Chapter 2

Lﬁ-spectra of pseudo-differential
operators associated with the

Bessel operator

2.1 Introduction

The Fourier transform theory was recently used by some authors to study the spec-
tral properties of pseudo-differential operators. By utilizing the theory of the Fourier
transform, Catchpole [10], Wong [72-74], and Weder [70] studied the spectral prop-
erties of a class of pseudo-differential operators.

The pseudo-differential operator associated with a certain class of symbols H™, H{"
and their application in LP-Sobolev type space were discussed by Pathak and Pandey
[39, 40]. Pathak and Pandey [42], investigated the minimal and maximal pseudo-
differential operator associated with the Bessel operator. In 2001, Pathak and Upad-

hyay [43] found the L?-boundedness of the pseudo-differential operators associated
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with the Bessel operator. Pathak and Pandey [48] also studied pseudo-differential
operators hy,, in 2007 and showed that the kernel K (x,y) of the pseudo-differential

operators is a continuous function.

Based on these results, our main objective in this chapter is to study the spectral
properties of pseudo-differential operators by exploiting the theory of the Hankel
transform. For the present chapter, our consideration of the problems are the fol-

lowing:

1. The minimal and maximal pseudo-differential operator exploiting the theory

of the Hankel transform will be observed.

2. The spectra of pseudo-differential operators and some results of the spectrum
and essential spectrum of pseudo-differential operators will be investigated by

the Hankel transform technique.

3. The essential spectra of pseudo-differential operators are related to the Sobolev

space, and the heat equation will be considered.

The entire chapter is organized in the following manner:

Section 2.1 is introductory, and it gives brief descriptions of pseudo-differential op-
crators. In Section 2.2, we studied the properties of the minimal and maximal
pseudo-differential operator and some concepts of the spectra of pseudo-differential
operators. A characterization of the spectra of the pseudo-differential operator h,, ,
is given in Section 2.3, and it is shown that, under certain conditions, the spectrum,
essential spectrum, and range of symbol coincide. In Section 2.4, some applications

of spectra of pseudo-differential operators are given.
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2.2 Minimal and Maximal pseudo-differential op-

erators

In this section, the results of the minimal, maximal pseudo-differential operator are
investigated by exploiting the theory of the Hankel transform.

Let X and Y be complex Banach space with norms denoted by || ||x and || ||y
respectively. We are concerned with linear operators A mapping a dense subspace

of X, usually denoted by D(A) into Y. We call D(A) the domain of the operator A.

Definition 2.2.1. The operator h,, , is said to be closable if for any sequence < zj, >
of vectors in D(h,,) such that <z, >— 0 in LF(I = (0,00)), for 1 < p < oo and
hyo(xi) = y as k — oo, then we have y = 0. Thus an operator h,, has a closed

extension iff 4, is closable.

Definition 2.2.2. Let ¢ be a symbol in H™ and h,, be its associated pseudo-
differential operator. Suppose there exists a linear operator b, , : H,(I) — H,(I)

such that

(Puot, V) = (p,hy, ;) forall ¢,¢ € H,(I). (2.2.1)

Then A, , is called a formal adjoint of the operator h,,. Let u € H,(I), then h, ;u

is defined by the relation

(Mot @) = (u, by, ;0) (2.2.2)

where ¢ is the complex conjugate of ¢.

Definition 2.2.3. The domain D(h, ) of A, , consists of all functions u in L (1)
for which there exists a sequence ¢, in H,,(I) such that ¢ — win LA(I), 1 <p < oo

and hy ¢ — f in LA (I) for some f € LY () as k — oo. For any u € D(h, ,) define
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h?wu = f, then hfw is called the minimal pseudo-differential operator of h,, ;.

Remark: The closure in LP(I) for 1 < p < oo, of h,, : H,(I) = H,(I) is denoted

by h,.p and called the minimal operator.

Definition 2.2.4. The domain D(h,, ) is the set of all functions u € LE(I), 1 <

p < 00, such that there exist a function f € LE(I), satisfying

(u, hy, ,0) = (f,#), ¢ € H, (2.2.3)

For any u € D(hj, ,) and h), ,u = f,

(u, 1, ,0) = (o, 8), ¢ € H,

Then h/lm is called maximal operator of h, .

