
Chapter 3

Approximation properties of a modified Jain

operator

Throughout this chapter, we consider X to be the set [0,∞).

3.1 Introduction

In 1972, Jain [67] generalized the Szász operators by constructing the following

positive linear operators:

Sαm(Ψ;x) =
∞∑
j=0

mx(mx+ jα)j−1

j!
e−(mx+jα)Ψ

(
j

m

)
,

where Ψ ∈ CB(X), x ∈ X, m ∈ N and α ∈ [0, 1) with α depending only on m.

Başcanbaz-Tunca et al. [29], have introduced a generalization of the above operators

as

Lαm(Ψ)(x) =
∞∑
j=0

mx(mx+ 1 + jα)j−1

2jj!
2−(mx+jα)Ψ

(
j

m

)
, x ∈ (0,∞). (3.1)

Also, Lαm(Ψ)(0) = Ψ(0).
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Recently, Patel and Bodur [97] have defined a Durrmeyer-type integral generalization

of the operators (3.1) as

Dα
m(Ψ;x) = m

∞∑
j=0

lαm,j(x)

∫ ∞

0

sm,j(t)Ψ(t)dt, x ∈ (0,∞), (3.2)

where

lαm,j(x) =
mx(mx+ 1 + jα)j−1

2jj!
2−(mx+jα), (3.3)

sm,j(t) = e−mt
(mt)j

j!
, (3.4)

and Ψ : X −→ R is an integrable function such that Dα
m(Ψ;x) exists.

In the recent years, Stancu-type generalizations of several operators have been pro-

posed by many researchers. For more details, we refer the readers to [5, 7, 11, 19,

33, 39, 78, 86, 87, 89, 90]. An important advantage of this type of generalization is

their modeling flexibility due to the newly introduced parameters.

Motivated by the above works, in this chapter we introduce a Stancu-type general-

ization of the operators (3.2) as follows:

A(α,β,γ)
m (Ψ;x) := A(α,β,γ)

m (Ψ)(x) = m
∞∑
j=0

lαm,j(x)

∫ ∞

0

sm,j(t)Ψ

(
mt+ β

m+ γ

)
dt, (3.5)

where lαm,j(x) and sm,j(t) are given by (3.3) and (3.4) respectively and Ψ : X −→ R

is an integrable function such that A
(α,β,γ)
m (Ψ;x) exists. Here, x ∈ (0,∞), α ∈

[0, 1), 0 ≤ β ≤ γ and A
(α,β,γ)
m (Ψ; 0) = Ψ(0). It can be easily seen that the operators

(3.5) are positive and linear on X.

Remark 3.1. If we put β = γ = 0 in (3.5), then we get the operators defined in

(3.2).
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Throughout this chapter, the spaces CB(X), C2
B(X) and U(X) are endowed with the

norm:

∥Ψ∥ = sup{|Ψ(x)| : x ∈ X}.

3.2 Auxiliary Results

In this section, we shall discuss some basic lemmas that will serve as supports for

the main results.

Lemma 3.2. [97] Let ei(t) := ti for i = 0, 1, 2, 3. Then, for the operators defined by

(3.2), we have

Dα
m(e0;x) =1,

Dα
m(e1;x) =

x

1− α
+

1

m
,

Dα
m(e2;x) =

x2

(1− α)2
+

x(3α2 − 6α+ 5)

m(1− α)3
+

2

m2
,

Dα
m(e3;x) =

x3

(1− α)3
+

6x2(α2 − 2α+ 2)

m(1− α)4
+

x2(11α4 − 44α3 + 78α2 − 62α+ 29)

m2(1− α)5
+

6

m3
,

Dα
m(e4;x) =

x4

(1− α)4
+

2x3(5α2 − 10α+ 11)

m(1− α)5
+

x2(35α4 − 140α3 + 270α2 − 236α+ 131)

m2(1− α)6

+
2x(25α6 − 150α5 + 410α4 − 610α3 + 568α2 − 286α+ 103)

m3(1− α)7
+

24

m4
.

Depending upon the above lemma, we derive following moments for the operator

defined by (3.5).

