Chapter 7

Lagrange a-exponential
synchronization of non-identical
fractional-order complex-valued

neural networks

7.1 Introduction

This chapter focuses on investigating Lagrange a-exponential synchronization of
non-identical fractional-order complex-valued neural networks (FOCVNNs). The
study employs additional inequalities and the Lyapunov method to construct various
favorable conditions for achieving Lagrange a-exponential synchronization and a-
exponential convergence of these networks. Additionally, the chapter elucidates the
structure of the a-exponential convergence ball, demonstrating how the convergence

rate correlates with the system’s characteristics and the differential order. These
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findings, which do not necessitate consideration of the existence and uniqueness of
equilibrium points, contribute to the generalization and enhancement of previous
works and may apply to mono-stable and multi-stable FOCVNNs. A notable aspect
of the chapter is the graphical demonstration of the effectiveness of the proposed
method through numerical simulations, particularly in synchronizing a specific case

of the considered fractional order drive and response systems.

7.2 Mathematical model
The following FOCVNN is considered as a drive system as

Dawi(t) = —bjﬁwi(t) + Z ajkf,;(w,;(t)) + [j‘(t>7 0<a<l, (7.1)
k=1

where w(t) = (wi(t),wa(t),. .., wa(t))" € C™is astate vector, ws(t) = n;(t) +iv;(t) €
C with n;(t),v;(t) € R refer to the jth unit state at time ¢, the charging time
constant is denoted by B = diag{bi,bs,...,b,}, where b; > 0. The connec-
tion weight of the neuron is denoted by A = (a%)nxn € C™", where ay =
R . [ . R I . . . . .
azy +iay € Cwith az,at € R, the activation function is represented by f(w(t)) =
(filwi()), folwa(t)), ..., fu(wn(t)))T € C* — C™, the external input vector is de-

)T e C™.

/

noted by I'(t) = (I,(t), I,(t), ...

/

I

rTn

The matrix form of system (7.1) is illustrated as

D°w(t) = —Buw(t) + Af(w(t)) + I (). (7.2)
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The following are the real and imaginary components of the drive system (7.1) as

D%n;(t) = —bsm; (t) + Za i (6, v (1) — Zajl.,;f,;’(m;(t)ﬂ/;;(t)) + L),

Do‘yj-(t) = —bj-V ‘|‘ Z jkf nk + Z kaR 77k ( )) + IJI'I@)'
(7.3)

The response system for (7.1) is taken as
D®us(t) = —dsu:(t) + chkh ui(t) + J5(t) + K;(t), (7.4)

where u(t) = (ui(t),us(t), ..., un(t))" € C" represents the state vector, u;(t) =
p;(t) +is;(t) € C with ps(t), s;(t) € R refer to the jth unit state at time ¢, in neural
network the charging time constant is denoted by D = diag{d;,ds,...,d,}, where
d; > 0, the connection weight of the neuron is represented by C' = (cj,;)nm e Cm
where ¢;;, = c T+ zc € C with c ‘ic € R, h(u(t)) = (hi(ui(t)), ho(usa(t)),. ..,

by (un(t)))T € C* — C"is the activation function, K (¢) and J(t) = (J1(t), Jo(t), ...,
J.(t))T € C™ are the control input and external input vector, respectively.

The matrix form of system (7.4) is written as
D%u(t) = —Du(t) + Ch(u(t)) + J(t) + K(t). (7.5)

The real and imaginary components of the reponse system (7.4) of FOCVNN are as

follows.

Dep;(t) = —djp;(t) + Z G r(t): 5i0) = D cfphi(pr(t), si(8) + T (1)
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+ Kf(t)
D%s;(t) = —d;s;5(t) + ZCR hl t),sp(t)) + icﬁhf(pﬁt}, sp(t)) + Jf(t)
k=1
+ K (t). (7.6)

Assumption 7.2.1. Consider E(t) = q(t) 4+ ir(t) and E(t) = G(t) + i(t) for any
q(t), r(t), q(t), 7(t) € R. H(E(t)) € C is represented by the separation of real
and imaginary components as H;(E(t)) = Hf(q(t),r(t)) + ng(q(t),r(t)), where
Hf(., ), Hj[(., ) : R? — R, and satisfy

HE(0),7(8) — H(q(t), r0)] < FFRIa) — a)] + FR7(E) - r(0)]
[H1(4(1),7(8) — Hi(q(t), ()] < F/F|q(t) — a(t)| + F[7 () — r(®)].

