Chapter 4

Numerical study of variable order fractional
physical model arising in chemical processes by

using operational matrix and collocation methods

4.1 Introduction

Many researchers have confirmed that a wide range of critical dynamical problems
display fractional order behaviour that may vary with space and/or time. This fact
signifies that variable order fractional calculus is a genuine contender to deliver an
impressive mathematical structure for describing complex dynamical problems. A
fractional variable order operator is an extended form of the fractional constant
order operator. Bounded functions are used to represent fractional integrals and
derivatives by this operator. In recent years, fractional variable order operators
have been found to be more accurate in depicting many scientific and engineering
models as compared to fractional constant order operators [101-104]. The fractional
variable order operator makes nonlocal properties of systems more visible and it
has been used to explain plenty of real-world phenomena in mechanics, physics,
signal processing and control [105-107]. It is very challenging to analyse equations
described by fractional variable order derivatives analytically because of their high
complexity. So, it is extremely important to present proper methods for obtaining
their approximate solutions. As a result, several numerical approaches for fractional
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differential equations with variable order have developed in recent years. In [108]
the authors have approximated the linear cable equation of variable order using
Bernstein polynomials. Legendre wavelets are used as a numerical technique in
[109] for a class of fractional differential equation of variable order. In [110], a finite
difference technique is used to solve the fractional variable order telegraph equation.
An accurate and efficient hybrid scheme based on the Bernoulli polynomial and radial
basis function has been developed in [111] to solve 2D advection-reaction-diffusion
equations with variable order. A highly accurate numerical method is proposed in
[112] to deal with variable order reaction-diffusion and subdiffusion equations. In
addition, numerous numerical techniques are present in the literature for solving

variable order fractional differential equations, such as those given in [113-117].

P. Gray and S.K. Scott have firstly proposed the Gray-Scott model in [118]. The
Gray-Scott model is one of the most widely used reaction-diffusion systems(RDS),
which is a set of PDEs describing the reaction, diffusion, and transportation of con-
stituents with the aid of a chemical reaction. RDS arise in studying many disciplines,

such as population dynamics, epidemiology, chemistry, biology etc. [119-122].

In this chapter, the generalized Gray-Scott model obtained from the time-fractional
Gray-Scott model by replacing the time-fractional derivatives with fractional variable

order derivatives is studied, which is given as follows

0@y (2, t) Ou(x, 1)

_ b 2 B
T ex R u(z, t)v*(z,t) + A(l —u(z,t) + fi(z,t), m
2@y (z, t 0?v(x,t '
ato&(x(,t) ) - d2 g(xQ ) + U(:L‘, t)v2($7 t) + BU(.’L’, t) + f2(xa t)7

subject to the initial conditions (ICs)

u(z,0) = up(z), v(z,0)=1u(x), (4.2)
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and boundary conditions (BCs)

w(0,t) = ui(t), 0(0.t) =ay(t),
(4.3)
u(L,t) = ug(t), o(L,t)=uy(t),

where a4 (x,t) and as(z,t) denote the variable order derivatives which depend on
space and time such that 0 < ay(z,t),as(x,t) < 1. The concentration of two
chemical substances are described by unknown variables u(z,t) and v(z,t). d; and
dy are the diffusion coefficients, and constants A and B are positive. fi(z,t) and

fa(x,t) are the source terms.

Solving the Gray-Scott equations typically involves numerical methods such as the
finite difference method, finite element method, and many other techniques. Manaa
and Rasheed [123] have used the successive approximation method and finite differ-
ence method to solve the Gray-Scott model. Owolabi and Patidar [124] investigated
numerical simulations of a coupled one-dimensional Gray-Scott model using a com-
bination of higher-order exponential time differencing Runge-Kutta and a higher-
order symmetric finite difference scheme. Korkmaz et al. [125] obtained the numer-
ical solutions of the Gray-Scott model with the help of third-fourth order implicit
Rosenbrock and exponential B-spline collocation methods. Yadav and Jiwari [126]
employed the Galerkin finite element technique to obtain approximation of solutions
using Lagrange basis functions. Aljhani et al. [127] utilize the fractional homotopy
analysis transformation method to obtain approximate solutions for the time frac-
tional Gray-Scott model. Onarcan et al. [128] investigated numerical solutions of
the model via the trigonometric quintic B-spline finite element collocation method.
Han et al. [129] introduced a high-precision numerical approach to solving the space