Theorem 2.2.5. Let 0 € H™. Then for any 1 < p < oo, the pseudo-differential
operator h, . : H,(I) — H,(I) is closable in L% ().

Proof. We can show this theorem with the help of [42, p. 135]. O

Theorem 2.2.6. Let h;lw be the maximal pseudo-differential operator and hfw be

1

- : 0
uo 18 a closed extension of hy, ,, for

the minimal pseudo-differential operator. Then h 1o

1 <p<oo.

Proof. The proof of this theorem is obvious from [42, p. 138§]. ]

Theorem 2.2.7. Let 0 € H™. Then we have hfww = hj, ¥ for all ¢ € H,(I).

Proof. See Lemma 3.7 in Pathak et al. [42], for the proof of Theorem 2.2.7. O
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Theorem 2.2.8. Let 0 € H™ be a symbol, ¢ € H,(I) and X\ be a complex number.
Then the pseudo-differential operator associated with the symbol o can be expressed

as in the following form:

(huo — N)o(x) = /Ooc(xf)l/QJu(wﬁ)(ff(i) — A)(hu9)(§)dS, (2.2.4)
for all x,& € I = (0,00).

Proof. Let
(e = A)P(2) = (hpo) () — Ap().

Then by definition of the pseudo-differential operator (1.3.15) and the inversion

formula of the Hankel transform, we can write

(o — No(z) = /0 OO<:c5>1/%(xs)a(@(hm)(f)ds — A /0 w(x@”?f#(xs)(hm) (€)de.

Then, we have

(o — A)p() = /000(965)1/2%(:65)(0(5) — A)(hyu9)(§)dE.

]

Theorem 2.2.9. Let 0 € H™ be a symbol and ¢ be in H,(I). Then for £ €
Iand p>—1/2

tuot)@) = [ ([T hle oD )0y 225)

Proof. In view of [43], and the definition of the pseudo-differential operator, we

have

(hoo) () = / (€)1, (1) (€) () (€)dE.
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From (1.3.1), we can write

(Upa)) = [ @0 23,00000(6) ([~ w6 006100 ) de

0 0

Exploiting the Fubini’s theorem, we have

(o) = [ ) ( / m(xo”%(xs)<y§>1/2JM<ys>a<s)ds) o(y)dy.

From [43, p. 145], we get

(hyo) / ( / g / (26)1/2.], (=€)

x Dy(z,y, Z)dZ)U(i)d£> o(y)dy. (2.2.6)

Using the Fubini’s theorem, we have

(net)o) = [ ) ( / ) ( / OO5““/2<z5>1/2Ju<z5>a<s>d§)

x D, (z,y, z)dz) o(y)dy. (2.2.7)

Therefore, we get

tna)) = [ ([ e 0@ @D, )0 ) oty

Lemma 2.2.10. For any v € L5 (1), 1 < p < oo we find the following relations.

gk#h#a"'v = hM,U(gk#v) - hu,agk#vy (228)



Chapter 2. L -Spectra of Pseudo-Differential Operators...

25

where gy, is a member of the test function space D(I).

Proof. Using (1.3.4), we have

(g1#hy ) () = / " (@ 5) () (v)dy
-/ " @) ( / Oc(yn)”zJu(yn)U(n)(huv)(n)dn> dy

_ / " gl y) () 2, (ym)dy / " () () (n)d.
0 0

Now using (1.3.5), we can write

ot = [ 500 ([ @)Dz ) dy
< [ ot mar.

~ [T aris ([ Dyt )
< [ ot

Exploiting (1.3.6), we obtain

(Getthyov) () = / R ) V2, (o) () T (g ()
< [ ot

- / )27 en)o (mn (g () (o) )y

From (1.3.7), we get

(gethov) (&) = / a2, (en)o () (gito) ()

= o (grtv).
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In similar way, using (1.3.4) we have

(hyrguio) () = / " (hyme) (. w)o()dy

_ /0 h ( /O oo(hw,gk)(z)Dﬂ(x,y,z)dz) o(y)dy

_ / N ( / N ( / °°(zml/QJM(zn)a(m(hugkxn)dn)

X D,(x,v, z)dz) v(y)dy.
Using the Fubini’s theorem, we have

(pasntio)(a) = [ ( | (] Do)

X U(H)(hugk)(n)dn> v(y)dy
N /O” </O°° 02 @) 2 (@) (yn) 2 ()

X U(H)(hugk)(n)dn> v(y)dy.