Assumption 7.2.2. The external input vectors ij. (t), J;(t) € C, j € N are described
by the separation of real and imaginary components as []f.(t) = I;R(t) + I;.R(t),
Ji(t) = JIH(t) + i (t), where Ij'.R(t), I]f.f(t), JE(t), J{(t) : R — R and satisfy
IR < 2R, 110)] < 0, R0 < I8, 170 < 710,

Assumption 7.2.3. Let F' = diag{F}, Fs,....,F,}, where F' > 0 be a diagonal
matrix such that |H;(E) — H;(E)| < F5|E — E, for all E, E, H:(.) € C with j € N.

Assumption 7.2.4. For ]jf.(t), Ji(t) € C, J € N, there exist positive matrices

a7} [ Y

I'= (L 0y L))" and J = (J1, Ja, ..., J,)" such that |L(1)] < I] NPAGIE

Remark 7.2.1. The Assumptions 7.2.1 and 7.2.2 are defined for the activation func-
tions f3(w;(¢)) and h;(u;(t)) for NNs (7.1) and (7.4), respectively. Assumptions 7.2.1
and 7.2.3 have Remarkable similarities but they are not equal but depend on activa-
tion functions of NNs (7.1) and (7.4). If the activation functions follow Assumption
7.2.1, Assumption 7.2.3 is trivially satisfied [124]. If activation functions are not
specified, splitting the real and imaginary components, we will use RVNNs to solve

those, which will satisfy Assumption 7.2.3 [125].
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The synchronization error is defined as E;(t) = u;(t) — w;(t). We can derive the

following error system from (7.1) and (7.4) as
DO‘Ej.(t):—djE —1—2 (d —b) ()
* Z {Cjkhk(wk(t)) - a;;;f;;(w;;(t))} +J;(t) = L(0) + K;(1). (7.7)

Now separating real and imaginary components of (7.7) as E(t) = q(t) + ir(t), we

get the error systems with the help of equations (7.3) and (7.6) as

3

D%q;(t) = — d;q;(t) + Z R H (q5(t),73(1) = ) & Hi (a5 (1), 73(2))

k=1

— (d5 = by)m (1) + Z {hf (0, v3(8) = alt fE e (0),v,1)) |
Z {eLhE (g (8), v (8)) — ol f e (0), () }
+JR () - LF + K1),
Ders(t) = — dyrs (t Z ot H (g )+ Z ch HE (qi(8), r4(1))
—(d; — by (1) + Z (et Ong(0), ve(0)) = @l f (g (1), v()
+ Z (el B ng0), (1)) — L R (1), vi(0) |

+JI() - L'+ K1), (7.8)

where ¢;(t) = p;(t)—n;(t) and r5(t) = s;(t)—v;(t), H (g, (£), i (£)) = R (pi (1), s3.(£))—
(8, v (0), Hi(gg(t), ri(8)) = hy (p(1), 5(8)) — hy (ng (£), v (1))
Definition 7.2.1. [126] NNs (7.1) and (7.4) are Lagrange uniformly stable (or uni-

form bounded), if any solution E(t) = E(t,to, Ey) and G > 0, there exists a constant
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K = K(G) > 0, such that |E(t)|| < K,V Ey € Co = {Ey € C: ||Ey|| < G} and

t > to.

Definition 7.2.2. [106] If there exist constants v > 0, A > 0 and for any G > 0 there
exists K = K(G) > 0 such that ||E(t)|| < v+ Ke ™" V>0, Ey € Cg, then NNs
(7.1) and (7.4) are called globally Lagrange a-exponentially stable. The networks
(7.1) and (7.4) are also said to be globally uniform a-exponentially convergent with

rate A in ball B(y) = {E(t) € C": ||E(t)]| < 7}

Lemma 7.2.1. [106] Let us consider V (t) be a real valued continuous function on
the interval [0,00), then there exist two constants W and [ such that

DV (t) < =WV (t)+ B, t >0, then

V() - % < (v(0) - %) St < a < 1.

