Chapter 3

Approximation properties of a modified Jain

operator

Throughout this chapter, we consider X to be the set [0, c0).

3.1 Introduction

In 1972, Jain [67] generalized the Szész operators by constructing the following

positive linear operators:

o —1 .
Sa \I/ l’ Z mx mx —f—]O[) 6—(m:v+ja)\I] <L) ’

m
Jj=

where U € €5(X), x € X, m € N and o € [0,1) with o depending only on m.
Bagcanbaz-Tunca et al. [29], have introduced a generalization of the above operators

as

> mz(mz + 1+ ja)j_q —(mz+ja) J
x) :; 2771 2 TNy ) weE (0, 00). (3.1)

.

o1
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Recently, Patel and Bodur [97] have defined a Durrmeyer-type integral generalization

of the operators (3.1) as
D (V: z) mZz / Sm; () T()dt, z € (0,00), (3.2)

where

mx(mx + 1+ jo);q
275!

I5,5(x) = g (meied, (33)

g (UL J
sm.j(t) = e (T), (3.4)

and ¥ : X — R is an integrable function such that D% (¥;z) exists.

In the recent years, Stancu-type generalizations of several operators have been pro-
posed by many researchers. For more details, we refer the readers to [5, 7, 11, 19,
33, 39, 78, 86, 87, 89, 90]. An important advantage of this type of generalization is

their modeling flexibility due to the newly introduced parameters.

Motivated by the above works, in this chapter we introduce a Stancu-type general-

ization of the operators (3.2) as follows:

A%’B’A’)(\P;x} — A(aﬂw) le / Sm,j (1)U (mt i ﬁ) dt, (3.5)

m+y

where I3, .(7) and s, ;(t) are given by (3.3) and (3.4) respectively and ¥ : X — R
is an integrable function such that Al (\Il z) exists. Here, z € (0,00), a €
0,1), 0 < 8 <~ and A% (W;0) = ¥(0). It can be easily seen that the operators

(3.5) are positive and linear on X.

Remark 3.1. If we put § = v = 0 in (3.5), then we get the operators defined in
(3.2).
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Throughout this chapter, the spaces €5(X), €4(X) and U(X) are endowed with the

norm:

W] = sup{[¥(z)] : 2 € X}

3.2 Auxiliary Results

In this section, we shall discuss some basic lemmas that will serve as supports for

the main results.

Lemma 3.2. [97] Let ¢;(t) :=t" fori=0,1,2,3. Then, for the operators defined by
(3.2), we have

Dy (eg; x) =1,
o T 1
Difenia) =7 =5+ o0
o z? z(3a® —6a+5 2
Dm(ez;%):(l_a)2 (m(l—oz)3 ) el
D (e3:2) = x3 62%(a? —2a+2)  2%(1la* — 4403 + 7802 — 62a + 29) 6
ma (1—a) m(l — a)? m2(1 — «a)® m3’
DO (e4:7) = x? 223(5a2 — 10a + 11)  22(35a* — 14003 + 27002 — 236a + 131)
mAT (1—a)t m(l — a)b m2(1 — )8
22(2505 — 150a° + 4100* — 61003 + 56802 — 286a +103) 24
- m3(1 — )7 + mt’

Depending upon the above lemma, we derive following moments for the operator

defined by (3.5).

Lemma 3.3. The moments for the operator (3.5) are calculated to be

A%ﬁﬁ)(eo; z) =1,

1 mx
AlBY) (o) = 1
m (61,1') (m_~_7) |:1—CY+( +ﬁ):|a
1 m2z2
AlBY) (oo: ) =
e =i e
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2 _
N mx{a?(28 + 3) (12i(62k)ﬁ3+ 3)+(26+5)} (B 428 4 2)} 7
N 1 33 3m2x?{a?(f+2) —2a(f+2)+ (B+4
Ag,LﬁW)(e?);x) :(m-i-w)?’ (1”1—5;)3 et 21 _ z)(zi L 4
+mx{a4(352 +98+11) — o®(12% + 366 + 44) + o*(183% + 603 + 78)}
(1 —a)

ma{a(128% 4 488 + 62) — (382 + 153 +29)} 3 9
- L + (8% +38° + 653 +6)

Proof. Here, we'll directly use the Lemma 3.2 and the facts:

Ag,‘f’ﬁ"y)(eo;x) =Dy (eg; ),

1
A(a,ﬁ,’}/) . — Do . Do .
m (61,£E) (m_’_,y) [m m(el,z) +/6 m(eov'r)]v
Agfj’ﬁ’w(eg;x) :(m ) [mQDf,‘l(eg; x) 4+ 2mBD2 (e1;x) + B2DE (eo; x)] ,

Afﬁ’ﬁm(eg; x) = () [m3Df‘n(e3; x) 4 3m2BD2 (en; 1) + 3mBZD% (e1;x) + B2 D2 (eo; x)]

to conclude our desired results. O]
As a consequence of the above lemma, in the next lemma, we define the central
moments of the operators (3.5).