Therefore

(hagito)a) = [ T ) 7 en)o () (huge) (n) i

0
x /0 (ym)" 2 Ju(ym)o(y)dy

- / ") 3 en)o (mn 2 (g (n) (hyeo) (),
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From (1.3.7), we have

(o gito) (z) = / )27 (en)o 2 h(gedo) (n)e

- h,u,a (gk#v)

Similarly, we have the following results

gk#hu,rrv = h/t,ﬂgk#v = hu,n(gk#v)- (229)

Theorem 2.2.11. Let 0 € H™ be a symbol, then h® =hl  for 1 <p < oo.

n,o oo

Proof. Since h,, , is a closed extension of A, , for 1 < p < co [see Theorem 2.2.6],
then we have only to show that D(h),,) C D(h;,,), where D is domain.
Let us suppose u € D(hllm), then by the definitions of the maximal operator, there

is an f € L (I) and h} ,u = f, then

(u, b, 0) = ([, ), ¢ € H,(I), (2.2.10)

this implies

(U, hy,50) = (hou,d), ¢ € Hu(I).

Let gr, € D(I) (test function space) and for k =1,2,3,...

Define on(y)(z) = gr(y, ), yel. (2.2.11)

Then by (2.2.10)
(u, (hy 5 00) () = (f, (), (2.2.12)
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and using (2.2.11), we have

(f; ou()) = (9#S)(v), Ok € Hy(1). (2.2.13)

Let (h,s¢r)(y) be the complex conjugate of (h,z¢x)(y). Then

<u7 (hu,6¢k)(y)> = <h2,au7 ¢k(y)> = (gk#hg,a)(y)v (2214)

then from (2.2.13) and (2.2.14), we get

(ge#th), ,u)(y) = (gu#f)(y),  yel (2.2.15)

Now applying the Hankel transform, for any w € LP(I), 1 < p < oo and using

Lemma 2.2.10, we have

(ge#th, sw) = (RS ,g0)#w = I, ,(ge#tw). (2.2.16)

From (2.2.15) and (2.2.16), we have

Wo(ge#tu) = (gt f),  k=1,2,3,... (2.2.17)

Hence from (2.2.17) implies that, gi#u — w and A,  (gr#u) — f in L(I) as
k — oo. For each M > 0, define up(x) = u(z) if * < M and up(z) =0 if © > M.
Then for each M > 0, up; € D(I) test function space. Now from the definition of

the minimal and maximal operator, we find the following, for each k

(gr#tunr) = (ge#u) in LE(I) as M — oo
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and

hgp(gk#uM) — hg,a(gk#u) in Lﬁ([) as M — oo,

then u € D(R), ,), which completes the proof. O

2.3 Spectral properties of pseudo-differential op-

erators

This section devoted the results of the spectrum and essential spectrum of the
pseudo-differential operator involving the Hankel transform and discussed its prop-
erties. To study the spectral properties of the pseudo-differential operator, we define

some definitions with the help of Schechter [58].

Definition 2.3.1. The resolvent set p(h,, ) of the pseudo-differential operator h,,, :
H,(I) — H,(I), to be the set of all complex numbers A for which the operator
hyo—A: H,(I) = H,(I) is one to one and onto. The spectrum ) (h,,) of the
pseudo-differential operator associated with the Hankel transform is defined to be

the complement of p(h, ) in the set of all complex numbers C.

Definition 2.3.2. The essential spectrum ) _(h, ) of the operator h,, : H,(I) —
H,(I) is defined to be the set of all complex number A, if there is a sequence < z,, >
of elements of D(h,, ) such that ||z,|| = 1, ||(hye — A)z,|| = 0 and < z,, > has no

convergent subsequence, then A € > (h,.).

Theorem 2.3.3. Let o be a symbol and A € C and if o is bounded away from X\,
then X € p(hy,q).
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Proof. Let M > 0, be such that
lo(€) = A > M, ¢el=/(0,00). (2.3.1)
Let ¢ € H,(I), then we have

This implies that
(hpo — X))o = 0. (2.3.2)

Using Theorem 2.2.8, (2.3.2) becomes
| @5, 6) = M) € o

Then
ho (o (&) = M) (hue) (€)](x) = 0.

