Chapter 2

Cyclic Codes over Fy[u,v,w]/{(u’ —

u, Vi — vV, w? — W, UV, VU, UW, WU, VW — WV)

In this chapter, we study cyclic codes over a finite non-chain ring S = F,[u, v, w]/(u®—

u, vZ—v, w2 —w, uv, vu, uw, wu, vw —wv). We discuss the structural properties of cyclic
codes over § and their duals. We provide the construction of quantum and LCD

codes from them and consequently obtain many new codes with better parameters.

2.1 The Ring S

Let F, be a finite field of order ¢, where ¢ = p™, p is an odd prime, and m is a

positive integer. Consider,

S =TF,[u,v,w]/{u® — u,v’ — v,w? — w, uv, vu, uw, wu, vw — wv)
=TF, + uF, + vF, + wF, + u’F, + vwF,

= {ry + ury + vrs +wry + u*rs + vwrg r;eF,, jeJ}

29
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Then, S is a finite commutative ring under usual addition and multiplication of
multivariate polynomials with identity 1+ u.0+v.0 +w.0+ u?.0+vw.0. Throughout

this chapter, J = {1,2,3,4,5,6} Consider, two ideals (u) and (v) of S given as:

(u) = {u.(ry + urg + vrs +wry + s +vwrg) :r; €F,, 5 € J}
= {u(ry +75) +u’ry 7y, r9, 15 €F,} = {ur + u*s : 1,5 € F,}
(v) = {v.(ry +ury + vrz +wry + u’rs +vwrg) 1 r; €F,, j € J}

= {v(r1 +7r3) +vw(ry +rg) : 71,714,175, 76 € Fo} = {vr +vws : r,s € F}.

We observe that neither (u) C (v) nor (v) C (u). This shows that S is a non-chain

ring.

Let

G=1—-v—w+w—u?

G = v —ww,

(6 =W — vw.

It can be easily verified that Z?zl ¢ =1, CJZ = (jand (;¢(; = 0 for i # 7, 4,7 € J.
Hence, {(1,¢2,(3,C4, G5, (6} is a complete set of primitive orthogonal idempotents.

Thus by a decomposition theorem of ring theory 1.1.48,

6 6
S =P s = PGF,.
j=1 j=1
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Hence, any element w € S can be uniquely expressed as:

6
w=> (uw;, w;€F,, jeJ
j=1
Moreover, we can view the ring S as a finite F-algebra with By = {1, u, v, w, u?, vw}
and By = {(1,(, (5,0, G, (s} as its two bases. We define a bilinear form (,) :

Sx8§—TF,;as:
6 6

(r,s) = (Z Grin Y Gisi) = D mysy.

i= =1
Then (r,s) = 0, Vs € S = r = 0. This can be easily proved by taking
s = (;, j € J. This shows that (, ) is non-degenerate. Therefore, S is a commutative,
finite-dimensional Frobenius algebra over a finite field and hence it is a Frobenius

ring.

Next, let M € GLg(F,) be a matrix such that MM" = Aldg for some A € F;. We

define a Gray map ¢ : S — F9 as:

A(Crur + Gua + CG3us + Cavg + C5v5 + Cevs) = (1, V2, Us, Vg, U5, vg) M.

It is easy to see that ¢ is bijective and linear. For any v = Zg’:l v;(; € S, we define
its Lee weight as: wtr(v) = wtg(é(v)), where wty denotes the Hamming weight.
For any two v,w € S, their Lee distance is defined as: dp(v,w) = wir(v —w). Now

we can extend ¢ to ® : §* — FI" as:
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For any w = (W, wl ... w"™1) € 8" its Lee weight is given as:

wtp(w) = nzjlth(wi) = nZith@(wi))
i=0 i=0
and for any two v, w € 8", their Lee distance is defined as: dr(v,w) = wt(v—w).
Now, we’ll give some properties of the Gray map defined above.
Theorem 2.1.1. The Gray map ® is a bijective, linear, and distance-preserving

map.