Lemma 3.4. The central moments for the operators (3.5) are

AGIV(¢ — 2 2) =— i - [x(m?l—_va;r ve) | (B+1)|,

ACBD((t — )% 2) = 1 22{a?(m? + 2my + 72) — 2ay(m + ) ++*}
" 7 (m+ )2 (1—«)?
1

- a)3{x{2a3<m +7)(1+ B) — &*(3m + 4mf3 + 67 + 65)
+20(mfB + 378+ 37) + (3m — 27 — 29B)}} + (B + 26+ 2)

= @B (g), (3.6)
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Remark 3.5. For the operators (3.2), the third central moment is calculated to be:

3 3ra(e® —a? —a+11)

Do ((t— )% x) =
N z(6a® —19a* + 16a° + 8a? — 32a0 +23) 6
m2(1 — «a)® m3’
Also, if {a;,},,~; be a sequence such that o, € [0,1) Vm, lim a,, = 0 and
- m—0o0
lim ma,, = 0, then
m— 00
: 2 Qo - 3. —
77%1_1r>noom (Do ((t — x)* 2)) =23 (3.7)

Remark 3.6. Let {a,},,5, be a sequence such that a,,, € [0,1) Vm, lim a,, =0

m— 00

and lim ma,, = 0. Then it is to observe that for the operators defined by (3.5),

m—r0o0

the central moments satisfy

lim m (Afﬁm’ﬂ”)((t —z); x)) =1,

Wllliréom (Alem BN ((t — z)% 7)) =3
It is also noticed that
(@msB) (4 — ) ) — m! am((t — )4 o
AP ((E = )% ) () (Do ((t = 2)*; )

4m3(6 — ’}/ZE) m — )8 r
o (D (= )% )

6m*(6 — yx)? am (4 — )2
T (i (- aa)

4m(B — yx)3 (8 —~z)*
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Using (3.7) and Remark 2.5 of [97] in (3.8), we have

lim m? (Al P (¢ — 2)% 7)) =272, (3.9)

m—r0o0

Remark 3.7. For a € [0, 1), we get the following

) 1 m2z?

A 0 = [y
o2 9) 2028 L EILO gy 55) 4
B 1 { m2a?
S (m+)? (1 - )2

2 2

| ma{(28a Mmgf@;(&y6a+@}+0?+26+m}+1
<(1+x2){ m?a? ma(28 +5) (62+2ﬂ+2>] |
Sy (-0 4e?) T (-aPte?) | (1ta?)

<(1—|—x2) { m? m(28 + 5)

“(m+9)? [1-a)?  (1-a)?

m? +m(28+5) + (82 + 28 +2)
(m+7)*(1 - a)?

+U¥+26+%}+a+x%

<a+x%{ +q

=M,,(1 + z?)

_ m2+m(2B+5)+(B2+28+2)
where M,, = )20 —a)? + 1.

Lemma 3.8. If U € €5(X), then ||AX?7 (w)| < ||v].

Proof. Using Lemma 3.3 and the norm defined for €5(X), the result follows imme-

diately. ]

Theorem 3.9. Let ¥ € €5(X) and {am},,~, be a sequence such that a,,, € [0,1), Vm
and lim o, = 0. Then lim Aggm’ﬁ”)(\ll; x) = V(x) uniformly on each compact sub-
m—0o0 m—0o0

set of X.
Proof. We note that from Lemma 3.3

lim A@mBY) (e x) = e;, for i=0,1,2 as lim a, = 0.
m—00 m—00
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The above convergence is true in each compact subset of X. Hence the required

result follows from Korovkin’s theorem (see[74]). O

3.3 Voronovskaja-type Asymptotic Formula

After observing the convergence of the operators (3.5), the most significant question
that comes to the mind is the speed of approximation of these operators to the
function W. To answer this, we present a Voronovskaya-type asymptotic formula for