Using the property of the inversion formula of Hankel transform (1.3.2), the above

expression becomes

(0(6) = N (hud)(€) = 0 for x,€€ 1. (2.3.3)

From (2.3.1) and (2.3.3), we yield

(hy$)(€) =0 as £ €T and o(€) # A

Therefore, using (1.3.1), we get
¢ =0.

This proves that (h,, — A) is one to one. To prove that (h,, — A) is onto. We take
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any function ¢ in H,(I) and using Theorem 2.2.8, then there is a function ¢ such

that
hH(0(€) = M (huo)(©)](z) = W ().

By applying the Hankal transform, we get

(&) = M) (hu9)(€) = (hut)(§)-

This implies

_ () (0.0
(hm)(&)—(a(g)_w £el=(0,00), (2.3.4)

is in H,,(I). By (2.3.4) and the Hankel inversion formula (1.3.2), we get

(h,u,a - )‘)¢ = ¢

Therefore, (h,, — A) is onto. O

Theorem 2.3.4. Let 0 € H™ and A\ € C, and if o is not bounded away from .

Then we prove that X € Y _(hyqp) for 1 <p < oo.

Proof. Let < & > be asequence of elements of I = (0, 00) and < ¢, > be a sequence
of positive number, such that ¢, — 0 as k — co. We see that D(I) C H,(I) C L (I)
and D(I)(test function space) is dense in LF([) for 1 < p < oo and u > —1/2, so
H,(I) is dense in L (I).

Now we consider 1) € D(I), such that
/ P V2 (x)de = 1, for p> —1/2 and x € 1. (2.3.5)
0

We define
or(z) = AEIE}C/%_”’_I/Q(xfk)l/2ju($5k)1//(€k$)’ (2.3.6)
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where |(2&,)Y2J,(2&)] < A,
Let 0 € H™ which is not bounded away from A € C for £ € I.

Therefore, we have

By () — Adul) = / (06 (260 () (hub) (O)dE — Apu(a).  (23.7)

By (1.3.1), we have

() — Abul() = /0 T (06) 20, (1) (€) ( /0 w(ysf%(ysm(y)dy) ¢

By the Fubini’s theorem of order of integration, we get

o 5() — Adp(2) = / N ( / OO(xf)l/%«cf)(yf)l/wyé)a(adé) ou(y)dy

From [43], the last expression becomes

paia) < Aona) = [ ( | ( | e, z)dz)
X 0(5)615) ou(y)dy — A ().

= [T ([ mte @) 0e.. 2 ) utirdy

:/ow B2 (€)) (, y)buly)dy — A (@),
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By definition of the Hankel Convolution, we find

huadr(x) — Aow(z) = (hy (€720(8)) #¢1) (z) — Adw().

Therefore using LF-norm, we get

1o dr(@) = Adw ()]l < [[(hu (€20 (€)# 1) (@)l + [[Adw ()]l
< (€2 ()il delly + M 6r ()],

= (A€ T2 (€)1 + XDkl

Using (2.3.6), we obtain

||hu,a(bk(x) - Aﬁbk(w)up
< <||hu(§l‘+1/20(§))||1 + |)\|) </o (|A;1€;1€/px"“"1/2
1/p
X (iﬁfk)l/zju(xik)lb(ﬁkw)|pdiﬁ> (2.3.8)

) 1/p
< €Z+1/2<||(hu(€ﬂ+l/20‘(§))||1 + |>\|> (/ |x—u—1/2¢(q;)|pdx) )
0

(2.3.9)

Using [43, Lemma 2.1], the above integral is convergent. If we take e, — 0 as k — o0

for u+1/2 > 0, then we get

hpotr(x) — App(z)|l, = 0 as k — oc. (2.3.10)

Hence the complex number A € > (hyop)- O
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Lemma 2.3.5. For all k € Ny and €, be a sequence of positive numbers, there exists

positive constant A depending on €, and s. Then we have the following inequalities;