fractional Gray-Scott model.
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In this chapter, the main purpose is to develop a highly efficient and effective tech-
nique, namely a combination of shifted Vieta—Lucas collocation and the operational
matrix method to find the approximate solution of the fractional variable order
Gray-Scott model. We choose this extremely accurate technique because of the
higher order convergence, even for small grid approximations. The shifted Vieta—
Lucas collocation method is one of the most efficient ways of dealing with non-linear
variable order coupled partial differential equations. It is very important to choose
a collocation point for efficiency and convergence of the numerical scheme because it
transforms the concerned model into a nonlinear algebraic system of equations that
are then solved by Newton’s iterative method. The spatial domain and temporal
domain should be finite in order to use this proposed numerical technique because
the method is based on the operational matrix and order of matrix is a finite natural

number.

4.2 Vieta—Lucas polynomials

The Vieta—Lucas polynomials VL,,(y) of degree m € Ny in the variable y defined

on the interval [—2,2] is given by [130]

VL, (y) = 2cos(mg), ¢ =cos* (‘g) , ¢ e0,m].

The Vieta—Lucas polynomials VI, (y) can be created from the following recurrence
relation

V]Lm(y) = yV]Lm,l(y) o V]Lm*2(y)7 m = 27 37 RS)

with the initial values

VLo(y) =2, VIi(y) =y.
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The explicit power series form of VIL,,(y) is represented as

[ ] .
mI'(m — j) Y
VL, = —1)7 - —y" ], =23, .., 4.4

m

where [%

| is the integer part of 3.

These polynomials VIL,,(y) are also orthogonal to [-2,2] w.r.t. the weight function

VL(y)VLn(y)dy = { 27, 1=m #0, (45)

A, Il=m=0.

4.2.1 Shifted Vieta—Lucas polynomials

The shifted Vieta—Lucas polynomials VI.?

m

(y) of degree m in y on [0, 1] are given by

VL (y) = VL,,(4y — 2).

Also, polynomials VL) (y) are obtained by using the recurrence formula
VL, 1 (y) = (dy —=2)VL, (y) = VL, 1 (y), m=1,2, ..,

with the initial values

VLi(y) =2, VLi(y) =4y — 2.



Chapter 4. Numerical study of variable order fractional physical model ... 58

Moreover, one can generate the explicit analytical form of VL) (y) by using the

following formula

= o 4mI0(2m — ) .
L =2 —1)/ meJ =2,3,.. 4.

=0

where the polynomials VIL? (y) are orthogonal w.r.t. the following inner product

(

0, [#m#0,
(VL (4), VI, (y)) = / WV VL W)y = 9r. =m0, (A7)

4, l=m =0,

1
Y-y

where w(y) = is the weight function.

2

4.3 Function approximation

Let the function u(y) € L*0, 1], then the function u(y) can be written as a power

series of the shifted Vieta—Lucas polynomials as
uly) =Y _bVL;(y). (4.8)
§=0

where the coefficients b; are unknown.
In general, the series in equation (4.8) can be approximated by a finite sum of (m+1)

terms of shifted Vieta—Lucas polynomials as

U (y) = Z b;VL;(y) = BTQ(y), (4.9)
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where

BT = by, by, ..., bp],  Qy) = [VLE(y), VLI (y), ..., VL= ()], (4.10)

and b;, 7 = 0,1, ..., m are unknown cocfficients which can be obtained by the following

expression
1 2 (y—) VL;(y)
by = — 4 dy, 4.11
=i (@.11)
or,
1 [tu(y)VL;(y)
bj = — —— "y, (4.12)
Togmle y— 2
where
4, j=0,
0; = (4.13)

Suppose an arbitrary function u(y,t) € L*[0, 1] x [0, 1], it can be expanded in terms

of the Vieta—Lucas polynomials as

= i i wir VL (y) VLE(#), (4.14)

j=0 k=0

where

1 ot .
Ujp = —2/ / u(y, t) VL (y) VL (Hw(y)w(t)dydt,  j, k=0,1,2,... (4.15)
5j5]€7T 0 0

The truncated series of equation(4.14), can be considered as

u(y,t) = Y Y up VL) VL;(t). = Q7 (y)UQ(?) (4.16)

j=0 k=0
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where

Qy) = [VLg(y), VLi(y), ..., VL, ()],
(4.17)

Q(t) = [VLg(t), VLi(t), .., VL ()], U = (u) 7.