the operators Alm57),

Theorem 3.10. Let ¥ be a bounded integrable function on X and V" exists at a
point x € X. Also, let {am}m>1 be a sequence with o, € [0,1), Ym such that

lim a,,, =0, and lim ma,, = 0. Then
m—00 m—0o0

3
lim m (AL™?)(W;z) — V) = ¥'(2) + —x\If"(:r).
m—so00 2
Proof. By the well-known Taylor’s expansion,
1
U(t) = U(x) + V(z)(t — ) + V" (2)(t — 2)* + A(t,z)(t — z)°. (3.10)

2

Here A(t,z) € €5(X) and satisfies Pm A(t,x) = 0. Next, we apply the operators
—z

A2 and then multiply m on both sides of (3.10) to get

m (Af;f"’ﬁ”)(\ll; x) — \I/) =m AP (¢ — g 2)V (2) + %Ag"“ﬁ”)((t — )% )V (2)

—i—mAgfL‘m’ﬁ’”’)(A(t,x)(t — x)z;x). (3.11)
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Applying Cauchy-Schwarz inequality to the third term of the right hand side of
(3.11), we find

1/2 1/2
m[AGe PV A @)~ 2% 0)| < (mPAZ (- a)ha) (AR (W a)ie))

which yields

lim m (Agf;m’ﬁ”)(\lf; x) — \If)

m—00
< lim mAL™P (¢ — 2 2)V (x) + lim TASL“’"’H’V)((IS —z)%2)V"(2)
m—00 m—oo 2

1/2 1/2

+ lim (m2A$§’"’5’7)((t — 1:)4;x))

m— 00

lim (Ag,‘:m’ﬁ’"’)(lﬁ(t, x); x))

m— 00

By using Remark 3.6, we have

lim m (Agﬁ‘m’ﬁ”)(‘ll; z) — U)

m—00
3z

< U'(z) + 7\1“’@) +3V3z lim (AL™P(A%(t, 2); x))1/2 : (3.12)

m—0o0

Also, notice that A%(t,z) € €5(X) and A*(z,x) = 0. Hence using Theorem 3.9, we
can have

1/2
lim (Aggm”g’”)(AQ(t, T); x)) = 0 and hence (3.12) concludes that

m—r0o0

lim m (Aﬁf:m’ﬁ”)(\lf; x) — \IJ) =V'(z) + B—I\I/”(x).

mM—r00 2

3.4 Weighted Approximation

In this section, we provide a Korovkin-type theorem for the weighted approximation

of the operators (3.5). For the weight function o(z) = 1+x?, we already have defined
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the spaces By(z), € (2), €, (2), 4, (z) and {,(z). For contributions of researchers on

approximation of functions in such type of space we refer to [3, 12, 20, 25, 66, 104].
We have the following result from Gadjiev [57]:
Lemma 3.11. [57] The positive linear operators J,, m > 1, act from €,(X) to
B, (X) if and only if

| Jm(0)(@)| < Kino(x),
where K,, 1s a positive constant.
We provide a weighted uniform approximation result for the newly defined operators
as follows:

Theorem 3.12. Let {,, }m>1 be a sequence with o, € [0,1), Vm such that lim a,
- m—00

0. Then for each U € €,(X),

lim ||AmB (W) — ¥, = 0.

m—00

Proof. By Lemma 3.11 and Remark 3.7, it is easy to see that each term of the

sequence of operators {A%’V’am)} acts from €, (X) to B,(X).
m>1

To prove our result, it is sufficient to show (using Gadjiev’s theorem [57]) that
lim ||A™A7(e;) — |, =0, for j =0,1,2.
m—ro0

For j = 0, using Lemma 3.3 we have

lim ||A7(f_j""’ﬁ’7)(eo) —eolle = 0.

m—o0
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Next, we obtain

1 mx
14BN (e1: ) — e ‘W {ﬁ + (1+6)} —33‘
= sup
1+ 2?2

Alam:B:Y) (o) — e < su
|| m ( 1) 1”0 —IEE 1+1,2 ceX

B MU — YT + Yn ® (14 5)
‘§2§‘<m+v><1—am><1+x2> (m +)(1 +22)
{mam+v+7am (1+8) ]

< sup

vex [(m+7y)(1—am)  (m+7)