(€D (€ o) (©) | < Aot [ vudu, (2311

0
where ¢, € H,,(I) and ¢ € D(I).
Proof. Let

de(x) = €/ (xp) 2T, (xp)a 2 (ep). (2.3.12)
Then

o0

(hutn) (@) = &/ [ (26)Y2 T, (2€) (wp) V2T, (wp)a ™ 2p(er) da

/
= / " (08) 7, () (22 (wp) V2, (2 p)e ) .
Therefore, we get

EH 2 (hon)(x) = 6" / (@) () wp) )bl e

0

(€7D (o) (@) = €7 /OOO(CUP)I/QJu(pr)(ﬁ_lDa)S[(fvf)_’“‘Ju(fcé)]w(Ekw)dw-

Using formula [83, p. 129]

(6 Dy eV () () = el/? / () T () () () ()

= (—1)%¢/” /Ooo(l“ﬂ)l/ Tu(wp) (@) Jura(8)* U (€) da
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Therefore, by substitution we get

(671 D) €M (M) (x) = /"7 /0 oo(W)/ &)/ Ju(up/er) (u fex)

X s (€ f ) ()

(€7 De) €2 (hyi) ()] < Ags” > / " (u)du

0

Since 1) is a function of compact support and 1/p — 1 — 2s > 0, we have
(67" De)*e ™ 2 hyutop ()] < oo.

O

Theorem 2.3.6. Let 1 < p < oo and 0 € H™, then 1s a multiplier in

1
(&)
L(I),I = (0,00) for the resolvent set p(Ry.op) of Nyop-

Proof. Without loss of generality, suppose that if 0 € p(h,.), then there is a

constant M > 0 such that

1ollp < MI[(huod)llp ¢ € Hu(I). (2.3.13)

Therefore, from the above equation, we get
o() = 1/M, el (2.3.14)

Let us consider £ € I, ¢ € D(I) be such that |[¢||, = 1 and choose sequence ¢

from (2.3.12).
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Then the pseudo-differential operator with symbol o € H™ is,

(hr)() = / " 06 2, ()0 (€) (o) ().

From [43, Lemma 2.1], we have

(hyr) () = / (@) (26 (1 + 7)1 — S’
< (0(€) (o) (€))dE. (2.3.15)

Taking bionomial expansion in (2.3.15), we find

(o)) = [ @0 21,01+ ) > ()

r
r=0

X (=1)"5, ¢ (0(&) (hyuor ) (€)) dE. (2.3.16)

Now using (1.3.10), we get

l

(e (r) = 2 (l) (=1 / () ) 1+ ) ( Sopgns

r=0

X (5_1D5)T+j(€_“_1/20(€)(hmk)(&)))d€ (2.3.17)

T

= () Eute e [T s woe

r -
j=0

X (E71 D)™ (720 () (hudn) (€))dE.
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Using the Leibniz formula, we get

(hpoti) (@) = ; (i) (=) Z;bj(l +27)! /()oo(xf)l/?Ju(xé)Szj+u+1/z § (r 45—3)

s=0

X (7' De) ™50 (€)) (& De) (€2 (huthr) (€))déE (2.3.18)

zz: r gf <r+j> (l)(_1)rbj(1+:[;2)—l /m(xg)l/zju($§)€2j+u+l/2

r
r=0 j= 0

X (€71 De)™ 20 (& —n+n)) (€' De)* (672 (hudn) ())d&.

With the help of the Taylor expansion, the above expression can be obtained as

l r r+j

=355 () () e

r=0 j7=0 s=0

< (€D Y @;—ffl)pap’<n)<£-1Dg>s<s-ﬂ-1/2<hu¢k>(f))df

B (2.3.19)
=ZZZZU. () () cvrma ey [Caea e

x U2 (E DOy (€ )P (€7 D) (€M (i) (€)) e
(2.3.20)

r T+ n

> ) 3p Bp B DT (D e

S r
r=0 j=0 s=0 p’=0m=0

X /’O(xf)1/2J#(m§)§2j+u+1/z(5_1DE)T+j_S§m

0

X (€71 De)* (€72 (hure) (€))dE.
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Since 0 € H™, we get the following approximation

(o) ZZZ(“)() ey EH (g

r=0 j=0 s=0 p =0 m=0

x |(1+2%)7] sup (€71 De)” (672 (hun)(€)) |

% / (1 + £>2j+“+1/2Dr,j,s<1 + €)m—27~—2j+25d€7
0

where D, ;s > 0 is a constant.

