Chapter 2

Cliri¢ quasi-contraction operators with common

fixed point results

This chapter focuses on presenting some common fixed point results for a pair of
C’iric’—type quasi-contraction operators in the complete metric space. Here we estab-
lish the existence and uniqueness of the common fixed point results to apply them
in stability analysis. As an application, we will also find under which conditions
the common fixed point problem satisfies well-posedness, Ulam—Hyers stability, and

Ostrowski’s property.

2.1 Introduction

Definition 2.1. Let (X,d) be a metric space. Then, T': X — X is said to be a

Picard operator on X if:

(1) Fiz(T) = {z"};

(i) {T"(x)} — z* as n — oo for all z € X.

For example, any Banach contraction on a complete metric space is a Picard oper-

ator.

21
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Definition 2.2. Let (X,d) be a metric space. Then, T': X — X is said to be a
weakly Picard operator if, for all x € X, the sequence {T"(x)} converges and the

limit (which may depend on z) is a fixed point of 7.

Definition 2.3. T': X — X is said to be a 1-weakly Picard operator on the metric
space (X, d) if:

(i) T is a weakly Picard operator;
(i) ¥ : Ry — Ry is an increasing and continuous at 0 with ¢(0) = 0;

(iii) d(z, T°°(x)) < (d(z,T(x))), for all x € X, where T*°(z) = lim T"(z).

n—oo

In particular, if T" is a Picard operator and z* € X denotes its unique fixed point,

then T is said to be i-Picard operator if

d(z,z") <(d(x,T(x))) forall xe€ X.

In both cases, if )(t) = ct, then T is called a c-weakly Picard operator, respectively c-
Picard operator. For example, any (Banach) k-contraction T on a complete metric
1

space (X,d) is ﬁ—Picard operator, while any graphic k-contraction 7" is a -

weakly Picard operator, see [74].

Definition 2.4. [74] Let T': X — X be an operator on the metric space (X, d).

Then, T is called graphic k-contraction if there exists k € (0,1) such that

d(T(z),T*(z)) < kd(z,T(x)) forall € X.

Definition 2.5. [84] Let T': X — X be a weakly Picard operator on the metric

space (X, d) such that Fiz(T) = {z*}. Then, T is said to be -quasi-contraction if
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there exists 5 € (0,1) such that

d(T(x),z*) < pd(x,z*) for all z € X.

Theorem 2.6. [74] Let (X,d) be a complete metric space and the closed graph of

T: X — X be a graphic k-contraction. Then the following conclusions hold:

(i) the Picard sequence {T"(x)} converges to a fized point x* of T
(ii) T is ﬁ-weakly Picard operator;

(iii) Fix(T) = {x : T(z) = x} satisfy the well-posed condition of Reich and Za-
slavski, i.e., Fiz(T) = {x*} and for any sequence {v,} C X with d(v,, T (v,)) —

0 as n — oo, implies that v, — x* as n — oo;

(w) Fix(T) = {z : T(x) = z} has Ulam-Hyers stablity, i.e., there exists ¢ > 0
such that for all e > 0 and for all & € X satisfying d(z,T(Z)) < €, implies that

d(z,z*) < ce.

Theorem 2.7. [74] Let T : X — X be a [-quasi-contraction on the metric space
(X,d) such that Fix(T) = {x*}. Then, T has the Ostrowski stability property,
i.e., Fiz(T) = {z*} and for any {w,} C X with d(w,1,T(w,)) — 0 implies that

w, —> r* asn — oo.

2.1.1 Delineation

The current chapter is structured as follows: Section 2.2 focuses on establishing
the existence, uniqueness, and approximation results for the common fixed point of
Clirié quasi-contraction type operators. In the same framework, we obtain sufficient

conditions assuring that the common fixed point problem is well-posed and has the
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Ulam—Hyers stability, as well as the Ostrowski property for the considered prob-
lem. In Section 2.3, we discuss an application to a hierarchical system of nonlinear

variational inequality problems.