Proof. Since ¢ is bijective and linear, ® is also bijective and linear. For the proof of

later part, let r and t € 8™ be such that

r=(r )t = (0t ), where P = 25:1 Gl v = Z?Zl Gt

dL(I', t) = th(I' — t)

=wty(f* =t =t

n—1

= Zth(ri —t9)
i=0
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Hence, ® is distance-preserving between (8", dy) and (F*, dp). O

Definition 2.1.2. For any two ¢ = (<%, c!,...,c"1), d = (d° d',...,d"1) € 8",

their Euclidean inner product is defined as:

n—1
cd= Z c'.d’,
i=0
and c is said to be orthogonal to d denoted as ¢ L d if c.d = 0.
Theorem 2.1.3. For any two ¢,d € 8", ¢ L d if and only if ®(c) L ®(d). In other

words, @ preserves orthogonality.

Proof. Let ¢,d € 8" such that ¢ = (% c!,...;c" 1) and d = (d°d',... . d"1),
where ¢’ = 25:1 (¢ and d' = Z?:l Gd:, i=0,1,...,n— 1. Now, using the defini-
tion of Euclidean inner product and properties of primitive orthogonal idempotents,

we get

and
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n—1
- (01702763704?65766)MM (d17d27d37d47d57d6)
—0

7
n—1 6

A O ddy

i=0 j=1

n—1
> . (2.3)
=0

1 =

-

A

J

Since, {¢1,¢2, (3, ¢4, G5, G6} 1s a linearly independent set and A € F;, from (2.2) and
(2.3), we conclude that c¢.d = 0 if and only if ®(c).®(d) =0, i.e. ¢ L d if and only
if ®(c) L ®(d). O

2.2 Linear and Cyclic Codes over S

In this section, we describe the properties of linear and cyclic codes over S. Using
the results of the previous section (Theorems 2.1.1 and 2.1.3), we give the relation
between a linear code over S and its Gray image (Theorem 2.2.2). Further, we
discuss the structural properties of cyclic codes (Theorems 2.2.5, 2.2.6 and 2.2.7)
and its dual (Corollaries 2.2.9 and 2.2.10). Finally, we conclude this section with
a result that the Gray image of cyclic codes over S is quasi-cyclic code. (Theorem

2.2.11).

Definition 2.2.1. An S-submodule of 8™ is called a linear code of length n over S.
Let J ={1,2,3,4,5,6}. For a linear code C of length n over S, we define

6
Cr={ay € Fj| 3a; € Fy for j € J\ {k} such that » (;a; € C}.

i=1
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It may be noted that C, is also a g-ary linear code of length n, for all £ € J.
Moreover, C = @?:1 ¢;C;. It is worth noting that if M = Idg (identity matrix of
order 6), then ®(C) = ®?:1 C; and d(C) = minje d(C;).

Theorem 2.2.2. Let C = @?:1 ¢;C; be an (n, ", dy) linear code over S. Then,

(i) ®(C) is a [6n, k, dg] linear code over F,, where dy = d;
(ii) ®(C)*" = @(CH);
(i) C* =B}, (;C;;
(iv) C is a self-orthogonal code if and only if ®(C) is a self-orthogonal code over F;

(v) C is a dual-containing code if and only if ®(C) is a dual-containing code over

Fg;

(vi) C is a self-dual code if and only if ®(C) is a self-dual code over F,.

Proof. (i) Clearly, length of ®(C) is 6n as it is a subset of FJ". Furthermore, as ®
is bijective, we have |®(C)| = |C| = ¢*. Therefore, dimg,®(C) = log, |®(C)| =
log, ¢* = k. By Theorem 2.1.1, dy = dy. Hence, ®(C) is a [6n, k, dy] linear

code over F,, where dy = d.

(ii) Let w € ®(C)*. Then, (w,v) =0, V v € ®(C). Since ® is bijective, we have
(w,®(u)) =0, Vuel. Let z= &' (w) € S”. Thus, (®(z),®(u)) =0, Vue
C. Therefore, by Theorem 2.1.3, we have (z,u) =0, V u € C. This shows that
z € Ct and so w = ®(z) € ®(C*). Therefore, ®(C)*+ C (C).