Using the Lemma 2.3.5, we get

(o0 @)] < A, Zi%isz('f“)(ﬁ)( b, | 10402

r=0 j=0 s=0 5’ =9 m=0

x sup (€' De)* (€2 (huon) (€)))]

O-p/ '—m oc m—2r+2s
« p/('n) (_n>p /O (1 + €)u+1/2+ 2r+2 d§

When we choose m < 2r —2s — u — 3/2, then the above expression is convergent

r r+j n .
|(hli70(bk |<A ZZZZZDTJS eksmrs k_1_2s<r_;_]> (i)b]

r=0 j=0 s=0 5’ =9 m=0

2\ —1 O-p/(n) ' —m
X (L4 2%) == (=n)P (2.3.21)
Case 1. p' #0
l r r+7J
1/p—1-2s _
(i) (@)1 < D &/ AL eI,

r=0 j=0 s=0

o” (n) '

X (=m)P ™,
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1

since ¢y — 0 as k — 00, p < 175;,

this implies

(P dr) (@)][p = 0.

Case 2. p' =0, (2.3.21) yields

r r+jJ

l
€1/p—1—23 _
[(huod) @)l < YD D €% AL e 1L+ @) sl ()]

r=0 j=0 s=0

/p—1—2s

as k — 0o, we have e — 1 and |[(1+2%)7Y|, < cc.

This implies,

(o i) (@)][p = | (n)]. (2.3.22)

Using (2.3.13), we obtain
1= |kl < M[|(huotn)(@)llp,  k=1,2,3,... (2.3.23)
From (2.3.22) and (2.3.23), we find
1
— < M. (2.3.24)
a(n)
This implies ﬁn) is a multiplier in LE (7). O
Theorem 2.3.7. Let 1 < p < oo and 0 € H™, then X € C is in the resolvent set

p(hyop) of hyop iff is a multiplier in LE(I), I = (0, 00).

b
(@(&) =)

Proof. Using the technique of Theorem 2.3.6 and Schechter [58], and by exploiting

the theory of Hankel transform, we can show that 1/(c(§) — A) for A # 0 is a
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multiplier in L7 (T). O

Theorem 2.3.8. Let 1 < p < 0o and o be a strongly Carleman symbol of class S},

m > 0,0 < p<1. Suppose that o € S, o is such that o is strongly Carleman is

satisfied for some b > m/4. Then

11 db—
‘ T (2.3.25)

D (o) = (o) ={0(&) £ €T} for ‘]—9 3<%,

e

Proof. With the help of the (1.3.14), we define a class of symbol
Spine =10(6) € C3°(I) : (67" D)o ()] < Ca(L 4 )" "}
This implies that
(§7'De)0(§) = O(E™ WD) as € — oo,

Since o(§) # A for £ € [ and put 7 =0 — A, we get

(€71 D)o (€)] = |(€"De)7(€)] = O™~ "HD),

as & — 00.

Therefore, we get

(5_1D§)a7(§) _ O(gm—(p—i—l)a—b)

7(£)
where 7(£) = O(¢%), £ >0.
Then
(€71 De)*(1/7(€)) = O™~ D2"2) as € — co.
Thus

1/7(€) € S5,
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This implies, that

1/(0(€) = A) € S)'57%-

Considering the concept of the Fefferman [19], we get

. TR I S | 4b —m
1/(o(§) — A) is an LE multiplier if ’2—9—5‘< 2=, p#2.
Then by Theorem 2.3.7,
1 1 4b —m
/\ﬁ'éZ(hu,a) for ‘]—9—5‘< 2=, p#2.
Therefore
1 1 4b—m
Sl o) €1y for [1-3l < FE pr2

By Theorem 2.3.4, we have

{c(§): €€} C Z(h“"’) for 1 < p < 0.

Since

> (o) € (hye)  for1<p<oc.

e

It follows from the above equation we say that (2.3.25), is valid for our case

1.€

1 1 4b —
e

p 2 2—p
O

Theorem 2.3.9. Let 0 € H™ and o(§) # A, where X is a complex number for all

£e€l=(0,00). IfkeN and (c — Nk =17, then h,, = h* y Jorall g € Hy(I).

