Chapter 2

A numerical approach based on Vieta-Fibonacci
polynomials to solve fractional order

advection-reaction diffusion problem

2.1 Introduction

The advection reaction-diffusion equation is widely used in science and engineering
as a mathematical model in different areas such as transportation in porous media,
oil reservoir simulation, global weather prediction, transport of mass and energy, and
chemical transformation. The solute spreads within the fluid by molecular diffusion.
The random collision of the solute molecule with the fluid molecule causes diffusion
and produces a flux from the higher concentrated areas to the lower concentrated
areas. The advective term describes the bulk movement of solute particles in the
direction of fluid flow at a rate equal to fluid velocity. In addition to advective
transport, solute spreads within the fluid in the porous medium by molecular diffu-
sion. The mathematical models related to the mixture of the advective and reactive
processes can be seen in various directions in real life, for instance, dynamics of age-
structured populations, in meteorological pollution control models, etc. Despite all
these, we face great complications when the model of advection-reaction-diffusion is
nonlinear. Physical phenomena like fast diffusion or slow diffusion are very much
relevant for the porous media. In recent years, the theory of fractional calculus has
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attracted by many researchers due to its numerous applications in various fields, like
image processing [59] , mathematics and physics [60], economics [61]-[62], fluid dy-
namics [63], control theory [64], fracture mechanics [65], etc. In 2022, Baleanu et al.
[66] used Caputo fractional derivative to present a general mathematical model for a
real situation of the cholera outbreak. Defterli et al. [67] also discussed the applica-
tion of fractional calculus in an accelerated mass-spring system, and presented the
fractional Euler-Lagrange equations. Some definitions and properties of fractional
calculus can be seen in the book of Abbas et al. [68]. Jajarmi et al. [69] recently
presented a regularized W—Hilfer fractional derivative and its properties. They pre-
sented the application of this generalized fractional derivative for an initial-value

problem, and its solution is also analyzed.

The advection-reaction diffusion equations with fractional derivatives play an impor-
tant role to describe the anomalous transport dynamics in a heterogeneous media,
and is a useful tool for modelling many physical problems of surface water pollu-
tion, ground water pollution, and atmospheric pollution, which directly affects the
health of the human being. Therefore, in the last few decades, fractional advection-
reaction diffusion equations have drawn a great attraction to a lot of researchers.
In the literature of advection-diffusion equations with fractional derivatives, several
mathematical models have been presented by many authors, for example, Deng et al.
[70] discussed one-dimensional (fractional advection-dispersion equation, and they
developed stability criteria for the numerical schemes to solve fractional advection-
dispersion equation. Jiang and Lin [71] discussed the fractional advection-dispersion
equation with Caputo fractional time derivative and Riemann-Liouville (R-L) space
fractional derivative, Lin et al. [72] presented a nonlinear diffusion equation with
the Riesz fractional derivative, Pandey et al. [73] discussed a coupled advection

reaction diffusion equations with time fractional derivative in Caputo sense for the
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two interacting species in the domain of fluid flow through the porous medium, a
mathematical model of advection reaction diffusion equations with time and space
fractional in R-L sense is presented by Jannelli et al. [74], Ginting and Li [75]
used the R-L derivatives in a mathematical model of one-dimensional double-sided
diffusion-advection-reaction and established the existence, uniqueness, and regular-
ity of the problem on the real line. Singh and Das [76] considered the Caputo
fractional derivatives for both space and time in their study to present a model of

fractional-order advection reaction diffusion equations, etc.

In general, the exact solutions of factional-order advection reaction diffusion equa-
tions are limited, therefore various numerical/approximate techniques have been
used to solve these equations, like Adomian decomposition method [77], homotopy
perturbation method [78], finite difference methods [79-82], homotopy perturbation
transform method [83], [84], etc. Dwivedi and Das [85] presented a solution to a
fractional-order Burger-Fisher-Fitzhugh-Nagumo equation by using the Fibonacci
collocation and non-standard finite difference method. Heydari and Atangana [86]
presented a numerical scheme based on Chebyshev cardinal functions and piecewise
Chebyshev cardinal functions for solving a nonlinear advection reaction diffusion
equations with the piecewise fractional derivatives. Sweilam et al. [87] presented a
linear model of advection-dispersion problem with spatial fractional derivatives and
discussed its solution with the help of spectral collocation method and non-standard
finite difference scheme. In 2022, Abeye et al. [88] discussed the Laguerre spectral
collocation and finite difference methods to solve the fractional advection dispersion
equations. In 2023, Sharma and Rajeev [89], [90] solved advection reaction diffusion
equations numerically and in the same year, Biswas et al. [91] discussed a shifted
Legendre collocation method to solve a fractional-order nonlinear advection reaction