Conversely, let w € ®(C*). Then, 3! z € C* such that w = ®(z). Since ® is
bijective, we have (z, ®~!(v)) =0, V v € ®(C). Therefore, by Theorem 2.1.3,
we have (®(z),v) = (w,v) = 0, V v € ®(C). This shows that w € ®(C)*.
Therefore, ®(Ct) C ®(C)* as well. Hence, ®(CL) = ®(C)*
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(iii) Let D = C*. Then,
D:{ w e S :(W,V)=O,VVGC} .

6
:{WGS”:(W,Z(jvj>:O,ij€Cj, jEJ}.

Jj=1

6
w; € F" :3wy € FY k€ J\ {j} such that Z(joED} )

Jj=1

w;eFr dw,cFy ke J\ {j} such that

:{ w; eFr dwp el ke J\ {j} such that (w;,v;) =0

6
Y j € J, for any Z(jvje(,’},

j=1
1
=C;.
Hence, C+ = @?:1 ¢;D; = @?:1 CjCjL.
(iv) and (v) directly follow from the fact that for a bijective map &, A C

B = ®(A) C ®(B). Finally, (vi) follows by combining (iv) and (v).
O

Theorem 2.2.3. Let C = @?:1 ¢;C; be a linear code of length n over S. Further-

more, let G be a generator matrix of [n, k;] ¢-ary linear code C;, j € J and M be
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the matrix used in Gray map ¢ such that

CL%O a%l Ce aé(n_l) mir My ... Mg
0/31'0 a{l . a{(71_1) mMo1 Mo ... 1MMogg
G, = / and M =
CLj (lj e Clj mMe1r Me2 ... Mg
| (k5 —1)0 T(k;—1)1 (k=) (=11} xn L J
Gl ® MR1
G2 @ Mg, | . th
Then, G = is a generator matrix of ®(C), where M, denotes the j*
GG X MRG

row of]\/f,j-e J.

Proof. Let w € ®(C) be an arbitrary element. Since, ® is bijective, there exists a

. _ 6 . _ 0 1 n—1 . s
unique v = Zjﬂ (jv; € C such that v; = (vi,v;,...,vi 7). Since, Gj is a generator
matrix of C;, there exist oo, a; 1, .., ;-1 such that
-1
L R | J
Vi = E : aj(ay, ajy, - - - ’al(n—l))

kj—1 i

kj—1
_ -
= E :aalama E :ajlall7 e E :aa,laz(nq)
1=0

kj—1 kj—1

_ o
= § :CJ E :alam’ E :a]lalh R E :Oéjvlal(nfl)
1=0

6 kj—1 kj—1 kj—1

6
= E:CJ E:O‘Jlazo E E:aﬂall E:CJ E:%lazn 1)
7=1 = 7=1 = 7j=1
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Therefore, w = ®(v) = (w',w!, ... w""!) where
= 0() ¢ mal))
=1 1=0
k-1 k2 —1 ks —1 ki—1 ks—1 ko—1

1 2 3 4 5 6
= ( § Qag;, E Q1 ag;, E Qg E Qg E Qg § ala’lz’)M
1=0 1=0 =0 =0 =0 =0
6 /Cj—l 6 k?j—l 6 kj—l
_ J J J
= O mp (O wal).d mp(Y - add), Y mis(d ] wial))
7j=1 =0 7j=1 =0 7=1 =0

= aG", where
a= |:O{],0 co Q-1 Q20 ... O2ks—1 ... Qo ... a67k61:| and
1 1 1
1 1 1 _ .
1,C; & Ry
1 1 1 G, ® Mk,
Ml —1y; M2, —1); -+ 64k, 1),
Gt = : : : : — Gs.0, © M,
. . . . )
6 6 6 G ® M,
50, ® MR
meial Mmeaal mesal o ’
61414 62415 66015
G6,C¢ (29) MRG
me1ad Meaal Mmeeal
61%(kg—1)i 62%(kg—1)i - 66 (kg—1)i

where G, ¢, denotes the i column of G;, j € J and M r; denotes the 3t row of M.