Remark 7.2.2. If V(t) > < > 0 with W > 0, then V() will exponentially approach

B
w

to % as t increases.

Remark 7.2.3. Let us consider E5(t) = q;(t) + ir;(t), where ¢;(t),r;(t) € R. If
E5(t) > 0, then

(1)
. 1 t E(T)
DR E; ()] = / ’

and if F5(¢) <0, then

C na 1 ' Ej(l) T> C Nno
aDt|Ej(t)| :_F(l—a) dT:_aDt Ej(t)

Therefore
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Similarly

CDYq;(t)] = sgn(q; (1)) D g; (1),

and

o DY lrs ()] = sgn(r;())g Di'ry (t).

7.3 Main results

Theorem 7.3.1. Based on Assumptions 7.2.1 and 7.2.2, if there exist constants
AL >0,B.>0,s.t.
J j

n

1 ’ ’ 1 ’ /
1 R § R I RR I R IR

J

n

J k=1 J k=1
(7.9)
I « , 1 " ,
2 I II R I RI
J k=1 k::l
(7.10)

then networks (7.1) and (7.4) are globally a-exponentially stable in Lagrange sense

based on controllers such that

k=1
+ 3 it m0). v (0) — a A (1) ukos))} — Kg;(1),
K1) =(d; = by); (1) = > { (g 8), v (1)) — a2 AL (g 0), v (0) }
k=1
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where k = k% + ik! € C. In equation (7.11), the linear terms primarily handle
proportional feedback, while the nonlinear terms account for complex interactions
within the network, ensuring comprehensive stabilization.

In addition, networks (7.1) and (7.4) are globally a-exponentially convergent to the

ball

n

By = E(t) = q(t) +ir(t) e C": Y (\qj.(t)y + |r3(t)\) < % . (1.12)

j=1

)
W = min{ min {W}}, min {W?}},
1<j<n 7 ) 1<i<n J
Y = min{ min {Ai}, min {B/}},
1<j<n & 70 agi<n LY
B= I3, (A;;\c%\ + B;Cycgﬂ) [HE0,0)] + X5, Yhe (A;;\cgﬂ + Bl’;!c,%\)
[H!(0,0)] + S5, A5 () + ER0)) + S0y By (1) + 11(8)).

Proof. : From error dynamical system (7.8), let us design the following Lyapunov

function as

ZA|q] |+ZB|T

Taking the fractional-order derivative of V(¢), and using Assumptions 7.2.1 and

7.2.2, we obtain
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Zc]kHé ())—I—JR( L }+ZB sgn(r

{ (d; + K )r; +Zc H!(q +Zc HE (g (1), r (1)

+ I ()~ Jif(t)}
<- ZAd—l—kR]q] y+ZZA Sl (1) (1))

] 1 k=1
—ZZA il H L (aq(t !—ZB (d; + K{)|r; ()]
] 1 k=1 j 1
+ZZB\%HHI Gt I+ZZB\c]k!\HR RORCON
j=1 k=1 j=1 k=1

+ZA;\Jf(t)\ +ZA;,\I |+ZB | T2 (t) \+ZB ()

ZA (d; + K5 1+ZZAJ\%I(FRR\%<>|+F§f|m<t>\

jlkl

+ \H§<0’0>!) 30 S ek (Pl 0]+ o)+ 18(0.0))

j=1 k=1

=S B+ W0+ 303 B (B lgy6)] + F o)

]1 jlkl

+\HIOO)+ZAJR +ZA +ZZByc <F§qu,;(t)]

jlkl

+F§f\rk()|+|HRoo> ZBJI +ZB?’I

n n

’ ’ 1
E R R I RR

J k=1 J k=1
! 1 1
+Bkyc§3|)F;R}yq3(t)\—ZBj{dﬁk;— = Z( Lk + BY|cR ])Fjﬂ
j=1 J k=1

1 " / ’ " - / /
g O (Aileftl + Bilegs ) ER Hrs (0] + 323 (Ailefil + Bilek )

