction for P-algebras, where P is an
arbitrary (graded) operad. For any given P-algebra a, we establish the existence of a
functor a ® — : ComAlg — P-Alg from the category of commutative algebras to the
category of P-algebras (cf. Proposition 3.1). Additionally, in Theorems 3.2 and 3.9, we
prove that this functor admits a left adjoint C(a, —) : P-Alg — ComAlg, provided certain
conditions are satisfied. Our construction not only unifies the results of [1, Theorem 2.1],
[3, Theorem 2.2], [9, Theorem 3.1], and [16, Theorem 1.1] (obtained for Leibniz/Lie,
Poisson, Lie-Yamaguti, and associative algebras, respectively), but also naturally extends
them to their graded counterparts.

3.1. Algebras over an operad

Proposition 3.1. Let P be an operad. For any P-algebra a we obtain a functor a ® — :
ComAlg — P-Alg.

Proof. Let v : P — End, be the P-algebra structure on a. Now, for any C' € ComAlg,
we show that a ® C is a P-algebra. We define a map 7 : P — Endggc by

Fe(w)(ar ®ci,. .. ax @ cg) = y(p)(a, ..., ap) @ c1 - cx, (3.1)

for all u € P(k); aj,a2,...,ax € a; and ¢,...,¢, € C. To show that 7§ defines a P
algebra structure on a® C', we first establish the commutativity of the following diagram

Pk)@P() ——— Pk—1+1)
Wk(XWLl J/ﬁk—lJrl (3'2)
Endagc (k) ® Endage(l) —— Endege(k —1+1),
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for any k,l € N. Let p € P(k) and v € P(I). Then, we obtain the following expression.

Fk—141(poiv)(ar @ciy ..., ap—141 @ Cr_141)

(3.1)
=" Ye—141(poiv)(ar,...,an—141) ®c1 - Ch—141

(2.10)
=" y(w) s mv)(ar,...,ap—141) @ €1 Cp_141

(2.5)
= ’Yk(M)(ah .- ~7ai—17'7l(V)(ai7 cee »ai+l—1)aai+l7 .- ~7ak—1+l) @cy - Ch—141

(3.1) _
=" Few(ar®c1,. . a1 @ cim1, (V) (s, ..o Gip1—1) @ i -+ Cigi—1,

(S

il @ Cigly vy Q141 @ Cl—147)

(3.1) _ _
=" T () (a1 ®@cr,. .. 011 @ cim1, 7 (V)(ai @ iy .-, Gig1—1 ® Cigi—1),

il @ Cigly e vy Q141 @ Cl—141)
@2.5) _ _
=" () oi My (v)(a1 @1,y ag—141 ® Ch—141),

for any a,...,ax—14; € a and ¢y, ...,cx—14; € C. Therefore, Diagram (3.2) commutes
for any k,1 € N. Furthermore, it is obvious that 7, (1) = idagc. Next, to obtain 7, (u-0) =
- o for any o € Si, we do the following computation. Let p € P(k) and o € S,

_ (2.6) _

V() -o(ar ®@eci,...,ap @c) = ’yk(:u) (aa(l) @ Co(1)s--+r Oo(k) @ co(k))

(3.1)
=" () (Ao1)s - Aok)) @ Co(1) " Co(k)

(Since C' € ComAlg) = Yr(u)(ag1),---» o) @c1- - Cr

(2.10)
= ’Yk<u'0)(ala"'aak)®cl"'Ck

3.1
(:) Wk:(l’l’ : U)(al ®Clv ceey OF ®Ck;),

for any a1,...,ax € a and cy,...,c, € C. Hence, a ® C is a P-algebra.

Next, we show that a morphism f: C' — D in ComAlg induces a morphism a ® f :
a®C — a® D in P-Alg. We define it as follows

a® fla®c):=a® f(c), (3.3)

for any a € a and ¢ € C. Now, using Equation (3.1), we show that a® f : a®C — a® D
is a P-algebra morphism. In other words, we prove the commutativity of the following
diagram

(a®C)®* MIADNPNENS,
(id®f)®kl lid@f (3.4)

(@@ D)k 22 g o D,
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for any u € P(k). Let a1,...,ar € aand ¢q,...,c; € C, then

(d® N To(w)ar @ e, .. ar @ er)) 2 (1d® F)(y)(an,. ... ax) @ e )

= w(p)(ay, ..., ax) @ fler---cr)

= w(p(as,...,ax) @ fler) - fcr)
Vi) (a1 @ f(er), ... ar @ fler))
(u)((ld@f a1®cl,...,ak®ck)).

=/

Tk

=/
= Tk
Thus, any morphism f: C'— D in ComAlg induces a morphism a® f:a®@ C — a® D
in P-Alg. Hence, giving a functor a ® — : ComAlg — P-Alg. O

Theorem 3.2. Let P be an operad and a be a P-algebra. Then, the functor a ® — :
ComAlg — P-Alg admits a left adjoint if and only if a is finite-dimensional.

Proof. ( <= ) We assume a to be a finite-dimensional P-algebra with a vector space
basis {a1,...,a,}. Let the P-algebra structure on a is given by v : P — End,. Then for
any p € P(k) we obtain

%(M)(aiu SR aik) = Z a’syk(p),il,...7ika‘5’ (35)
s=1
where i1,...,i, = 1,...,n. Therefore, the set of scalars {a%(u) T | Syi1y. .yl =

1,...,n, pneP(k)} ylelds the structure constants of a. Now, for an arbitrary P-algebra
b, we construct a commutative algebra C(a,b) € ComAlg. Let {b;| i € I} be a vector
space basis of b. Assuming the P-algebra structure on b to be given 5 : P — Endy, for
any p € P(k) we obtain

:?k(:u’)(biu SERE) bzk) - Z %Lk(u),il,...,ik bu, (36)
UELS, (u),iq,... iy

where i1,...,17x € I and I3, (.. is a finite subset of I. Thus, the structure con-

01,82,..0,0k

stants ofbareglvenby the set {3Y k| i1, ik €1, w € Iy (i s, i and 1 €

Ve (1) 815
P(k)}. Let K[Xy| s =1,2,...,n, i €] be the polynomial algebra with 1ndeterminates

X We define
C(a,b) :=K[Xy| s=1,2,...,n, i€ I]/J, (3.7)

where J is the ideal generated by the polynomials of the form

n

(a,b) I u a . .
Pllaiis,iv) = E: BE (sineinXau = D Oyt Kovin X

UELS, (u),iy,... iy 81,82,...,8k =1
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for any p € P(k), a=1,2,...,n,and iy,...,ix € I. Let z; denote the class )/(-; of Xg;
in the algebra C(a, b). This gives us the following equality in C(a, b):

n

u — a . PR .
2 : ﬂ%(#),il ,,,,, igTaw = § : a”/k(#),sl ,,,,, spTsiin Tspin (3'9)

UELR, ()i, ip $1,82,...,8k=1
for any p € P(k),a=1,...,n,and iy,...,i; € I.

Next, we define a map 7y : b — a® C(a, b) by

N6 (b;) := Zas ® g foranyiel, (3.10)

s=1

and show that 7y is a P-algebra morphism. That is, the following diagram commutes for
any p € P(k)

bk —> b
| . 1)
(a®C(a, )% % a e Cab),
where the operad morphism 7 : P — Endagc(a,p) is induced from the operad morphism

v : P — End, as defined in Equation (3.1). The commutativity of the above diagram
follows from the computation given below. Let u € P(k), and 41, ... 4, € I, then

n
Wk;(:u) (n[?k(blw ERE blk)) ¢ 10) ( Z Agy ® Ls1ipre--s Z QAg,, & xskik>

S1= 1 Skzl

= E ’Yk(:u)(aSN"'vaSk)@xSﬂi 2 Ly
. n

(3:5) 4 i . ,
= DO D s i Tayi

DS we Y B

i=1 U5, () in i,

- Z B’%k(ﬂ),h,...,ik(zai ®$iu)

wEl5, (uy,in,... g i=1

(3.10) ,
- Z B ()i onnrine Mo (Du)

ue[’m(u) [ RERRPEA

= 1 ( Z ﬁ;;k(u)’ilw"ik bu)

ueI:Yk(u)v’il »»»»» ig



130 S. Goswami et al. / Journal of Algebra 683 (2025) 116—165

0 () i - b))

Thus, 7 is P-algebra morphism. Let C € ComAlg and f : b — a® C be a P-algebra
morphism, then we show that there exists a unique algebra morphism ® : C(a,b) — C
for which the following diagram commutes

b —" a®C(a,b)
lid@tb (3.12)

a® C.

f

Let {csi] s =1,2,...,n, i € I} be a subset of C such that for any i € I, we have

f(bl) = Zas X Csgi- (313)
s=1
Since f: b — a® C is a morphism of P-algebras, we get

f(%(li)@p s )blk)) = Vk(/‘)(f(bh)v ) f(blk)>7 for any € P(k)7 ilv (R 7ik el
(3.14)
Simplifying the left hand side of Equation (3.14),

f(%k(,u)a)“, .. 7bik)) = ZCLS X ( Z ﬁ%k(u)’il’m’iszu).
s=1

wEl5, ()i, g

Similarly, simplifying the right hand side of Equation (3.14), we obtain

= Z %(M)(asla-~-a%k) @ Csyiy " Csyiy,

n n

— s P .

= § as ® ( E a’Yk(H)ﬁlwu,Sk Csyiy Csk1k>7
s=1 S1,...,8k=1

for any dq1,...,i € 1.

Therefore, the elements of the set {cs| s = 1,2,...,n, i € I} satisfy the following
equation

u e S . PR .
2 : B?k(#)yily---,ikcsu - : : O (1),81,es8 Cs1i Csnir> (3'15)
UETR, (1) iq,... ip $1,.00,8=1

for any u € P(k), i1,...,ix € I, and s = 1,2,...,n. By defining ¢(Xs;) = cs;, we obtain
a unique algebra morphism ¢ : K[Xy;] — C. Equation (3.15) implies that J C Ker(¢).
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Thus, inducing an algebra morphism on the quotient algebra, which we denote by the
map @ : C(a,b) — C. Note that

fb) = Zas ® csi = Za/s ® O(zs;) = (Id® (I))(Zas ® x”) (3.16)

:(1d®¢)0nb(bl), foralli e I.

Hence, Diagram (3.12) commutes. One can show easily that the obtained map ® is
unique. Therefore, for any P-algebra b and commutative algebra C, we have the following
bijection

Qb,C :HOchomAlg(C(Cl7 b), C) — HOHlp-Alg(b, a® C)

defined by Qp,c(®) = (Id ® @) o 7.
(3.17)
Now, one can verify that assigning to each P-algebra b the commutative algebra
C(a,b), defines a functor

C(a,—) : P-Alg — ComAlg.
Furthermore, for any P-algebra b’ with a P-algebra morphism a : b — b’ and for any

commutative algebra C' with an algebra morphism 3 : C — C’, we obtain a commutative
diagram as follows

HomCOmAlg (C(Cl, b/)u C) ﬂ) HomComAlg (C(Cl, b)7 C) L} HomCOmAlg (C(Cl, b)> Cl)
Qb',c\[]‘ Qb,C’\L‘ Qh,c’\L
Homp_Alg(b’,a(X)C) a—*> Homp_Alg(b,a@)C) &B*) HOInp_Alg([],a@O/).