diffusion equations.
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In the study of nonlinear physical problems, fractional order reaction-advection-
diffusion model plays a significant role, therefore the author is motivated to find the
approximate numerical solution of space-time fractional order reaction-advection-
diffusion equation and to analyses their physical behavior in porous media associated
with Caputo fractional order derivatives. In the present scientific contribution, the
author analyzed the mathematical form of a physical problem. Here author traces
the behavior solute species under the influence of reaction, diffusion, and advection
in porous media. Our main goal is to find the long-term behavior of the considered
nonlinear system. Here we present a fractional nonlinear mathematical model of such
a physical problem containing solute variables. In this chapter, author consider the

fractional reaction advection diffusion equation [74], [87] in porous media as:

o Y Y
0 _ _a(x,t)aﬁ ( 0 “> _b@;,t)@_“ + f(u,z,t), ze(0,1), te(0,7T),
a

At Oy oz
(2.1)
with intial and boundary conditions
U<J],0) :&)(ZE), T € (071>7
U(O, t) = gl(t)a U(l, t) = 92(t)7 te (O, T>’ (2'2)

where

0<a<l, 1<l14+y=p8<2, 0<vy<1,

and a(z,t) is the dispersion coefficient, b(x,t) is the average fluid velocity, u is
the solute concentration, « is the order of the time-fractional derivative, ~ is the
space derivative of fractional-order. All the fractional derivatives are considered

in Caputo sense. In the case a=vy=1, the above equation reduces to the classical
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reaction-advection diffusion equation.

In this article, our main aim is to discuss a new approach that is the combination
of non-standard finite difference method and spectral collocation scheme to solve a
space-time fractional model of advection reaction diffusion equations with nonlinear
terms as given in (2.1)-(2.2). The accuracy of the scheme is numerically verified for
the two different examples, and it is shown that the proposed solution is sufficiently
accurate. The stability and error estimates for the non-standard finite difference
scheme are also analyzed. The presence of nonlinear coefficients and nonlinear source
terms play an important role from the physical point of view as compared to a linear
model. This motivates the authors to solve the considered nonlinear porous media

problem.

This chapter is organised as follows: In section 2.2, the preliminaries are presented
that consist of the basic of Caputo derivative of fractional-order and some properties
of shifted Vieta-Fibonacci polynomials and shifted Chebyshev polynomial of the
second kind. Section 2.3 includes the details of non-standard finite difference scheme.
In section 2.4, we develop an approximate formula dimensions Caputo derivative
of fractional-order for a function. Section 2.5 gives the numerical solution of the
fractional reaction advection diffusion equations with the help of non-standard finite
difference scheme and spectral collocation method. Section 2.6 describes the stability
of the presented scheme. In section 2.7, some numerical examples and results are

presented. The last section 2.8 presents the conclusion of the study.

2.2 Preliminaries and Definitions

Some definitions and characteristics of fractional calculus that are relevant to this

chapter are explained in this section.
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2.2.1 Shifted Vieta-Fibonacci Polynomials

The Vieta-Fibonacci polynomials (VF,(x)) is defined as

where x = 2cos p, ¢ € [0, 7]. The Vieta-Fibonacci polynomials can be generated by

using the recurrence relation shown below.
VFu(x) =aVF,_1(z) = VF,2(x), n=23 ..
with the conditions
VFo(z) =0, VFi(z)=1.

As given in [87], the shifted Vieta-Fibonacci polynomial of degree n (VF;(x)) is

defined in finite range [0,1] as follow
VFi(x) =VF,(4x — 2), (2.3)
with the values
VFi(x)=0, VFi(z)=1. (2.4)

Additionally, using any one of the two following formulas, V.F (z) can be produced

in the power series formula:

n ; 22n—2i—2r(2n . Z)

VF;(z) = ;(_1) S o Qi)xn*ifl, nezh (2.5)
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or
n

VE (2) = Z(—1)n—i—lri7zr_(?);(;j+1)2)xi, nezt (2.6)

1=0

The polynomials VF (z) are orthogonal with respect to weight function w(z) =

Vo — 2?2 as

=

ny 7£ na,

(VF: (2), VF na(a)) = / w(@)VF? (@)VF: (2)dz, (2.7)
0 , ny=mng #0.