J k=1 j=1 k=1
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X |HE0,0)[+> > <A}€|c£3| + B;;|cfj|> (0,0 + A (jf(t) + fJI.R(t))

=1 k=1 j=1

+§i£§(§@y+§%w)

< —WV(t)+B.
When V (t) > %, we can conclude from Lemma 7.2.1 that
V(t) - % < (v<0) . %) “ret >0, (7.13)
ie., i
1201 = 3 (1001 +r0)1) < g + Dt

j=1
From the definition 7.2.1, the NNs of error systems (7.8) will be globally Lagrange a-
exponentially stable and hence the Lagrange a-exponential synchronization between

FOCVNNSs (7.1) and (7.4) is achieved. O

Remark 7.3.1. If 3 = 0, then Lemma 7.2.1 is reduced to the Lyapunov a-exponential
stability of fractional order system and thus the NNs of error systems (7.8) will be
Lyapunov a-exponential stable and in this case we will achieve the a-exponential
synchronization between FOCVNNs (7.1) and (7.4) in Lyapunov sense. If a = 1,
W > 0 and, 8 > 0, then Lemma 7.2.1 is reduced to the integer order Lagrange
stability and in this case we will achieve the exponential synchronization between
complex valued NNs in Lagrange sense.

Accordingly, we can obtain the following results.
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Corollary 7.3.1. Let us suppose Assumptions 7.2.1 and 7.2.2 hold with |Hf(0, 0)] =
0, |H§,’(0, 0)| = 0 and if there exist A% > 0, Bf > 0 such that

n

Wl —d; + kR - o (AGleks) + Bilely ) FRR — — Z(A el + BYle ) EI% > 0,

A
J k=1 J =1
I =, , 1 =/ ,
2 __ 7 I I R 7 _ = R I RI
J k=1 J k=1

then the networks (7.1) and (7.4) are globally Lyapunov a-exponential stable based
on controllers given as

KR () =(d; = by)ny (1) = D { AR ng(8), v (1)) = 0L R (), v(0) }

k=1

+Z{c]kh£ ), v(8)) = b FLO(8), vi() } = TR(E) + () — KRg5(0),

KA (t) =(d; = by)ws(8) = S { et O 0), v (1)) — @l £ (my (), v (1)) |

= > { R0, v (1) = @l SR (0, v (0) b = TE@) + B (8) = Kl o),

k=1

where

W = mm{ min {W}}, min {W?}},
1<j<n b 7 agg<n U

Y = min{ min {Ai}, min {B/}}
1<j<n & 70 agi<n LY

Proof. : Let us define the following Lyapunov function based on the error dynamical

system (7.8) as

ZA |q;(t) |+ZB | (t
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Taking fractional-order derivative of V' (¢) and applying Assumptions 7.2.1 and 7.2.2,

we get
— Xn: Asgn(g;(t)) Dq;(t) + zn: B.sgn(r;(1))Dr;(t)
Ziz‘l}sgn(qg(t)){ (d; + kg5 (1) + Z e H (g5 (), r4(1))
Z L HE (g (8), ri(8) } + Z Blsgn(r;(#){ = (d; + ¥)r; ()
+ Z e Hi (g (1), mi (1)) + Xn: i HE (g (8), r,;(t>)}

<- ZA (d; + K% g;(¢ |+ZZA]\c]k!|HR RORAG)]

] 1 k=1
—ZZAjlcjkIIHI 0t |—ZB (d; + k) Ir; (1)
j 1 k=1 ] 1
+ZZB A1 H (g5t r+ZZB AL ARORAG)]
j=1 k=1 j=1 k=1
<_ ZA (d; + kF)]g; 1 |+ZZA & <F§R|q,;(t)|+F,fI|rk(t)|>
] 1 k=1
+ZZAJrcjk|(Ferqk< )+ B r()l) - ZB (d; + k) (1)
j=1 k=1 j 1
+ 30 S B (FIMa )] + Frglo)]) + ZZ et (B g ()
=1 k=1 j=1 k=1
+Fﬁf|r,;<t>|)
N
<- ZA {5+ - v Z(A & | + B, ]ckJDFRR——, (Azleh|
j=1 J k=1 J k=1
! / 1 " / /
R IR I I R 17
+ Bl 1) i s (1) - ZBj{dj =Y (Ailets] + Bilef] ) F:
j=1 J k=1
LN ,
= = 2 (Adlefl + Bylegs ) FR s )]