Theorem 1. As a result of shifting the Lucas vector Q(y), we get its first order

derivative as

aAUy)

= PWQ 4.18
a0y (v), (4.18)

where P = (Pij) (m+1)x(m+1) s an operational matrix of the derivatives, such that

k=1,3,..,m, m odd,
4i, forj=1i-—k,

Pij = 3 k=1,3,....m—1, m even, (4.19)

0, otherwise.

\

The n'" order derivatives of vector Q(y) is given as

d"Q(y)

= (PO"Q(y) = P™Q
a (PH)"Q(y) (v),

where n is a natural number.

Proof. The proof is not given as it is straightforward.
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4.4 Generating operational matrix of variable or-
der fractional derivative

Theorem 2. Let Q(y) be the shifted Vieta—Lucas vector defined in equation (4.10)

and ((y,t) > 0, then
b ~ /8 b
Dy #9(Q(y)) =~ PPI0(y), (4.20)

where PB®1) is the (m + 1) x (m + 1) operational matrix of the Caputo variable

derivative of order 5(y,t) and it is defined by

0 0 0
0 0 0
P _ YU ICHY Zf’—_g.@q,l,l Z?‘—_g‘@q,m,l
Z-Z;S.@r,o,l ZLS-@T,H ZLS.@T,W
Z{:g'@m,o,l z{:gém,],l Z{:gém,m,l
where
y PO G D21 T(j=l+y) k=0,

Vv D(4+1) T(2j—20+1)(I(G-1-B(y,t)+1))’

Ojhs = { yTPWI (W 25 12j-D) M=l
VA T TR 2D G— L A(y0+1)

(~1)P4~—P k I'(2k—p) I'(j+k—p—i+3) _
sz 0 T(ptl) I'Zk—2pt1) T(G+k—p— i F=12..m




Chapter 4. Numerical study of variable order fractional physical model ... 62

Proof. Using the Caputo derivative in equation (4.6), we get

4 Y-t 25 -1
Bly:t) (WIL* — NBY) E _1\ J—l

By linearity property of the Caputo derivative, we have

J l
4J 25 I'(25 —1) i
DD (VL (y DPWt) =1 4.22
y ,Z Tnrej-2+1) v Y (4.22)
Using equation (1.19), we get
Byt * _ s
DJUD(VLi(y) =0, j=01,..q—1, (4.23)
and
Ji—q i . . .
’ P25 2= I'(j—141) 1B,
DP@H (YT* _ 1) J—1—B(yt)
v (VL) l:O( SR Or@) 2+ ) I — 1= By - 1)
l .
—d(ywz Y2 r2j-0)IriG—1+1) S i=qm.
DrEj—20+1) I'(G-1-8yt)+1)°" o

Now, approximate 3/~ by (m + 1) terms of the Vieta-Lucas series, we have
~> b VL (y (4.25)
k=0

where
1 L yi= WL w(y)

6k71' 0 1/y y

Now, putting the value of VL (y) into equation (4.26) and using equation (4.13),

by = L Dy, (4.26)

we get
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1 1 9yi—l _
47 Jo Vgﬁdya k= 07
biy =
j—l k (=1)P4k—P 2k I'(2k—p)  k— —
o fo \/yy 7 > b0 Tl T(2h— 2p+1p Pdy, k=1,2,...,m,
Lot g k=0
B 27 JO W yv -
1 (=1)P4+—P k (2K j+k—p— z o
Zp 0 F(p+1) (2k— 2p+11; fo y\/y 2 k=1,2,...,m,
1 TG-1+3)
WETG T k=0,
_ (4.27)
(=1)P4*=P k I'(2k—p) T'(j+k—p—I+3)
fzp 0 I'(p+1) C'(2k—2p+1) I'(j+k—p— l+1 , k=1,2,..m.
Putting equations (4.25) and (4.27) into equation (4.24), we obtain
m j—q
DIUDVL () = Y 0, VLi(y), j=q....m, (4.28)
k=0 1=0
where
y PO (1) T(25-1) D(i—1+3) k=0
Vv L+1) D220+ D) (I (G—-1-B(y,t)+1))’ -
Ok = § W)W 2j D2j—1) D(j=I+1)
Y Vv D(1+1) T(2j—2l+1)(D(j—1—B(y,t)+1))
(—=1)P4*—P |k I'(2k—p) I'(j+k—p—i+3) _
sz 0 “T(prl) TOh—2pF1) T Hh—p—Is1 k=12 ..m.
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Equation (4.28) can be expressed in vector form as follows