Lemma 3.3. The moments for the operator (3.5) are calculated to be

A(α,β,γ)
m (e0;x) =1,

A(α,β,γ)
m (e1;x) =

1

(m+ γ)

[
mx

1− α
+ (1 + β)

]
,

A(α,β,γ)
m (e2;x) =

1

(m+ γ)2

[
m2x2

(1− α)2
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+
mx{α2(2β + 3)− 2α(2β + 3) + (2β + 5)}

(1− α)3
+ (β2 + 2β + 2)

]
,

A(α,β,γ)
m (e3;x) =

1

(m+ γ)3

[
m3x3

(1− α)3
+

3m2x2{α2(β + 2)− 2α(β + 2) + (β + 4)}
(1− α)4

+
mx{α4(3β2 + 9β + 11)− α3(12β2 + 36β + 44) + α2(18β2 + 60β + 78)}

(1− α)5

−mx{α(12β2 + 48β + 62)− (3β2 + 15β + 29)}
(1− α)5

+ (β3 + 3β2 + 6β + 6)

]
.

Proof. Here, we’ll directly use the Lemma 3.2 and the facts:

A(α,β,γ)
m (e0;x) =Dα

m(e0;x),

A(α,β,γ)
m (e1;x) =

1

(m+ γ)
[mDα

m(e1;x) + βDα
m(e0;x)] ,

A(α,β,γ)
m (e2;x) =

1

(m+ γ)2
[
m2Dα

m(e2;x) + 2mβDα
m(e1;x) + β2Dα

m(e0;x)
]
,

A(α,β,γ)
m (e3;x) =

1

(m+ γ)3
[
m3Dα

m(e3;x) + 3m2βDα
m(e2;x) + 3mβ2Dα

m(e1;x) + β3Dα
m(e0;x)

]

to conclude our desired results.

As a consequence of the above lemma, in the next lemma, we define the central

moments of the operators (3.5).

Lemma 3.4. The central moments for the operators (3.5) are

A(α,β,γ)
m ((t− x);x) =

1

m+ γ

[
x(mα− γ + γα)

(1− α)
+ (β + 1)

]
,

A(α,β,γ)
m ((t− x)2;x) =

1

(m+ γ)2

[
x2{α2(m2 + 2mγ + γ2)− 2αγ(m+ γ) + γ2}

(1− α)2

+
1

(1− α)3
{x{2α3(m+ γ)(1 + β)− α2(3m+ 4mβ + 6γ + 6γβ)

+ 2α(mβ + 3γβ + 3γ) + (3m− 2γ − 2γβ)}}+ (β2 + 2β + 2)
]

= λ(α,β,γ)
m (x). (3.6)
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Remark 3.5. For the operators (3.2), the third central moment is calculated to be:

Dα
m((t− x)3;x) =

x3α3

1− α3
+

3x2α(α3 − α2 − α + 11)

m(1− α)4

+
x(6α5 − 19α4 + 16α3 + 8α2 − 32α + 23)

m2(1− α)5
+

6

m3
.

Also, if {αm}m≥1 be a sequence such that αm ∈ [0, 1) ∀m, lim
m→∞

αm = 0 and

lim
m→∞

mαm = 0, then

lim
m→∞

m2
(
Dαm
m ((t− x)3;x)

)
=23x. (3.7)

Remark 3.6. Let {αm}m≥1 be a sequence such that αm ∈ [0, 1) ∀m, lim
m→∞

αm = 0

and lim
m→∞

mαm = 0. Then it is to observe that for the operators defined by (3.5),

the central moments satisfy

lim
m→∞

m
(
A(αm,β,γ)
m ((t− x);x)

)
=1,

lim
m→∞

m
(
A(αm,β,γ)
m ((t− x)2;x)

)
=3x.

It is also noticed that

A(αm,β,γ)
m ((t− x)4;x) =

m4

(m+ γ)4
(
Dαm
m ((t− x)4;x)

)
+

4m3(β − γx)

(m+ γ)4
(
Dαm
m ((t− x)3;x)

)
+

6m2(β − γx)2

(m+ γ)4
(
Dαm
m ((t− x)2;x)

)
+

4m(β − γx)3

(m+ γ)4
(Dαm

m (t− x;x)) +
(β − γx)4

(m+ γ)4
. (3.8)
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Using (3.7) and Remark 2.5 of [97] in (3.8), we have

lim
m→∞

m2
(
A(αm,β,γ)
m ((t− x)4;x)

)
=27x2. (3.9)

Remark 3.7. For α ∈ [0, 1), we get the following

A(α,β,γ)
m (t2 + 1;x) =

1

(m+ γ)2

[
m2x2

(1− α)2

+
mx{α2(2β + 3)− 2α(2β + 3) + (2β + 5)}

(1− α)3
+ (β2 + 2β + 2)