Thus,

Hence,

G = g() gl gn1:|



Chapter 2. Cyclic Codes over... 39
Gl,CQ ® MR1 G1,01 ® A/fﬁl Gl,Cn_l ® AJB1 Gl ® MRl
Goco @ Mg, Goco, @ Mg, Gac, , @ Mg, Gy ® Mp,
Gs.cy @ Mg, Gsc, @ Mp, Gs.c, , © Mg, G3 ® Mg,
G4700 ® MR4 G4701 ® ]\434 G47Cn71 ® MR4 Gy ® MR4
G5,Co ® MR5 G5,Cl ® ]\/-/[Rs G5,Cn_1 ® ]\/{R5 G5 ® MR5
_GG,C() ® MRG G6,01 & AIR()‘ G6,Cn,1 & ]\/IRG_ Gﬁ ® MR(;_
is a generator matrix of ®(C). O

Definition 2.2.4. A linear code C of length n over § is said to be a cyclic code over

S if o(cg, ¢ty -, Cn1) = (Ch1,C0,€C15 .- -, Cn2) € C whenever (cg,cq,...,¢,-1) € C.

Theorem 2.2.5. Let C = @?:1 (;C; be a linear code of length n over S. Then C is

a cyclic code if and only if C; is a cyclic code, for all j € J.

Proof. Let C; be a cyclic code, for all j € J. Let ¢ = (¢ c!,c?...,c" ') € C.

Suppose that for i € {0,1,...,n — 1}, ¢’ = Z?Zl Gjci. Then (&9, ¢}, ..., 7Y € C;.

YRR J

Since C; is cyclic, we have

0 .1 n—1\ __ n—1 0 .1 n—2 .
o(cj, ey cf7 )= (], ¢5,c5,00,¢77) €Cy, 5 € .

Thus Z?:1 Q(c;f_l, c?, cjl-7 o ,c;-"_2) eC.

This implies that

6 6 6 6 6

1 0 1 2 1 0 1 9
DG = QUG Y G D G Y G )
j=1 Jj=1 Jj=1 Jj=1 J=1
n—2)

= ("¢

=o(c) e C.

This proves that C is cyclic.
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Conversely, suppose that C is cyclic. Let (¢ ) ], o ,c?’l) €Cj, je€ J. Then

6 6 6 6
0o 1 -1 0 1 -1
ZCj(Cj7Cj7"'vc;‘L ):(ZCJCJ’ZCJCW’ZC]C?
7=1 j=1 j=1 7=1

Since C is cyclic, we have

6 6 6 6 6
—1 0 1 —2 -1 0 1 -2
QoG D GG D Ge - D G =) G g )
j=1 j=1 j=1 j=1 j=1
6
cc=Ec;
j=1

This implies that (¢! ', ¢k, ..., ¢f7?) = o(d.c},...,c)7") € Cj, forall j € J which

proves that they all are cyclic. O

Theorem 2.2.6. Let C = @?:1 ¢;C; be a cyclic code of length n over & such

that C; = (f;(y)), i.e. fj(y) is the generator polynomial of C;, j € J. Then
C = (G h(Y), efo): Ga(y): Cafa(), G s(y): Gofoly) and [C] = g =i 40w

Proof. Since C; = (f;(y)), j € J and C = @?:1 ¢;C;, we have
C ={c(y) ZC, ), for some k;(y) € C;, j € J}.
Therefore, C g <C1f1 (y)7 CQfZ(y)a CSfS(y)a <4f4(y)7 C5f5<y>7 CGfG(y» For any

Z Gius(y € (G1(y), @ f2(y): CGsf3(y), Cafay), G f5(y), Go fe(y))

C S/ —1),

where u;(y) € S[y]/(y™ — 1) for j € J, there are v;(y) € F,[y|, j € J such that



Chapter 2. Cyclic Codes over... 41

This means that (Cif1(y), Gf2(y), Gfs(y), CGfa(y), Gfs(y), Gofs(y)) € C. Hence,

(CLfi(y), Cafa(y), Gafs(y), Cafa(y), G f5(y), Cofe(y)) = C.