Jj—q
DIWD (VL (y)) ~ Z@ OZ,Z@],“,...,ZGMZ Q(y). (4.29)
=0

Also, the equation (4.23) can be written as
/6 7t * ~Y ) — p—
DSWO(VLi(y)) =~ [0,0,...,00Q(y), j=0,1....,¢— 1. (4.30)

The combination of equations (4.29) and (4.30) prove the desired results.

4.5 Description of the presented technique

The spectral collocation approach paired with the shifted Vieta—Lucas operational
matrix of derivatives is provided in this section to solve fractional variable order
Gray-Scott models, as shown in equations (4.1)-(4.3). Let us approximate u(z,t)

and v(z,t) by shifted Vieta-Lucas polynomials as

u(z,t) =~ QL (2)UQ(t),
(4.31)

v(x,t) = QT (2)VQ(t),

where U = [uj] and V' =[] are unknown (m + 1) x (m + 1) matrices and

Qt) = [VLi(t), VILi(¢), ..., VIL; (#)]T is the column vector. Now applying the Caputo

variable operator Df @D on the cquation (4.31) and using Theorem (2), we get
(o) e ufat) ot

Dt U(.%,t) = atal(x,t) %at(n(w,t) (Q (:U)UQ(t))

=D (t)
Otea(zt)

:QT<x)UP(D‘1(I’t))Q(t), (4.32)

=Q7(2)U
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similarly
o (z,t) .
D0y 1y = LU0 gy plesteang), (4.33)
Otez(@t)
and
2
Julz.t) “(952’ D~ o (@)(PY)TURL).
828(90 " (4.34)
viL,t) AT 2\T
B3 ~Q (x)(P?) VQ(L).

Using equations (4.31)-(4.34), the residuals Ry (x,t) and Ry(z,t) for equation (4.1)

can be written as

Ri(x,t) =QT (2)U P @NQ(t) — d, QT (2)(PHTUQt) + QT (2)UQ)(QT (2)VQ(t))?

— A1 = QT(@)UQ) — fila, 1), (4.35)

Ry(x,t) =0T (2)V Pl2@Dq(t) — duQT (2)(PHTVQ(t) — QF (2)UQ) (T (2)VQ(t))?

LBOT()VQL) — folz, 1), (4.36)

now using equation (4.31), we approximate the initial and boundary conditions, we
get
QY (2)UQ0) = ug(x) QT (2)VQ(0) = dp(), (4.37)

and

QTO)UQ(t) = w(t),  QTO0)VQL) = (L), (438)
QT(L)UQAE) = us(t),  QT(LYUQA(E) = as(t). |
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2i+1
2m~+2

Now collocating equations (4.35)-(4.38) at points x; = fori =1,2,...,m—1and

t; = 2+l for j =1,2,...,m, we obtain a system of algebraic equations. By solving

2m+2

this algebraic system, we get the unknown matrices U and V. The approximate

solutions can be obtained by substituting U and V' in equation (4.31).