H‘v(U_A
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Proof. We define the pseudo-differential operator with a given symbol o € H™

(Pp(o-2 ) (x) = /0 T (26) 20, (26) (0(6) — N(hd)(©)de, w.Eel. (2326

This implies that

(Puste-2®) (@) = I, [(0(€) = A) (hud)] (). (2.3.27)

Therefore by property of the Hankel transform, (2.3.27) becomes

P[P o2 0) ()] () = (0(§) = A) (hu@) (£)- (2.3.28)

Again, the pseudo-differential operator (2.3.26) is

Fys (o2 (P (o2 9)] () = / 00(565)1/ “Ju(@€)(0(8) = Ml o0 B(@)](€)dE.

0

From (2.3.28), we have

(B2 (2y9)(@) = / () 2, (26) (0(6) — ) [(0(6) — N) () (@) (€)de
- / (€20, (1) (0() — N (hud(x))(€)de

= (huo-120) (7).

Now repeating this process, we get

(o ®)(@) = (B (o—ne®) (), for all z € I.

By o2y = Moy (2.3.29)
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2.4 Applications

In this section, we give some applications of the essential spectrum of pseudo-
differential operators associated with the Bessel operator in the Sobolev space. Also
we discuss the solution of the heat equation in form of the pseudo differential oper-
ator and find the essential spectrum of the pseudo differential operator associated

with the solution of the heat equation.

Theorem 2.4.1. Let 0 € H™ and A € C, and if o is not bounded away from .
Then we prove that X € Y _(Jsyp) for 1 < p < oo, where Js,, is a pseudo-differential
operator in LY, sobolev space and is defined by Jpu = [h' (14 E972h,Ju, 0 < s <

oo where u € L (I = (0,00)).

Proof. J,, is a pseudo-differential operator define above, then proceeding as in

proof of Theorem 2.3.4, we have

1T p0 () = A (@))]]p < €72 ( Ry (€721 4 €2)7/) |1 + |A])
00 / 1/p
12 Pd 2.4.1
(/ 12 (a) x) , (2.4.1)

where 1 and ¢y, is defined in (2.3.5) and (2.3.6) respectively.

Now we have to find

1R (8421 4+ €2) 72| = / ) 2, ()L 4 €7) g
0

S A“ /OO€M+1/2(1 +§2)_$/2d§.
0
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Replacing (1 + £2) = u in the right side of the above equation, we get

(€20 (€ll < A [ (= )P0 2T )

< Aﬂ/ (u — 1)H2= YAy =52y,
1
Again taking v = 1/v, we get
1

||hﬂ(§p+1/2a(§))||l < A“/ (1 _ U)“/2+3/4_12)_“’/2_3/4+8/2_1d’0.
0

Then by definition of the Beta function, we estimate the above integral
u+1/2 AN

17 (o (O)lh = 7 B(p/2 +3/4, —1/2 = 3/4 + 5/2) (2.4.2)

for > —3/2 and s > p + 3/2, and B denotes the Beta function.
For u > —1/2, by (2.3.5), (2.4.1) and (2.4.2), we obtain

|| Jsp0r(x) — Api(x))|l, = 0 as e — 0 and k — oco.

Therefore, Theorem 2.3.4 yields

AED (Jop)

]
Theorem 2.4.2. consider the heat equation
ou
—=A 2.4.3
5 = O (2.4.3)

where w € H,(I = (0,00)) and u(0,z) = f(z) and A = S, , = % + 42 Thep

4x2
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the solution of the heat equation can be expressed in form of the pseudo-differential

operator
uant) = [ @) ) b O (2.04)
for any given time t > 0.

Proof. Applying the Hankel transform on (2.4.3), we have

I(hyu(€, 1))

o = hu(Au) = h, (S, zu).

Using (1.3.9), we get
(hyu)(&,1) = Cre ¢, (2.4.5)

Putting ¢t = 0 in (2.4.5), we obtain

(huu)(§,0) = Cr. (2.4.6)
Therefore
(hyu)(€.0) = [ (€)' J, a€)ute,0)da (2.4.7)
- /ow<$f>l/2fu<xs>f<x>dx
= (h.f)(&). (2.4.8)

From (2.4.6) and (2.4.7), the expression (2.4.5), becomes

(huw)(&:t) = (R f)(€)e . (2.4.9)
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Taking the inverse Hankel transform of (2.4.9), we get (2.4.4).
We denote (2.4.4) as (h, ., f)(z), which represent the pseudo-differential operator

with a symbol o4(§) = e=¢t € H™, for any given time ¢ > 0. O

Lemma 2.4.3. Let 04(§) = e ¢t ¢ H™, for any given t > 0. Then
€412 < AL+ )M a2 ST+ 2 4 3/4),

kE>1,ze€l=(000), and for p > —1/2.