Since, |C| = H?:1|Cj|, we have
6 6
= | = n—deg(f;(y)) _ 6n—325_, deg(f;(y))
C| 1C;] q q .
=1 =1

O

Theorem 2.2.7. For a cyclic code C = @?:1 ¢;C; of length n over §, 3 a unique
f(y) such that C = (f(y)) and f(y)|(y" — 1) with f(y) = 35_; ( f;(y), where f;(y)

is the generator polynomial of C;, j € J.

Proof. By Theorem 2.2.6, we have

C= <C1f1(y)7C2f2(@/)aC3f3(y)7C4f4(y)aC5f5(y)>46f6(?/)>>

where f;(y) is the generator polynomial of C;, j € J. Let f(y) = 25:1 G fi(y)-

Clearly (f(y)) € C. Note that ;f;(y) = (;fi(y),V j € J and C = @?:1 ¢;C; so
C C (f(y)). Since f;j(y), j € J are monic divisors of y" — 1 € F,[y], 3 v;(y) €
F,ly]/(y™ — 1) such that

Yy —=1=v;(y)f;(y), j€J

This implies that
6
y'—1= (Z ijj(y)> f(y) € Slyl.
j=1

Hence, f(y)|(y™ —1). Since f;(y), j € J, are unique, so is f(y). O
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Corollary 2.2.8. For any positive integer n, S[y|/(y"™ — 1) is a principal ideal ring.

Proof. Let C be an ideal of S[y|/(y™ — 1). Then C is a cyclic code of length n over
S. By Theorem 2.2.7, 3 unique f(y) such that C = (f(y)). Hence, Sly]/(y" — 1) is

a principal ideal ring. (I

Corollary 2.2.9. Let C = @?:1 ¢;C; be a cyclic code of length n over S then

Ct = @?:1 CJ»CjL is also a cyclic code of length n over S.

Proof. By Proposition 1.2.20, a linear code over a finite field is cyclic if and only
if its dual is cyclic. And by Theorem 2.2.5, C is cyclic if and only if C; is cyclic,

YV 45 € J. Combining both these statements, the result follows. O

Corollary 2.2.10. Let C = @?:1 ¢;C; be cyclic code of length n over § such that
C; = (fi(y)), j € J. Then C*+ = <Z?:1 (i9;(y)), where g3(y) is the reciprocal

polynomials of g;(y) = (y* — 1)/ f;(y), j € J. Moreover, |C*| = g=s5=1 deo(F (W)

Theorem 2.2.11. Let C = @?:1 ¢;C; be cyclic code of length n over §. Then its

Gray image ®(C) is a quasi-cyclic code of length 6n and index 6 over F,,.

Proof. By Proposition 2.2.2(i), ®(C) is a linear code of length 6n over F,. In order

to prove that ®(C) is a quasi-cyclic code of index 6, let
n— n—1 n—1
(d,d3, ... dQld}, db, ... dg| ... |y dy" ™Ay Y) € @(0).

Further, let (d{,dy, ..., d5)M " = (¢4, cb,...,ck),i=0,1,...,n — 1. Then,
i i i i n—1
(5 G6) = ([dds, o) and (7 G K0 G, i G ) € €

Since, C is a cyclic code, we have

6 6

6 6
QoG DG D Gy Gy ) e
i=1 j=1

J=1 J=1
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Therefore,

6 6 6
n—1 n—2
Q)(ZC]cﬁ )7ZC]C?772C]0§ ))
j=1 j=1 j=1
6

6 6
=63 ¢, 603G (> Gl
=1 =

J=1

=(d" D, a Y AT, Y, Y |d A A )

€ ¢(C).

This proves that ®(C) is a quasi-cyclic code of index 6. O

2.3 Quantum Codes from Cyclic Codes over S

This section deals with the construction of quantum codes from cyclic codes over
S. We start by recalling a criterion to find dual-containing cyclic codes over F, and
use it to characterize dual-containing cyclic codes over §. Finally, we give a method
to obtain quantum codes from dual-containing cyclic codes over & and utilize it to

construct some new and better quantum codes.