(3.18)
Thus, Qp ¢ is natural in both b and C. Consequently, C(a, —) : P-Alg — ComAlg is left
adjoint to the functor a ® — : ComAlg — P-Alg.

( = ) Before proving the converse part, we show that the category P-Alg is closed
under arbitrary product. Let (a;);e; be a family of objects in P-Alg with the P-algebra
structures on a; given by 7* : P — End,,. Since the category Vect is closed under
arbitrary product, we obtain the product of (a;);cr in Vect, given by

Hai = {(ai)iel La; € Cli}. (319)
icl

along with projection maps 7; : [[;c; a; — a; for each j € I. Now, to show that the
product of (a;);er in P-Alg is also given by the vector space [[,.; a; we must show that
the following things hold:
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o There exists a P-algebra structure on ], a;.
« BEach projection maps 7; : [[;c; @i — a; are P-algebra morphisms.
e For an arbitrary P-algebra b along with P-algebra morphisms ¢; : b — a; for

each j € I, there exists a unique 6 : b — [[,.; a; such that the following diagram

iel

commutes for every j € I.

(3.20)

We note that the P-algebra structure, given by v° : P — End,,, on each a; induces a
P-algebra structure on [[..; a; which is denoted by ¢ : P — EndHiEI a, and is defined

as follows:

iel

G ((@Diers- - (@ier) = (G (al, ... ab),., forall e P(k).  (3.21)

Thus, [];c;a; is an object in P-Alg. Next, to show that each projection map m; :
[l;c; @ — a; is a P-algebra morphism we show the commutativity the diagram given
below: for each k € N and u € P(k)

(MMa)™ 2 o,

ﬂg@kl 5 lﬂj (3.22)

77 (ke
ak o

The commutativity of the above diagram follows from the following computation:

(mj 0 n(w) ((af)iers -+ (aier) (3:22)

j (a%)z’el)a-~-aﬁj((af)iez))

k) (abics, .- > (F)ic).

|
—
-
S

o
A

Hence, we obtain that each projection maps m; : [[,.; a; — a; are P-algebra morphisms.
Finally, for an arbitrary P-algebra b, given by 5 : P — Endy, along with P-algebra
morphism ¢; : b — a; for each j € I, we show the existence of an unique P-algebra
morphism 6 : b — [[,.; a; for which Diagram (3.20) commutes for every j € I. At first
we note that since ¢; : b — a; is a P-algebra morphism we have the following equality:
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(60 Br(w) (b, ..., bF) = Yl ()(d;(0Y), ..., ;(b%)) (3.23)

for any b',---  bF € b. We define a map 6 : b — [[..; a; as follows:

0(b) := (@(b))iel for all b € b. (3.24)

From the definition of # it is clear that Diagram (3.20) commutes, since we have the
following equality:

(ﬂ'j (¢} 9)(b> = 7Tj((¢i(b))i€1> = ¢](b), for all b € b. (325)
Thus, it only remains to show that ¢ : b — [[,; a; is P-algebra morphism, which follows
from the computation below: for any b',--- ,b* € b

00 Br(p) (b, ..., %) = (& (Br(r)(b", ...
(

(n)(b",
= () (dsld"), -, 0i(09))) s
= k() ((9:(0")ier, -+ (65 (V%)) ier)
= ¥u(p) (0(0Y),...,0("))
= Yp(p) 0 0FF (b1, ..., bF)

The uniqueness of 6 is easy to verify. Hence, we obtain that [[,.; a; is the product of

(ai),c, is the P-Alg.

el

Now, following the arguments in the proof of [1, Theorem 2.1] we prove the converse
part of this theorem. Assuming the functor a ® — admits a left adjoint, we aim to show
that a is finite-dimensional. Since a ® — admits a left adjoint it preserves all the limits
that exists in the category ComAlg (cf. [12, pg. 118]). Therefore, it preserves arbitrary
products in ComAlg. Furthermore, Equation (3.19) and (3.21), tells us that in P-Alg
products are constructed as the products of the underlying vector spaces. Imposing the
condition that a ® — preserves the product of countable copies of the base field K in
ComAlg, we get a is finite-dimensional. O

Corollary 3.3. Let a and b be two P-algebras with a being finite-dimensional. Then the
following map is bijective

Q : Homcomalg(C(a, b), K) — Homp_a54(b,a)  defined by Q(P) = (id@P)on,. (3.26)

Definition 3.4. Let a be a finite-dimensional P-algebra with basis {a,...,a,}. We say
that the commutative algebra C(a,a) (cf. Equation (3.7)) is said to be the universal
algebra of a, and is denoted by C(a). Recall that

Cla) :=K|[Xy|s,i=1,2,...,n]/J, (3.27)
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where J is the ideal generated by the polynomials of the form

n n

(a) —
P(N7a7i17'~~;ik) T Z agk(ﬂ)vilv“'rianu B Z a:/k(.u‘)’slv"astslil o .Xskik (328)

u=1 81,82,...,5=1

for any k € N with u € P(k) and a,i1,...,i; = 1,...,n. The polynomials defined above
are called the universal polynomials of a.

For any finite-dimensional P-algebra a, we now state as a corollary the universal
property of C(a), that was obtained in the proof of Theorem 3.2.

Corollary 3.5. Let a be a finite-dimensional P-algebra. Then for any commutative algebra
C and any P-algebra morphism f : a — a®C, there exists a unique commutative algebra
morphism ® : C(a) — C such that f = (id ® ®) o ng, i.e., the following diagram is
commutative:

a—% a®C(a)

f lid@ﬁb
a®C

(3.29)

Proof. The proof follows directly from the bijection provided in Equation (3.17), for the
case b=a. O

Remark 3.6. In the next section, we prove that the construction in Theorem 3.2 yields
an enrichment of the category of finite-dimensional P-algebras over the category dual
to the category ComAlg of commutative algebras. Subsequently, we obtain a natural
universal coacting bi/Hopf algebra for any finite dimensional P-algebra.

3.2. Algebras over a graded operad

In this subsection, we present the construction of a universal graded algebra associated
with an algebra over a graded operad. Our aim is to demonstrate that the results obtained
for algebras over an operad extend in a natural way to the setting of graded operads.

Let P be a graded operad and 2 be an arbitrary P-algebra. Recall that a P-algebra
structure on 2 is given by a morphism of graded operads v : P — Endg. Similar to
the proof of Proposition 3.1, one can verify that for any 2 € P-Alg, the map A ® — :
g-ComAlg — P-Alg defines a functor. In particular, if C' € g-ComAlg, then the P-
algebra structure on 2l ® C' is given by the graded operad morphism 7 : P — Endggc,
which is defined as

ik(:u) (ap1i1 & Cqrjry e Apyip, @ Cqu) = (_1)9 'Yk(u')(apﬂu R apkik) ® Cqijr ** Cangs
(3.30)
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where o = (—1)Prak—1F+Pe-1tpr)ar—2t-+P2t4pe)a if k> 2. (the sign is obtained by
following the Koszul sign convention) otherwise o = 0.

Let 2 = @,>0%, be a P-algebra such that each component 2, (p > 0) is finite-
dimensional. Then, we construct a universal graded algebra of 2. Let

{a01,...,a0d0;a11,...,aldl;...;apl,...,apdp;...}

be a vector space basis of 2, where {ap1, ..., apq,} denotes a basis of the p-degree com-
ponent 2,,. If the P-algebra structure on % is given by « : P — Endg(, then

dg
0,s
Vi (1) (@prigs -« Qppi) = O ) prin . prin @0s - for any p € P(k), (3.31)

s=1

where § = py+- - -+ pg+|pl, || denotes the degree of p1 in the graded operad, a,, i, € 2.
for any 1 < r < k. The set of scalars

0,s ; =
U U U {a%(#)’plil,wpkik | 1<i,<d,, forany r=1,...,k, and
k>1 peP(k) p1,.--,px >0

l<s< dp1+-~+pk+ml}

yields the structure constants of 2. Let K [X S(Zr) ’ S,1, T > 0} be the graded commutative

polynomial algebra, with indeterminates X S(Zr) of cohomological degree 7. We define

c@) :=K[XD | s,i,7 > o]/J, (3.32)
where J is the ideal generated by graded polynomials (of cohomological degree w > 0)
given by
(2w) S
A,w L 0,u (w)
(@19, prin) * Qo (1)prin oDk Xaw
u=1

0—w,a (p1—e1) (Pr—eK)
o Z Z o Z (_l)ga’m(H)7€1$17---,6k8kX51;1 Ve Xskfk Y, (3.33)

e1t-tep=0—w—|u|, s1=1  sp=1
0<e;<p;, 1<i<k.
where € P(k), p1,..., 06 > 0,0 =p1+ - +p+|p, 0<w<6,a=1,...,dp_y, and
1 <4, <dp, for any 1 <r < k. Here, ¢ in the second term of the right hand side of the
expression (3.33) is given by the sum

k—1
0= Z(€j+1 +---+ep)(p; —¢gj) for any k > 2, (3.34)

j=1
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otherwise o = 0. The polynomials in Equation (3.33) are called the universal graded
polynomials of 2. We denote by mg) the class of X g) in the graded algebra C(2l). Next,
we define a map ng : 2 — A ® C(2A) by

a(ap) : ZZaESQ@xff; forany p>0, i=1,2,...,d,. (3.35)

In the lemma below we show that the map 7y : A — AR C(2) is a P-algebra morphism.
Lemma 3.7. The map ny : A — A C(A) is a P-algebra morphism.

Proof. For any k£ > 1, let ap,4;, ..., Gp,i, €A of degree py,...,ps, respectively. To show
that ng is a P-algebra morphism, one needs to verify the commutativity of the following
diagram for all u € P(k).

Ql(g)k "/k(l") Ql

gt lm (3.36)
@ oc@)® W o e,

Commutativity of the above diagram is obtained from the following computation:

Yk (/’6) (7791((1171i1)7 cee 77791(apkik))

E 5
3.35
-0 § : § : (p1— 51) § : § : (Pr—¢k)
- ( Qe sq ® xslzl Qe sy, & Iskzk )

e1=0s1=1 er=0sp=1
(3.30) e ot
(p1—e1) (Pr—¢k)
E E E E aalsl,...,aeksk)éégssli1 e wg
e1=0 er=0s1=1 sp=1

g1+ e +lnl

(331) pr Aoy d d ||
o, E1t-tert+inl,r
I PD IS 2 Dt et eutlae

e1=0 er=0s1=1 sp=1
(p1—e1) | (Pr—¢wr)
®x5111 o xskik
p1+--+pe+|p dp,
A=|pl e14-Fep=A—|p|, s1=1

0<e; <pi, 1<i<k.

dpy,
)ea Ar (pr—e1) . .(Pr—er)
x Z Z ’yk(u)aslslwuxskska)\r ® Tsiy Lspin,

sp=1r=1

p1t-+pe+lpl dy

DS S SR S

A=l r=1 ertoter=A—ul, s1=1
0<e;<p;, 1<i<k.
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A (p1—¢1) (Pr—er)
—_1)¢ ’ e ¢
x 2 :( 1) a’yk(y),elsl,...,skskxsﬂd Lspein

Y S e Za it i T

A=|p| r=1
U (0=X)
- Z Z @xr © Z a'Yk(l")mlilv---apkieru
A=0r=1
do
0,u (6—-A) <)\ < _
( Yy (1)prinsenprin ru =0, forany 0<A< |'u'| 1
u=1
dg
_ 0,u (0—=X)
- Za’)’k(ﬂ)vl)lila-~7l)kik(ZZG/A ®$ )
u=1 A=0r=1
dg
(3.35) 0,u
B Qe (1) pri,.,prein 12 (a9u>
u=1
do ,
B o G2 _ )
= Qo) prinseesprin 40U = M ’yk('u')(apl“’ B apk“v) ’
u=1

Hence, the map 7y : A — AR C(A) is a P-algebra morphism. O

Next, in the proposition below we show that the graded algebra C(2l) satisfies the
following universal property. Thus, making C(2() the universal graded algebra of 2.