]
+ 1

=
1

(m+ γ)2

[
m2x2

(1− α)2

+
mx{(2βα2 − 4βα+ 2β) + (3α2 − 6α+ 5)}

(1− α)3
+ (β2 + 2β + 2)

]
+ 1

≤ (1 + x2)

(m+ γ)2

[
m2x2

(1− α)2(1 + x2)
+

mx(2β + 5)

(1− α)3(1 + x2)
+

(β2 + 2β + 2)

(1 + x2)

]
+ 1

≤ (1 + x2)

(m+ γ)2

[
m2

(1− α)2
+

m(2β + 5)

(1− α)3
+ (β2 + 2β + 2)

]
+ (1 + x2)

≤(1 + x2)

[
m2 +m(2β + 5) + (β2 + 2β + 2)

(m+ γ)2(1− α)3
+ 1

]
=Mm(1 + x2)

where Mm = m2+m(2β+5)+(β2+2β+2)
(m+γ)2(1−α)3 + 1.

Lemma 3.8. If Ψ ∈ CB(X), then ∥A(α,β,γ)
m (Ψ)∥ ≤ ∥Ψ∥.

Proof. Using Lemma 3.3 and the norm defined for CB(X), the result follows imme-

diately.

Theorem 3.9. Let Ψ ∈ CB(X) and {αm}m≥1 be a sequence such that αm ∈ [0, 1), ∀m

and lim
m→∞

αm = 0. Then lim
m→∞

A
(αm,β,γ)
m (Ψ;x) = Ψ(x) uniformly on each compact sub-

set of X.

Proof. We note that from Lemma 3.3

lim
m→∞

A(αm,β,γ)
m (ei;x) = ei, for i=0,1,2 as lim

m→∞
αm = 0.
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The above convergence is true in each compact subset of X. Hence the required

result follows from Korovkin’s theorem (see[74]).

3.3 Voronovskaja-type Asymptotic Formula

After observing the convergence of the operators (3.5), the most significant question

that comes to the mind is the speed of approximation of these operators to the

function Ψ. To answer this, we present a Voronovskaya-type asymptotic formula for

the operators A
(αm,β,γ)
m .

Theorem 3.10. Let Ψ be a bounded integrable function on X and Ψ′′ exists at a

point x ∈ X. Also, let {αm}m≥1 be a sequence with αm ∈ [0, 1), ∀m such that

lim
m→∞

αm = 0, and lim
m→∞

mαm = 0. Then

lim
m→∞

m
(
A(αm,β,γ)
m (Ψ;x)−Ψ

)
= Ψ′(x) +

3x

2
Ψ′′(x).

Proof. By the well-known Taylor’s expansion,

Ψ(t) = Ψ(x) + Ψ′(x)(t− x) +
1

2
Ψ′′(x)(t− x)2 + Λ(t, x)(t− x)2. (3.10)

Here Λ(t, x) ∈ CB(X) and satisfies lim
t→x

Λ(t, x) = 0. Next, we apply the operators

A
(αm,β,γ)
m and then multiply m on both sides of (3.10) to get

m
(
A(αn,β,γ)
m (Ψ;x)−Ψ

)
=mA(αm,β,γ)

m (t− x;x)Ψ′(x) +
m

2
A(αm,β,γ)
m ((t− x)2;x)Ψ′′(x)

+mA(αm,β,γ)
m (Λ(t, x)(t− x)2;x). (3.11)



Chapter 3. Approximation by Szász type operators 58

Applying Cauchy-Schwarz inequality to the third term of the right hand side of

(3.11), we find

m
∣∣A(αm,β,γ)

m (Λ(t, x)(t− x)2;x)
∣∣ ≤ (m2A(αm,β,γ)

m ((t− x)4;x)
)1/2 (

A(αm,β,γ)
m (Λ2(t, x);x)

)1/2
,

which yields

lim
m→∞

m
(
A(αm,β,γ)
m (Ψ;x)−Ψ

)
≤ lim

m→∞
mA(αm,β,γ)

m (t− x;x)Ψ′(x) + lim
m→∞

m

2
A(αm,β,γ)
m ((t− x)2;x)Ψ′′(x)

+ lim
m→∞

(
m2A(αm,β,γ)

m ((t− x)4;x)
)1/2

lim
m→∞

(
A(αm,β,γ)
m (Λ2(t, x);x)

)1/2
.