4.6 Convergence analysis

Theorem 3. Suppose that g, (z,t) is an approximation of a continuous function
g(x,t) in terms of shifted Vieta—Lucas polynomials. If the function g(z,¢) has fourth

order derivatives that are bounded, then

1
|coo| < =Now, |ero] < =Noos  |eoa] < 5Noo,  |era| < Nog,
4
1 1
|cio| < 80 = 1)N2,0, |ein| < Si(i = 1)N2,0, 12> 2,
: | (4.39)
‘COJ|_8].(]._1)N02, ‘C“‘§8j(j—1)N0’2’ J =2,
N o o
’Ci,j‘ S 16@](2—1)(]—1)’ 2% 22

where

Noo = mazx {‘g(:z:,t)} Dz, t) € ([0,1] x [0,1]) },
Ny o = mazx {‘gm(m,tﬂ :(x,t) € ([0,1] x [0, 1])}
N0,2 = max {‘gtt(xat)‘ : (Z’,t) € ([07 1] X [07 1})}*

Ny o = mazx {‘gmtt(oc,tﬂ t(z,t) € ([0,1] x [0,1]) } .
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Proof. Assume that g(z,t) can be expressed as a series of Vieta-Lucas polyno-

mials as

n

Gum (@) =3 Y i VLI (2) VL3 (#),

=0 7=0

where unknowns can be determined using the following relation

Cij = #ﬂsj/o /0 g(x, ) VL (z)w(x) VL] (t)w(t)dxdt. (4.40)

242 cos(6) and ¢ — 242 cos(¢)
o 4

1 in equation (4.40), we get

Substituting x =

4 [T (™ /24 2cos(8) 2+ 2cos(¢ , ,
Cij = W/ /o g( ZOS( ), ZOS((p)) cos(if) cos(jop)dOdep.  (4.41)

From equation (4.41), we have

4 T (™ r14cos(f) 1+ cos(o)
As a results
1
|coo < ]\007 (4.43)

where Noo = maz {|g(z,t)| : (z.t) € ([0,1] x [0.1])} .
A similar argument can be used to determine {CLO‘ = ‘CQ’I| < %NO,O and ‘0171‘ < Noo-

From equation (4.41), for ¢ > 2, we obtain

1 (o1 0) 1
=53 /0 /0 g( +‘;°S( ), +C2C’S(¢))cos(i9)d9d¢. (4.44)

Applying the integration by parts twice w.r.t. 6, we get

1 T[r 1+ cos(f) 1+ cos(p)y .
w015 | [ (T D s )doas. (@)
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where

sin(i —1)0  sin(i +1)0

(6) =
mi(0) i1 i1

After solving equation (4.45) provides the relation

ol < —— Ny P2 4.46
‘0’0’_873(7:—1) 20, (4.46)

where Noo = maz {|gz.(z,1)| : (z,t) € ([0,1] x [0,1])} .

In the same way, we can achieve the following outcomes

|ein| < Z.—_NQ,O, P> 2, (4.47)

|co] < N2, 22 (4.48)
N2, 722, (4.49)

where Noz = maz {|gu(z,t)| : (z,t) € ([0,1] x [0,1])} .

From equation (4.41), for i, 7 > 2, we have

Cij=— /0 /0 g( +C208( ), +C208(¢))cos(ic9) cos(jo)dode. (4.50)

Now, applying the integration by parts twice w.r.t. 8, we have

Cij ! /07r /07r gee(l + 0208(9), Lt c;s(@)) sin(0)n;(6) cos(jo)dOdp,  (4.51)

5] 87T2

Again integrating equation (4.51) twice w.r.t. ¢, we achicve

1 T 1 0) 1
=iz [ e (S S sy 0) contm erasas
(4.52)
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where
sin(j —1)¢  sin(j+1)¢

nj(¢) = i1 .

Now, taking modulus on both the sides of equation (4.52), we have

Ng)g ™ ™
ol = i, |

After performing some mathematical calculations, we get following inequality

ni(0)n; (6)|dBdo. (4.53)

Ny o
16ij(i — 1)(j — 1)’

|eig| < ij>2, (4.54)

where Ny = max {‘gmtt(x,t){ :(z,t) € ([0, 1] x [0, 1])} )
Thus, the desired result is obtained.
Theorem 4. If the fourth order partial derivative of a continuous function g(z,t)

defined on [0, 1] x [0, 1] is bounded, then the error bound will be

on <V ¥(n,m),

where

and

| Nop | N Ny N, (714—15F3(n)>
m3 n3 1080n3 ~ 1080m?3
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Proof.
! 2
o, = / / ZC”V]L* VL (¢ )} w(x)w(t)dudt,
0 0 i=0 j=0
1 1 _ 0 o m
- [ [ [T avievEn -3 3 VL@ v o] e
0 /0 =0 j=0 i=0 j=0
1 1. n 00 )
= / / Y VL (@) V() Z me* WL ()] w(a)eot)dudt,
0 Y0 " i=0 j=m+1 i=n+1 j=0