J k=1

<—WV().
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When g = 0, then Lemma 7.2.1 is converted into

w to

V(t) < V(0)e T | t >0,

which shows that systems (7.1) and (7.4) are a-exponentially synchronized in Lya-

punov sense. O

Remark 7.3.2. If 3 = 0 and tliriloV(t) = 0, then the NNs (7.1) and (7.4) are
globally asymptotically synchronized. The proof of tliglo V(t) = 0 is given in [127] by
contradiction. Also [128] has investigated asymptotic stability of FOCVNNs with
discrete and distributed delays based on adaptive controller, where the convergence

rate was not estimated but in [106] the convergence rate of FOCVNNSs is estimated.

Remark 7.3.3. In n-dimensional real space, the networks (7.1) and (7.4) are trans-

formed into the fractional-order RVNNs as

DRG;(t) = = biis; (1) + D s fi@n(t) + 1 (0), (7.14)
D%a;(t) = — dya;(t) + zn: Chip (g (1)) + J5(8) + K;(1), (7.15)
k=1

where bj, dj > 0, Qj(t), ﬂj(t), Cj'fw CL}I%, f]%((:}fc(t)), h%(ﬂk(t)), ]]:(t), Jj(t) € R and
K;(t) is a controller. Assumptions 7.2.3 and 7.2.4 are transformed into the following

assumptions.

Assumption 7.3.1. There exists F' > 0, where F' = diag{F\, Fy,....,F,} is a
diagonal matrix s.t. |H;(E) — H](E)| < F5|E - E|, for all E,E, H;(.) € R with

j€N.

v )

Assumption 7.3.2. For I]f,(t), Ji(t) € R, j € N, 3 positive matrices I' = (I, I, . . .,

I)T and J = (Jy, Ja, ..., J,)T such that |L(t)] < I] NPAGIEA
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The synchronization error is stated as Ej(t) = u;(t) — @;(¢). We can derive the

following error system from equations (7.14) and (7.15) as

DaEﬂw::—*%EﬂU-FEZCﬁh%U%@D-—@%—bﬁ@%U-FEZ{Q%hﬁﬁﬁﬂ)
k=1 k=1

= @@ 1) } + T = I(0) + K5 (2). (7.16)

We get the following result from the derivation of Theorem 7.3.1.

Corollary 7.3.2. Let us assume Assumptions 7.3.1 and 7.3.2 hold and there exist

5 > 0 such that
W: = (d; + k;) — 2”: %|C|F >0
3\ J . % Jk1T g ’
k=1

Then the systems (7.14) and (7.15) are globally Lagrange a-exponentially synchro-

nized under the controllers

where k:j. > 0.

Moreover, networks (7.14) and (7.15) are globally a-exponentially convergent to the

ball
- n ﬁ
Bi=<{Et)eR": )y |Fi{)]| < ———F—~ 7, (7.17)
1 ]2 T W min {u;)

where W = min {W;}, and 8 = Y0 STF_ s |esi |1 H;(0) [+ 320, o (jj(t)+f3’,(t)>.

1<j<n

Remark 7.3.4. The Lyapunov a-exponential synchronization between (7.14) and

(7.15) is investigated in [129], while the Lagrange a-exponential synchronization of
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(7.14) and (7.15) is investigated here with a rate A\ = . Corollary 7.3.2 with

W
I'(a+1)
f = 0 becomes Theorem 3 of [129]. To put it another way, the Theorem 3 of [129]
is a particular part of Corollary 7.3.2. As a result, the conclusions drawn here are

that our proposed synchronization result is more general as compared to the results

of [129].

Remark 7.3.5. In [130], the analysis of the exponential synchronization of two
different chaotic nonlinear identical competitive NNs with time varying delays has
been investigated by using the active control, in which the sufficient criteria de-
pends on the delay parameter. By using Lyapunov stability theory, the authors
have used the method which is based on feedback control gain matrix. Whereas
in this chapter Lagrange a-exponential synchronization and a-exponential conver-
gence of non-identical FOCVNN has been investigated by using Lagrange stability.
Lyapunov stability is a specific case of Lagrange stability because unlike Lyapunov
stability, Lagrange stability shows the stability of total system, not the stability of

an equilibrium point.