®[3

Now, suppose the approximate solution x(z) € L?[0, 1], then it can be expressed in

terms of the shifted Vieta-Fibonacci polynomials as

y(z) = Z UVFi(z), (2.8)

where U; are the unknown coefficients. For the practical applications, we take finite

terms ((m+1) terms) of shifted Vieta-Fibonacci polynomials in the (2.8) as given

below
m—+1
Xm(@) = ) UVF(x), (2.9)
i=1
where the unknown coefficients vector U;(i = 1,2,3,...,m + 1) can be obtained

through any of the following relation:

1 [? 2
U; = %/ X('IZ VA — 22V F;(x)de, (2.10)
-2

or

Ui = 5 /1 X(z2)Va — 22V F}(x)d. (2.11)

™
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2.2.2 Shifted Chebyshev Polynomials of the Second Kind

The chebyshev polynomials of the second kind U, (x) are orthogonal polynomials of

degree n in z defined on [-1,1] and these polynomials is given by

sin(z + 1)p
sin

Uy (x) =

where x = cos ¢ and ¢ € [0, 7].

Also U, (z) satisfy the following recurrence formula
U(z) = (4o —2)U;_ () —U; _o(z), n=2,3,..,
with the starting values
Uy (z) =1, Uj(z) =4z — 2.

Moreover, U;(z) have analytical form given as follows:

n

AT (i 42)
* — —1)* n—i ZJr.
Ui () ;( S Tixoren—2itg® "€

U (z) are orthogonal on the interval [0,1] as given below

U, (z, / Vo — 22U, (z)U,,(r)dr,

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)
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2.3 Non-Standard Finite Difference Scheme

In this section, we would like to introduce non-standard finite difference schemes,
which was firstly introduced by Mickens [57]. In this method, the first derivative is
approximated as

du  upy — w(k)uy
a xR

where w(k) and z(k) are two continuous functions of step-size k, that satisfies both

conditions listed below:
w(k) =1+ O(k*) and z(k) = h + O(K?).

Moreover, the continuous function x(k) satisfies the condition 0 < z(k) < 1, k — 0.

Examples of such functions are

w(k)=¢e" -1, w(k)=k,

There is no specific principle to choose the best function x(k).

2.4 Appoximation of Caputo Derivative for

Fractional-Order

Theorem 2.1. If the appoximate solution X, (z) of the problem (2.1)-(2.2) is ex-

preesed as given in Equation (2.9), then the space fractional derivative for x.m,(x) is
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given by
m—+1 i

DE(xm(x Z Z Ui nj, ah (2.17)

i=[u] k=[u]

where
(=) +k+ DI (k+1)

Mk = R = Tk + 2T 1= 1) (2.18)

Proof Let us apply the Caputo fractional differential operator (D*) to the approx-

imate solution of the problem (2.1)-(2.2), we get

m+1

D! (xm()) = Y U;D*(VF;(x)). (2.19)

=1

According to the properties of Caputo fractional derivatives as given in chapter 1,

we have

DFVF (x)) =0, i=1,2..[u] —1, (2.20)

and
Dy(VFi(x)) = (_1)1:_(1_—1(/3;F(F2§§i§)+ 1>D“(:ck). (2.21)

From the definition of Caputo derivatives given in chapter 1 and equations (2.20)-

(2.21), we get

Zi: (=)L 2*T(i+k+ DIk +1)

DE(VF(x)) = (i —k)T(2k+2)T(k+1— p)

", (2.22)
k=[]
Substituting equation (2.22) into equation (2.19) and using equation (2.21), we ob-

tain

m+1 %

y FRPT(+ R+ DDk +) 4,
Dy Oxm (@ 1%1 kz 2 "Rk + 2T +1—p) (223)
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Here, equation (2.23) can be restated as

m+1 7

Di(xm(@) = Y Y Uil 7, (2.24)

i=[p] k=[pl

where,
B (=1) Y200 + k + )T (k + 1)
Tk = DG — BTk + 2Tk + 1 — p)

(2.25)
This proof is based on [87].

Moreover, the fractional derivative of an approximated function y,,(z) in terms of

the shifted chebyshev polynomials of second kind is derived in [92].

