Contents

List of Tables xi
List of Symbols xvii
Abbreviations xviii
Preface Xix
Introduction XXX
1 Preliminaries 1
1.1 Basic Algebraic Structures . . . . . . . .. ... 1
1.2 Basic Notions of Coding Theory . . . . . . . .. ... ... ... ... 12

1.3  Quantum-Error Correction . . . . . . . . . . .. ... ... ... ... 22
1.3.1 Stabilizer Codes . . . . . . . .. . ..o 24

1.3.2  Construction of Quantum Codes from Classical Codes . . . . . 26

1.3.3  Entanglement Assisted Quantum Error Correcting Codes . . . 27

Cyclic Codes over F,[u,v,w]|/{u*—u,v? —v,w? —w, uv, vu, uw, wu, vw —wv) 29

21 TheRing S . . . . . . . 29
2.2 Linear and Cyclic Codesover S . . . . . . . . . . ... .. .. .... 34
2.3  Quantum Codes from Cyclic Codesover S . . . . . . ... ... ... 43
24 LCD Codesover & . . . . . . . . . 50
Skew Cyclic Codes over Fq[uy, ug, ..., u.]/(uf — w;, wjuy — wyw)f;_, 55
3.1 TheRing R . . . . .« . o o 56
3.2 Gray Map . . . . .. 57
3.3 Linear Codes over R . . . . . . . . . . . 60
3.4 Skew Cyclic Codesover R . . . . . . . . . . . . ... 66
3.5 Construction of Quantum Codes from Skew Cyclic Codes over R . . . 74

1X



Contents b'e

3.6 LCD Codesover R . . . . . . . . . . it 80
4 Skew Constacyclic Codes over a Class of Non-chain Rings 87
4.1 The Ring 7 and Linear Codes over T . . . . . . .. ... .. .. ... 88
41.1 TheRing T . . . . . . . 88
4.1.2 GrayMap . . . . ... 90
4.1.3 Linear Codes over T . . . . . . . . . ... ... .. ...... 93
4.2 Skew Constacyclic Codes over T . . . . . . . ... .. .. ..... 99
4.2.1 Automorphisms of 7 . . . . . . .. ... ... 99
422 Unitsof T . . . . . . . 100
5 Construction of Quantum and LCD Codes from Skew Constacyclic
Codes over a Class of Non-chain Rings 107
5.1 FKuclidean dual of skew (©, av)-constacyclic codes over T and construc-
tion of Quantum codes . . . . .. ... L 108
5.2 Hermitian Dual of Skew (O, «)-Constacyclic Codes over T and Con-
struction of Quantum Codes . . . . . . . . . ... ... ... ... 119

5.3 Euclidean and Hermitian LCD Skew (O, o)-Constacyclic Codes over T 129

6 EAQECCs from Constacyclic Codes over a Class of Non-chain

Rings 139
6.1 Constacyclic Codes over 7 . . . . . . . . . . ... ... . 140
6.1.1 Polynomial Gray map . . .. ... ... ... ... .. .... 141

6.2 Construction of EAQECCs . . . . . . . ... ... ... ... ..... 145

7 Conclusion and Future Scope 151
Bibliography 155

List of Publications 167



List of Tables

2.1 Matrices used in Gray map . . . . . . .. ..o 49
2.2 Quantum Codes from Gray Images of Cyclic Codes over & . . . . . . 49
2.3 LCD codes over § and their Gray Images . . . . . . . ... ... ... 53
3.1 Quantum Codes from Skew Cyclic Codes over F,[us]|/(u? —uy) . . . . 78
3.2 Quantum Codes from Skew Cyclic Codes over F[uy, us]/{u} —uy, ui—

U, UIUg — UUT) + + e o e e e e e 78
3.3 Quantum Codes from Skew Cyclic Codes over F,[uy,usg, us]/{u? —

Up, U3 — Uz, US — Uz, Uy — UjUi) + o o o e e oo e e e 79
3.4 LCD Codes from Skew Cyclic Codes over F[uy]/{uf —wu) . . . . . . 84
3.5 LCD Codes from Skew Cyclic Codes over F,[uy, us]/(uf — uy,u3 —