Lemma 2.3.1. [22, Theorem 13] A cyclic code C with generator polynomial f(y)

contains its dual if and only if

y"—=1=0 (mod f(y)f*(y)),

where f*(y) denotes the reciprocal polynomial of f(y).
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Theorem 2.3.2. Let C = (f(y)) be a cyclic code of length n over S, where f(y) =
>0 1 ¢ifi(y). Then C* C C iff

y"—=1=0 (mod f;(y)f;(y), VjeJ

where f7(y) denotes the reciprocal polynomials of f;(y), j € J.

Proof. Let y* —1 =0 (mod f;(y)f;(y)), Vj € J. Then by the Lemma 2.3.1, we
have

CCCp Vjeld

This implies that

GG GGy J €.

Therefore,

Hence, C*+ C C.

Conversely, let us assume that C+ C C. Then

Since C; is a g-ary code such that (;C; = C (mod (;), j € J, weget C; CC;, Vj € J,
Therefore,

y"—1=0 (mod f;(y)fi(y)), VjeJ
O

Corollary 2.3.3. Let C = @?:1 ¢;C; be a cyclic code of length n over §. Then

CLQCifandonlyiijLQCj, Vjed.
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Theorem 2.3.4. Let C = @?:1 ¢;C; be an (n,¢*,dr) cyclic code over S and f;(y)

be the generator polynomials of C;, j € J.

(i) If C+ C C, then there exists a quantum error-correcting code with parameters

[[6n, 2k — 6n, dy]], where dy = d.

(ii) If y" —1 =0 (mod f;(y)f;(y)), V j € J, where f;(y) denotes the reciprocal
polynomial of f;(y), then there exists a quantum error-correcting code(QECCQC)

with parameters [[6n, 2k — 6n, dy]], where dy = d.

Proof. (i) Let Ct =C. We have, ®(Ct) = (®(C))*, by part(ii) of Theorem 2.2.2.
Using part(i) and part(iv) of Theorem 2.2.2, we conclude that ®(C) is dual-
containing [6n, k, dy] linear (in fact, 6-quasi cyclic) code over F,. Hence, by
Lemma 1.3.6, there exists a quantum error-correcting code with parameters

[[6n, 2k — 6n, dy]], where dy = d.

(ii) Combining part (i) and Theorem 2.3.2, the result follows.

Now we conclude this section with some examples and a table of quantum codes
constructed using Theorem 2.3.4. For computation purposes, SageMath [90] and
MAGMA [17, 23] software are used.
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Example 2.3.5. Let ¢ =5, n =5 and

422422
313313
2 24224

M = € GLg(Fs).

31 2 2 4 3
334 2 21

4 2 31 3 2

Then MM?T = 3Ids, so M can be used in Gray map ¢ : S — FS. Consider the

factorisation of y° — 1 in Fs[y] as: y® — 1 = (y +4)°. Let

hly) =y+4
faly) = fs(y) = 1,
Jaly) =y +4,
fsy) =1,

foy) = (w+4)>=y"+3y+1.

From the factorization of y® — 1, it is clear that

Yy’ —1=0 (mod f;(y)f(y)), VjeJ

Therefore C; = (f;(y)) is a dual-containing cyclic codes of length 5 over Fj, for all
j € J. Then C = @5:1 (;C; is a dual-containing cyclic code of length 5 and ®(C)
is a [30, 26, 3] dual-containing 6-quasi cyclic code over F5. Hence by Theorem 2.3.4,
there exists a [[30, 22, 3]]5 quantum code which is better than [[30, 20, 3]]5 obtained

in [67].
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Example 2.3.6. Let ¢ = 9 and n = 16. Then Fq = F3[X]/(X? — X — 1) = F3(v),

where v is a root of X2 — X — 1. Further, let

y+2 29+1 2y 442 29v+1 2y

2 2v+2 442 2 2v+2 442
v+1 1 vy+2 y+1 1 v+ 2
M = € GLg().
2v+1 ~v+2 ¥ Y+2 2v+1 2y

1 y+1 2y+1 2 2v+2 42

2v+2 2 2v+1 v+1 1 v+ 2

Then MM?T = (v + 1)Idg. Consider the factorisation of y'6 — 1 € Fg[y] as:

Yy —1=+ DY+ +Ny+rv+ Dy +v+2)y+27) @y + 27+ 1)y + 27+

)W+ v +2)( + 29y + 2y + 1)

Let

fo(y) =y*+ 27+ 1.