By using Remark 3.6, we have

lim
m→∞

m
(
A(αm,β,γ)
m (Ψ;x)−Ψ

)
≤ Ψ′(x) +

3x

2
Ψ′′(x) + 3

√
3x lim

m→∞

(
A(αm,β,γ)
m (Λ2(t, x);x)

)1/2
. (3.12)

Also, notice that Λ2(t, x) ∈ CB(X) and Λ2(x, x) = 0. Hence using Theorem 3.9, we

can have

lim
m→∞

(
A

(αm,β,γ)
m (Λ2(t, x);x)

)1/2
= 0 and hence (3.12) concludes that

lim
m→∞

m
(
A(αm,β,γ)
m (Ψ;x)−Ψ

)
= Ψ′(x) +

3x

2
Ψ′′(x).

3.4 Weighted Approximation

In this section, we provide a Korovkin-type theorem for the weighted approximation

of the operators (3.5). For the weight function σ(x) = 1+x2, we already have defined
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the spaces Bσ(x), Cσ(x), C̃σ(x), Uσ(x) and Ũσ(x). For contributions of researchers on

approximation of functions in such type of space we refer to [3, 12, 20, 25, 66, 104].

We have the following result from Gadjiev [57]:

Lemma 3.11. [57] The positive linear operators Jm, m ≥ 1, act from Cσ(X) to

Bσ(X) if and only if

|Jm(σ)(x)| ≤ Kmσ(x),

where Km is a positive constant.

We provide a weighted uniform approximation result for the newly defined operators

as follows:

Theorem 3.12. Let {αm}m≥1 be a sequence with αm ∈ [0, 1), ∀m such that lim
m→∞

αm =

0. Then for each Ψ ∈ C̃σ(X),

lim
m→∞

∥A(αm,β,γ)
m (Ψ)−Ψ∥σ = 0.

Proof. By Lemma 3.11 and Remark 3.7, it is easy to see that each term of the

sequence of operators
{
A

(β,γ,αm)
m

}
m≥1

acts from Cσ(X) to Bσ(X).

To prove our result, it is sufficient to show (using Gadjiev’s theorem [57]) that

lim
m→∞

∥A(αm,β,γ)
m (ej)− ej∥σ = 0, for j = 0, 1, 2.

For j = 0, using Lemma 3.3 we have

lim
m→∞

∥A(αm,β,γ)
m (e0)− e0∥σ = 0.
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Next, we obtain

∥A(αm,β,γ)
m (e1)− e1∥σ ≤ sup

x∈X

|A(αm,β,γ)
m (e1;x)− e1|

1 + x2
= sup

x∈X

∣∣∣ 1
(m+γ)

{
mx

1−αm
+ (1 + β)

}
− x
∣∣∣

1 + x2

= sup
x∈X

∣∣∣∣ mαmx− γx+ γαmx

(m+ γ)(1− αm)(1 + x2)
+

(1 + β)

(m+ γ)(1 + x2)

∣∣∣∣
≤ sup

x∈X

[
mαm + γ + γαm

(m+ γ)(1− αm)
+

(1 + β)

(m+ γ)

]
.

The above implies that

lim
m→∞

∥A(αm,β,γ)
m (e1)− e1∥σ = 0.

Also,

∥A(αm,β,γ)
m (e2)− e2∥σ

≤ sup
x∈X

|A(αm,β,γ)
m (e2)− e2|

1 + x2

= sup
x∈X

∣∣∣∣∣−x2{m2(α2
m − 2αm) + (γ2 + 2mγ)(1− αm)

2}
(m+ γ)2(1− αm)2(1 + x2)

+
1

(m+ γ)2

[
mx{α2

m(2β + 3)− 2αm(2β + 3) + (2β + 5)}
(1− αm)3(1 + x2)

+
(β2 + 2β + 2)

(1 + x2)

] ∣∣∣∣∣
≤ sup

x∈X

[
m2(α2

m + 2αm) + (γ2 + 2mγ)(1− αm)
2

(m+ γ)2(1− αm)2

+
1

(m+ γ)2

{
m{α2

m(2β + 3)− 2αm(2β + 3) + (2β + 5)}
(1− αm)3

+ (β2 + 2β + 2)

}]
.