2.5 Solution of the Problem

To solve the FRADE given in (2.1)-(2.2) with the help of shifted Vieta-Fibonacci
collocation method (SVFCM), let us take the following approximation for u,,(z,t)

in terms of VF*(z) as given in [87]

m+1

U (2,1) = U(t)VFi (). (2.26)

i=1

Substituting the approximation of u,,(x,t) in equation (2.1), we get

m+1 m+1
Z dto‘ VF* =a(z,t) (Z D6Vf:<I)Ui(t)>

—b(z,t) ni DYVFH@)Ui(t) + f (Wi U,()VF: (), z, t> . (2.27)

i=1 i=1
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Using theorem (2.1), we can rewrite the preceding equation as

m+1 m+1 i

* k—p
i=[B] k=[B]
m+1 i m+1
Z Z () nx o+ f (Z UAt)V.Ff(x),:v,t) , (2.28)
=[] k=[] i=1
where O<zx <1, 0<t<T, O0<a<l.
The boundary conditions can be written as
m—+1
}:U HVF;(0) = gi(t),
m—+1
Z Us(H)VFI(1) = go(t). (2.29)

To solve the partial differential equation (2.28), the non-standard finite difference
scheme is used. For this purpose, first, we discretize the time fractional derivative by
dividing the time interval into M parts and we take ¢, = nAt, At =t —t;, j =
0,1,...,m—1, n=0,1,..., M. Here, the value of U;(t) at point ¢t = ¢, is denoted by

u’.

7

Now, by using the Caputo’s definition for time derivative, we have

d“Ui(t,) 1 o o dU;
dte _Fﬂ—aké(%_ﬁ s,

= D oy = 1) T = ()L (230)
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Considering the fractional partial differential equation (2.28) at the point ¢t = ¢,, and

using equation (2.30), we get the following set of non-linear algebraic equations:

m+1n—1 j4+1 Uj

R 2 X gy e ) ) V)

=1 75=0

m+1 %

= a(z,tn) Z Z Ui’ nfk h?

i=[B] k=[B]

m+1 i

bz tn) | D> Ul 2t

i=[v] k=[]

m+1
+f (Z UMVF:(x), x,tn> . (2.31)

Also, the boundary conditions at the points ¢ = t,, becomes

m—+1

> UMVF;(0) = gilta). (2.32)

=1

m+1

> UMVF;(1) = galta). (2.33)

i=1
Now, we collocate equations (2.31), (2.32) and (2.33) at the root of VF} 5 4 (7)

which, respectively give

m+1n—1 541 Uj

ﬁ 2 ZU¢ AD) (b = 15)" 7 = (b — tj41) TV T ()

=1 j=0

m+1 %

=a ('IP’ Z Z Un 772 k ZL'
i=[8] k=[5]
m—+1 7

xP’ Z ZUnT/zk p

i=[v] k=[7]

m+1
+f (Z Ui”Vf;(xp),xp,tn> : (2.34)

=1
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where p=1,2,....(m+1— [3]),

m—+1

> UMVFL(0) = gilta), (2.35)

i=1
and

m+1

> UMVF(1) = galta). (2.36)

To find the initial approximation, the following initial condition is considered

m+1

Y UNYVFi(x,) = o). (2.37)

=1

The equation (2.34) generates a system of (m + 1 — [/]) algebraic equations. In
views of equations (2.35)-(2.36), this system of algebraic equations reduces to a new
system of (m+1) algebraic equations with (m+1) unknowns. By solving this new

system, we get the value of unknowns.

In order to find the solution of (2.1)-(2.2) with the help of Chebyshev collocation
method (CCM), first we express u,,(z,t) in terms of U*(x). After that by using [92],

the Eqgs. (2.1)-(2.2) can be written in the following form

=a(z,t,) i i ur nfk A

i=[B] k=[5]

—b(z,t,) i i Ui ni), !

i=[v] k=[]

+ f (i Ui”Z/{i*(x),x,tn> , (2.38)

=0
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i”: UrU(0) = g1(tn), (2.39)
=0
i UM (1) = go(tn), (2.40)
=0
Zm: UAUS () = & (). (2.41)
=0

Now, collocating equation (2.38)-(2.41) at the root of U*

1 (Ty) generates a sys-

tem of algebraic equations. By solving this generated system, we can find the value

of unknowns.