The above implies that

lim [|ALm# (e) — ey, = 0.

m—r0o0

Also,

|G (e2) = sl

|AS™ P (e9) — ey

S:EE 1+ 2?2
_ sup | ZEm (0 = 20m) + (7 4 2m7)(1 — 0)*}
eX (m+7)2(1 — ap)?(1 + 2?)
1 {mx{afn(2ﬁ+3) — 20,28 +3)+ (26+5)} (B2 +25+2)}
(m +7)? (1 — am)3(1 + 2?) (1+2?)
m2(a?, + 2a,,) + (72 + 2my) (1 — ayy,)?
S%E[ (m+ 721 — )2
1 m{a? (28 + 3) — 20, (28 + 3) + (28 +5)} 9
e (1= an) #2352}

Hence, from the above discussion, we must have

lim HAgSm”B’“’)(eQ) —esll, = 0.
m—0o0

Thus, the proof is completed.
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3.5 Quantitative Estimation

Next, we will try to find a quantitative estimation for the operators (3.5) using the
weighted modulus of continuity (1.17).

We consider ¢ to be the identity function on X, i,e. {(z) =z, Vr € X.

Using the properties of w¢(V, ), Holhos [66] provided the following theorem and

remark:

Theorem 3.13. [66] Let {J,, }m>1 be a sequence of positive linear operators mapping

from €,(X) into B,(X) with

||Jm(CO) - COHUO = DPm,
[Jm(€) = Cllgrrz = Gm,
17(¢%) = Clle = o,

”Jm(<3) - C3||03/2 = Sm,
Where Py Gm, Tm,y Sm, tend to zero as m tends to infinity. Then
[T (¥) = Wllpar2 < (74 4pm + 2rm)wc (V5 6m) + |¥ o P

for all U € €,(X), where

Remark 3.14. [66] Under the condition of the Theorem 3.13 and using the fact

that élimowc(\ll; dm) = 0, we can conclude that
m—

YU € o2 (X)), lim [ (F) = (9)] 32 = 0.
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Theorem 3.15. Let ((z) = x and o(z) = 1 + 2%, Let {qn}m>1 be a sequence with

am € [0,1), Vm such that lim oy, =0 and {Aﬁ,ﬁ}m’ﬁ”)}mx be a sequence of positive
m—00 -

linear operators. Then for all ¥ € €,(X),

2m? (a2, + 2a,,) + (29% + 4my) (1 — a,p,)?
(m +7)2(1 — om)?
N 2m{a?, (28 +3) — 2a,,(28 + 3) + (28 + 5)}
(m +7)?(1 = am)?
(282 + 46 +4)

AL 5 () = W] s < |7+

U: 0,
e |Wiom)
where,
5.5 —o 2ma, + 2y + 2yan, N 2+ 283 N m2(a2, + 2a,) + (V2 +2my) (1 — ap)?
o (m—|—’y)(1 - O‘m) (m—|—’y) (m+'y)2(l - am)2
0% (25 +3) ~ 20,28 43) + 25+ 5)} (P +20+2)]"
(m+7)2(1 — am)? (m +7)?
3mam, + 37+ 3vam . 3+38  3m2(a2, + 2a.,) + (372 + 6my) (1 — am)?
(m+y)(1 - am) (m+7) (m+7)2(1 — am)?
+?ﬂn{o@n(zﬂ +3) — 20, (28 +3) + (28 +5)} N (38% + 65 +6)
(m+7)2(1 — am)? (m+7)?

+m3(a§n — 302, + 3am) + (73 + 3m%y + 3v2m) (1 — ay, )3
(m+7)3(1 — an)?
+:'m?{a?n(ﬂ +2) = 20, (B +2) + (B+4)}
(m+7)3(1 = ou)*
m{a, (382 + 968+ 11) + a3, (1282 + 368 + 44)}
(m+7)3(1 — an)?
N m{a2, (1832 + 608 + 78) + o, (128% 4+ 483 + 62)}
(m+7)*(1 — am)®
4 (B 168 +6)
(m+y)3

+

Proof. In view of Lemma 3.3, we have the following

P =[IAS ™7 (C0) = (<)l = 0,

0 ACmB) (A mam +7+70m 140
dm _HAm K (C) (C)Hal/z < (m+7)(1 _ am) (m +’Y),

rm =[ AP0 () = ()]l
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<m2(oz?n + 2a,) + (77 4+ 2my)(1 = ayy,)?
B (m+7)*(1 = am)?
1 m{a? (28 + 3) — 20, (28 + 3) + (28 + 5)}
(m +7)? (1—ap)?