Hence, from the above discussion, we must have

lim
m→∞

∥A(αm,β,γ)
m (e2)− e2∥σ = 0.

Thus, the proof is completed.
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3.5 Quantitative Estimation

Next, we will try to find a quantitative estimation for the operators (3.5) using the

weighted modulus of continuity (1.17).

We consider ζ to be the identity function on X, i,e. ζ(x) = x, ∀x ∈ X.

Using the properties of ωζ(Ψ, δ), Holhoş [66] provided the following theorem and

remark:

Theorem 3.13. [66] Let {Jm}m≥1 be a sequence of positive linear operators mapping

from Cσ(X) into Bσ(X) with

∥Jm(ζ0)− ζ0∥σ0 = pm,

∥Jm(ζ)− ζ∥σ1/2 = qm,

∥Jm(ζ2)− ζ2∥σ = rm,

∥Jm(ζ3)− ζ3∥σ3/2 = sm,

where pm, qm, rm, sm, tend to zero as m tends to infinity. Then

∥Jm(Ψ)−Ψ∥σ3/2 ≤ (7 + 4pm + 2rm)ωζ(Ψ; δm) + ∥Ψ∥σ pm

for all Ψ ∈ Cσ(X), where

δm = 2
√
(pm + 2qm + rm)(1 + pm) + pm + 3qm + 3rm + sm.

Remark 3.14. [66] Under the condition of the Theorem 3.13 and using the fact

that lim
δm→0

ωζ(Ψ; δm) = 0, we can conclude that

∀Ψ ∈ Ũσ3/2(X), lim
m→∞

∥Jm(Ψ)− (Ψ)∥σ3/2 = 0.
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Theorem 3.15. Let ζ(x) = x and σ(x) = 1 + x2. Let {αm}m≥1 be a sequence with

αm ∈ [0, 1), ∀m such that lim
m→∞

αm = 0 and {A(αm,β,γ)
m }m≥1 be a sequence of positive

linear operators. Then for all Ψ ∈ Cσ(X),

∥A(αm,β,γ)
m (Ψ)−Ψ∥σ3/2 ≤

[
7 +

2m2(α2
m + 2αm) + (2γ2 + 4mγ)(1− αm)

2

(m+ γ)2(1− αm)2

+
2m{α2

m(2β + 3)− 2αm(2β + 3) + (2β + 5)}
(m+ γ)2(1− αm)3

+
(2β2 + 4β + 4)

(m+ γ)2

]
ωζ(Ψ; δm)

where,

δ := δm =2

[
2mαm + 2γ + 2γαm

(m+ γ)(1− αm)
+

2 + 2β

(m+ γ)
+

m2(α2
m + 2αm) + (γ2 + 2mγ)(1− αm)2

(m+ γ)2(1− αm)2

+
m{α2

m(2β + 3)− 2αm(2β + 3) + (2β + 5)}
(m+ γ)2(1− αm)3

+
(β2 + 2β + 2)

(m+ γ)2

]1/2
+
3mαm + 3γ + 3γαm

(m+ γ)(1− αm)
+

3 + 3β

(m+ γ)
+

3m2(α2
m + 2αm) + (3γ2 + 6mγ)(1− αm)2

(m+ γ)2(1− αm)2

+
3m{α2

m(2β + 3)− 2αm(2β + 3) + (2β + 5)}
(m+ γ)2(1− αm)3

+
(3β2 + 6β + 6)

(m+ γ)2

+
m3(α3

m − 3α2
m + 3αm) + (γ3 + 3m2γ + 3γ2m)(1− αm)3

(m+ γ)3(1− αm)3

+
3m2{α2

m(β + 2)− 2αm(β + 2) + (β + 4)}
(m+ γ)3(1− αm)4

+
m{α4

m(3β2 + 9β + 11) + α3
m(12β2 + 36β + 44)}

(m+ γ)3(1− αm)5

+
m{α2

m(18β2 + 60β + 78) + αm(12β2 + 48β + 62)}
(m+ γ)3(1− αm)5

+
m(β3 + 6β + 6)

(m+ γ)3
.