2.6 Stability and Convergence Analysis

Let us consider the following problem [85] with fractional time derivative to discuss

the stability and error estimate of our proposed scheme

0“u 0*u du
ot :a(m,t)@—b(x,t)g—f—u(x,t)qu(m,t) (242)

with the conditions
u(0,t) =0, u(l,t)=0,

where a(z,t) and b(z,t) are the positive functions. Clearly Eq. (2.42) is a particular
of (2.1)-(2.2).

From the Eq. (2.34), we take the following approximation for the time fractional

derivative by assuming ¢(At) = At

cDfu(, thi) = 2 o) 219 w(w, ty—jp1) — w(@, ty—j)] + Ry q, (2.43)



Chapter 2. A numerical technique for solving advection reaction
diffusion equations 34

where ¥; = (j + 1)'"* — j'7* and R2,, is the truncation error which satisfies the
following relation [82]

Ry | < C(AL)*, (2.44)

where C' is a positive constant.

Substituting Equation (2.43) into Equation (2.44), we obtain

821&(1‘, tn+1>

0x?

ou(z, tni1)

- b(xathrl) ox

U(l’,thrl) - p |:a(x>tn+1)
= 'LL([L', tn) - Z 19][16({[', tn—j—i—l) - 'LL([L', tn—j)] + pU({E, tn—l—l) + pf(% tn+1> + Rn+17
j=1
(2.45)

where
p= (AT2=0), [Rupl < C(AD2,

and the C’ is a positive constant.

For the simplicity, let us consider the following notations

W, tppr) ~u" a(m, ) ~a™ b(w ) ~ 0T f(x b)) ~

0x? e ox “T

Now, the Eq.(2.45) can be written in the following manner:

n
un+1 —p [anJrlunJrl bn+1uz+1} =" — E :19] [un*]+1 _ unf]] +pun+1 +pf"+1,

T

J=1

(2.46)
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where the coeflicients of 9, satisfies the following relation as reported in [82]

v; >0, j=0,1,...,n,

Vo> >...>1,, ¥,—>0 as n— oo,

Z[ﬁj - 793‘+1] + 19n+1 - 190 = 1.

=0

Let us write the Eq. (2.46) as
(1= p)ut — p [Pt — ot
n—1
= (1= 9" =Y (V01 — 9j)u" 7 +0u + pfr (2.47)

j=1

For this scheme, we have the following results.

Theorem 2.2. Suppose u™(x), n = 0,1,..., N, is the solution of Eq. (2.47) and
u™(0)=u"(1)=0, then

n < 0 ,19—1 L )
ol < o+ poyy a7

Proof To prove this, we use the principal of mathematical induction as given in

[81]-[80]. For n =0, Eq. (2.47) gives

u' —p [alu;x — bluﬂ =u’+ pfl.

Now, multiplying the above Equation by u' and integrating it over the interval [0, 1]

and utilizing the definition of the inner product, we get

(1= p) (' u') = plat (uly ') = B (uh, w)] = () 4 p(f ). (2.48)
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Now, using the following relations

out
<ualcx’ul> = H O H2> <ualc7ul> =0,

in the Eq. (2.48), we get
102 1 Out 0,1 1,1
(= p)llwlly + pallo—ll2 = (u’, u) + p{f7, u).
Using the Schwarz ineqality and J5'=1 in the above equation, we get

1= p)llutllz < [Ju’]l2 + pd5" 2.
(L= pllwlle < llullz + poo™  max £l

If At is a small quantity, then we get

o < ||u° Iy . 2.49
'l < 1+ iy a5 (2:49)

Now, we assume that
[ [l < [lu’ll2 + po72, L gnax, 1f 2, 7=1,2,...;m. (2.50)

Multiplying both sides of eq. (2.47) by u™*! and integrating over the interval [0, 1],

we obtain

(1= ) ™y — pla™ () — B ()

Txr x

= (1 —9){u", u") Z i — O Y 9, (W T+ p(F

7j=1

n+1>

Y
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and by using Schwartz’s inequality, we get
n—1
(1= )l ™Mo < (1= 00)l[ul2 = D [0551 = 9lla" [l + Dullu®lla + pll fF 2.

Jj=1

From Eq. (2.50) and 9;}; > ¢, for j =0,...,n as given in [80], we have

Jj+1
(1 P e < (=0 |l ooty g 17
n—1
=S 0 [l 0ty g 171
Dl + ol
As At — 0, (1 —p) — 1 so, we get
o < [l + 0, e 15| 251)

Theorem 2.3. The semi discretized problem (2.47) is unconditionally stable.