+ (62 +26+2)],

sm =[[ A (CP) = (¢ g2

< m3 (a3, — 302, + 3a,,) + (v + 3m?y + 3v*m) (1 — oy, )?

- (m+7)*(1 — an)?
3m2{a2, (8 +2) — 200 (B +2) + (B + 4)}

(m+7)*(1 — ap)?
N m{ag (362 + 96 + 11) + o, (128% + 365 + 44) }
(m+7)*(1 — ap)’

m{aZ,(185% 4+ 605 + 78) + o, (125% + 486 + 62)}

+
(m+7)(1 — am)®
m(B% + 63+ 6)
(m+7)%

Since lim «,, = 0, it is clear that p,,, ¢, 7 and s, tends to 0 as m goes to infinity.
m—0o0

Finally, selecting § := d,,, we obtain

2m? (a2, + 2a,,) + (292 + 4my) (1 — a,p,)?
o+ 21— o )?
N 2m{a? (26 + 3) — 20, (28 + 3) + (28 +5)}
(m+7)*(1 — am)?
(282 + 46 +4)
(m +7)?

JAGm D () = O o2 < |7+

WC(\I]75m)7

which completes the desired proof. O

Remark 3.16. Depending upon all the conditions of Theorem 3.15 and in view of

Remark 3.14 we can conclude: if 6lim0w<(\If; dm) = 0, then
m—

YU € §l s (X), lim | ALmBD () — (B)]| 5372 = 0.
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3.6 Rate of Convergence

In this section, we estimate the rate of convergence of the newly defined operators

(3.5) in terms of the modulus of continuity.

Theorem 3.17. let ¥ € (X), m € N, a € [0,1) and x € X. Then the operators

AP satisty

AR P (Us ) — W(2)| < 20(8,0),
where & == /AP (2) and X&) (2) is defined in (3.6).

Proof. Using the following property of modulus of continuity

W (t) — W(z)] < (W, ) ((t _52‘”) 4 1>

and then applying the newly defined operators on both sides of the above inequality,

we get
[ASAD (W5 2) = ()] < APV (| (t) — W(x)|;2)
1
< Qi (,9) (1 + ﬁAg‘fj’ﬁ’V)((t —x)?: x)) :
Next, we choose & := 1/ Mo”7 (2) to obtain

This completes the proof. O
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Theorem 3.18. Let U € U(X) and n > 1, Then there exists C > 0 such that

1
Aﬁﬂwﬁﬂﬁ—W@ﬂSC%(W,6$#”@044h<% me | +m>’

(1—a)im+7)  (m+7)

where
508 () = 2?{a?(m?* + 2my +7%) — 207(m +7) + %}
m (m+ ) 1= ap
2z (m+y)(1+B)  o?x(Tm + 8mpB + 12y + 1273)
(1-a)3 a 2(1 — )3
20ce(2mpB + 6v8 + 6y +m)  3m — 4y — 45 9 3
STE 2T —ap + ([3 +26+2> (3.13)

Proof. We introduce an auxiliary operator A'9®" : ((X) — {(X) as follows

F(@BA) (J- 1) — A@BA) (- ) ma (1+8)
Ao s) = A5 0 (i + oy

Clearly, the above defined auxiliary operator preserves linear as well as constant
functions.

Let ® € €4(X) and z,t € X. Then by Taylor’s expansion, we have
O(t) = D(z) + (t — 2)P'(x) + / (t — 2)®"(2)dz. (3.15)
Now, applying the auxiliary operators on both sides on (3.15), we obtain

| AP (@ 2) — D(x)]
t
<o (| [t~ 90z

t )
/x (t—2)®"(2)dz, x )
(148)

=) (mT7) T (mt) mz (1+0) —z) "(N\dx
/ ((1—a)(m+v)+(m+7) i)

1
<3 |G (= 2 o)

SAq(;v,ﬂn) (

_|_
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(e B e

l—a)(m+y)  (m+7)

z?{a?(m? + 2my + %) — 2ay(m +v) +~°}
(1—a)?