Proof. In view of Lemma 3.3, we have the following

pm =∥A(αm,β,γ)
m (ζ0)− (ζ0)∥σ0 = 0,

qm =∥A(αm,β,γ)
m (ζ)− (ζ)∥σ1/2 ≤

mαm + γ + γαm
(m+ γ)(1− αm)

+
1 + β

(m+ γ)
,

rm =∥A(αm,β,γ)
m (ζ2)− (ζ2)∥σ
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≤m2(α2
m + 2αm) + (γ2 + 2mγ)(1− αm)

2

(m+ γ)2(1− αm)2

+
1

(m+ γ)2

[
m{α2

m(2β + 3)− 2αm(2β + 3) + (2β + 5)}
(1− αm)3

+ (β2 + 2β + 2)

]
,

sm =∥A(αm,β,γ)
m (ζ3)− (ζ3)∥σ3/2

≤ m3(α3
m − 3α2

m + 3αm) + (γ3 + 3m2γ + 3γ2m)(1− αm)
3

(m+ γ)3(1− αm)3

+
3m2{α2

m(β + 2)− 2αm(β + 2) + (β + 4)}
(m+ γ)3(1− αm)4

+
m{α4

m(3β
2 + 9β + 11) + α3

m(12β
2 + 36β + 44)}

(m+ γ)3(1− αm)5

+
m{α2

m(18β
2 + 60β + 78) + αm(12β

2 + 48β + 62)}
(m+ γ)3(1− αm)5

+
m(β3 + 6β + 6)

(m+ γ)3
.

Since lim
m→∞

αm = 0, it is clear that pm, qm, rm and sm tends to 0 as m goes to infinity.

Finally, selecting δ := δm, we obtain

∥A(αm,β,γ)
m (Ψ)−Ψ∥σ3/2 ≤

[
7 +

2m2(α2
m + 2αm) + (2γ2 + 4mγ)(1− αm)

2

(m+ γ)2(1− αm)2

+
2m{α2

m(2β + 3)− 2αm(2β + 3) + (2β + 5)}
(m+ γ)2(1− αm)3

+
(2β2 + 4β + 4)

(m+ γ)2

]
ωζ(Ψ; δm),

which completes the desired proof.

Remark 3.16. Depending upon all the conditions of Theorem 3.15 and in view of

Remark 3.14 we can conclude: if lim
δm→0

ωζ(Ψ; δm) = 0, then

∀Ψ ∈ Ũσ3/2(X), lim
m→∞

∥A(αm,β,γ)
m (Ψ)− (Ψ)∥σ3/2 = 0.
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3.6 Rate of Convergence

In this section, we estimate the rate of convergence of the newly defined operators

(3.5) in terms of the modulus of continuity.

Theorem 3.17. let Ψ ∈ U(X), m ∈ N, α ∈ [0, 1) and x ∈ X. Then the operators

A
(α,β,γ)
m satisfy

|A(α,β,γ)
m (Ψ;x)−Ψ(x)| ≤ 2Ω1(Ψ, δ),

where δ :=

√
λ
(α,β,γ)
m (x) and λ

(α,β,γ)
m (x) is defined in (3.6).

Proof. Using the following property of modulus of continuity

|Ψ(t)−Ψ(x)| ≤ Ω1(Ψ, δ)

(
(t− x)2

δ2
+ 1

)

and then applying the newly defined operators on both sides of the above inequality,

we get

|A(α,β,γ)
m (Ψ;x)−Ψ(x)| ≤ A(α,β,γ)

m (|Ψ(t)−Ψ(x)|;x)

≤ Ω1(Ψ, δ)

(
1 +

1

δ2
A(α,β,γ)
m ((t− x)2 : x)

)
.

Next, we choose δ :=

√
λ
(α,β,γ)
m (x) to obtain

|A(α,β,γ)
m (Ψ;x)−Ψ(x)| ≤ 2Ω1(Ψ, δ).

This completes the proof.
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Theorem 3.18. Let Ψ ∈ U(X) and n > 1, Then there exists C > 0 such that

∣∣∣A(α,β,γ)
m (Ψ;x)−Ψ(x)

∣∣∣ ≤ CΩ2

(
Ψ,

√
δ
(α,β,γ)
m (x)

)
+Ω1

(
Ψ,

mx

(1− α)(m+ γ)
+

(1 + β)

(m+ γ)

)
,

where

δ(α,β,γ)m (x) =
1

(m+ γ)2

[
x2{α2(m2 + 2mγ + γ2)− 2αγ(m+ γ) + γ2}

(1− α)2

+
2xα3(m+ γ)(1 + β)

(1− α)3
− α2x(7m+ 8mβ + 12γ + 12γβ)

2(1− α)3

+
2αx(2mβ + 6γβ + 6γ +m)

2(1− α)3
+

3m− 4γ − 4γβ

2(1− α)3
+

(
β2 + 2β +

3

2

)]
(3.13)

Proof. We introduce an auxiliary operator Ã
(α,β,γ)
m : U(X)→ U(X) as follows

Ã(α,β,γ)
m (Ψ;x) = A(α,β,γ)

m (Ψ;x)−Ψ

(
mx

(1− α)(m+ γ)
+

(1 + β)

(m+ γ)

)
+Ψ(x). (3.14)

Clearly, the above defined auxiliary operator preserves linear as well as constant

functions.

