
Nonsmooth Analysis and Numerical Techniques for

Interval and Set Optimization Problems

Thesis submitted in partial fulfillment

for the Award of Degree

Doctor of Philosophy

by

Suprova Ghosh

DEPARTMENT OF MATHEMATICAL SCIENCES

INDIAN INSTITUTE OF TECHNOLOGY

(BANARAS HINDU UNIVERSITY)

VARANASI - 221005

Roll No. 19121503 Year 2024









Dedicated to my parents,

Mr. Nayan Tara Ghosh

and

Mrs. Susmita Ghosh



ACKNOWLEDGEMENT

First, I would like to express my sincere gratitude to my advisor, Dr. Debdas Ghosh,

for his guidance, support, and encouragement throughout my entire Ph.D. journey. I

would also like to thank him for his patience, enthusiasm, and immense knowledge,

which have enabled me to gain profound and valuable insights in the field of interval

and set optimization. I am extremely thankful for all that he has offered me. It has

been a great privilege and honor to work and study under his guidance.

In addition to my advisor, I would like to immensely thank the rest of my thesis

committee: Prof. Tanmoy Som from my department and Dr. Shyam Kamal from

the Department of Electrical Engineering, for their challenging questions, insightful

comments, and constructive criticism during all of my research progress evaluations.

Their input encouraged me to broaden my research from various perspectives.

I extend my cordial thanks to our Head of the Department, Prof. S. K. Pandey, for

his continuous encouragement and valuable suggestions. He consistently assisted me in

obtaining all the necessary facilities to conduct my doctoral research during his tenure.

I would like to acknowledge all the faculty members of the department and all the

colleagues I met and worked with during my Ph.D. I especially thank Mrs. Anshika for

her collaboration and constant help in resolving many of my issues during the initial

phase of my Ph.D.

I wish to express my profound gratitude to my parents, Mr. Nayan Tara Ghosh and

Mrs. Susmita Ghosh, as well as my parents-in-law, Narayan Chandra Ghosh and Latika

Ghosh, for their unwavering love, care, blessings, prayers, and sacrifices in supporting

my education, believing in my ability and preparing me for the future. Words can

not express how grateful I am to my beloved husband for his invaluable assistance

in resolving numerous software-related issues and for his constant support throughout

the thesis preparation process. I also extend my gratitude to my sisters, brother, and

sister-in-law for their valuable support and prayers.

I am greatly thankful to my fellow lab matesMr. Abhishek Singh, Mr. Amit debnath,



Dr. Ram Surat Chauhan, Mr. Gourav Kumar, Mr. Ashutosh Upadhayay, Mr. Krishan

Kumar, Miss Megha Pandey, Mr. Nand Kishor, Mr. Ravi Raushan for valuable and

insightful discussions and for their genuine support. I am also thankful to my friends

Miss Anshika Tanwar, Miss Lipi Jain, Mr. Abhishek Senapati , Dr. Shashikant Kumar

in the institution for their immense kindness especially during the start of my Ph.D. I

would also like to acknowledge my seniors Dr. Jasmina, Dr. Komol, Dr. Punuum,

Dr. Anshima, Dr. Kumi, Dr. Babita, Dr. Chetna, Dr. Sapna for their continuous

support and inspiration.

Finally, I offer praise and heartfelt thanks to God Almighty for his abundant

blessings, which guided me through my research journey and enabled successful completion

of my research.

Date: 13/08/24

Place: Varanasi (Suprova Ghosh)

vi



List of Figures

2.1 Illustration of normal cones on Y1 and Y2 at [−1, 0] and 1, respectively,

of Note 2.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

2.2 Illustration of tangent direction of Y at (0,0), in Example 2.5.1 . . . . 48

2.3 Illustration of possible tangent directions of Y1 and Y2 at (0,0) in Note

2.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.1 Geometrical representation of gH-weak subgradients of Φ of Example

3.4.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

3.2 Visualization of the IVF Φ with its supporting below conic surface H in

Example 3.7.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

4.1 Geometrical illustration of gH-Dini Hadamard subgradients intersecting

(a) Υ1 from above, (b) Υ2 in the middle, and (c) Υ3 from below in

Example 4.4.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

4.2 Depiction of the IVF Υ from Example 4.4.2 with its gH-Hadamard

smooth support IVF H. . . . . . . . . . . . . . . . . . . . . . . . . . . 120

4.3 Wrong trajectories obtained as per • Case 1. and • Case 2., respectively. 140

4.4 Valid trajectory and zoomed-in version of the rectangular portion in the

left side figure for • Case 3. . . . . . . . . . . . . . . . . . . . . . . . . 140

4.5 Wrong trajectory obtained as per • Case 4. . . . . . . . . . . . . . . . . 141

6.1 Geometrical view of critical and noncritical points for a set-valued map

F : R2 ⇒ R . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

6.2 Generated iterative points by Algorithm 3 on Example 6.7.1 with the

initial point as (−2, 2) . . . . . . . . . . . . . . . . . . . . . . . . . . . 199

6.3 The initial point and next three consecutive points in the image space of

Figure 6.2(b) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 200

6.4 Solution found (in blue) for 8 initial points in the variable space for the

Example 6.7.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 202



6.5 The generated iterative points by Algorithm 3 on Example 6.7.3 (a) with

the initial point as (7, 6) . . . . . . . . . . . . . . . . . . . . . . . . . . 204