7.4 Numerical simulation

In this section the following numerical example is taken to show the effectiveness of
the theoretical results.
Assume that the drive and response systems of fractional-order non-identical CVNNs

are as follows:

D% (t) = —Buw(t) + Af(w(t)) + I (t), (7.18)

D*®u(t) = —Du(t) + Ch(u(t)) + J(t) + K(t), (7.19)
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0.1

o - )] |

P2 (t), 7 (t)

FIGURE 7.4: Plots of state trajectories of real components of the systems (7.18)
and (7.19) with respect to time.

0.4

sa(t)

03} == -]

s1(t), 11 (t)
sa(t), v (t)

-0.2

FIGURE 7.5: Plots of state trajectories of imaginary components of the systems
(7.18) and (7.19) with respect to time.

7 =1,2, Il(t) = sin(t) + cos(t)i, I4(t) = cos(t) + sin(t)i, Ji(t) = cos(t) + sin(t)i,
Jo(t) = sin(t) + cos(t)i with initial conditions wy(0) = 0.02+ 0.08i, we(0) = —0.05+
0.052, u1(0) = 0.03 4+ 0.107, u2(0) = —0.07 + 0.087 then the other parameters can
be taken as F/™" = 0, F/' = 0.25, F/" = 0.5, F!/T =0, f]f.R(t) =1, fé.[(t) = 1,
j;,R(t) =1, j;l(t) =1, f; =1, jj’ = 1 for (j = 1,2). State curves of the drive and

response systems in 2-D space are shown in Figure 7.1.

Case 1. Now choosing k;(t) = —2.75 — 2.75i and A; = B; = 1, we can obtain

Wl =475 >0, W =55 >0 (j = 1,2), Y = 1 and 8 = 8 which satisfy all
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the conditions of Theorem 7.3.1. Figure 7.2 clearly shows that the Lagrange -
exponential synchronization between FOCVNNs (7.1) and (7.4) is achieved. Also
networks (7.1) and (7.4) are globally a-exponentially convergent to the ball By =
{E(t) — g(t) +ir(t) € C": Y, (|q3(t)| v |r5(t)|) <3 = 1.6842} with a rate 1.0083.
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Case 2. Taking B = D = diag{4, 4} and the values of parameters as given in case 1,
we get VV;1 = 1.0625 > 0, VV]? =05>0 (j = 1,2) and 8 = 0, which meet all of the
conditions of Corollary 7.3.1. Hence the systems (7.1) and (7.4) are a-exponentially
synchronized in Lyapunov sense which is shown in Figure 7.3. The trajectories of
real and imaginary components of the systems (7.18) and (7.19) are shown through

Figure 7.4 and Figure 7.5, respectively.

7.5 Conclusion

The present study focuses on globally achieving a-exponential synchronization for
FOCVNNSs within the Lagrange framework. Effective criteria and inequalities have
been explicitly derived for Lagrange a-exponential synchronization, including es-
tablishing the framework for the a-exponential convergence ball and estimating the
exponential convergence rate, which is contingent upon the system’s characteristics
and differentiation order. Additionally, the study explores a-exponential synchro-
nization for FOCVNNSs in the Lyapunov sense, investigating both the convergence
ball and rate in n-dimensional real space. It is worth noting that our proposed results
pertain to CVNNs. Hence, the outcomes of prior studies are encompassed as specific
cases. This approach shows promise for application across various fractional-order
complex-valued systems. The most intricate aspect of the research lies in select-

ing an appropriate activation function during the synchronization of FOCVNNs,
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as this choice significantly impacts the synchronization process. While there ex-
ists literature on Lagrange a-exponential stability for FOCVNNs, the investigation
into Lagrange a-exponential synchronization among non-identical FOCVNNs is un-
precedented. Looking ahead, future research avenues include exploring Lagrange
a-exponential synchronization problems for FOCVNNs with time-variable and un-

bounded distributed delays.

Skoskoskokok skokokskokok