Proposition 3.8. For any graded commutative algebra C' and a P-algebra morphism f :
A = A® C, there exists a unique graded commutative algebra morphism ® : C(A) — C
such that f = (id @ ®) o ny. In other words, the following diagram commutes.

A 5 A@C(A)
\ lid@@ (3.37)
A® C.

Proof. For any homogeneous element a,; € 2, there exists a finite subset U0<5<p{c p=e) IS
Cp—c | s=1,...,d. } C C such that the following equation holds:

p de

flap:) Z Z Qes @ c(p 2 (3.38)

e=0 s=1

Now, since the map f : A — AR C' is a graded P-algebra morphism, for any homogeneous
elements ap, i, ;- .., 0pi, €2, and p € P(k) we obtain,
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f(’yk(;u')(a;ﬂlilv cey aPkik)) = ’Vk(/‘) (f(apﬂd)v cey f(apkik))'

Evaluating the above equation we get

do

0,u (0-X)
Z a“/k(ﬂ),mihm,pkik Cau
u=1

(3.39)

= —1)eq N (pr—e1) . (pe—ek)
- Z Z Z( 1) Qe (1)se181,men sy Cstin Copir,

e1t+-tep=A—|p|, s1=1 sp=1
0<e;<p;, 1<i<k.

where 0 =p1 4+ +prp+|u[, 0 <A <0,and a = 1,...,dy. Subsequently, the association
()
]

which Diagram (3.37) commutes. Thereby, the proof is complete. O

— cg) induces a unique graded commutative algebra morphism ® : C(A) — C for

We now prove the Theorem 3.2 in the graded context.

Theorem 3.9. Let P be a graded operad and A = ®,>0A, € P-algebra. The functor
A ® — : g-ComAlg — P-Alg admits a left adjoint if and only if A, is finite-dimensional
for each p > 0.

Proof. Let P be a graded operad and 2 = @©,>¢2, € P-algebra such that 2, is finite-
dimensional for each p > 0. Similar to the construction of the universal graded algebra
C(21), one can construct a functor C(2A, —) : P-Alg — g-ComAlg.

Conversely, assume that the functor 2A® — : g-ComAlg — P-Alg admits a left adjoint.
Let us first observe that the product of a family of graded vector spaces {%, i € I} is
given by a graded vector space [],.; 2" with the homogeneous component of degree p

defined as

el

(Hmi)p i={(a")ier : |a'| =p in A, for all i € I}.
i€l

Furthermore, it easily follows that in the category P-Alg for a graded operad P, the
products are same as the products of the underlying graded vector spaces. Since the
functor a ® — admits a left adjoint, it preserves arbitrary products in g-ComAlg. Let
us consider K as a graded commutative algebra concentrated in degree zero. Then by
assumption 2 ® — preserves the product of countable copies of K in g-ComAlg. By the
definition of the product of graded vector spaces, we have

o]k, =1, ©K).

i>0 i>0

Hence, 2 ® — preserves the product of countable copies of K in g-ComAlg only if 2 is
finite-dimensional in each homogeneous component. O
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4. An enrichment of the category P-FinAlg over the dual category of ComAlg

In this section, we prove that the category P-FinAlg of all finite-dimensional
P-algebras is enriched over the monoidal category (ComAlg®® ®,K,«,l,r), where
ComAlg® is the dual category of ComAlg. Subsequently, we show that C(a) possesses
a unique bialgebra structure, making it the initial object in the category of all the com-
mutative bialgebras coacting on the P-algebra a. Before proceeding, we recall the notion
of enriched category.

Definition 4.1. [11, Section 1.2, pg 8] Let (M, ®, I, ,l,r) be a monoidal category. Then
an M-category (or a category enriched over M) is a category C consisting of

o a class 0b(C) of objects,

o a hom-object M(a,b) € M for each pair of objects a, b in C,

 a composition morphism ogp . : M(b,c) @ M(a,b) = M(a,c) in M for each triple
of objects a,b,¢ € C. Additionally, for any a,b,c,0 € C the composition morphisms
should the associativity condition as described by the commutative diagram below:

/ M(a’a) \
M(b,0) @ M(a,b) h B M(c,0) @ M(a,c)
Tob,c,b®id id®°n,b,CT
(M(c,0) @ M(b,¢)) ® M(a,b) « M(e,0) ® (M(b,¢) ® M(a,b)).

(4.1)

o an identity morphism e, : I — M(a, a) for each object a € C there exists such that
the following diagrams commute:

M(a,b) <22 M(a,b) ® M(a,a) M(a,b) <2 M(b,b) ® M(a, b)
\ T1d®8n \ T’fb@ld
(a,0) @ K K ® M(a,b).
(4.2)

Theorem 4.2. Let ComAlg® be the dual category of ComAlg. The category of all finite-
dimensional P-algebras is enriched over the monoidal category (ComAlg®? @, K, o, 1, 7).

Proof. In order to show that the category P-FinAlg is enriched over the monoidal cat-
egory (ComAlg® ®,K,a,l,7), we need to find a hom-object M(a, b) in ComAlg®® for
any a,b € P-FinAlg such that
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(1) morphisms f : a — b in the enriched category structure on P-FinAlg are given by
morphisms f : K — M(a,b) in ComAlg®.

(2) for each object a in P-FinAlg, we must have a morphism ¢, : K — M(a,a) in
ComAlg® which is called the identity morphism.

(3) for any object a, b, ¢ there exists a composition morphism og g  : M(b, ¢)@M(a, b) —
M(a,¢) in ComAlg® for a,b,c € P-FinAlg for which Diagram (4.1) commutes.
Additionally, for a,b € P-FinAlg the composition morphisms o4 46, 9q,6,6 and the
identity morphisms 4, € makes Diagram (4.2) commutative.

Now, we step-by-step show that the universal construction done in Section 3 leads
to an enrichment of P-FinAlg. First, for any two objects a and b in P-FinAlg, we fix
the required object M(a,b) to be the universal object C(b, a) constructed in the proof of
Theorem 3.2. Then, the morphism set from a to b in the enriched category structure on P-
FinAlg is defined to be Homcomaiger (K, C(b, a)). Note that using the universal property
of C(a, b) obtained from the proof of Theorem 3.2 we get a bijective correspondence

Hom»p_FiHA]g(a, [J) — HomcomAlgnp (K, C(b, u))

Next, for any object a € P-FinAlg, the P-algebra morphism 71,4 : @ = a ® C(a) (cf.
Equation (3.10)) uniquely determines an algebra morphism ¢4 : C(a) — K making the
following diagram commutative

a % a®C(a)
\ [jaee (4.3)
a®@K

where i: @ = a ® K is the canonical isomorphism from a to a ® K. Evaluating the above
diagram we get

€a(xst) =05y forall s, ¢t =1,2,...,dim a. (4.4)

Thus, for any object a in P-FinAlg there exists a morphism e, € Homcomaigor (K, C(a))
which serves as the identity morphism for a in the enriched category.

Finally, for any objects a, b, and ¢ in P-FinAlg, consider the linear map f. : ¢ —

a®C(a,b) @ C(b,c) defined by

fore I @b, 0) 2 q @ C(a,b) @ C(b, o). (4.5)

One can verify that f. is a P-algebra morphism. Using the universal property of 1. q :
¢ —» a®C(a,c) we get an algebra morphism Ag  : C(a,¢) — C(a,b) ® C(b, ¢) for which
the following diagram is commutative
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¢ — 1 5 a®C(a¢)

T e (16)

a®C(a,b)®C(b,c).

Let z;;, a:;j, and x;’j denote the equivalence classes in the algebras C(a,¢), C(a,b), and

C(b, ¢), respectively. Then, evaluating the above diagram, the map Aq p . can be described
by the following expression:

Aapelzs) = Y al, @), (4.7)
i=1
forany s=1,...,dimaand ¢t = 1,...,dim ¢, where m = dim b. Using Equation (4.7) we

get, for any objects a, b, ¢, 0 in P-FinAlg the Diagram (4.1) is commutative, where we

op
c,b,a

also verify that Diagram (4.2) commutes. Therefore, the category P-FinAlg is enriched

define the composition o, p . ;= AY . Similarly, using Equation (4.4) and (4.7) one can

over the monoidal category (ComAlg®” @, K, a,l,7). O

Theorem 4.3. Let a be an object in P-FinAlg. Then there exists a unique bialgebra struc-
ture on C(a) such that the P-algebra morphism ng : a — a ® C(a) defines a right
C(a)-comodule structure on a.

Proof. Taking a = b = ¢ in Diagram (4.6), we get a unique algebra morphism A, :
C(a) = C(a) ® C(a) defined as

Ag(xst) :szi@)l’it for all s,t=1,2,...,n. (4.8)
i=1
Using it we get that the following diagram is commutative

7}(\

a ey a®C(a)

(4.9)

Na

4
a®Ca) 22 4% c(a) 2 Ca).

id®A,
+

Furthermore, note that Diagram (4.3) guarantees the existence of coidentity map e, :
C(a) — K given by

ea(xst) =05 forall s, 6t =1,2,... n. (4.10)

Thus, making C(a) a bialgebra with coproduct A, and counit €,. Also note that, Diagram
(4.9) implies that 74 : @ = a ® C(a) defines a right C(a)-comodule structure on a. O
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Remark 4.4. The universal property of n, : a = a ® C(a) stated in Corollary 3.5 extends
to bialgebras in the following way: For any commutative bialgebra C' with C-comodule
action ¢ : a = a® C, there exists a unique bialgebra homomorphism & : C(a) — C such
that the following diagram commutes

a — a®C(a)
[ (@)
C.

¥

We recall from [24] that, one can construct a free commutative Hopf algebra from a
commutative bialgebra. The construction defines a functor L : ComBiAlg — ComHopf
that is left adjoint to the forgetful functor U : ComHopf — ComBiAlg. We denote by
t : Lcombialg — UL, the unit of the adjunction L 4 U. More precisely, for any P-algebra
a, the associated Hopf algebra H(a) and the comodule action A, : a = a®?H(a) is defined
as follows:

H(a) := L(C(a)), and Aq:= (id ® pe(a)) © Na-

Furthermore, there exists an initial object (#(a), Aq) in the category of all commutative
Hopf algebras coacting on the finite-dimensional P-algebra a. With the above discussion
in mind, we state our next result.

Theorem 4.5. Let H be a commutative Hopf algebra with right H-comodule action v :
a— a® H, then there exists a unique Hopf algebra homomorphism ® : H(a) — H such
that

a2, a® H(a) (4.12)

N

a® H

Proof. The proof is straightforward and similar to the proof given in [1, Theorem
2.13]. O

5. Examples of universal construction for algebras over (graded) operads

In this section, we discuss examples of the universal constructions (introduced in
Section 3) for algebras over some binary quadratic operads, k-ary quadratic operads,
non-symmetric operads, and graded operads. Furthermore, we show that the universal
coacting bi/Hopf algebra associated with a finite-dimensional P-algebra coincides the
corresponding universal coacting algebra for Lie/Leibniz algebras [1], Poisson algebras
[3], and associative algebras [16] if P is Lie, Pois, and Ass, respectively. Moreover, we
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highlight the universal constructions for k-ary algebras and graded algebras using our
operadic approach.