U, Uy — UUT) + + o o e e e e e 85
3.6 LCD Codes from Skew Cyclic Codes over F[uy, ug, us)/{(u3 —uy, uj —

Uy U3 — Uz, Uy — UfUG) « o o e e oo e e e 85

5.1 Quantum Codes from Skew constacyclic codes over F,[u1]/(uf—u;), a =

maoa + L 12X 8.2 T 114
5.2 Quantum Codes from Skew constacyclic codes over F[u;]/{u—u;), a =

maon + ypIe%) + N3Gz . . . o oo e 114
5.3  Quantum Codes from Skew constacyclic codes over F[uy, us/(ui —

Uy, U3 — Ug, Ul — Usly), @ = TMi1Q1 + i + No1Qizr + Mooag . . . . 114
5.4 Quantum Codes from Skew constacyclic codes over F[uy, us/(ui —

3 2 3
U, Uy — Usg, Uy — Ul ), (0 = Ei1:1 Ziz:l MivigQliria  ~ « « & o o o o v 115

5.5 Quantum Codes from Skew constacyclic codes over F[uy, us, ug)/(u?—
2 2 2 2 2 B
U, up—Ug, uz— L, gy —wis), 0 =D 1 D s > i MivisisQiyigigs B =

(allb 112y« - . 06222) ............................ 115
5.6 Quantum Codes from Skew constacyclic codes over F[uy, us]/{u$ —
3 — 3 3 —
Uy, Uy —Usg, UpUp—Ugly), O = D 0 1 D5 3 NiyinQigiys 3= (Qun, a2, .., az3) 115

5.7 Quantum Codes from Skew constacyclic codes over F [uy, us, ug)/(u3—
Uy, u%_u% u%—l, uiuj_ujui>7 &= 2?1:1 ZZ:I Zi:l Mivigis MXiyigiss B =
(01111, 112, .- ., aggg) ............................ 116
5.8 Quantum Codes from Skew constacyclic codes over F[uy, ug, uz, us]/(ui—
uy, us—ug, u3—1, Ui—luiuj—ujui% o= Z?l,iz,i3,i4:1 Mivigigia Qi igigia> B =
(061111, 1112, - - - 7062222) .......................... 117

x1



List of Tables xii

5.9  Quantum Codes from Skew constacyclic codes over F[uy, ug, us]/ (u3—
2 3 o 3 2 3 o
Uy, Uy — U2, us_lyuiuj_ujui>7 Q= Zz‘lzl Zig:l Zi3:1 Mivizis Viyinizy B =

(alll,allz,...,aggg) ............................ 118
5.10 Quantum Codes from Skew constacyclic codes over F[uy]/{uf—u;), o =

100 + L5718 % 125
5.11 Quantum Codes from Skew constacyclic codes over F,[uy]/(u$—u;), o =

MOy + Mo + M3z . . o o o o e e 125
5.12 Quantum Codes from Skew constacyclic codes over F[uy, us]/{u? —

Uy, U5 — Ug, Urlly — Ugly), @ = Nuiaay + Mg + Ma10ar + Naady - - . . 125
5.13 Quantum Codes from Skew constacyclic codes over F[uy, us]/{uf —

3 2 3
U, Uy — Uz, UrU2 — UQU1>, o = Zilzl Zi2:2 NitioOligig « « « « v v o o o 126

5.14 Quantum Codes from Skew constacyclic codes over F[uy, ua, us)/(ui—

2 2 2 2 2 B
Uy, uy—ug, uy— 1, uu—ugg), =Y 0 D MiinisQininisy B =

(04111, 112, ... ,04222) ............................ 126
5.15 Quantum Codes from Skew constacyclic codes over F[uy, ug/(u} —
3 B b 3 _ ‘
Uy, Uy—Usg, Uy Uy —Uglly ), O = Zi1:1 Z¢2:1 NiviaQiyins B = (11, a1, ..., a33)126