+ i icgj( i VL?(z dw) (/ VL?(t) )

Using the orthogonality condition of the shifted Vieta—Lucas polynomials, we have

oo o0 n oo oo
o2 = 8r? Z cgyj + 472 Z c%j + 42 Z Z C?’j + 872 Z C?,o

Jj=m+1 Jj=m+1 1=2 j=m+1 i=n-+1
oo oo o0
+ 4r? E 2| 4 4r? E E cfj.
i=n+1 i=n+1 j=2

Now, from Theorem 3, we get

3 o0 1 1 n o0 1
2 < = 2N§2 § 4 _7_[_2N2 § §
16 L P12 64 = S =120 - 1)
+ —m°N; EOO L Loy EOO EOO !
2,0 2,2 57
16 S P12 64 LS P?52(i—1)%(j — 1)
3 - 1 1 —~ 1 E 1
2 2 \72 2 A2
o, < —m"N, E —— + —7°N. g — X g B
16" > j=m+1 G-1f 64 = (-1 j=m+1 (-1

3 9rn w— 1 T 50 1 = 1
22N ———— + —7’N2, - -
g 2o _Zn;l T 2 (i—1)4x;(j—1)4’

i=n+1
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3 > 1 1 4 _15F ° 1
O LI S I

16 T Jmt (t - 1) 64 , 90 m+1 (t - 1)

3 5 /°° 1 1, /°° 1 7T4
—m“N. —d —7“N. —d —.
B T A e A L A

After some mathematical calculation, we get

2
n<

o (4.55)

<7r4 - 15F3(n))

w2 N(ig N2270 7T4N22,2 NQZ,Z
16 | m?3 n3 10803 = 1080m?3

where Fj,(t) is the polygamma function defined by

B = ((DMH Y o

P t+ i)k+1

Finally, square root of equation (4.55) gives the required result.

4.7 Numerical examples

This section contains three examples to validate the proposed method. The maxi-
mum absolute error (MAE) and the convergence order (CO) have been calculated
for each example. Using MAE and CO, it is numerically analyzed the errors and

convergence analysis. The convergence order of the method is defined by [131]

log (%)

where €, and é; are the first and second MAE values, respectively. Moreover,

i
W=

(4.56)

Q; = (mj +1)(n; + 1) for j = 1, 2 represents the number of the shifted Vieta—

Lucas polynomials used in the first and second experiments, respectively.
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Example 1. Let us consider the problem introduced in equation (4.1) on the
domain [0, 1] x [0,1] with d; = ds = 1, A = 0.02, B = 0.05 and the aid of following

ICs and BCs as given by

u(z,0) =0, v(z,0) =0,
u(0,t) =0, v(0,1) = 2, (4.57)

u(1,t) = t*sin(1), v(1,t) = t*cos(1).

The exact solution of this particular problem is u(z,t) = t*sin(x) and v(z,t) =

t?cos(z) with suitable force functions fi(z,t) and fy(x,t).

We shall apply the above proposed method to solve Example 1. Here we examined
MAE and CO through Table 4.1 for the order of approximation m = 3,5,7,9,11.
From Table 4.1, it is clear that the maximum absolute error decreases as the degree
of shifted Vieta—Lucas polynomial is increased, which shows the effectiveness and
validation of the presented technique. Figure 4.1 and Figure 4.2 exhibit the approx-
imate solution and the absolute error between the exact and approximate solutions
for various x and ¢ values with variable orders ay(x,t) = 0.85 — 0.25e™"", ay(x,t) =
0.45 + 0.33sin(xt) and m = 11. From these Figures, it can be ensured that the
approximate solutions w(z,t) and v(z,t) are very close to the exact solutions. The
illustrated results verify that the proposed numerical method is highly efficient and

accurate.
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TABLE 4.1: MAE and CO of Example 1 for two different values of «y(z,t) and
ao(z,t).