5.1. Algebras over binary quadratic operads

Here we will discuss some examples of binary quadratic operads and describe the uni-
versal algebra and universal polynomials for any finite-dimensional algebra governed by
these operads. Specifically, we describe the universal algebras and universal polynomials
for finite-dimensional commutative algebras, associative algebras, Leibniz algebras, Lie
algebras, Zinbiel algebras, Poisson algebras, pre-Lie algebras, and Perm algebras. Before
proceeding further, we fix some notation. We denote the basis elements idg, and (12) of
the vector space K[Sy] by p and p1?), respectively.

We recall from Section 3 that for any finite-dimensional algebra a, over an operad P,
its universal algebra C(a) is defined as

Cla) =K[Xy| s,i=1,2,...,n]/J, (5.1)

where J is the ideal generated by the universal polynomials of a

n n

(a) _ u a
P(Maaai17“~7ik) - Z a’Yk(N)7i17~~;ianu - Z a7k(u)781,...,st81i1 o 'Xskik’ (52)

u=1 81,82,...,8x=1

for any u € P(k) and a,i1,...,ip = 1,...,n. If P is a binary quadratic operad, then we
will show that the ideal J C C(a) is generated by the universal polynomials P((;)a iain)?
where p is a basis element of P(2).

Any binary quadratic operad P can be described in terms of quadratic data (see [14,

Chapter 7]) as follows:
P :=T(Ep)/(Rp),

where Ep := (0,0, Ep,0,...) is an S-module concentrated in arity 2 and T (Ep) denotes
the free operad over Ep as described in Example 2.12. Here (Rp) is the operadic ideal
generated by the Sz-submodule Rp C T (Ep)(3), called the space of quadratic relations.
Now, let a be any finite-dimensional P-algebra with vector space basis {a1,...,an}-
Then, for any u € P(k), v € P(l), and o € Sg4;—1 we have the following equations:

n n
W) @rss o 0n) = D00 G N (A5 00) = D050 0t
s=1 s=1
(5.3)

n

Ve+i-1 ((:U’ o1 V)U>(ai1a ceey aik+171) = Z aik+l_1(uolu),ia(1),m,i,,(k_*_l_l) Qs, (54)

s=1
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where r1,...,7, € {1,2,...,n}, t1,...,t € {1,2,...,n}, and i1,...,ix11—1 € {1,2,...,
n}. As a result, the structure constants of a corresponding to u € P(k), v € P(l), and

(o1 v)? € P(k+1—1) are given by the following sets: {O‘?yk(u),n,...,rk | 8,71, .. 1% =
S —_ S y

1,...,n}, {O‘w(u),tl,‘.wtz | s,t1,...,t;=1,...,n},and {a7k+L—I(H01V)y7;o-(1)7~~~;ia(k+L—1) | 8,41,

o yikti—1 = 1,...,n}, respectively. The following lemma shows that these structure

constants are related to each other.

Lemma 5.1. Let P be a binary quadratic operad and a be a finite-dimensional P-algebra.
Then, for any p € P(k) and v € P(1), the structure constants of a corresponding to u,
v, and (p o1 v)? (as described in the discussion above) are related as follows:

n
s _ p S
Akt 1 (HO1V) i (1) seoslo (g 1—1) aw(V)7ia<1)7-~»,ia<z>aw(u),p,iauﬂ),-~~7ia<k+171)’ (5.5)
p=1
foranys=1,2,... n.
Proof. Expanding g1, 1 ((u 01 V)") (@iys-- s @iy ) We get
o
Yeyi—1 (o1 v)7) @iy, -5 Qi)
=Tk (/1“) (’Yl(y) (aig(l)a sy Qi )a Qigpryr - 7aig(k+l,1))
. n
(5.3) (n) Z P , A
= TkH a'Yl(V)ii(r(l)w“aia(l)azn Qig(gryr 0 Yig(hpr-1)
p=1

n

_ p . )

- Z a’yl(l/),io.(l),...,ia(l)’yk(ﬂ) (ap7 ala(l+1)’ Tt aZo‘(k‘Flfl))

p=1
n n
o Y(¥)sio(1) e sio) Vi (1), Psic(141) - slo (k1) S

p=1 s=1
n n

— D s

B Z ( aﬁl(”)»ia(m»--wia(z) a'yk(N)7p77:cr(l+l)7'~~)ia(k+l71)) as (5'6)

S

1 p=1

Thus, from Equation (5.4) and Equation (5.6), we get

n
s — D s
a’Ykal(#011/)7%(1),»»-7ia(k+zf1) - Za'Yl(V)»io-(l)wu,ig(l)Oé’)/k(l")ﬂpﬁia(lﬁ»l)7---1io‘(k+l71)
p=1
for any s = 1,2,...,n. Hence, the proof is complete. O

Theorem 5.2. Let P = T(Ep)/(Rp) be a binary quadratic operad. Let a be a finite-
dimensional P-algebra and C(a) be the associated universal algebra given by (5.1). Then,

the ideal J is generated by the universal polynomials corresponding to the basis elements
Of 73(2) = Ep.
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Proof. Let u € P(k), v € P(I) and assume that the universal polynomials P((:,)a r)?

a . .
P(u;)b,tl, ) € J for any rq,...,7,t1,...,t; = 1,...,n. Therefore, using Equation (5.2),
we have

n n
u P a PR
Zaw(u),h,---,m%“ = Z Qo ()51, sy " Loy (5.7)
u=1 81,.00,85=1
n n
u _ b
2 :aﬂn(u)vtlv'“vtlxbu - 2 : Ay (W),s1,sTsrts " Tsitys (5-8)
u=1 S15...,851=1

where 1 < a,ry,...,7rg,b,t1,...,t; <n. For 0 € Sg4;—1, using Equation (5.2) we obtain

(4)

n
(a) = g a - ~ T
((1o1V)%3Cy00 e eyibtt—1) Vitl—1(HO1V),ig (1) s slo (kpi—1) " CU

u=1

n

J— ac x . -..x .
z : Vet1—1(HO1V),81,...,8p41—1* S1%c (1) Sk+l—1%g(k4+1—-1)"

S1,0,8k+1—1=1

(B)

where 1 < ¢,i1,...,ig41—1 < n. Expanding (A4) we get

n
g al x

V1—1(101V)ig (1) 5+ rio (k41—1) " CW
u=1

n
(5.5) Z (
u=1l p
n

n

(Sj)g 1% E af T pLsoi o i

- Ye(¥)sio (1) rlol) Vi (1) 1815008k S1PV 200 (141) * * " VSklo(kti—1) )°
p=1

8158 =1

n

P u
a’”(u)via(l)v"'aia(l) Oy (1) P (141) re oo (ki —1) ) Leu
=1

Similarly, expanding (B) we obtain the following expression.

n
g af T i T ;
Vit1—1(p011),81, 8k 1117 S100(1) * "V Sktl—1lo(k+1-1)
S1yeesSki—1=1
n n
(5.5) s c
- z : E :a’n(v),sh--m o (11),8,814 1o s8hi—1 ) TS190(1) * ** Tskti—1i0 (kt1-1)
81,38k +1—1=1 s=1
n n
= E E o’ T T O Ty i
- Ye(V),81500,80 8180 (1) TSIl () TR (H),8,8141 55 Skpi—1 7 SiH1la(141) T

815y 41—1=15=1

Lspii-1ig(kti-1)
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- n n n
2 E E a? x E af Ty, i -
(W) sia(1)s i) 5P Vi (1)1858141 50,8 k4117 Sl+1ta (141)
s=1 p=1 Si415eSk+1—1=1

x5k+L—1io(k+l—1)>

n n

— ap . . ac Larl . .

Z Y (V) sio(1)ssio () Z Vi (H)18,81415- 5 Skt1—1% 5PV Si41%0(141)
p=1 8,8141,-,Sk+1—1=1

x5k+171ia(k+171)) :

As a result, we obtain

P ;=0 inC(a),

((po1v)7;5¢,81 5w nyikt1—1
for any o € Sgy;-1 and ¢, 41, ..., 0k41—1 = 1,...,n.

Now, recall that any basis element of P(n) (n > 3) is of the form (p o3 v)?, where p
and v have arities less than n. Therefore, using mathematical induction on the arity of
P, we obtain the claim of the theorem. O

Remark 5.3. We observe that Lemma 5.1 and Theorem 5.2 extends naturally to the
context of k-ary quadratic operads and graded (quadratic) operads.

5.1.1. The operad Com

Algebras over the operad Com are (non-unital) commutative, associative algebras.
The quadratic data given by (Ecom, Rcom) defines the operad Com := T (E¢om)/(Rcom),
where E¢op, is the S-module concentrated in arity 2 with trivial Se-action

Ecom = (0,0,Kp,0,...),

and (Rcom) is the operadic ideal generated by Rcom, which is a Sz-submodule of
T (Ecom)(3) generated by the associator p oy g — pog p.

Let ¢ be a finite-dimensional Com-algebra. Also, let the set of scalars {a; ; | s,4,7 =
1,...,n} denotes the structure constants of ¢ corresponding to p. Now, using Defini-
tion 3.4 and Theorem 5.2 we get that the universal algebra C(c) of ¢ is given by:

Cle) :=K[Xg;:8,i= 1,...,71]/,]7

where J is the ideal generated by the universal polynomials of ¢ corresponding to the
basis element p € Ky = Com(2):

n n
() _ u a
P(a7i17i2) - Z ailyizX‘W - § a51,52X81i1X32i2> (5.9)
u=1 51,82=1

for any a,i1,i2 =1,...,n.
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5.1.2. The operad Ass

Algebras over the operad Ass are (non-unital) associative algebras. The quadratic
data (Ess, Rass), describing the operad Ass := T (FE4ss)/(Rass), is defined as fol-
lows. E 455 is the S-module (0,0,K[S3],0,...) and the space of relations Rss is the
Ss-submodule of T (E 455)(3) generated by the following element:

Ho1 b — o2 [

Note that, a K-linear basis T (E 455)(3) is given by {(p o1 )7, ( oz 1)? : 0 € Sg} and
a K-linear basis of R 4ss is given by {(p o1 pp — pog p)? : 0 € S3}. For further details,
see [14, Section 7.6.4]. Now, taking the operad to be Ass in Theorem 3.2 we obtain the
following corollary.

Corollary 5.4. Let A be a (non-unital) associative algebra. Then the functor A ® — :
ComAlg — Alg admits a left adjoint if and only if A is finite-dimensional.

Furthermore, using Theorem 5.2 we obtain the following definition.

Definition 5.5. Let A be a finite-dimensional associative algebra with structure constants

{af)j | s,i,7 =1,...,n}. Then, the universal polynomials of A are of the form:
n n
A
P((a,z?l,ig) = Z Oé?hizXau - Z a(sll,szXS1i1X82i27 (510)
u=1 s1,52=1

for any a,ij,ia = 1,...,n. The universal algebra C(A) of A is given by C(A) :=
K[Xs | 5,2 =1,... ,n]/J, where J is the ideal generated by the universal polynomi-
als of A.