2.2 Common fixed point results

Theorem 2.8. Let S,T : X — X be two operators on a complete metric space

(X, d) and suppose that there exists k € (0, %) and for all x,y € X, S and T satisfy

the condition:

A(S(@), T(y)) < kmax {d(z, ), d(x, S()). d(x, T(y)), d(y, S(x)). d(y, T(y)) }.
(2.1)
Then the following conclusions hold:
(i) ComFix(S,T) = Fiz(S) = Fiz(T) = {z*};

(i1) for any xo € X, the sequence {z,} given by

Tony1 = S(xa,), Tonre = T(xany1) for all n € N, converges to x* as n — oo;

(11i) for any yo € X, the sequence {y,} given by

Yont1 = T (Yon), Yonio = S(yans1) for all n € N, converges to x* as n — oc.

Proof. (i) Let us consider z* € Fiz(S) therefore, S(z*) = z*. Thereby, from (2.1)

we have

< kmax{d(z*, %), d(z*, S(z")),d(z*, T(z")),d(z*, S(x")),d(z*, T (x*)) }
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= kmax{0,d(z*,T(z"))}.

As such d(z*,T(z*)) < kd(«*,T(z*)). If d(z*,T(2*)) # 0, then & > 1, which is
a contradiction. Therefore, d(z*,T(xz*)) = 0, which implies z* = T'(z*), and so
z* € Fix(T), that is Fiz(S) C Fiz(T).

Similarly, it can be shown that Fixz(T) C Fiz(S). Therefore, Fix(S) = Fiz(T).
Now we prove that S and 7" have at most one common fixed point. If possible let
z*,y* € Fiz(S)N Fixz(T) then by (2.1) we have d(z*, y*) < kd(z*,y*). If d(z*,y*) #
0 then k& > 1, which is a contradiction. Therefore, d(z*,y*) = 0, which implies
x* = y*. Hence, we conclude that ComFix(S,T) = Fix(S) = Fix(T) = {z*}.

(ii) For an arbitrary xy € X, we consider the sequence {z, } given by z2,.11 = S(z2,),
Tonto = T(x9,41) for all n € N.

Now,

d(z1,22) = d(S(20), T(21)) < kmax{d(zo,21), d(z0, S(20)), d(z0, T (1)), d(z1, S(20)), d(z1, T (1))}
= kmax{d(zo, 1), d(z0, z2),d(z1,2)},
(here if max{d(zo,x1),d(x0,x2), d(x1,72)} = d(z1,2)
then k > 1, which is a contradiction)
< kmax{d(zo,z1), d(zo, z2)}
< k{d(xo,71) + d(z0,72)}

S k{d(l‘o,fl) + d(ZL’(),iL'l) + d(l’l, SUQ)}

Therefore, d(z1,x9) < %d(zo,xl). Now, using the principle of mathematical

induction, we get

d(xp, Tpi1) < (%)”d(mo,xl). (2.2)

Since k € (0, %), therefore 12Tkk < 1. Now, taking the limit as n — oo on both sides

of (2.2) we get

lim d(zp 41, x,) = 0.
n—oo
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Let us consider m > n.

Now,

d(SL’n, .'me) S d(.Tn, anrl) + d(xn+17 xn+2) + -+ d(mmfh :Cm)

2k 2k 2k
< _FM \n _F yn+l _Fv ym—1
A=)+ =)™+ (=)™ (o, )
% 2% o%h .,
= (ﬂ) {1+ﬂ+"'+(m) td(wo, 1)
1—k 2k 2k

)m}d(ZL‘(), ZL’I).

=Gl -0

The right hand side goes to 0 as m,n — oo, therefore, lim d(z,,z,) = 0, which
n,m—

implies {z,} is a Cauchy sequence in X. Since X is complete therefore, {x,} is

convergent and let it converge to z*.

Now,

d(z", S(z")) < d(z", x2n+2) + d(T2n42, S(z7))
< d(a%, w2on42) + d(T'(22n41), S(27))
< d(z", z2p42) + kmax {d($2n+17 z%), d(z2n41, T(22n41)), d(T2n41, S(27)),
A", T(w2041)), (", () }
<d(z", Tan42) + kmax {d($2n+17 r*), d(T2n+1, Tant2), d(T2n11, S(27)),

d(z*, Tania), d(z*, S(x*))}.

Now, taking the limit as n — oo on both sides we get, d(z*, S(z*)) < kd(z*, S(z*)).
If d(z*,S(z*)) # 0, then k£ > 1, which is a contradiction. Therefore, we have
d(x*,S(x*)) = 0, which implies 2* = S(z*).