Proof Suppose u™(z) is the approximate solution of (2.47).

Let us take " = u"(z) — u"(x). Therefore, from eq. (2.47), we have

i
L

(1 _ p>€n+1 _ p[an+1€n+1 _ anrlg;LJrl] — (1 _ 791)&'” _ (19]+1 — 9. ) —J 4 19718

TT
1

.
Il

(2.52)

Since e" ™|} = 0, so from the Theorem 2.2, we get

le™l2 < 1€°%)2, n=1,2,...,N. (2.53)
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Theorem 2.4. Suppose u(x,t,) and {u"(x)}nNzo are the exact and time-discrete

solutions of the Eq. (2.1), respectively. Let us assume that u(z,0) = u’(z), then
u(z, t,) — u™|2 < C(AL)>, 0<a<l,

where C' 1s a positive constant.

Proof Let " = u(z,t,) — u™(x).

From eq. (2.45) and (2.47), we have

—_

n—

(1 . p)€n+1 —p [an—l—lEn—H - bn+1€z+1:| _ (1 o 191>€n o (ﬁj—&-l o ﬁj)Gn_j T 19”‘50 4 Rn—i—la

Tx
1

<.
Il

with €%(z) = 0.

Using Theorem 2.3 and [81] in the above equation, we get

leflo < C(AD* .

2.7 Numerical Results

In this section, we present the numerical results associated with the equations (2.1)-
(2.2) with the aid of technique which is discussed in the section 2.5. We consider
the following two examples to compare our results with the exact solutions/semi

analytical solution to show accuracy of the method:

Example 2.7.1 Consider the following one dimensional non-homogeneous fractional

equation [93]:

0w 0*u  Ou 22—
G o or TTa_a) X (2:54)
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with the given conditions

u(0,t) = 0, (2.55)
u(1,t) = 0, (2.56)
u(z,0) = 2°. (2.57)

Clearly, the system given in equations (2.54)-(2.57) is a particular case of model

(2.1)-(2.2). The exact solution of equations (2.54)-(2.57) is u(x,t) = x* + 2.

By solving this non-linear system, we can find the solution of the problem. For
comparison point of view, the problem is solved by taking m=4, and the L, and L,

errors for u(z,t) are tabulated in Table (2.1) which is defined below

L
Ly = u(x,t,) — up(z,t,) ||o= \// lu(z, tn) — um(z, t,)|?dx,
0

Lo :H “(x7tn) - Um(xatn) Hoo: max |u(:r,tn) - um(x7tn)|a
{0<x<L}

where u(x,t,) is the exact solution and u,,(x, t,) is the approximate solution. Tables
(2.1)-(2.2) depict that our proposed solution to the problem of Example (2.7.1) is
more accurate than the solution discussed by Uddin and Haq [93] for both the radial
basis functions ¢(r) = % and ¢(r) = r7. Moreover, figure (2.1) shows the numerical
solution with the help of SVFCM and CCM. It is seen from this figure that the
results from SVFCM and CCM are nearly same.

Example 2.7.2 Considering the one dimensional reaction-advection diffusion equa-

tion by taking a(u, z,t) = v and b(u, z,t) = 7 in the model (2.1), where v, T are the
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T
2.0F

FiGUuRrE 2.1:

TABLE 2.1: Comparison of Ly errors of u(x,t) for different values of ¢t at a=0.5 .

TABLE 2.2: Comparison of L., errors of u(x,t) for different values of ¢ at a=0.5

Numerical solution for example 2.7.1 at ¢ = 1 with the help of

0.2

0.4

X

0.6

SVFCM and CCM.

0.8

1.0

t  Ly(our method)  Lo(r")[93]  La(r°)[93]
0.1 6.385x10°7  2.612x10°' 2.613x10°'
0.5  8.075x107° 1.277x1071 1.279x107*
1.0 2.277x107° 9.120x1072 9.189x 1072
1.5 5.125x107° 7.454x1072  7.597x1072
2.0  8.629x107° 6.440x1072 6.688x102

t  Le(our method) Loo(r7)[93]  Leo(r?)[93]
0.1 47x1077 6.086x10"2 6.087x102
0.5 2.8x107° 2.958%x1072 2.961x10~2
1.0 1.6x10~* 2.112x1072  2.122x1072
1.5 4.7x1074 1.728x1072 1.748x1072
2.0 9.7x10~* 1.495%x1072 1.529%1072