m o ay(z,t) = 0.85 — 0.25¢ 7", ap(2, ) = 0.45 + 0.33sin(zt) aq(z,t) = 0.80 — 0.25¢72 ap(w,t) = 0.55 + 0.33sin(2xt)

u(z,t) v(w,t) u(z,t) v(a,t)

MAE co MAE Cco MAE Cco MAE Co
3 7.0158 x107* - 14213 x107* - 7.0373 x107* - 1.3871 x107% -
5 3.8245 x107%  6.4271 7.6322 x107¢  6.4456 3.8306 1076 6.4289 7.4965 x107%  6.4377
7 1.0736 x107%  10.2119  2.0977 x107% 10.2486  1.0751 x107% 10.2123  2.0689 x10~%  10.2415
9 18152 x107" 14.3015  3.5034x107"" 14.329 1.8169 x107'" 14.3025  3.4621 x10~'" 14.3246
1125369 X107 18.0259  5.0626x107* 17.9343  3.3307 10~ 17.2818  9.3481 x10~"* 16.2199

FIGURE 4.1: Plots of numerical result and absolute error of Example 1 for u(z,t)
with aq(z,t) = 0.85 — 0.25¢ 7%t ag(z,t) = 0.45 + 0.33sin(zt) and m = 11.
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FIGURE 4.2: Plots of numerical result and absolute error of Example 1 for v(z,t)
with ay(z,t) = 0.85 — 0.25¢ 7%, ag(x,t) = 0.45 + 0.33sin(xt) and m = 11.

Example 2. Consider the prescribed model in equation (4.1) on the domain [0, 1] x
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[0,1] with d; = 3, dy = 2, A = 0.06, B = 0.095 and use of the following ICs and
BCs as

u(z,0) =0, v(x,0) =e",
u(0,t) = sin(t), v(0,t) = cos(t), (4.58)

u(1,t) = e tsin(t), v(1,t) =e tcos(t).

The exact solution of this model is u(z,t) = e *sin(t) and v(z,t) = e *cos(t) with

suitable force functions fi(z,t) and fo(x,t).

We shall apply the above proposed method to solve Example 2. Here MAE and CO
have been found through Table 4.2 for the order of approximation m = 3,5,7,9, 11.
From Table 4.2, it is clear that the maximum absolute error decreases as the degree of
shifted Vieta—Lucas polynomial is increased, which shows the effectiveness and vali-
dation of the presented technique. Figure 4.3 and Figure 4.4 exhibit the approximate
solution and the absolute error between the exact and approximate solutions for var-
ious z and t values with variable orders oy (x,t) = (cos(t) +e *sin(z))/2, as(z,t) =
0.7 4+ 0.25¢ % sin(x) and m = 11. From these Figures, it can be ensured that the
approximate solutions w(z,t) and v(z,t) are very close to the exact solutions. The
illustrated results verify that the proposed numerical method is highly efficient and

accurate.
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TABLE 4.2: MAE and CO of Example 2 for two different values of «y(z,t) and
as(z,t).

m a1(z,t) = (cos(t) + e Hsin(z)) /2, az(z,t) = 0.7+ 0.25e " Hsin(z) ai(z,t) = sin(t) + 0.5¢ *cos(z), aa(z, t) = 0.25 + 0.65e > cos(z)

u(z,t) v(z,t) u(z,t) v(z,t)
MAE CcO MAE CO MAE CcO MAE CO
3 83610 x10* - 1.1619 x10% - 8.4928 x10°* - 1.1337 x10°3 -
5 6.9860 x10~%  5.9004 6.8226 x10~%  6.3354 6.7522 1075 5.9617 7.1408 x10%  6.2489
7 1.2382 x107%  11.0111 1.5441 x10~%  10.5863 1.2491 x107%  10.9368 1.5255 x107%  10.6866
9 29499 x107!  13.5331 2.7626 x 10711 14.1748 2.8598 x 10711 13.6222 2.8672 x107't  14.0644
1124647 107 194367  5.6288 x10~1*  16.992 3.9746 107 18.0412  3.8838 x10~'* 18.1102
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FIGURE 4.3: Plots of numerical result and absolute error of Example 2 for u(x,t)
with aq(z,t) = (cos(t) + e %sin(x))/2, as(x,t) = 0.7+ 0.25¢ ?*sin(x) and m =
11.
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FIGURE 4.4: Plots of numerical result and absolute error of Example 2 for v(z,t)
with aq(z,t) = (cos(t) + e 2sin(r)) /2, as(x,t) = 0.7+ 0.25¢ 2 sin(r) and m =
11.