Again,

d(‘r*7T($*>) < d(x*va’nJrl) + d(92n+1’T(x*))
= d(x*7y2n+1) + d(S(y2n),T(l‘*))

< d(@” yons) + bmax {d(yan, 2°), d(an, S(2n)s dlyzn, T(")),
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d(a*, S(yzn)) d(a”, T(a")) |

S d(.’II*, y2n+1) + k max {d(yQ’ru .’II*), d(y2n7 y2n+1)7 d(yQTH T(l‘*)), d(.’]?*, y2"+1)’ d(l‘*, T(.’I}*))}

Now taking the limit as n — oo on both sides we get, d(x*, T'(z*)) < kd(z*, T(z")).
If d(z*,T(z*)) # 0, then k& > 1, which is a contradiction. Therefore, we have
d(z*,T(x*)) = 0, which implies 2* = T'(z*).

Hence, 9,11 = S(xan), Tonra = T(x9,y1) for all n € N, as such the sequence {x,}
converge to z* as n — o00.

(iii) Similarly for an arbitrary yo € X, the sequence {y,} given by yon11 = T(y2n),
Yon+o = S(yany1) for all n € N it can be shown that {y,} is a Cauchy sequence in
X and it converges to y*.

Further,

Ay, T(y")) < d(y", y2nt2) + d(Y2nt2, T(y"))
=d(y", y2n+2) + d(T(y2n41), T(y"))
< Ay, any2) + kmax {d(yani1,y7). A1, T(ani1)): dnsn D)),
Ay, Tlyanin), dly* T(y")) }
< d(y", y2n+2) + kmax {d(y2n+17 Y"), d(Y2n+1, Y2n+2), d(Y2n+1, T(Y")),

A" yans2), Ay Ty")) }-

Now taking the limit as n — oo on both sides we get, d(y*, T'(y*)) < kd(y*,T'(y*)).
Ifd(y*, T(y*)) # 0, then k > 1, which is a contradiction. Therefore, d(y*, T(y*)) = 0,
which implies y* = T'(y*).

Since, ComFixz(S,T) = Fix(S) = Fiz(T), therefore, z* = y*.

Hence yoni1 = T(y2n), Yoni2 = S(yony1) for all n € N as such the sequence {y,}

converge to x* as n — oo. ]

Example 2.9. Suppose S, T : [0,2] — [0, 2] be two operators such that
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Lo if 0<z <1

£, it z>1
and

2
Yty
T(y) = 10

, ¥y €]0,2].

Choose z = 5% and y = 103%, then d(S(z),T(y)) = 0.1004001 and d(z,y) = 0.002.
Therefore, d(S(x),T(y)) < kd(x,y) imply that & > 50.20005, which is a contradic-
tion. Therefore, we can not assume the condition that there exists k < 1 such that

d(S(z),T(y)) < kd(x,y) forall z,y€0,2].

o

On the other hand, the pair S and T satisfies the condition (2.1) for any k € (s, 1).

o

Moreover S and T have ComFixz(S,T) = 0.

Theorem 2.10. Let S, T : X — X be two operators on a complete metric space

(X, d) such that there exists k € (0, %) and for all x,y € X, satisfying the condition:
A(S(@), T(y)) < kmax{d(z,y). (@, S(x)), d(w, T(y)), d(y, (), d(y, T()) }.
Then, we have the following conclusions:

(i) if k < %5, then S and T are graphic contractions;

(i) if k < %, then S and T are [B-quasi-contractions;

(i) if k < 3_4‘/5, then S and T are c-Picard operators, with ¢ = %.

Proof. Let us consider x to be an arbitrary element in X. We have

d(S%(x), S(x)) < d(S*(2), T(2%)) + d(S(x), T(2"))
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< kmax {d(S(x),2), d(S(x), $*(2)), d(S(), T(z")), (", $(x)), d(z*, T(")) } +
k max {d(a:, 2*), d(z, S(x)), d(z, T(z*)), d(z*, S(x)), d(z*, T(x*))}
< kmax {d(S(2),2"),d(S(x), $*(2)),d(a", 5*(@)) |+
k max {d(z, 2*), d(z, S(z)), d(z*, S(z))}
< K[d(S(z),2") + d(S(x), S2(x)) + d(a*, S2(x))]+

kld(z,z*) + d(z, S(x)) + d(z*, S(x))].
Therefore,

d(S%(x), S(x)) < k[d(z,z*) + 2d(S(x),z*) + d(S*(z), z*) + d(S(x), S*(x)) + d(z,S(x))]. (2.3)