Chapter 2. A numerical technique for solving advection reaction
diffusion equations 41

constants [1]:
Ou(x,t) Vﬁzu(:v, t)

D%u(x,t) + 71 i EICE (2.58)
with the conditions as:
(x —7)°
= - 2.
u(z,0) = exp [ o , (2.59)
1 (1+1t)7)?
t) = — 2.
0.8 = e o [ wl+t) | (2.60)
(1 —(1+1t)7)?
1,t) = — . 2.61
u(l,) texp{ (i) (2.61)
The analytic solution for this problem at o = 1 is given by
1 (x — (1 +t)7)?
= — 2.62
we ) = AT e (2.62)

Let us define the convergence order (C'O) for two successive approximations n; and

Ny as

co - o (E0)

o (i)

where R, (t) is the maximum absolute error at time ¢ for the n degree of approxi-

mation.

For the problem (2.7.2), table (2.3) is shown at 7=0.25 and v=0.1 to present the
comparison of absolute error between our proposed solution at m=4 and the solu-

tions given in [1] for different m (m=4, 6 and 8). From table (2.3) , it is confirm
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FIGURE 2.2: Numerical solution for example 2.7.2 at ¢ = 1 with the help of
SVFCM and CCM.

that the solution by proposed scheme at m = 4 is better than the solution of [1]
at m = 4, 6, and 8. Table (2.4) depicts that the proposed scheme has high order
of convergence and the order of convergence increases as the degree of appoximat-
ing polynomials increase. It is clear from the tables (2.3)-(2.4) that our proposed

solution of the problem given in Example (2.7.2) is sufficiently accurate.

Figure (2.3) shows the effect of degree of approximating polynomial (m) on the
logyo|error| of u(z,t) for the Example (2.7.2). From this Figure, it is confirm that
the value of logig|error| is continuously decreasing as we increase the degree of ap-
proximating polynomial. Therefore, our proposed solution to the problem converges

rapidly to exact solution as m increses. Also the numerical solution is presented in

Figure (2.2) with the aid of SVFCM and CCM.
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TABLE 2.3: Comparison of absolute error between our solution and solution given
in [1] for Example (2.7.2)

Time m=4 (our method)

m=4 [1]

m=6 [1]

m=8 [1]

0.1 3.02811x10~* 6.67039x1072 3.41577x10~% 1.37383x1073
0.2 9.12088x107° 4.33799x 1072 3.59760x1073 8.81477x10~*
0.3 8.21903x 106 3.12633x1072 3.15220x10~% 5.22709x10~*
0.4 5.29386x10~° 2.48122x1072 2.68129%x10~% 2.21051x10*
0.5 6.85119x10~° 2.02145%x1072 2.25369x10% 6.20983x10~°
0.6 6.81041x10~° 1.53190x 1072 1.81808x1073 6.98557x10~°
0.7 5.90053x107° 0.58834x 1073 1.41291x10~% 2.41276x10*
0.8 4.54033x107° 4.06707x107% 1.16105x1073 3.38745x10~*
0.9 2.97423%x107° 1.35780x1073 1.06073x1073 3.22167x10~*

TABLE 2.4: The convergence order for Example (2.7.2) at t=1 and a=1.

CO

CO

L., error

Lo error

1.95683x 107

1.18695x 1073

2.97496x 104
5.89563x107°
8.97365x107¢

1.6577
1.8238
1.9392

3.59778x10~*
6.47853x107°
9.85673x107°

1.3544
1.7219
1.9387

00 O o3

0.100 |

0.010

0.001

logio|error|

FIGURE 2.3: Plot of logig|error| vs. degree of polynomial m at t=1 and « = 1.
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After the discussion of validation and accuracy of the proposed method, this scheme
is applied to the following two particular cases of the space time-fractional order
advection reaction diffusion equations (2.1)-(2.2) to demonstrate the behavior of

solute concentration profiles:

Case 1. In this case, we consider a non-conservative term f(u,z,t) = Au(1—u)(u—

1) in the model (2.1) with the following conditions:

u(z,0) = 22(1 — z),
u(1,t) =0,

u(0,t) = 0.