From the factorization of y'¢ — 1, it is clear that

y'—=1=0 (mod fi(y)f; (),
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for all j € J. Therefore C; = (f;(y)) is a dual-containing cyclic codes of length
16 over g, for all j € J. Then C = @5’:1 ¢;C; is a cyclic code of length 16 and
®(C) is a [96, 91, 3] dual-containing 6-quasi cyclic code over Fg. Hence, by Theorem
2.3.4, there exists a [[96, 86, 3]]¢ QECC which has better parameters than [[96, 84, 3]]o

constructed in [94].

In Table 2.2, we enlist the quantum codes obtained. The matrices used in the
Gray map for ¢ = 5,9 will be the same as that used in Examples 2.3.5 and 2.3.6

respectively and those for ¢ = 7,11, 13 and 17 are listed below in Table 2.1:
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2.4 LCD Codes over S

This section deals with LCD codes over S. First, we recall some important charac-
terizations for cyclic codes over a finite field to be LCD, given by Yang and Massey
[97]. Then using these characterizations and decomposition of cyclic codes over S,
we give a method to find LCD codes from cyclic codes over §. We conclude the
section with some examples and provide a table of LCD codes over & whose Gray

images are LCD codes over F,. Some of them are optimal.

Definition 2.4.1. ([68]) A code is said to be reversible if it has the property that

reversing the order of the components of any codeword is again a codeword.

Lemma 2.4.2. ([97]) Let C' = (f(y)) be a cyclic code of length n over F,, where
n = p*.t, p and t are relatively prime and k; > 0. Then C is an LCD cyclic code if
and only if f(y) is self-reciprocal and all monic irreducible factors of f(y) have the

same multiplicity in f(y) and y" — 1.

Lemma 2.4.3. ([97]) Let C' be a cyclic code of length n over F,, such that ged(n, p) =
1, where p is the characteristic of F,. Then C' is an LCD code if and only if it is

reversible.

Definition 2.4.4. A linear code C of length n over § is said to be a linear comple-

mentary dual (LCD) code over S if CNC* = {0}.

Theorem 2.4.5. Let C = @?:1 ¢;C; be a linear code of length n over §. Then C is
an LCD code if and only if C; is an LCD code of length n over F,, V j € J.

Proof. The proof follows from the fact that C N C*+ = {0} if and only if C; NCj- =

{0}, VjeJ. O

Theorem 2.4.6. Let C = @?:1 ¢;C;j be a cyclic code of length n over S and f;(y)

be the generator polynomial of C;, 7 € J. Then C is an LCD code if and only if
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f;(y) is self-reciprocal and all the monic irreducible factors of f;(y) have the same

multiplicity in f;(y) and y™ — 1, for j € J.

Proof. Combining Lemma 2.4.2 and Theorem 2.4.5, the proof follows. O

Theorem 2.4.7. Let C = @?:1 ¢;C; be a cyclic code of length n over § such that
ged(n,p) = 1. Then C is an LCD code if and only if C;, j € J are all reversible cyclic

codes of length n.

Proof. Combining Lemma 2.4.3 and Theorem 2.4.5, the proof follows. O

Lemma 2.4.8. Let C be a linear code of length n over S. Then ®(C NCY) =
D(C) NP(C)*.

Proof. Let w € ®(CNCt). Since ® is onto, 3 v € C N C* such that ®(v) = w. As
v €CNCE, we have v € C and v € C*. Therefore, w € ®(C), and w € ®(C*) and
sow € ®(C)NP(CH) = &(C)NP®(C)*. Since, w € ®(C N CH) is arbitrary, we have,
P(CNCH) Cd(C)NP(C)* .