Now,
d(S*(z), 2*) = d(5*(), S(2")) < kmax{d(S(x),2*), d(S*(x), S(x)), d(S*(x),2*)}
< k[d(S(z), z*) + d(S*(x), S(x)) + d(S*(x), z*)].
Therefore,
A(S*(@), ") < o d(S(a), )+ d(S(2), S(2)]. (2.4

Now using relations (2.3) and (2.4) we get

A(S2(2), (2)) < Kdlar, %) + 2d(S(w), 2°) + o d(S(a)0*) + d(S(x), S ()] +
A(S(x), 5*(x)) + d(S(x),x)].
Therefore,
k(1 —k 2—k
1(5°(), 50) < P ety + 2R as )0 a(sa).00]. @29)

Again,
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< kld(z,z") + d(S(z), z) + d(S(z), z")].
Therefore,
k
d(S(z),xz*) < m[d(x, x*) +d(S(x),x)]. (2.6)
Again,
Az, 2%) < d(S(x), 7) + d(S(x), 2"). 2.7)
Therefore, from (2.6) and (2.7) we have
A(S(x), ") <~ d(S (), ) (28)
), 2") < T—or x),x :
and
1
* < .
d(a,2") < o d(S(x) ) (2.9
Therefore, using the relations (2.5), (2.8) and (2.9) we obtain
4(S2(x), S(x)) < — 2% 4(S(x), 2) (2.10)
! = (1 - 2k)2 ) '
If k < 3_4‘/5, then % < 1, i.e., S is a graphic contraction.
(ii) Again, from (2.6) we have
* k *
A(S(x), %) < —fd(a,a*) + d(S(r), 2]
k
< m[d(az ")+ d(S(x), ") + d(z, z")].
Therefore,
d(S(z),z") < d(xz,x"). (2.11)
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If k < 1 then =5+ < 1, and so is a $-quasi-contraction.

(iii) Again, from the relation (2.10), we can say that S is graphic 7 = % con-
traction.

Therefore, from the Theorem 2.6, we obtain that S is a ﬁ = i’gz é’;i} Picard
operator.

Hence the desired results.
O

Theorem 2.11. Let S, T : X — X be two operators on the complete metric space

(X, d) such that there exists k € (0, %) and for all x,y € X, satisfying the condition:

A(S(@), T(y)) < kmax {d(z,y). d(z, S(x)), d(z, T(y)), d(y. S()), d{y. T(y)) }.

Then, the following conclusions hold:

(i) if k < %5, then Fix(S) = {x : S(z) = z} and Fiz(T) = {z : T(x) = z}

satisfy well-posed conditions of Reich and Zaslavski;

(ii) if k < 222 then Fiz(S) = {z: S(z) = 2} and Fix(T) = {z : T(x) = 2} have

Ulam-Hyers stability,

(ii) if k < , then S and T have the Ostrowski property.

Proof. (i) The operators S and T are both graphic contractions for (k < 2= f) [see
Theorem 2.10]. Therefore, by the Theorem 2.6, we can conclude that Fiz(S) and
Fix(T) satisfy Reich and Zaslavski conditions for well-posedness.

(ii) Also, from the Theorem 2.6 and Theorem 2.10, we can conclude that Fiz(S5)
and Fix(T) have Ulam-Hyers stability when k < 2= \f

(iii) The operators S and T are both S-quasi-contractions for (k < 1) [see Theorem
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2.10]. Therefore, by the Theorem 2.7, we can conclude that k < 717 as such S and T'

have the Ostrowski property. O

2.3 An application to nonlinear variational inequal-

ity problems

Let us construct the following operational problem: find (z,y) € X x Y which

satisfies the successive relations

z = S5(y)
y=T(z) (2.12)
(z,y) = h(z,y),

\

where S Y — X, T : X - Y and h = (hy,hy) : X XY — X XY are given
operators and X,Y are non-empty and closed subsets of a complete metric space
(M, d).

We consider the following hypotheses:

(i) there exists 3 € (0, é) such that d(h1(z1,91), S(y2)) < fmax{d(y1,y2),d(x1, hi(x1,91)), d(x1,S(y2)) };

1
(i7) there exists A € (0, 5) such that d(ha(z1,91), T (22)) < Amax{d(z1,z2),d(y1, ha(21,91)), d(y1, T(22))}.