Chapter 4. Numerical study of variable order fractional physical model ... 76

Example 3. Consider the prescribed model in equation (4.1) on the domain [0, 1] x
[0,1] with dy =2, dy =1, A =0.05, B =0.07 and use of the following ICs and BCs

as

u(x,0) =0, v(x,0) = sin(x),
u(0,t) = sin(t), v(0,t) =0, (4.59)

u(1,t) = cos(1)sin(t), v(1,t) = sin(1)cos(t).

The exact solution of this model is u(z,t) = cos(z)sin(t) and v(z,t) = sin(x)cos(t)

with suitable force functions fi(z,t) and fo(x,t).

The above proposed method is applied to solve Example 3. Here MAE and CO are
examined through Table 4.3 for the order of approximation m = 3,5,7,9,11. From
Table 4.3, it is clear that the maximum absolute error decreases with the increase in
the degree of shifted Vieta—Lucas polynomial, which shows the effectiveness and vali-
dation of the presented technique. Figure 4.5 and Figure 4.6 exhibit the approximate
solution and the absolute error between the exact and approximate solutions for var-
ious x and ¢ values with variable orders oy (z,t) = (1.35+0.25sin(xt))/2, az(x,t) =
(1 + 0.65e2"")/2 and m = 11. From these Figures, it can be ensured that the
approximate solutions u(x,t) and v(z,t) are very close to the exact solutions. The
illustrated results verify that the proposed numerical scheme is highly efficient and

accurate.



Chapter 4. Numerical study of variable order fractional physical model ... 7

TABLE 4.3: MAE and CO of Example 3 for two different values of «1(z,t) and
as(z,t).

m iz, t) = (1.35 + 0.25sin(at)) /2, as(z, t) = (1 + 0.65¢2) /2 ay(z,t) = 0.70 — 0.25sin(nt), az(z, t) = 0.45 + 0.35¢~V*

u(z,t) v(z,t) u(z,t) v(z,t)
MAE CcO MAE CcO MAE CO MAE CO
3 1.1457 x107% - 9.6441 x107* - 1.1611 x107% - 9.5588 x10™* -
5 6.2341 x107%  6.4293 4.7438 x1076  6.5538 6.2709 x107%  6.4385 4.6927 x1075  6.5562
7 17265 x10°%  10.2354 1.2461 x10°8  10.3274 1.7344 x10°%  10.2377 1.2304 x10°%  10.3306
9 28975 x107'' 14.3181 2.0226 x10~1" 14.393 2.9053 x10~11  14.3224 1.9968 x10~'"  14.3933
11 3.9968 x1071* 18.0618 3.7970 x10~*  17.2166 4.3188 x107  17.8567 2.9671 x1071  17.8578
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FIGURE 4.5: Plots of numerical result and absolute error of Example 3 for u(z,t)
with aq(z,t) = (1.35 + 0.25sin(zt)) /2, as(x,t) = (1 + 0.65e~2*")/2 and m = 11.
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FIGURE 4.6: Plots of numerical result and absolute error of Example 3 for v(z,t)
with ay(z,t) = (1.35 + 0.25sin(xt)) /2, as(x,t) = (14 0.65e72*")/2 and m = 11.



Chapter 4. Numerical study of variable order fractional physical model ... 78

4.8 Conclusion

In the present study, an efficient spectral collocation method based on shifted Vieta—
Lucas polynomials is introduced to solve the generalized Gray-Scott model. A new
operational matrix of fractional variable order derivatives is derived for the shifted
Vieta—Lucas polynomials. While designing the technique, first the model has been
approximated with the shifted Vieta—Lucas polynomial and then utilising the oper-
ational matrix the concerned model is converted into a nonlinear algebraic system
of equations that can be solved numerically. The accuracy and efficiency of the
presented method are validated by comparing the exact solutions and numerical

solutions of three test problems through error analysis.
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