Remark 5.6. Note that the universal algebra C(A) described above coincides with the
commutative part of “quantum symmetry semigroup” a(A) of A, which was introduced
by G. Militaru in [16, Definition 1.3].

5.1.3. The operad Leib

Any algebra over the operad Leib := T (Erei)/(Rrein) is Leibniz algebras. The S-
module Er.; is given by Ereip := (0,0,K[S2],0,...) and the space of relations Rz is
the Sz-submodule of T (E,cp)(3) generated by

oy [ — 109 ph— (fr 01 M)(Qg). (5.11)
Now, taking the operad Leib in Theorem 3.2 we obtain the following corollary.

Corollary 5.7. [1, Theorem 2.1] Let b be a Leibniz algebra. Then the functor h @ — :
ComAlg — Lbz admits a left adjoint if and only if b is finite-dimensional.
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Furthermore, using Theorem 5.2 we obtain the following description of the universal
algebra of a finite-dimensional Leibniz algebra.

Definition 5.8. Let h be a finite-dimensional Leibniz algebra with structure constants
{ai; | s,4,5 = 1,...,n}. Then, universal algebra C(h) of b is given by C(h) := K[zs; :
s,i=1...,n]/J of h, where J is the ideal generated by the following universal polyno-
mials:

P((ab’)ihQ) = Z O‘Z,igXau - Z O‘gl,sszu'leziz, (512)
u=1

s1,82=1

for any a,i1,io =1,...,n.

Remark 5.9. Note that the universal algebra and the universal polynomials of § described
above are identical with the ones introduced in [1, Definition 2.6].

5.1.4. The operad Lie

The operad Lie := T (Erzie)/(Rrie) corresponds to the category of Lie algebras. The
S-module Eg;. is defined as Ez;e := (0,0,Ke,0,...), where the right Ss-action on Ke
is given by ¢1?) = —¢ (this means that ¢ is an antisymmetric operation). The space of
relations Rz is the Sg-submodule of T (Ez;e)(3) generated by the Jacobiator

corc + (co1 ) 4 (coy )13,

Note that a K-linear basis of T (Ef;.)(3) is given by {co; ¢, (co1 ¢)(}?3) (co; ¢)132)}. We
refer the reader to [14, Section 7.6.2] for further details.

Let g be a finite-dimensional Lie algebra with structure constants {aj; | s,i,j =
1,...,n}. Then, the universal polynomials of g are the same as described in Equation
(5.12). However, here the polynomials take a rather simplified form, because of the
following restrictions on the structure constants:

;=0 aj;=—aj, foralls,i,j=1,...,n
Note that Corollary 5.7 remains valid in the case of Lie algebras. Additionally, using

Theorem 5.2 we obtain that the universal algebra C(g) coincides with the “universal
algebra of g” as constructed in [1, Definition 2.6].

5.1.5. The operad Zinb

The operad Zinb := T(Ezin)/(Rziny) is the Koszul dual of the operad Leib. It
encodes the category of Zinbiel algebras. The S-module Ez;,p is given by Ezinp =
(0,0,K[S2],0,...) and the space of relations Rz;np is an Sg-submodule of T (Ezinp)(3)
generated by
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poy pu— oy pu— (pog ). (5.13)

It is worth noting that the generators of R ;e and Rz;np, as specified in Equations
(5.11) and (5.13), respectively, are distinct from one another.

Now, using Theorems 3.2 and 5.2, we present the following result and definition in
the context of Zinbiel algebras.

Corollary 5.10. Let 3 be a Zinbiel algebra. Then the functor 3 ® — : ComAlg — Zinb
admits a left adjoint if and only if 3 is finite-dimensional.

Definition 5.11. Let 3 be a finite-dimensional Zinbiel algebra with structure constants

{ai; | 8,4, =1,...,n}. Then, the universal polynomials of 3 are of the form
n n
P((ﬁ?a,il,iz) - Z gy iy Xau — Z 05, 55 X s1in Xsins (5.14)
u=1 s1,82=1

for all a,i1,i2 = 1,...,n. And the universal algebra C(3) of 3 is given by K[X; | s, =
1,...,n] / J, where J is the ideal generated by the universal polynomials of 3 described
in Equation (5.14).

5.1.6. The operad Pois

The operad encoding Poisson algebras is denoted by Pois. It can be constructed
from two operads, Lie and Com, using the “distributive law” (cf. [14, Section 8.6]). The
quadratic presentation of Pois is given by

Pois .= T(Eﬁie D ECom)/(REie ® Reom @ D) (515)

where D is an Sz-submodule of T (E ;. ® Ecom)(3) generated by coy pu— (01 ¢) %)

—pogc.
Now, as a corollary of Theorem 3.2 we obtain the result proved by Agore and Militaru

for Poisson algebras.

Corollary 5.12. /3, Theorem 2.2] Let p be a Poisson algebra. Then the functor p ® — :
ComAlg — Pois admits a left adjoint if and only if p is finite-dimensional.

Let p be a finite-dimensional Pois-algebra with structure constants {a; ; | s,i,j =
1,...,n} and C(p) := K[Xg; | 5,4 = 1,...,n]/J be its universal algebra. Using The-
orem 5.2, we get that the ideal J is generated by the universal polynomials of p
corresponding to ¢ and p € Ke ® Ky = Pois(2):

n

(p) _ u - a
P(Cvavilﬂé) - Z a72(0)7i1,i2X‘w - Z a72(c)751>52X31i1X527;2 (5.16)

u=1 s1,852=1
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n n

(») —
P(M7a7i17i2) - Zagz(MLihbX““ o Z 0‘32(#)751752)(812’1)(821'2 (5.17)
u=1 s1,52=1
for all a,iy,i2 = 1,...,n. Note that, the universal polynomials described in Equation

(5.16) and (5.17) coincide with the universal polynomials given in [3, Equation (8) and
(9), pg. 39]. Hence, the universal algebra C(p) defined here is the same as the “universal
algebra of p” constructed in [3, pg. 39].

5.1.7. The operad preLie

The notion of pre-Lie algebras appeared first in the study of Hochschild cohomol-
ogy and in studying flat affine connections on a given manifold. The operad preLie :=
T (Eprecie)/(Rprecie) encodes the category of pre-Lie algebras. The S-module Epeze
is given by Eprecie = (0,0,K[S2],0,...) and the space of relations Rprecie is an Ss-
submodule of T (Eprecie)(3) generated by

proypu—puon pu— (poy 1)) + (pog 1))

Corollary 5.13. Let | be a pre-Lie algebra. Then the functor [ ® — : ComAlg — pre-Lie
admits a left adjoint if and only if p is finite-dimensional.

The universal polynomials of a finite-dimensional pre-Lie algebra [ are of the same
form as described in Equation (5.12). And The universal algebra of [ is given by C(I) :=
K[Xs : 8,0 =1,...,n]/J, where J is the ideal generated by the universal polynomials
of I corresponding to u € K[Sz] = preLie(2).

5.1.8. The operad Perm

The Koszul dual of the operad preLie is the operad Perm. It is defined as Perm :=
T(Eperm)/(Rperm) which encodes the category of Perm algebras. The S-module Epepm
is defined as Eperm = (0,0,K[S2],0,...). The space of relations Rperm is an Ss-
submodule of T (Eperm)(3) generated by

proy pt— oy, o1 pu— (pog 1) ®, and oy p— (poy p) .

Corollary 5.14. Let q be a Perm algebra. Then the functor q ® — : ComAlg — Perm
admits a left adjoint if and only if q is finite-dimensional.

Let q be a finite-dimensional Perm-algebra and C(q) be its universal algebra. Then
the ideal J is generated by the universal polynomials of ¢ corresponding to p € K[Sz] =
Perm(2), which is of the same form as described in Equation (5.12).

5.2. Algebras over k-ary quadratic operads

Here we focus on algebras over certain k-ary quadratic operads. More precisely, we
describe the universal algebra and the universal polynomials for finite-dimensional to-
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tally associative k-ary algebras, partially associative k-ary algebras, Leibniz k-algebras,
and Lie k-algebras. Before proceeding, we fix some notation. For any & € N, the basis
elements of K[Sy] are denoted as follows: p denotes ids, and pu” denotes the element
o€ Sy.

Similar to binary quadratic operads, any k-ary quadratic operad P can be described
in terms of quadratic data as follows: P := T (Ep)/(Rp), where

k" term
— =~
Ep:=(0,0,..., Ep ,0),

is an S-module concentrated in arity k. We noted in Remark 5.3 that Theorem 5.2, ini-
tially proven for binary quadratic operads, naturally extends to k-ary quadratic operads.
This gives us the following theorem.

Theorem 5.15. Let P = T (Ep)/(Rp) be a k-ary quadratic operad. Consider a finite-
dimensional P-algebra a with its universal algebra C(a). Then, the ideal J, as described

in Equation (3.27), is generated by the universal polynomials corresponding to the basis
elements of P(k) = Ep.

This extension enables us to describe the universal algebras for algebras over k-ary
operads. Below, we present examples of such operads, which include several well-known
k-ary algebras.

5.2.1. Totally associative k-ary algebras

A totally associative k-ary algebra is a vector space A equipped with a linear map
p: A®F 5 A such that for any 1 < i,j < k the following equality holds

ll/(id@i_l ® L ® id®k—i) — ,U,(id®j_l ® m ® 1d®k—])

The operad tAss := T (Frass)/(Rtass) encodes the category of totally associative k-ary
algebras, where the S-module F; 455 is given by

Eyass = (0,..., K[S4],0,...).

The space of relations Ry 4ss is the Soi_1-submodule of T (E};455)(2k — 1) generated by
{pojpu—pojp:forali,j=1,...,k}. Now, as a corollary of Theorem 3.2 we obtain
the following result.

Corollary 5.16. Let A be a totally associative k-ary algebra. Then the functor A ® — :
ComAlg — tAss admits a left adjoint if and only if A is finite-dimensional.
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Let A be a finite dimensional totally associative k-ary algebra. Also, let the set of
scalars {af, ; [s,i1,...,i = 1,...,n} denote the structure constants of A. Then, the
universal polynomials of A are given by

n n
(4) _ u a
Pltissein) = 2 i Xaw = D b o Kovir - X, (5.18)
u=1 S1yeeny sEp=1

for all a,iy,...,ix = 1,...,n. The universal algebra of A is defined as C(A) :=
K[Xs | s, =1,...,n] / J, where J is the ideal generated by the universal polynomi-
als of A, as described in Equation (5.18).

5.2.2. Partially associative k-ary algebras
A partially associative k-ary algebra is a vector space A equipped with a linear map
p: A®% — A such that the following equality holds

k
Z(—l)(i+1)(k71)'a(id®i71 ® I ® id®k7i) _ 0

i=1

The operad pAss := T (Epass)/(Rpass) encodes the category of partially associative
k-ary algebras, where S-module Ep 455 is defined as follows

kth
Ep.Ass = (0, ce ,K[Sk],o, .. )

The space of relations Ry ass is an Sog_1-submodule of T (Ep4ss)(2k — 1) generated by
Zle(—l)(i"'l)(k_l)u o; p. Now, as a corollary of Theorem 3.2 we obtain the following
result.

Corollary 5.17. Let A be a partially associative k-ary algebra. Then the functor A ® — :
ComAlg — pAss admits a left adjoint if and only if A is finite-dimensional.

Let A be a finite-dimensional partially associative k-ary algebra. The universal poly-
nomials of A take the same form as described in Equation (5.18).