Proof. By definition of the Hankel transform, we have

hu(§41%0,(€)) = /Ooo<wfs>”2Ju<w5>5“+1/20t<5>d5
= [ @ e e s
0

Let k be a positive integer greater than 1, then by using (1.3.9) we get

(€ 20(€) = (1409 [T (@620, ()1 - 8, 0M(e e g
0

k
= (1+$2)_k/ (x€) 1/2J (x€) Z ( )S" €M+1/2 —£2t)d€
0 r=0

— (et i;(—w (1) [ wera yoneme

X (£ D)™ (e de,

since (€' Dg) e €t = (=2t)"He € therefore

huw“/?e-f“)=<1+x2>—’“§ ()Zb S ARCORR A

% §2j+“+1/2tT+j€_§2tdf.
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Therefore,

k r 0o ,
[Pu(§F1 eS| < A (L4 2?) KD Y b2rtiert / G2 e (2.4.10)
0

r=0 j=0

Substitute u =t 2032 we get

> 27 1/2 2¢ <. 3. 2j+ut3/2 QJT2+3/2
/ AL IRS =/ @ +p+ gt 7 e du
0 0

© a2
(2t D) / e w2 gy
2 0
Replace y = u2j+u2+3/2, we obtain

Rl 2 1 . > 2j+u+3/2
/ é’ j+/.L+1/26—§ tdé- :_t—]—p/2—3/4/ e—yyf—ldy
0 2 0

1 . .
= StHPEID( 4 /24 3/4),

for j 4+ /2 +3/4 > 0. Therefore (2.4.10) becomes
k r

i ~ S B .
(€2 0 < AU+ %)M 1 Y D 02 R TETAT( + puf2 4 3/4)

r=0 j=0

1
< Apfl(1+ w2)"“l|1bk§t2’“‘“/2‘3/4F(k +u/2+3/4).
Thus for k& > 1, we have
(€27 |1 < Buasll(1+ 2%) 7]y < 0.

]

Theorem 2.4.4. If A € C and 04(§) is a symbol belonging to the class H™, then
hyow is a pseudo-differential operator generated by the heat equation for u € H,(I)
and p > —1/2. if 0,(&) is not bounded away from X for { € I. Then A € > _(hyo,)-
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Proof. In view of Theorem 2.3.4, Theorem 2.4.1, and Lemma 2.4.3 we can obtain

the desired result. ]

2.5 Conclusions

The spectral theory of a class of pseudo-differential operators was introduced by
Schechter [58], Catchpole [10], Weder [70], and Wong [72-74] by exploiting the the-
ory of the Fourier transform. Recently authors found different papers about the
class of spectra of pseudo-differential operators which are given as follows:

In 2012, Lorinszi et al. [35] analyzed the spectral analysis of pseudo-differential
operators by a combination of functional integration methods and direct analy-
sis. In 2016, Abels and Pfeuffer [1] discussed some spectral invariance results for
non-smooth pseudo-differential operators with coefficients in Holder space. In 2018,
Pilipovic et al. [53] investigated the spectral properties of a class of global infinite or-
der pseudo-differential operators and obtain the asymptotic behavior of the spectral
counting functions of such operators. Rodriguez [56] considered spectral properties
of pseudo-differential operators on unit circle T and Verediere [69] determined the
spectral theory of pseudo-differential operators of degree 0 and got the application
to forced linear waves.

In the present chapter, by exploiting the theory of Hankel transform technique, au-
thors introduced the L-spectra of pseudo-differntial operators associated with the
Bessel operator and obtained some interesting results about the essential spectrum
of pseudo-differential operators. Some application related to the essential spectrum
of pseudo-differential operators involving the Hankel transform in the Sobolev space,

and in the heat equation are obtained.

Fokok