6.6 The generated iterative points by Algorithm 3 on Example 6.7.3 (a) with

the initial point as (9, 8) . . . . . . . . . . . . . . . . . . . . . . . . . . 205

6.7 The generated iterative points by Algorithm 3 on Example 6.7.3 ((b))

with the initial point as (7, 6) . . . . . . . . . . . . . . . . . . . . . . . 206

6.8 The generated iterative points by Algorithm 3 on Example 6.7.3 ((b))

with the initial point as (9, 8) . . . . . . . . . . . . . . . . . . . . . . . 207

6.9 Performance of Algorithm 3 for 8 selected initial points in Example 6.7.4 207

6.10 Intermediate points for the initial points I6, I8, I7 in Figure 6.9 . . . . . 208

6.11 The generated iterative points by Algorithm 3 on Example 6.7.4 with

the initial point as (2, 5) . . . . . . . . . . . . . . . . . . . . . . . . . . 209

6.12 The generated iterative points by Algorithm 3 on Example 6.7.6 with

the initial points as (0.88, 0.88, 0.04) and (0.9, 0.1, 1), respectively . . . 211

6.13 The generated iterative points by Algorithm 3 on Example 6.7.6 with

the initial points as (0.75, 0.09, 0.02) . . . . . . . . . . . . . . . . . . . . 212

7.1 Performance profile of TRM, Max-NTRM and Avg-NTRM using three

metrics: (a) no. of iterations to converge, (b) CPU time taken to

converge, and (c) average step-size taken every iteration. For these plots,

we consider only the case of conditioning on convergent point, i.e. the

metrics are reported over only those initial points for which all three

algorithms converged. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 243

7.2 Performance profile of TRM, Max-NTRM and Avg-NTRM using three

metrics: (a) no of non-convergent points, (b) no. of iterations to converge,

(c) CPU time taken to converge. For these plots, we report the metrics

using all the initial points (convergent and non-convergent). . . . . . . 244

7.3 Critical point frontiers obtained for Hil, JOS1, DD1 for TRM, Max-

NTRM, and Avg-NTRM . . . . . . . . . . . . . . . . . . . . . . . . . . 247

xii



List of Tables

3.1 Result of Algorithm 2 to find efficient solutions of IOP (3.65) . . . . . . 107

6.1 Used parameter values for Algorithm 3 on all the examples . . . . . . . 198

6.2 Performance of Algorithm 3 on Example 6.7.1 . . . . . . . . . . . . . . 199

6.3 Iterative points in the argument space for Example 6.7.1 . . . . . . . . 200

6.4 Performance of Algorithm 3 on Test instance 6.7.2 . . . . . . . . . . . . 202

6.5 Solution found in the argument space for Test instance 6.7.2 . . . . . . 202

6.6 Performance of Algorithm 3 on Example 6.7.3 (a) . . . . . . . . . . . . 203

6.7 Solution found in the argument space for Example 6.7.3 (a) . . . . . . . 203

6.8 Performance of Algorithm 3 on Example 6.7.3 ((b)) . . . . . . . . . . . 204

6.9 Solution found in the argument space for Example 6.7.3 ((b)) . . . . . 205

6.10 Performance of Algorithm 3 on Example 6.7.4 . . . . . . . . . . . . . . 206

6.11 Iterative points in the argument space for Test instance 6.7.4 . . . . . . 207

6.12 Performance of Algorithm 3 on Example 6.7.5 . . . . . . . . . . . . . . 208

6.13 Solution found in the argument space for Example 6.7.5 . . . . . . . . . 209

6.14 Performance of Algorithm 3 on Example 6.7.6 . . . . . . . . . . . . . . 210

6.15 Solution found in the argument space for Example 6.7.5 . . . . . . . . . 211

7.1 Parameters of different algorithms used in all the experiments. . . . . . 243

7.2 Performance comparison of TRM, Max-NTRM (denoted as Max) and

Avg-NTRM (denoted as Avg) for 20 set optimization problems using

three metrics: (1) No. Non-convergent: no of initial points for which

an algorithm failed to converge within 100 iterations, (2) Iterations

(All): average number of iterations taken by an algorithm (averaged over

all 100 initials points), (3) Iterations (Convergent): average number of

iterations taken by an algorithm (averaged over only convergent points).

For each metric, the best performing algorithm’s value is marked in bold.

Each problem is identified with a name, dimension n in argument space,

and dimension m in image space. ↑ means higher values are better, and

↓ means lower values are better. . . . . . . . . . . . . . . . . . . . . . . 244



7.3 Performance comparison of TRM, Max-NTRM (denoted as Max) and

Avg-NTRM (denoted as Avg) for 20 set optimization problems using

three metrics: (1) Step Size (Convergent): average step size taken by an

algorithms (averaged over only convergent points) (2) CPU Time (All):

time taken by an algorithm (averaged over all 100 initials points), and

(3) CPU Time (Convergent): time taken by an algorithm (averaged

over only convergent points). For each metric, the best performing

algorithm’s value is marked in bold. Each problem is identified with a

name, dimension n in argument space, and dimension m in image space.

↑ means higher values are better, and ↓ means lower values are better. . 245

xiv



List of Symbols

Symbol Description

R The collection of real numbers

R+ The collection of non-negative real numbers

R− The collection of non-positive real numbers

I(R) The collection of all compact intervals

NY(Ŷ) The normal cone at Ŷ on the set Y ⊆ I(R)n
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