
Appendix A

A.1 Proof of Lemma 1.4

Proof: .

(i) Let A = [a, a], B = [b, b], C = [c, c], and D = [d, d]. Since A⊕B ⪯ C⊕D,

a+ b ⪯ c+ d and a+ b ⪯ c+ d

=⇒ a− c ⪯ d− b and a− c ⪯ d− b

=⇒ min{a− c, a− c} ⪯ min{d− b, d− b}, and

max{a− c, a− c} ⪯ max{d− b, d− b}. (A.1)

Hence, A⊖gH C ⪯ D⊖gH B.

(ii) Let A = [a, a], and B = [b, b]. Then,

A ⪯ B⊕ [ϵ, ϵ] ⇐⇒ a ≤ b+ ϵ and a ≤ b+ ϵ ⇐⇒ a− b ≤ ϵ and a− b ≤ ϵ

⇐⇒ A⊖gH B ⪯ [ϵ, ϵ].

(iii) Let A = [a, a], and B = [b, b]. Then,

(A⊖gH B)⊕ ([ϵ, ϵ]⊖gH [δ, δ])

= [min{a− b, a− b},max{a− b, a− b}]⊕ [ϵ− δ, ϵ− δ]

= [min{(a+ ϵ)− (b+ δ), (a+ ϵ)− (b+ δ)},max{(a+ ϵ)− (b+ δ), (a+ ϵ)− (b+ δ)}]

= (A⊕ [ϵ, ϵ])⊖gH (B⊕ [δ, δ]).

(iv) Let A = [a, a], B = [b, b], and C = [c, c]. Since A ⪯ B⊕C and C ⪯ 0, then

a ≤ b+ c, a ≤ b+ c and c ≤ 0, c ≤ 0

=⇒ a ≤ b and a ≤ b =⇒ A ⪯ B.
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□

A.2 Proof of Lemma 1.7

Proof: Let B1 = inf
y∈S1

(y), B2 = inf
y∈S2

(y), and B = inf
y∈S

(y).

(i) From Definition 1.5 and Definition 1.19, B2 is a lower bound of S2 and S1 ⊆ S2,

therefore

B2 ⪯ inf
y∈S1

F(y)

=⇒ inf
y∈S2

F(y) ⪯ inf
y∈S1

F(y).

(ii) Part ((ii)) can be proved in the similar manner as ((i)).

(iii) From Definition 1.5 and Definition 1.19, for each y ∈ S and for every δ ≥ 0, we

get

B ⪯ F(y) =⇒ δ ⊙B ⪯ δ ⊙ F(y) =⇒ δ ⊙B ⪯ inf
y∈S

(δ ⊙ F). (A.2)

Since B is an infimum of F, then for given ϵ > 0 and δ > 0, we have

F(y1) ≺ B⊕
[
ϵ
δ
, ϵ
δ

]
for some y1 ∈ S

=⇒ δ ⊙ F(y1) ≺ δ ⊙
(
B⊕

[
ϵ
δ
, ϵ
δ

])
=⇒ δ ⊙ F(y1) ≺ (δ ⊙B)⊕ [ϵ, ϵ].

Due to arbitrariness of ϵ, any interval C ∈ I(R) such that δ ⊙B ≺ C, cannot be

a lower bound of δ ⊙B. Therefore,

inf
y∈S

(δ ⊙ F) ⪯ δ ⊙B. (A.3)

From (A.2) and (A.3), we obtain inf
y∈S

(δ ⊙ F) = δ ⊙ inf
y∈S

F.

(iv) Part (iv) can be proved in the similar manner as (iii).

□
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B.1 Proof of Lemma 2.1

Proof: Let B1 = {Γ(X̂) : X̂ ∈ S1}, B2 = {Γ(X̂) : X̂ ∈ S2}, and B = {Γ(X̂) : X̂ ∈ S}.

(i) From Definition 2.4, we have

inf
S2

Γ = inf{Γ(X̂) : X̂ ∈ S2} = inf B2 = M, where M ∈ I(R).

Since M is a lower bound of B2 and S1 ⊆ S2, M is also a lower bound of B1.

This implies that

M ⪯ inf
S1

Γ =⇒ inf
S2

Γ ⪯ inf
S1

Γ.

(ii) From Definition 2.4, we have

sup
S2

Γ = sup{Γ(X̂) : X̂ ∈ S2} = sup B2 = N, where N ∈ I(R).

Since N is an upper bound of B2 and S1 ⊆ S2, therefore N is also an upper bound

of B1. This implies that

sup
S1

Γ ⪯ M =⇒ sup
S1

Γ ⪯ sup
S2

Γ.

(iii) From Definition 2.4, we have

inf
S

Γ = inf{Γ(X̂) : X̂ ∈ S} = inf B = M.
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Thus, for each X̂ ∈ S and for every β ≥ 0, we get

M ⪯ Γ(X̂) =⇒ β ⊙M ⪯ β ⊙ Γ(X̂) =⇒ β ⊙M ⪯ inf
S

(β ⊙ Γ). (B.1)

Since M is an infimum of B, for given ϵ > 0 and β > 0, we have

Γ(X̂1) ≺ M⊕
[
ϵ
β
, ϵ
β

]
for some X̂1 ∈ S

=⇒ β ⊙ Γ(X̂1) ≺ β ⊙
(
M⊕

[
ϵ
β
, ϵ
β

])
=⇒ β ⊙ Γ(X̂1) ≺ (β ⊙M)⊕ [ϵ, ϵ].