Let us define the metric d on X x Y for 2, = (x1,11), 22 = (z2,y2) by

d(z1, z2) = max{d(z1, x2), d(y1,y2)}
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We denote t: X XY — X x Y, t(x,y) = (S(y),T(z)) and k = max{/, \}.
From the above constructions, our problem becomes a common fixed point problem
of the following form

(,y) = t(z,y) = h(z,y).
Therefore, we have

A=), H(z2) = max {d(h (01, 1), S(92)), d(ha(a1,91). Tw2)) }
< max { Bmax{d(yr, y2). d(@1, b (21, 91)), d(w1, S(32))},
Amax{d(a1, z2), {1, ha (w1, 1)), d(yr, T(e2))}
< kmax { max{d(a, z2), d(y1, yo)}, max{d(ws, i (o1,31), (g, halwr, )},
max{d(z1, S(y2)), d(ys, T(2))} |
< kmax {d(zl, 29),d(z1, h(z21)), J(zl,t(z'g))}

< kmax {J(zl, 20),d(z1, h(21)), d(z1, H(22)), d(22, h(21)), d(2s, t(ZQ))}.

Thus h and t satisfy the condition (2.1). Therefore, using Theorem 2.8, we can get
a common fixed point of h and t, i.e., the existence and uniqueness of the solutions,
and also can apply all the stability properties using the Theorem 2.11.

For example, the above abstract model can be applied in the case of a hierarchical
system of nonlinear variational inequality problems, which is defined as follows:

Find (z*,y*) € Fiz(S) such that

(

(aTy(y*) + x* —y*,x —z*) >0,

(OTy(x*) +y* — 2%,y —y*) >0, (2.13)

for all (z,y) € Fiz(s),

\

where S : X XY — X x Y is given by S(z,y) = (S1(z), S2(y)), where S; : X —
X, 9% :Y =Y T : X =Y T,:Y — X are given operators, a,b > 0 and X,Y
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are two non-empty closed and convex subsets of a real Hilbert space H.
It is known that problem is equivalent to the following problem:

Find (z*,y*) € X x Y such that

Y= PFix(Sg)([ - aTl)(ZE*)7

2* = Ppisn (I — bT)(y*), (2.14)

(x*,y*) € Fiz(S),

where, for a non-empty, closed and convex set, C' C H, the symbol Ps denotes the
metric projection onto C, i.e., Po(u) ={v e C :|lu—v| = ;ggnu — ||}, u e H.

Notice that (2.14) is exactly the type of problem modeled by system (2.12). Thus,
imposing adequate assumptions on S, 77,75, on the parameters a,b > 0 and on the
given sets X,Y we can obtain existence, uniqueness and stability results for the
hierarchical system of nonlinear variational inequality problems (2.13). For comple-
mentary and related results about the hierarchical system of nonlinear variational

inequality problems, we refer, [86, 87].

2.4 Concluding remarks

In this chapter, we have generalized the common fixed point problem for a pair of
operators satisfying quasi-contraction-type metric conditions. We have proved the
existence and uniqueness of the common fixed point problem using this contraction.
After that, with the help of graphical contraction and [-quasi contraction, we have
proved the sufficient condition for the common fixed point problem to be well-posed
and to have Ulam—Hyers stability and Ostrowski property.

We can construct a similar type of common fixed point theory in a complete metric
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space (X,d) for a pair of operators using convex contraction instead of graphic
contraction. We recall that, an operator T : X — X on (X,d), is said to be

(I, k)-convex contraction if there exist [,k € R, with [ + k£ < 1 such that

d(T?x, T?*y) < 1d(Tz,Ty) + kd(z,y) for all 7,y € X.

Since any continuous (I, k)-convex contraction on a complete metric space (X, d)
is a Picard operator, (see, [26, 68] for related results and extensions), it will be
interesting to see if one can deduce a similar type of common fixed point theory in
a complete metric space (X, d) for a pair of self-operators satisfying the generalized
quasi-contraction [62]. We recall that a mapping 7" is said to be a generalized quasi-

contraction if there exists k € [0,1) such that for all z,y € X,

d(Tz,Ty) < kmax{d(z,y),d(x,Tx),d(y, Ty),d(x,Ty),d(y, Tx),

d(T%z,x),d(T%z, Tx), d(T*w,y), d(T%z, Ty)}.

SKokoskokok skokokskokok
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