Figures (2.4)-(2.6) demonstrate the concave downward solute concentration profiles
and the effects of o and ~ on these profiles for the non-conservative system as given
in Case 1. Figures (2.4)-(2.6) show that the concentration profiles decrease as «
and [ increase, and the concentration profiles for fractional cases shift towards the
standard case (integer-order derivative, i.e., a=1, f=2) as we enhance the value of
a and (. Figure (2.6) depicts that the concentration profile in the domain increases
as the value of v improves. Moreover, we also observe that the concentration profile
corresponding to the fractional value of v moves towards the concentration profile

corresponding to y=1 as the parameter v increases.

Case 2. In equation (2.1), we consider the following conservative term

lus) = (207 = a”) = @+ et - a1))
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FIGURE 2.4: Plots of solute concentration u(z,t) vs. x for non-conservative
system with different value of a at f=1.5, y=0.7, A=1 and ¢t=0.5.

with the following conditions:

u(0,t) =0,
u(l,t) =0,

u(z,0) = 2 — 27,

Figures (2.7)-(2.9) present concave upward solute concentration profiles to show
the effect of the parameters «, § and 7 on these profile for conservative system as
mentioned in Case 2. From these figures, it is found that the variation of « on the
concentration profile is less effective than the variation of 5 and . As we increase the
fractional order derivatives, the profiles of solute concentrations associated with the
fractional parameter o, 8 and v converge to the concentration profiles corresponding

to a=1, =2 and y=1 (Standard case).
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FIGURE 2.5: Plots of solute concentration wu(z,t) vs. x for non-conservative
system with different value of 8 at a=0.7, y=0.8, A=1 and ¢t=0.5.
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FIGURE 2.6: Plots of solute concentration u(z,t) vs. x for non-conservative
system with different value of v at a=0.8, 5=1.6, A=1 and t=0.5.
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FIGURE 2.7: Plots of solute concentration u(x,t) vs. z for conservative system
with different value of a at f=1.5, v=0.7 and t=0.5.
T T
0.00} e
'¢'/'
\ o /%
R
~0.02} \‘ R
‘ T < 7
\\ /,/ I'l
\Y 0 0
~0.04F \ . /7 ]
W ’ J
= . 4
X Y . o Sl
S - L \+ R ’ / 4
0.06 - vy
\{‘ ___________ //, / //
R . .
—0.08] N s ]
0.08 X ] //,, L
———————— ard
. P
-0.10F RS ~ = =" i
0.0 0.2 0.4 0.6 0.8 10

FIGURE 2.8: Plots of solute concentration u(x,t) vs. = for conservative system
with different value of 8 at a=0.7, y=0.8 and t=0.5.
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FIGURE 2.9: Plots of solute concentration u(x,t) vs. z for conservative system
with different value of v at «=0.8, 5=1.6 and t=0.5.

2.8 Conclusion

In this chapter, the approximations of fractional time derivative and space derivative
are considered with the aid of non-standard finite difference scheme and Vieta-
Fibonacci polynomials, respectively to solve the non-linear fractional-order space-
time reaction advection-diffusion equation. The stability and convergence of the
proposed scheme are established theoretically. From this study, it is found that
presented scheme is unconditionally stable and the convergence order with respect
to time is O(Az?~®). Several numerical examples are used to show the validity
of this approach, and it is observed that our solution is more accurate than the
other available schemes given in [84], [93] and [1]. It is seen from the example that
the accuracy of the scheme increases as the degree of approximating polynomials
rises. It is also shown that SVFCM and CCM produces the same results. Finally,
it is observed that the proposed approach is a simpler and efficient tool to solve
the nonlinear fractional-order advection reaction diffusion equations. Moreover, this

approach will be helpful to handle various problems arising in the different fields



Chapter 2. A numerical technique for solving advection reaction
diffusion equations 49

of science and industries. Further, for both the conservative and non-conservative
system, the parameters «, 5, and v affects the concentration profiles, and all the
concentration profiles shift towards integer-order case from fractional-order when we

increase v or/and 8 or/and 7.

From the future point of view, the researchers can extend the proposed scheme
to solve the various linear and nonlinear problems in two and three dimensions
with different kinds of boundary conditions. The researcher can implement the
proposed scheme on various problems from the different fields, like heat and mass
transfer, fluid flow in porous media, bio-mechanics, gas dynamics, etc. Further, the
researchers can develop other algorithms based on the proposed scheme by taking

different polynomials like Legendre, Laguerre, Genonacchi, etc.

Sookoskokokskokokskokok
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