Due to arbitrariness of ϵ, any interval C ∈ I(R) such that β ⊙M ≺ C cannot be

a lower bound of β ⊙B. Therefore,

inf
S
(β ⊙ Γ) ⪯ β ⊙M. (B.2)

From (B.1) and (B.2), we obtain inf
S

(β ⊙ Γ) = β ⊙ inf
S

Γ.

(iv) From Definition 2.4, we have

sup
S

Γ = sup{Γ(X̂) : X̂ ∈ S} = sup B = N.

Thus, for each X̂ ∈ S and β ≥ 0, we get

Γ(X̂) ⪯ N =⇒ β ⊙ Γ(X̂) ⪯ β ⊙N =⇒ sup
S

(β ⊙ Γ) ⪯ β ⊙N. (B.3)

Since N is a supremum of B, for given ϵ > 0 and β > 0, we have

N⊖gH

[
ϵ
β
, ϵ
β

]
≺ Γ(X̂1) for some X̂1 ∈ S

=⇒ β ⊙
(
N⊖gH

[
ϵ
β
, ϵ
β

])
≺ β ⊙ Γ(X̂1)

=⇒ β ⊙N⊖gH [ϵ, ϵ] ≺ β ⊙ Γ(X̂1).

Due to arbitrariness of ϵ, any interval C ∈ I(R) such that C ≺ β ⊙N cannot be

an upper bound of β ⊙B. Therefore,

β ⊙N ⪯ sup
S
(β ⊙ Γ). (B.4)
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In view of (B.3) and (B.4), we obtain sup
S

(β ⊙ Γ) = β ⊙ sup
S

Γ.

□

B.2 Proof of Lemma 2.2

Proof: (i) From Definitions 1.5 and 2.4, for each X̂ ∈ S we have

inf
S

Γ1 ⪯ Γ1(X̂) and inf
S

Γ2 ⪯ Γ2(X̂)

=⇒ inf
S

Γ1 ⊕ inf
S

Γ2 ⪯ Γ1(X̂)⊕ Γ2(X̂) from Lemma 2.5 of [7].

Since inf
S

(Γ1 ⊕ Γ2) is the infimum of Γ1(X̂)⊕ Γ2(X̂) for each X̂ ∈ S,

inf
S

Γ1 ⊕ inf
S

Γ2 ⪯ inf
S

(Γ1 ⊕ Γ2).

(ii) From Definitions 1.6 and 2.4, for each X̂ ∈ S we have

Γ1(X̂) ⪯ sup
S

Γ1 and Γ2(X̂) ⪯ sup
S

Γ

=⇒ Γ1(X̂)⊕ Γ2(X̂) ⪯ sup
S

Γ1 ⊕ sup
S

Γ2 from Lemma 2.5 of [7].

Since sup
S

(Γ1 ⊕Γ2) is the supremum of Γ1(X̂)⊕F2(X̂) for each X̂ ∈ S, we have

sup
S

(Γ1 ⊕ Γ2) ⪯ sup
S

Γ1 ⊕ sup
S

Γ2.

□
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[28] F. Krückeberg, Numerical Interval Calculation and Its Application. Rheinisch-

Westfälisches Institut für Instrumentale Mathematik, Germany, 1966.
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[60] E. Hernández and L. Rodŕıguez-Maŕın, “Existence theorems for set optimization

problems,” Nonlinear Analysis: Theory, Methods & Applications, vol. 67, no. 6,

pp. 1726–1736, 2007.

[61] D. Kuroiwa, “Existence theorems of set optimization with set-valued maps,” Jour-

nal of Information and Optimization Sciences, vol. 24, no. 1, pp. 73–84, 2003.

[62] G. Crespi, D. Kuroiwa, and M. Rocca, “Convexity and global well-posedness in

set-optimization,” Taiwanese Journal of Mathematics, 2014.

[63] G. P. Crespi, M. Dhingra, and C. Lalitha, “Pointwise and global well-posedness

in set optimization: a direct approach,” Annals of Operations Research, vol. 269,

pp. 149–166, 2018.

[64] M. Gupta and M. Srivastava, “Well-posedness and scalarization in set optimiza-

tion involving ordering cones with possibly empty interior,” Journal of Global

Optimization, vol. 73, pp. 447–463, 2019.

[65] C. Gutiérrez, E. Miglierina, E. Molho, and V. Novo, “Pointwise well-posedness in

set optimization with cone proper sets,” Nonlinear Analysis: Theory, Methods &

Applications, vol. 75, no. 4, pp. 1822–1833, 2012.



References 237

[66] Y. Han and N.-j. Huang, “Well-posedness and stability of solutions for set opti-

mization problems,” Optimization, vol. 66, no. 1, pp. 17–33, 2017.

[67] Y. Han, K. Zhang, and N. J. Huang, “The stability and extended well-posedness

of the solution sets for set optimization problems via the painlevé–kuratowski con-
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