Appendix A

A.1 Proof of Lemma 1.4

Proof: .
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Hence, A©,s C = DS,y B.

(ii) Let A = [a,a), and B = [b, b]. Then,
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(iii) Let A = [a,a], and B = [b,]. Then,
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O

A.2 Proof of Lemmma 1.7

Proof: Let B, = 1nf( ), By = 1nf( ), and B = inf(y).

YESI YES2 yeS

(i) From Definition 1.5 and Definition 1.19, B is a lower bound of S; and &) C Sy,

therefore

B, fF

—ylélsl (v)

— inf F(y) < inf F(y).
inf ”—;231 (y)

(ii) Part ((ii)) can be proved in the similar manner as ((i)).

(iii) From Definition 1.5 and Definition 1.19, for each y € S and for every 6 > 0, we
get

BjF@)::5@B56®F@):>6®Bjn%®®F) (A.2)
ye
Since B is an infimum of F, then for given € > 0 and § > 0, we have

F(y1) <B@ [£,£] for some y; €S
= 5®F(y1)<5@<B@[§ g})
€.

- JOF(y1) <= (00 B) @ e,

Due to arbitrariness of €, any interval C € I(R) such that 6 ® B < C, cannot be
a lower bound of § ® B. Therefore,

inf(§ ©F) < 6§ @ B. (A.3)

yeS

From (A.2) and (A.3), we obtain inf (6 ©F) = 4§ © inf F.

yeS yeS

(iv) Part (iv) can be proved in the similar manner as (iii).



Appendix B

B.1 Proof of Lemma 2.1

Proof: Let B, = {T(X): X € S,}, B, = {['X): X € S}, and B = {I'X) : X € S}.

(i) From Definition 2.4, we have
inf T = inf{T'(X) : X € Sy} = inf By = M, where M € I(R).

Since M is a lower bound of By and S; € S,, M is also a lower bound of B;.

This implies that

M=<infT' = inf I' <inf T
S So S1

(ii) From Definition 2.4, we have

sup I' = sup{F()z) X € Sy} = sup By = N, where N € I(R).
So

Since N is an upper bound of B, and S; C S,, therefore N is also an upper bound
of B;. This implies that

supI’ <M = supI’ <supI.
S1 Sl SQ

(iii) From Definition 2.4, we have

inf T = inf{I'(X) : X € S} = inf B = M.
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B.1. Proof of Lemma 2.1

Thus, for each X € S and for every > 0, we get
M=<TI(X) = foM=<40TX) = foM<=inf (30T).  (B1)

Since M is an infimum of B, for given € > 0 and 8 > 0, we have

r'X,)<Ma [g g} for some X; € S
— BoTX) < ( )
—  BoIX)) < B [e, €.

Due to arbitrariness of €, any interval C € I(R) such that 3 ® M < C cannot be
a lower bound of § ® B. Therefore,

nf(foT) 25O M. (B.2)

From (B.1) and (B.2), we obtain i%f (o) = o igf I.

From Definition 2.4, we have

sup I' = sup{I‘()A() X e S} =sup B=N.
s

Thus, for each X €S and £ >0, we get

I'X)<N = gorx )<ﬁ®N:>sup(6®I‘)-<B®N (B.3)

Since N is a supremum of B, for given € > 0 and S > 0, we have

N o,n [%, %} < I‘()Ail) for some X, € S

Due to arbitrariness of ¢, any interval C € I(R) such that C < 8 ® N cannot be
an upper bound of § ® B. Therefore,

BON = Sgp(ﬁ ©T). (B.4)
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In view of (B.3) and (B.4), we obtain sup (®T) = fosup I
s s

B.2 Proof of Lemma 2.2

Proof: (i) From Definitions 1.5 and 2.4, for each X € S we have

A~ ~

iISlf ' <T'(X) and igf 'y < Ty (X)

A~ ~

= ixslf ' e irslf Iy < T (X) @ I'y(X) from Lemma 2.5 of [7].

Since irslf (T; & T'y) is the infimum of T';(X) @ T'y(X) for each X € S,

. . < '
1rslf o Hslf ry, < 1rslf (T o Ty)

(i) From Definitions 1.6 and 2.4, for cach X € S we have

~ A~

I'(X) <sup I'; and I'y(X) <sup T’
s s

~ A~

= I'(X) @ I'y(X) < sup I'y @ sup I'y from Lemma 2.5 of [7].
s s

Since sup (I'; @ Ty) is the supremum of T';(X) @ F5(X) for each X € S, we have
s

sup (T @ Ty) <sup 'y ®sup Is.
S S S
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