Let Φ ∈ C2
B(X) and x, t ∈ X. Then by Taylor’s expansion, we have

Φ(t) = Φ(x) + (t− x)Φ′(x) +

∫ t

x

(t− z)Φ′′(z)dz. (3.15)

Now, applying the auxiliary operators on both sides on (3.15), we obtain

|Ã(α,β,γ)
m (Φ;x)− Φ(x)|

≤Ã(α,β,γ)
m

(∣∣∣∣∫ t

x

(t− z)Φ′′(z)dz, x

∣∣∣∣)
≤A(α,β,γ)

m

(∣∣∣∣∫ t

x

(t− z)Φ′′(z)dz, x

∣∣∣∣)
+

∣∣∣∣∣
∫ mx

(1−α)(m+γ)
+

(1+β)
(m+γ)

x

(
mx

(1− α)(m+ γ)
+

(1 + β)

(m+ γ)
− z

)
Φ′′(z)dz

∣∣∣∣∣
≤1

2

[
A(α,β,γ)
m ((t− x)2;x)∥Φ′′∥
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+

(
mx

(1− α)(m+ γ)
+

(1 + β)

(m+ γ)
− x

)2

∥Φ′′∥
]

=
1

(m+ γ)2

[
x2{α2(m2 + 2mγ + γ2)− 2αγ(m+ γ) + γ2}

(1− α)2

+
2xα3(m+ γ)(1 + β)

(1− α)3

+
x{−α2(7m+ 8mβ + 12γ + 12γβ) + 2α(2mβ + 6γβ + 6γ +m)}

2(1− α)3

+
x(3m− 4γ − 4γβ)

2(1− α)3
+

(
β2 + 2β +

3

2

)]
∥Φ′′∥

= δ(α,β,γ)m (x)∥Φ′′∥,

where δ
(α,β,γ)
m (x) is as given in (3.13).

On the other hand by Lemma 3.8 for Ψ ∈ U(X) and x ∈ X, we have

∥A(α,β,γ)
m (Ψ)∥ ≤ ∥Ψ∥.

Now applying triangle inequality on (3.14), we obtain

∥Ã(α,β,γ)
m (Ψ;x)∥ ≤ ∥A(α,β,γ)

m (Ψ;x)∥+ 2∥Ψ∥ ≤ 3∥Ψ∥.

Using all the above inequalities, we can write

|A(α,β,γ)
m (Ψ;x)−Ψ(x)|

≤|Ã(α,β,γ)
n (Ψ− Φ;x)− (Ψ− Φ)(x)|+ |Ã(α,β,γ)

m (Φ;x)− Φ(x)|

+

∣∣∣∣Ψ(x)−Ψ

(
mx

(1− α)(m+ γ)
+

(1 + β)

(m+ γ)

)∣∣∣∣
≤4∥Ψ− Φ∥+ δ(α,β,γ)m (x)∥Φ′′∥+ Ω1

(
Ψ,

mx

(1− α)(m+ γ)
+

(1 + β)

(m+ γ)

)
≤4
{
∥Ψ− Φ∥+ δ(α,β,γ)m (x)∥Φ′′∥

}
+ Ω1

(
Ψ,

mx

(1− α)(m+ γ)
+

(1 + β)

(m+ γ)

)
.
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Now, taking infimum over all Φ ∈ C2
B(X) on right-hand side of the above equation

and using (1.9), we get the desired assertion.

We conclude this section by establishing a convergence result for the Lipschitz-type

class of functions.

Theorem 3.19. If Ψ ∈ Lipa,bM,η(X), Then

|A(α,β,γ)
m (Ψ;x)−Ψ(x)| ≤M

(
λ
(α,β,γ)
m (x)

ax2 + bx

)η/2

.