5.2.3. Lie k-algebras
A Lie k-algebra is a vector space L equipped with a linear map p : L®* — L which
satisfies the following equalities:

k
p(p@id 1) = Zu(id@_l@u@id@k_i)gi and p =sgn(o)up for all o € Sg, (5.19)

i=1

where g; € Soi_1 is given by o; := {1,...,2’— Lik+1L,k+2,....k+k—1i+ 1,...,]4:].
——— ———.
The permutation o; is described using the notation given by J. L. Loday and B. Vallette
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in [14, Introduction, pg xxiv]. The operad k-Lie := T (Ek_rie)/(Ri-ric) is described in
terms of the quadratic data (Ex_gie, Ri-rie) where the S-module Ey_r;. is given by

Lth
Ek—Lie = (0, ce ,K[Sk], 0, .. ) (520)

and the space of relations Ry r;e is an Sog—1-submodule of T (Ey_gie)(2k — 1) generated
by

k
p(p®id* 1t — Zu(id@_l ®pe id®k_i)ai and p® —sgn(o)p =0 for any o € Sy.
i=1

Again, as a corollary of Theorem 3.2 we obtain the following result.

Corollary 5.18. Let L be a Lie k-algebra. Then the functor L ® — : ComAlg — k-Lie
admits a left adjoint if and only if L is finite-dimensional.

Let L be a finite dimensional Lie k-algebra and C(L) be its universal algebra. Then,
the ideal J is generated by the universal polynomials of L associated with p € K[Si] =
k-Lie(k):

L a
(p ZL J1yeensik) Z au,...,in au Z asl,...,stslil o 'Xskikv (521)

81,...,Sk:1
for all a,41,...,ik =1,...,n.
5.2.4. Leibniz k-algebras

A Leibniz k-algebra is a vector space L equipped with a linear map ju : L®* — L for
which the following equality holds

k
p(p@id ) =Y " p(id® " @ peid® )", (5.22)
i=1

where o; € Soi_1 is the same as defined in the case of Lie k-algebras. The operad
k-Leib := T(Eg-reiv)/(Rik-cein) encodes the category of Leibniz k-algebras, The S-
module Ej_reip is defined as

Ek_ﬁeib = (O, . ,K[Sk], O, .. ) (523)

The space of relations R zeip is an Sgj—1-submodule of T (Ej_reip)(2k — 1) generated by
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k
p(p@id* ) = " p(id® T @ p@id® )7 (5.24)

i=1

Again, as a corollary of Theorem 3.2 we obtain the following result.

Corollary 5.19. Let L be a Leibniz k-algebra. Then the functor L® — : ComAlg — k-Leib
admits a left adjoint if and only if L is finite-dimensional.

For any finite dimensional Leibniz k-algebra L. The universal polynomials of L are of
the same form, as described in Equation (5.21).

5.8. Algebras over non-symmetric operads

Any given non-symmetric operad P = (P(0), P(1),...), one can construct a symmetric
operad P given as follows:

P(n) :=P(n) KI[S,],

where the action of the symmetric group S,, on ﬁ(n) is given by the regular representation
K[S,]. The association P P is referred to as “symmetrization”. Furthermore, we note
that the category of algebras over the non-symmetric operad P and over its associated
symmetric operad P are the same. See [14, Section 5.9.11] for further details. Thus, using
symmetrization our universal constructions also hold for algebras over non-symmetric
operads.

We refer the readers to [7] for examples of non-symmetric operads that encode
various Loday-type algebras such as dialgebras, associative trialgebras, dendriform alge-
bras, dendriform trialgebras, quadri algebras, and ennea algebras. Consequently, using
symmetrization to obtain the associated symmetric operads for the operads encoding
Loday-type algebras, we can construct the universal algebras for these Loday-type alge-
bras using the results obtained in Section 3.

5.4. Algebras over graded operads

Here, we consider examples of graded algebras and operads encoding them. Precisely,
we give the construction of universal coacting algebras for graded Lie/Leibniz algebras,
graded Poisson algebras, Garstenhaber algebras, and Batalin-Vilkovisky algebras.

5.4.1. Graded Leibniz algebras

A graded Leibniz algebra is a graded vector space $ = @p>09), equipped with a
degree 0 binary bracket “[-,-]”, called the graded Leibniz bracket. It satisfies the following
identity

[l‘, [yv z]] = [[x,y], Z] + (_1)|m||y|[y’ [l‘, Z]]v
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where |z| and |y| denotes the degree of the homogeneous elements  and y, respectively.
This identity is known as the graded Leibniz identity.

The operad Leib encodes the category of graded Leibniz algebras. Note that we can
consider the operad Leib as a graded operad concentrated at degree zero in every arity.
Then, a graded Leibniz algebra structure on a graded vector space $) = @©,>09; is given
by a graded operad morphism 7 : Letb — Endg.

The following corollary to Theorem 3.9 naturally extends the universal construction
of A. L. Agore and G. Militaru [1, Theorem 2.1] to the graded context.

Corollary 5.20. Let $ = ©p>09, be a graded Leibniz algebra over K. Then the functor
H® —: g-ComAlg — g-Leib admits a left adjoint if and only if each component $, of H
1s finite-dimensional.

Proof. ( =) Since each component §),, of ) = &,>09, is finite-dimensional, let

{a01,...,a0d0;a11,...,aldl;...;apl,...,apdp;...}

be a vector space basis of 9, where {a,1,..., apdp} denotes a vector space basis of the
p-degree component §),. The structure constants of § are obtained as follows: for any

p,q >0

dpiq

0,s
[apis ags] = D 0ply; Aprars (5.25)
s=1

where 0 =p+¢q,1 < i <dp, and 1 < j < d,. Consequently, the set of scalars given below
yields the structure constants of $:

U dab, 10=p+1; 1<i<dy; 1<j<dg 1<s<dg}.
p,q20

Now, for any object & € g-Leib we shall construct a graded commutative algebra C($), &).
Let {by; : p > 0,i € I,} be a basis of &. Then, for any p,q > 0, i € I,, and j € I, there
exists a finite set By; ¢ C Ip4q for which

0,u
[bm’quﬂ = Z ﬂpi,qj b(p+q)w (5.26)

UEBypi,qj

where 0 = p+ q. Let K [X S(Zr) 18,0, > 0] be the usual graded commutative polynomial

algebra with indeterminants X s(?)

, of cohomological degree m. We define

C(H,8) :=K[X T :s,i,7>0]/J (5.27)

s

where J is the ideal generated by the polynomials of the following form: for any p,q > 0
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d. d,
pHGw) . A (LB m(r=e) g f—eer x (0=€) (a=7),
(T,P’L,QJ) Z ﬁpl qj ( 1) ss Tt X X
UwEBpi,qj e+T=0—w, s=1 t=1
0<e<p,
0<7r<q.

(5.28)
where 0 =p+q,0<w<0,7€1l,, jcl;,andr =1,...,dp. Let J;S) = XS(ZT) denote
the class of XS(?) in the algebra C($), ®). One can show that the construction of C(), &)
defines a functor C(&, —) : g-Leib — g-ComAlg.

Next, we define a map ng : & — H R C(H, ®) as follows: for any p > 0 and i € I,

de

p
Ne = Z e @ 2P (5.29)
e=0s=1

Following the proof of Lemma 3.7 one can verify that ne is a graded Leibniz algebra
morphism. Additionally, we have the following bijection:

\11957,4 : Homg_COmAlg (C(f), 6), A) — Homg_Lcib((’S,j’J ® A), (5.30)

defined by Us 4(0) := (idy ® ) o ne. Consequently, the functor C(®,—) : g-Leib —
g-ComAlg is left adjoint to the functor H ® — : g-ComAlg — g-Leib.

( <= ) The converse part of the proof can be done in a similar way, by following the
arguments provided in Theorem 3.9. O

Definition 5.21. Let $ = @,>09, be a graded Leibniz algebra with each component
9, being finite-dimensional. Also, let {ao1,...,a0dy; @11, -, G1dy;---5Ap1s- -, Qpdy;-- -}
denote a vector space basis of §), such that the set {ay1,...,apq,} denotes a basis of the
p-degree component $,,. The set of scalars, given by

U{amqj|0=p+q;1§i§dp;1§j§dq;1§s§d9}, (5.31)
p,q>0

denotes the structure constants of $. Then, the universal graded algebra of §) is the
graded commutative algebra C($),9) := K[Xi(;r)ﬁ,j, 7 > 0]/J. Note that following Re-
mark 5.3 we obtain the generators of the ideal J which are described below. For any
p,qg=0

P = Zaiwa“ =X 22Ul XX (582)

where 0 =p+¢q, 0 <w <0,i€1,,j€l;,andr=1,...,dg. These polynomials are
called the universal graded polynomials of §) of cohomological degree w.
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5.4.2. Graded Lie algebras
A graded Lie algebra ) = ®,>0%), is a graded Leibniz algebra, which along with the
graded Leibniz identity, satisfying the graded anti-symmetry relation:

[2,y] = —(=D)I*I¥/[y, 2]  for all homogeneous elements =,y € 5.

Since, any graded Lie algebra is also a graded Leibniz algebra, Corollary 5.20 also holds
for graded Lie algebras and the universal graded polynomials of a graded Lie algebra are
the same as the polynomials described in Equation (5.32). However, here the universal
graded polynomials take a rather simplified form, because the structure constants as
described in (5.31) satisfying the following relations:

0,s

pipi =0 and o ——(—l)pqa97s

@ pi,qj q7,p°

5.4.3. Graded Poisson algebras
A graded Poisson algebra is a graded vector space B equipped with a graded Lie
bracket “{-,-}” satisfying the following graded Leibniz rule:

{z,y- 2z} = {x,y} -z + (=DI¥y fz 2},

for any homogeneous elements x,y, z € P, where |z|, |y| denote their degrees. We note
that the category of graded Poisson algebra structures is encoded by the operad Pois
(cf. Equation (5.15)) by considering Pois as a graded operad concentrated at degree 0
in each arity. Now, as a corollary of Theorem 3.9 we obtain the following result.

Corollary 5.22. Let B = ®,>0P, be a graded Poisson algebra over K. Then the functor
H ® — : g-ComAlg — g-Pois admits a left adjoint if and only if each component B, of
B is finite-dimensional.

Remark 5.23. We note that the above corollary extends the universal construction of A.
L. Agore and G. Militaru [3, Theorem 2.2] to the graded context.

Let B = @p>0P, be a graded Poisson algebra with each component 9B, being finite di-
mensional, where the graded Poisson algebra structure on 3 is given by the graded operad
morphism «y : Pois — Endg. Let the set {am, 3 00dg BTy e - s Qdys -3 Anly - - - 5 Ond,y
. } denote a vector space basis of P such that {ap1,...,apq,} becomes a vector space
basis of the p-degree component B,. We assume that the set of scalars

U {ae,s a97$ | 9:])1 + po; 1y = 1,...,dp7,

v2(c),p1i1,p2i2’ ~y2(m),p1i1,p2i2
P1,p22>0

forany r=1,2; 1<s< dp1+p2}
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to be the structure constants of 3. From the discussion in Subsection 3.2, we deduce
that the universal graded polynomials (3.33) of cohomological degree w for 9 are given

as follows.
dg
(Bw) _ ad (w)
(c.r.prin.paiz) ° v2(¢),p1ia,paiz ™ TU
u=1
Ay, dpy ( | (5.33)
_ 0—w,r (p1—€1) y(p2—e2
Z Z Z Qa(e)erst, 6292X81i1 X52i2 ’
€1+ex=0—w s1=1s2=1
0<er<pk
de
(B,w) 0,u (w)
(m,r,p1i1,paiz) © Qs (m),priv,paia Xru
u=1
(5.34)
_ 0—w,r (p1—e€1) y(p2—e2)
Z (Z Z aw(m 6181,6282X9111 X9212 ’
€1 tea=0—w s1=1s5=1

0<er<pk

where = p; +p2, 0 <w < 0,and r =1,...,d,. Therefore, the universal graded algebra
C(*B) is given by

C(p) =KX i,j,m>0]/J,

where, due to Remark 5.3, J is the ideal generated by universal graded polynomials
defined in Equation (5.33) and (5.34).