5.16 Quantum Codes from Skew constacyclic codes over Fy[uy, ug, us)/ (u3—
2 2_1 _ N3 2 2 _
Uy, Ug—U2, Uz— 7uiuj_ujui>7 o= Zilzl Zig:l Zigil Mivigiz Xiyizig s b=
(alu, 112, ... ,Oéggg) ............................ 127
5.17 Quantum Codes from Skew constacyclic codes over F[uy, ua, ug, ug)/{(ui—
2 2 2 _ V2 _
uy, uy—ug, us— 1, uf—lwu;—uju;), o = 211712,13,14:1 Miriiia QVivinizia, B =
(041111, 1112y - - - 7()[2222) .......................... 127
5.18 Quantum Codes from Skew constacyclic codes over Fy[uy, ug, us]/ (ui—

2 3 _ 3 2 3 _
Uy, up—ug, uz—1, uiuj—ujui>7 &= Zilzl 21-2:1 Zz’g:l Miviziz Qivizis s b=

(O111, Q1125+ o Q0323) « « « o e e e 128
5.19 Euclidean LCD codes from Skew constacyclic codes over F,[uy]/{uf —

up) and their Gray images . . . . . . . .. ... ... ... ... . 136
5.20 Euclidean LCD codes from Skew constacyclic codes over F,[uy, ua]/(u?—

1,u% — Uy, ujus — usuy) and their Gray images . . . . . . . . .. ... 136
5.21 Euclidean LCD codes from Skew constacyclic codes over F,[us, ua]/(u?—

Up, Us — Uy Uty — UUL)  + o o o e oo e e e e e 136
5.22 Euclidean LCD codes from Skew constacyclic codes over F,[uy, uz, ug]/{ui—

Up, U3 — Uz, U3 — LU0 — U)o oo o 137
5.23 Hermitian LCD codes from Skew constacyclic codes over F[u;]/{uf —

up) and their Gray images . . . . . . . ... ... ... ... ... . 137
5.24 Hermitian LCD codes from Skew constacyclic codes over F[uy, ua]/(ui—

1,u% — uy, ujuy — uguy) and their Gray images . . . . . . .. .. ... 137
5.25 Hermitian LCD codes from Skew constacyclic codes over F[uy, us]/{uf—

Up, US — Uz, Uty — UUL)  + o o o oo e e e e 137

5.26 Hermitian LCD codes from Skew constacyclic codes over F[uy, ua, us]/{ui—
Up, U3 — U, U3 — L, UUj — U)o 137

6.1 MDS EAQECCs constructed from Corollary 6.2.9 . . . . . .. .. .. 150



List of Tables

6.2 Comparison with existing MDS EAQECCs






List of Symbols

[,

)

k. d|

Description

Prime number

Prime power

Finite field of order ¢

Set of nonzero elements of IF,
{1,2,3,4,5,6} (used in Chapter 2)

2 — w, uv, vu, uw, wu, vw — wv)

F,u,v,w]/{u® — u,v? — v, w
Fylut, g, ..y up]/(ud — wy ugug — wjug)

Folur, ug, .. w]/(f(u;), wiu; — wjug)

Set of units (whose multiplicative inverse exist) in the ring R
Codes over F, (except for the codes obtained by decom-

position of codes over rings)
Codes over rings

Ideal generated by f(y)

Reciprocal polynomial of f(y)

Left monic skew reciprocal polynomial of f(y)
Hermitian left monic skew reciprocal polynomial of f(y)
Code over F,

Code over a ring

a divides b

Congruent to

An automorphism of IF,

An automorphism of ring R, where R =S, R, T

A classical linear code with length n, dimension k, and

minimum distance d



List of Tables v

Symbol Description
([, k, d]] A quantum code with length n, dimension &, and mini-
n7 7
mum distance d
An EAQECCs with length n, dimension k, and mini-
([, k., d; c]]

mum distance d using c ebits



Abbreviations

Abbreviation
AMDS

BKLC

CSS

EAQECC
GCRD

LCD

MDS

QECC

Description

Almost Maximum Distance Separable

Best Known Linear Code

Calderbank-Shor-Steane

Entanglement-Assisted Quantum Error-Correcting Code
Greatest Common Right Divisor

Linear Complementary Dual

Maximum Distance Separable

Quantum Error-Correcting Code