1
(m+7)?
2za(m +7)(1+ B)
(1—a)
N o{—a?(Tm + 8mpB + 12y + 127v8) + 2a(2mfB + 6v8 + 6y + m)}
2(1 — a)?

z(3m — 4y — 495)
2(1 — a)?

+ (284 3) |19

= o (@) 9"

where 6577 (z) is as given in (3.13).

On the other hand by Lemma 3.8 for ¥ € {(X) and z € X, we have
[ASAD(0)|) < (1]
Now applying triangle inequality on (3.14), we obtain
JAG 2 (W 2) || < (AP (W 2) || + 2] W] < 3]
Using all the above inequalities, we can write

| AP (T ) — U(x)]
<A — Bi2) — (0= B)(a)] + A (@) — 0(a)
\Il(x)—\If(( me +<1+5)>‘

l—a)m+7v)  (m+7)

+

1
<A — | + 5B ()| D" + (qf ma L4 +B>>

A—a)m+y)  (m+7)
max (1+5)
u—amn+w+xm+w)'

<4{||¥ - @| + 6,(;"'3”)(35)]|<I>”|]} + <\I!,
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Now, taking infimum over all ® € €%(X) on right-hand side of the above equation

and using (1.9), we get the desired assertion. O

We conclude this section by establishing a convergence result for the Lipschitz-type

class of functions.

Theorem 3.19. If U € Lip}y, (X), Then

/2
\l@B7) (z) K
ALCB) (- ) — U <M |22 )
AP (W) — W) < M 2
Proof. First of all, we notice that if n = 1, then

4G (050)  W(@)] £ AP0 - Wiz < o Ao (L))

Vt+az? +bx’
Using the fact: \/mt = iam%bx < \/mé%m and the well-known Cauchy-Schwarz in-
m+y

equality, we obtain

« M (63
(AP (W) — W ()] S—m/ﬁnﬁ”) (|t — z|; z)

1/2
< ABY) (4 — )2 - M
“Vax? + bx ( m (= 2) 737)) ar? + bx ’

where A\ ’7)(x) is defined by the right hand side of (3.6).
Hence the result holds for n = 1.
Next we consider the case when n € (0,1).

Clearly,
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Let p = % and g = ﬁ and using the Holder inequality, we obtain

2/77 77/2
dt
m—+ 7y

|ALB (s ) — (z)| < [mil%’j(@ /OOO Sm,; (1) ’\1; (mt + B) — U(x)

T s - (2-n)/2
X |m Yy I () / sm,j(t)dt]
L =0 0

B 2 n/2
m—+y

<M |m & (x Sp.i(t dt

M |3t [ o

m-+y

M N /2
= (ax? + ba)n/? (ARt = 2)* : )]

@B, n/2
Y )\gn 57)(@
ax? + bx ’

This completes the proof. n

Remark 3.20. One of the crucial remark is that we have investigated the local ap-
proximation results from Theorem 3.17 to Theorem 3.19. Therefore, we indicate that
AP and 57(7?”3’7) tend to zero while taking o = vy, o, € [0,1),Vm and lim oy, =

m—0o0

0. Otherwise, these results just stand as an inequality or an estimation.

3.7 Graphical Examples

This section provides a few numerical examples for the operators (3.5) to justify

their approximation properties as well as the relevance of the generalization.

In both the Figures 3.1 and 3.2, we can see that the operator A%’Zam)(\lf;x) con-
verges faster than the operator Df‘nm(\ll;x)( ie., A%m’o’o)(\lf;a:)) to the considered

test functions ¥(z) = e~ 2 (52% + 2% + 1) and ¥(x) = 2?sin(wx) respectively. Here
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we assumed m = 500, z € [0,1] and {a, }m>1 is the sequence {5 },>1 so that the

hypothesis lim «a,,, = 0 is satisfied.
m—0o0

4l
.
L 5 11
L emem—— Yx)=e2 Gx®+x*+x) 7 g1
L 11!
I A (W5 x) iy
L U
S AmO0 (g ) = D (95 ) !l
L )
L I I
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/ /
L S
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/ /
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FiGUure 3.1: Convergence of the considered operators Aﬁ,? B ’7)(\11;:1;) to the test
function W(z) = e~z (528 + z* + 1) for m = 500, = € [0,1].
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FIGURE 3.2: Convergence of the considered operators AP ’7)(\11;:1:) to the test
function ¥(z) = 2?sin(rx) for m = 500, = € [0, 1].
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