5.4.4. Gerstenhaber algebras
A Gerstenhaber algebra is an algebra over the graded operad Gerst with the quadratic
presentation (Egerst, Rgerst). Here, the space of generators is given by

Egerst == (0,0,Km @ Kc, 0, ...)

which is a direct sum of two one-dimensional trivial representations of Sy concentrated
in arity 2, one in degree 0 denoted by m and one in degree 1 denoted by ¢. The space of
relations Rgerst is the graded K[Ss]-module generated by the following relations

corc+ (cor ) 4 (co1 )P coym—mogc— (moye)®), moym—moym.

Now, as a corollary of Theorem 3.9 we obtain the following result.

Corollary 5.24. Let & = @p>08, be a Gerstenhaber algebra. Then the functor & @ — :
g-ComAlg — Gerst admits a left adjoint if and only if each component &, of & is
finite-dimensional.
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Let & = @©,>0®, be a Gerstenhaber algebra with each component &, being finite-

dimensional. Also, let the set {gm, e 390do; 9115 -3 Gldy -5 Gply - -5 Opdys - - - } denote a
vector space basis of &, where {gp1,...,gpq, } denotes the basis of &,. Then, the set of
scalars
U ol ol | 0 =p1+po; ir=1 d
v2(€),p1i1,p292° ~y2(m),p1i1,p2iz =p1TDP2 =L dp,

p1,p2>0

foranyr=1,2; 1 <s< dpﬁ-m}

gives us the structure constants of &. Hence, the universal graded polynomials of & are
described as follows:

de
(B,w) a@,u (w)
(myr,prin,pais) ° v2(m),p1i1,p2iz* TU
u=1
dp;  dpy ) o ) (535)
. 0—w,r (pr1—e1 p2—€2
Z Z Z 'yg(m €151, €252X81i1 stiz ’
€1+ex=0—w s1=1s2=1
0<er<pk
(6,w) § (w)
P(C)Tﬁﬂlihpzlz ’ a'YZ(C)vpl'Ll;PZ'@XTu
(5.36)

Pl dp2 (
B 0—w,r p1—e1) y(p2—e2)
Z Z Z Qa( 0)761 9176292X51i1 stiz ’

€1+es=0—w—1 s1=1s9=1
0<er<pk

where 0 = p; + p2, 0 < w < 60, and r = 1,...,d,. Consequently, the universal graded
algebra C(®) is given by

C(®) =K[x| i,5,7>0]/J,

where, due to Remark 5.3, J is the ideal generated by universal graded polynomials
defined in Equation (5.35) and (5.36).

5.4.5. Batalin-Vilkovisky algebras

The notion of Batalin-Vilkovisky (BV) algebras appears in diverse places of mathemat-
ics, such as they appear in differential geometry of polyvector fields, on the Hochschild
cohomology of unital cyclic associative algebras, on the homology of free loop spaces, on
vertex operator algebras, etc. A BV algebra structure is given by a data (&, -, A) where
& is a graded vector space equipped with a graded commutative product “-” of degree
0, and a unary operation A of degree 1 satisfying A o A = 0. Furthermore, these two
operations satisfy the following compatibility relation:
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Alx-y-2)—Az-y) 2z — (_1)Iy|(\w\+|z|)A(2 x) -y — (_1)Iw\(\y\+|z|)A(y 2)-x
+Aa)-b-c+ (—)WIUIHDA ) 2y + (—=1)IWIHDA®R) - 2.2 =0,

for any homogeneous elements z,y, z € &. Note that, the data of a BV algebra structure
(8,-,A) is equivalent to that of a Garstenhaber algebra structure (&, -, [—, —]) endowed
with a square zero unary operation A of degree 1 such that the following equality holds:

The operad corresponding the category of all BV algebras is denoted by BY :=
T(Egy)/(Rgy). The graded S-module is given as follows, Fpy = (0,KA,Km,...),
where KA is a one-dimensional graded vector space (S;-module) concentrated in degree
1 and Km is a one-dimensional graded vector space (Se-module) concentrated in degree
0. The space of relations Rgy is the K[S3]-module generated by

{molmmOQm, Aol A,

Aoy moym— ((A 01 m) o1 m)id+(123)+(132) + (A o1 (

m oy m))id+(123)+(132).

Finally, as a corollary of Theorem 3.9 we obtain the following result.

Corollary 5.25. Let & = ©,>0,, be a BV algebra over K. Then the functor & @ — :
g-ComAlg — BY admits a left adjoint if and only if each component &, of & is finite-
dimensional.

Remark 5.26. The existence and description of universal (co)acting bialgebras and Hopf
algebras, within the category of unital associative algebras, have been studied in the
setting of Q-algebras in [4]. While P-algebras considered in this work can be seen as a
special case of (2-algebras (by forgetting the symmetries of the generating operations and
the S-module structure spanned by the generating operations of a P-algebra), the exis-
tence of the universal algebra C(a, b), associated to two P-algebras a and b as introduced
here, does not follow from the results of [4]. This is primarily because the algebra C(a, b)
is required to be universal within the category of commutative algebras. Our focus on
this category is motivated by its significance in understanding the automorphism groups
of P-algebras and in the classification of abelian group gradings on such algebras, as
discussed in Section 6. The structured framework of P-algebras is also useful to accom-
modate a wide range of important examples, including graded Lie and Leibniz algebras,
graded Poisson algebras, Gerstenhaber algebras, and Batalin—Vilkovisky (BV) algebras
by using graded operads instead of operads.

6. Applications

In this section, we give two applications of the construction of the universal coacting
bialgebra of a finite-dimensional P-algebra. First, we describe group of P-algebra auto-
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morphisms of a in the Theorem 6.1. Second, we characterize the abelian group gradings
on a finite-dimensional P-algebra a in Theorem 6.6.

6.1. Automorphism group of a finite-dimensional P-algebra

Let a be a finite-dimensional P-algebra and C(a) be its universal coacting bialgebra.
We denote the set of automorphisms of the P-algebra a by Autp_aig(a). For the bialgebra
C(a), denote the set of group-like elements

G(C(a)) = {P €C(a) | Ag(P) = P® P, £(P) = 1}.

The set G(C(a)) is a monoid with respect to the multiplication on C(a). Let C(a)* be
the finite dual bialgebra of the bialgebra C(a), defined by

C(a)* :=={x €C(a)* | x(I) =0, for some ideal I in C(a) with dimg (C(a)/I) < co}.

Then, let us denote the group of all invertible group-like elements by U(G(C(a)*)). With
these notations, we get the following result generalizing Agore’s and Militaru’s result [1,
Theorem 3.1] for finite-dimensional P-algebras.

Theorem 6.1. Let a be a finite-dimensional P-algebra and C(a) be its universal coacting
bialgebra. Then, the group of P-algebra automorphisms of a is isomorphic to the group
of all invertible group-like elements U(G(C(a)*)).

Proof. It follows that the set G(C(a)*) is the same as the set of algebra homomorphisms
from C(a) to K. The bijection given in Equation (3.17) implies that we have a bijection

O : Homcomalg(C(a),K) — Homp_pig(a,a), defined by ©(®) = (id ® ®) o n,.

The vector space Homcomaig(C(a),K) is a monoid with respect to the composition of
maps. A monoid structure on Homcomaig(C(a),K) = G(C(a)*) is given by the convolu-
tion product, i.e.,

n

(I>1 * @2(1’1']') = Z <I>1(xis)<132(msj).

s=1

It immediately follows that © is an isomorphism of monoids and thus it induces an
isomorphism between the invertible elements in the monoids. If {ai,as,...,a,} is a
basis of the vector space a, then the isomorphism between the invertible elements in the
monoids is given by the map

C:UGC(@))) = Autpaig(a),  ((®)(ai) =Y (wji)a;.
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Thus, the proof of the theorem is complete. 0O
6.2. Classification of abelian group gradings on a finite-dimensional P-algebra

Definition 6.2. Let G be an abelian group and a be a P-algebra given by the operad
map 7 : P — End,. Then, a G-grading on the P-algebra is a collection of vector spaces
{as, | 0 € G} such that

0= ®Brecle, and () (Toy,Togs - s Toy) € Agyogogs
for homogeneous elements z,, € a,,, i = 1,2,...,k, and u € P(k).

Let K[G] be the group algebra of G. Then, by Remark 4.4 and Diagram (4.11) we
obtain a bijection

HomComBiAlg (C(a) K [G] )

6.1
+— {f € Homp_p15(a,a ® K[G]) | @ becomes a right K[G]-comodule} (6.1)

We now recall that there is a bijection between the set of G-gradings on a vector space
a and the set of all right K[G]-module structures f : a — a ® K[G]. Let a = @yeqas
be a G-grading on the vector space a. The bijection is given as follows: x € a, then
f(zs) = x5 ® 0. Now, we show that the map f: a — a® K[G] is a P-algebra morphism
if and only if it corresponds to a G-grading on the P-algebra. The map f : a —» a @ K[G]
is a P-algebra morphism if the following diagram is commutative

Pk)® (a)®k 0 a
e Ok 6.2
awso* | K (6.2)
Pk) ® (a @ K[G])®* —— a @ K[G)].
Diagram (6.2) commutes if and only if for any 01,09,...,0% € G and 24, , Zgy, ..., Lo, €

a, we have

’Y(M)(‘TU1?‘T"O’27 R axo'k) e ag—102...o-k.

Consequently, there is a bijection between the following sets

{f € Homp_aig(a,a ® K[G]) | the vector The set of all G-gradings
. —
space a becomes a right K[G]-module} on the P-algebra a.

(6.3)

Proposition 6.3. There exists a bijection between the set of all G-gradings on the finite-
dimensional P-algebra a and the set Homcomsialg(C(a), K[G]).
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Proof. The proof follows from the bijections given by (6.1) and (6.3). O

Definition 6.4. Let a = @ cqt, and a = @yeqal, be two G-gradings on the finite-
dimensional P-algebra a. Then the two gradings are said to be isomorphic if we have a
P-algebra automorphism ¢ : a — a such that ¢(a,) = a.

Next, we define a equivalence relation on the set Homcomnialg(C(a), K[G]).

Definition 6.5. The morphisms @1, ®s € Homcompialg(C(a), K[G]) are called conjugates
if there exists an element g € U(G(C(a)*)) such that ®; = g ®; x g~!. Note that
here “x” is the convolution product in Homcomialg(C(a), K[G]), given by ®1 « ®o(z) =

Z <I>1(x(1))<1>2($(2)).