Proof. First of all, we notice that if η = 1, then

|A(α,β,γ)
m (Ψ;x)−Ψ(x)| ≤ A(α,β,γ)

m (|Ψ(t)−Ψ(x)|;x) ≤M

[
A(α,β,γ)

m

(
|t− x|√

t+ ax2 + bx
;x

)]
.

Using the fact: 1√
mt+β
m+γ

+ax2+bx
≤ 1√

ax2+bx
and the well-known Cauchy-Schwarz in-

equality, we obtain

|A(α,β,γ)
m (Ψ;x)−Ψ(x)| ≤ M√

ax2 + bx
A(α,β,γ)
m (|t− x|;x)

≤ M√
ax2 + bx

(
A(α,β,γ)
m ((t− x)2;x)

)1/2
= M

(
λ
(α,β,γ)
m (x)

ax2 + bx

)1/2

,

where λ
(α,β,γ)
m (x) is defined by the right hand side of (3.6).

Hence the result holds for η = 1.

Next we consider the case when η ∈ (0, 1).

Clearly,

|A(α,β,γ)
m (Ψ;x)−Ψ(x)| ≤m

∞∑
j=0

lαm,j(x)

∫ ∞

0

sm,j(t)

∣∣∣∣Ψ(mt+ β

m+ γ

)
−Ψ(x)

∣∣∣∣ dt.



Chapter 3. Approximation by Szász type operators 68

Let p = 2
η
and q = 2

2−η and using the Hölder inequality, we obtain

|A(α,β,γ)
m (Ψ;x)−Ψ(x)| ≤

[
m

∞∑
j=0

lαm,j(x)

∫ ∞

0

sm,j(t)

∣∣∣∣Ψ(mt+ β

m+ γ

)
−Ψ(x)

∣∣∣∣2/η dt
]η/2

×

[
m

∞∑
j=0

lαm,j(x)

∫ ∞

0

sm,j(t)dt

](2−η)/2

≤M

m ∞∑
j=0

lαm,j(x)

∫ ∞

0

sm,j(t)

(
mt+β
m+γ

− x
)2

(mt+β
m+γ

+ ax2 + bx)
dt


η/2

≤ M

(ax2 + bx)η/2
[
A(α,β,γ)
m ((t− x)2 : x)

]η/2
=M

(
λ
(α,β,γ)
m (x)

ax2 + bx

)η/2

.

This completes the proof.

Remark 3.20. One of the crucial remark is that we have investigated the local ap-

proximation results from Theorem 3.17 to Theorem 3.19. Therefore, we indicate that

λ
(α,β,γ)
m and δ

(α,β,γ)
m tend to zero while taking α = αm, αm ∈ [0, 1),∀m and lim

m→∞
αm =

0. Otherwise, these results just stand as an inequality or an estimation.

3.7 Graphical Examples

This section provides a few numerical examples for the operators (3.5) to justify

their approximation properties as well as the relevance of the generalization.

In both the Figures 3.1 and 3.2, we can see that the operator A
(1,2,αm)
m (Ψ;x) con-

verges faster than the operator Dαm
m (Ψ;x)

(
i.e., A

(αm,0,0)
m (Ψ;x)

)
to the considered

test functions Ψ(x) = e−
x
2 (5x8 + x4 + 1) and Ψ(x) = x2sin(πx) respectively. Here
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we assumed m = 500, x ∈ [0, 1] and {αm}m≥1 is the sequence { 1
m2}m≥1 so that the

hypothesis lim
m→∞

αm = 0 is satisfied.

u(x)=e
- x

2 (5x8+x4+x)

An1,2,αn(u; x)

An0,0,αn(u; x)=Dn
αn(u; x)

0.2 0.4 0.6 0.8 1.0

1

2

3

4

Figure 3.1: Convergence of the considered operators A
(α,β,γ)
m (Ψ;x) to the test

function Ψ(x) = e−
x
2 (5x8 + x4 + 1) for m = 500, x ∈ [0, 1].

u(x)=x2Sin( x)

An 1,2, n(u; x)

An 0,0, n(u; x)=Dn
n(u; x)

0.2 0.4 0.6 0.8 1.0

- 0.2

- 0.1

0.1

0.2

0.3

0.4

Figure 3.2: Convergence of the considered operators A
(α,β,γ)
m (Ψ;x) to the test

function Ψ(x) = x2 sin(πx) for m = 500, x ∈ [0, 1].

***********
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