The conjugacy defined in the Definition 6.5 gives an equivalence relation on the set
of bialgebra morphisms from C(a) to K[G]. Let us denote the set of equivalence classes
by Homcomsialg(C(a), K[G])/ ~. Then, using a similar argument as in the proof of [I,
Theorem 3.5], we can conclude the following result:

Theorem 6.6. Let G be an abelian group and a be a finite-dimensional P-algebra. Then,
the isomorphism classes of G-gradings on a bijectively correspond to the equivalence
classes in the set Homcompialg (C(a), K[G])/ ~.

7. Conclusion

In this paper, we gave an explicit construction of a universal coacting algebra for any
finite-dimensional P-algebra. Using the operadic approach, we also extended the con-
structions to the graded context. Our approach is also prudent to address the following
problems.

I. A universal module construction and functors between module categories.

In [2], A. L. Agore defined functors between the category of Lie algebra modules
and the category of associated universal algebra modules. The results in [2] lead to a
representation-theoretic counterpart of Manin-Tambara’s universal coacting objects
[15,23]. Later on, for other quadratic algebras such as Poisson algebras and Lie-
Yamaguti algebras, the representation theoretic universal constructions have been
addressed in [3,9]. We already discussed here how the operadic approach unifies
the universal constructions in [1,3,9,16]. In a separate work, by considering modules
over P-algebras for a symmetric (graded) operad P, we obtain a universal module
construction to define functors between module categories which not only unifies
the results in [2,3,9] but also yield the explicit constructions and related results for
different (graded) quadratic algebras.
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II. Construction of a universal algebra for finite-dimensional coalgebras over (graded)
Operads
For any vector space a, the coendomorphism operad coEnd, is given by

coEnd,(n) := Hom(a,a®™) for all n > 0,

with the partial composition maps dual to the maps in End, (Example 2.4). A P-
coalgebra structure on a vector space V' is an operad morphism from P to coEnd(V).
The construction in Section 3 can be dualised to obtain a universal coacting algebra
for finite-dimensional coalgebras over (graded) Operads.

Data availability
No data was used for the research described in the article.

References

[1] A.L. Agore, G. Militaru, A new invariant for finite dimensional Leibniz/Lie algebras, J. Algebra
562 (2020) 390-409.

[2] A.L. Agore, Functors between representation categories. Universal modules, Linear Algebra Appl.
688 (2024) 104-119.

[3] A.L. Agore, G. Militaru, Universal constructions for Poisson algebras, applications, J. Algebra 638
(2024) 32-56.

[4] A.L. Agore, A.S. Gordienko, J. Vercruysse, V-universal Hopf algebras (co)acting on Q-algebras,
Commun. Contemp. Math. 25 (2024).

[6] A. Banerjee, S. Kaur, On measurings of algebras over operads and homology theories, Algebraic
Geom. Topol. 22 (2022) 1113-1158.

[6] A. Banerjee, S. Kour, Measurings of Hopf algebroids and morphisms in cyclic (co)homology theories,
Adv. Math. 442 (2024).

[7] A. Das, Deformations of Loday-type algebras and their morphisms, J. Pure Appl. Algebra 225
(2021).

[8] J.M. Boardman, R.M. Vogt, Homotopy Invariant Algebraic Structures on Topological Spaces, Lec-
ture Notes in Mathematics, vol. 347, Springer-Verlag, Berlin, Heidelberg, New York, 1973.

[9] S. Goswami, S.K. Mishra, G. Mukherjee, Universal coacting Hopf algebra of a finite dimensional
Lie-Yamaguti algebra, Linear Algebra Appl. 703 (2024) 556—583.

[10] M. Hyland, I.L. Franco, C. Vasilakopoulou, Hopf measuring comonoids and enrichment, Proc. Lond.
Math. Soc. 115 (5) (2017) 1118-1148.

[11] G.M. Kelly, Basic Concepts of Enriched Category Theory, Lecture Notes in Mathematics, vol. 64,
Cambridge University Press, 1982.

[12] S. Mac Lane, Categories for the Working Mathematician, Graduate Texts in Mathematics, vol. 5,
Springer-Verlag, New York-Berlin, 1971.

[13] M. Lazard, Lois de groupes et analyseurs, Ann. Sci. Ec. Norm. Supér. (3) 72 (1955) 299-400.

[14] J.-L. Loday, B. Vallette, Algebraic Operads, Grundlehren der Mathematischen Wissenschaften,
vol. 346, Springer-Verlag, Berlin Heidelberg, 2012.

[15] Y.I. Manin, Quantum Groups and Noncommutative Geometry, Universite de Montreal, Centre de
Recherches Mathematiques, Montreal, QC, 1988.

[16] G. Militaru, The automorphisms group and the classification of gradings of finite dimensional as-
sociative algebras, Result. Math. 77 (2022) 1-13.

[17] J.P. May, The Geometry of Iterated Loop Spaces, Lecture Notes in Mathematics, vol. 271, Springer-
Verlag, Berlin, Heidelberg, New York, 1972.

[18] J.P. May, Operads, algebras, and modules, in: Operads: Proceedings of Renaissance Conferences,
in: Contemporary Mathematics, vol. 202, 1997, pp. 15-31.


http://refhub.elsevier.com/S0021-8693(25)00365-5/bibF2D47F747E27324134E2C33E7DE04EE8s1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bibF2D47F747E27324134E2C33E7DE04EE8s1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bib6F9AF6974255964D1E85EFBF725FE3A8s1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bib6F9AF6974255964D1E85EFBF725FE3A8s1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bibA5CD62999BFB9C5457EFEB0B1CBDE2D3s1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bibA5CD62999BFB9C5457EFEB0B1CBDE2D3s1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bibB456C9A4ED9668BD31E84CEE7D60A544s1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bibB456C9A4ED9668BD31E84CEE7D60A544s1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bib97A26A0931A0ABD101C0C62F7EAFB5A0s1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bib97A26A0931A0ABD101C0C62F7EAFB5A0s1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bib4BC6A065F2A82C9C72BE829B4DE77F4Bs1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bib4BC6A065F2A82C9C72BE829B4DE77F4Bs1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bib63297C20211C8BC8D49F2D954F6A7D56s1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bib63297C20211C8BC8D49F2D954F6A7D56s1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bibDB3970E97641CE9AE5AFD66C978F5ED7s1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bibDB3970E97641CE9AE5AFD66C978F5ED7s1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bib7FD03A87BB46311B7DF9728A953E0DC7s1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bib7FD03A87BB46311B7DF9728A953E0DC7s1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bibB54EC3C55BEA67458653B360E07C5C10s1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bibB54EC3C55BEA67458653B360E07C5C10s1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bibDCE0D99515076C6A24E246952D635FC7s1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bibDCE0D99515076C6A24E246952D635FC7s1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bib95D79AE671BC08AA40296BA7D912E14As1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bib95D79AE671BC08AA40296BA7D912E14As1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bibFEE441F5A8224161F0BCFF864CB7CF50s1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bibAB5303B124397D25A0C6958B9001E266s1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bibAB5303B124397D25A0C6958B9001E266s1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bib3518F258058C51CDA99872A4FB65540Fs1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bib3518F258058C51CDA99872A4FB65540Fs1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bib232AE3E4E801BC06C2017D47DB4CC892s1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bib232AE3E4E801BC06C2017D47DB4CC892s1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bib141DC9FF41AF28593078DB5A1F82B7ADs1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bib141DC9FF41AF28593078DB5A1F82B7ADs1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bibE32980DEE5E5D23709773AA075EFDF0Cs1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bibE32980DEE5E5D23709773AA075EFDF0Cs1

S. Goswami et al. / Journal of Algebra 683 (2025) 116-165 165

[19] Martin Markl, Steve Shnider, J.D. Stasheff, Operads in Algebra, Topology and Physics, Mathemat-
ical Surveys and Monographs, vol. 96, American Mathematical Society, Providence, Rhode Island,
2002.

[20] T. Raedschelders, M. Van den Bergh, The Manin Hopf algebra of a Koszul Artin-Schelter regular
algebra is quasi-hereditary, Adv. Math. 305 (2017) 601-660.

[21] J.D. Stasheff, Homotopy associativity of H-spaces. I and II, Trans. Am. Math. Soc. 108 (2) (1963)
275-292 and 293-312.

[22] M.E. Sweedler, Hopf Algebras, Mathematics Lecture Note Series, W.A. Benjamin, Inc., New York,
1969.

[23] D. Tambara, The coendomorphism bialgebra of an algebra, J. Fac. Sci., Univ. Tokyo, Math. 37
(1990) 425-456.

[24] M. Takeuchi, Free Hopf algebras generated by coalgebras, J. Math. Soc. Jpn. 23 (1971) 561-582.

[25] B. Vallette, Algebra + homotopy = operad, in: Symplectic, Poisson, and Noncom-Mutative Geom-
etry, in: Math. Sci. Res. Inst. Publ., vol. 62, 2014, pp. 229-290.


http://refhub.elsevier.com/S0021-8693(25)00365-5/bibC176087CC12D7BA2BC1E36DC60AA5D6Bs1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bibC176087CC12D7BA2BC1E36DC60AA5D6Bs1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bibC176087CC12D7BA2BC1E36DC60AA5D6Bs1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bib328AAE62C474FD9421D1F788A0EC268Fs1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bib328AAE62C474FD9421D1F788A0EC268Fs1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bibE78D59FE087F6EFEF0043ED09FA381AEs1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bibE78D59FE087F6EFEF0043ED09FA381AEs1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bibD67E4BA7EE624185A2929D7514140722s1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bibD67E4BA7EE624185A2929D7514140722s1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bib1919A69A3FE07E1C09C3E9AD734FE2CCs1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bib1919A69A3FE07E1C09C3E9AD734FE2CCs1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bib4E545503082A57BE8654936DBE6D5BA5s1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bib74F39D5FBA9BFF4240B1F073B2CFD4DBs1
http://refhub.elsevier.com/S0021-8693(25)00365-5/bib74F39D5FBA9BFF4240B1F073B2CFD4DBs1

	Universal coacting Hopf algebra of a finite-dimensional algebra over an operad
	1 Introduction
	2 Preliminaries
	3 The construction of a universal algebra for algebras over (graded) operads
	3.1 Algebras over an operad
	3.2 Algebras over a graded operad

	4 An enrichment of the category P-FinAlg over the dual category of ComAlg
	5 Examples of universal construction for algebras over (graded) operads
	5.1 Algebras over binary quadratic operads
	5.1.1 The operad Com
	5.1.2 The operad Ass
	5.1.3 The operad Leib
	5.1.4 The operad Lie
	5.1.5 The operad Zinb
	5.1.6 The operad Pois
	5.1.7 The operad preLie
	5.1.8 The operad Perm

	5.2 Algebras over k-ary quadratic operads
	5.2.1 Totally associative k-ary algebras
	5.2.2 Partially associative k-ary algebras
	5.2.3 Lie k-algebras
	5.2.4 Leibniz k-algebras

	5.3 Algebras over non-symmetric operads
	5.4 Algebras over graded operads
	5.4.1 Graded Leibniz algebras
	5.4.2 Graded Lie algebras
	5.4.3 Graded Poisson algebras
	5.4.4 Gerstenhaber algebras
	5.4.5 Batalin-Vilkovisky algebras


	6 Applications
	6.1 Automorphism group of a finite-dimensional P-algebra
	6.2 Classification of abelian group gradings on a finite-dimensional P-algebra

	7 Conclusion
	Data availability
	References