Again, let w € ®(C) N ®(C)*, ie. w € ®(C), and w € ®(C)* = ®(C*). Then
Ju € Cand 3 v € C' such that ®(u) = w and ®(v) = w. Since, ® is one-one
as well, we have, u = v and so u(= v) € CNC*. Therefore, w € ®(C NCH).
Since, w € ®(C) N ®(C)* is arbitrary, we have ®(C) N ®(C)* € ®(C NCt). Hence,
P(CNCH) =d(C)Nd(C)*. O

Theorem 2.4.9. Let C be a linear code of length n over S. Then C is an LCD code

if and only if ®(C) is an LCD code of length 6n over F,.

Proof. Suppose that C is an LCD code of length n over S. Then by definition,
CNCt ={0}. By Lemma 2.4.8, we get ®(C) N ®(C)+ = d(CNC) = d({0}) = {0}
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which concludes that ®(C) is an LCD of length 6n over §. Conversely, suppose
that ®(C) is an LCD of length 6n over S. Then ®(C) N ®(C)* = {0}. Therefore,
by Lemma 2.4.8, we have ®(C N C*+) = ®(C) N ®(C)* = {0} which implies that
CNC* = {0} as ® is one-one. Hence, C is an LCD code of length n over S. O

Now, we utilize the results obtained in this section to provide some examples of
LCD codes over S. For computation purposes, SageMath [90] and MAGMA [17, 23]
software are used. The matrices used in the Gray map will be same as those in the

previous section.

Example 2.4.10. Let ¢ = 5 and n = 8. Now, consider the factorisation of 3% — 1

in F5[y] as:
¥ =1=wy+Dy+2)y+3)y+4u° +2)(y* +3).

Let

fily) = foly) = 1,
f3(y) = fuly) = fs(y) =y + 1,

Fo) =@ +2) (2 +3) =y + 1.

Then f7(y) = f;(y) and all the irreducible factors of them have the same multiplicity
in f;(y) and y® — 1, for all j € J. Therefore C; = (f;(y)), j € J are LCD codes of
length 8 over F5. Hence by Theorem 2.4.6, C = 2]6.:1 ¢;Cj is an LCD code of length
8 over S with d;, = 4 and ®(C) is a [48,41, 4] LCD 6-quasi cyclic code over F5 which
is best known linear code (BKLC).

Example 2.4.11. Let ¢ = 7 and n = 6. Consider the factorisation of y° — 1 in Fy[y]

as:

W —1=(y+Dy+2)(y+3)(y+4)(y+5)(y+6).
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Let

fily) =1,
fo(y) = f3(y) = fuly) = fs(y) =y + 1,

foy) = (+3)y+5) =12 +y+1

Then f7(y) = f;j(y) and all the irreducible factors of f;(y) have same multiplicity
in f;(y) and y°® — 1, for all j € J. Therefore C; = (f;(y)), j € J are LCD codes of
length 6 over F;. Hence by Theorem 2.4.6, C = Z?Zl ¢;C; is an LCD 6-quasi cyclic

code of length 6 over S with d; =4 and ®(C) is a [36, 30, 4] LCD code over F.

Finally, we conclude this section by enlisting some LCD codes over S in Table 2.3.

TABLE 2.3: LCD codes over S and their Gray Images

g n  fily) f(y) fs(y)  faly) fs(y)  fe(y) ®(C) Remark
5 4 y+1 1 1 1 1 1 [24,23,2] Optimal
5 6 y+1 y+1 y+1 y+1 y+1 ¥+2°2+2y+1 [36, 28, 4]

5 8 y+1 1 1 1 1 y? +1 [48,45,2] Optimal
5 8 1 1 y+1 y+1 y+1 y*+1 [48,41,4] BKLC
5 12 y+1 1 y+1 y+1 1 VAP 2y + 1 [72,65,4] BKLC
7 6 1 y+1 y+1 y+1 y+1 ¢24+y+1 [36, 30, 4]

7 10 y+1 1 1 1 1 2t + 23 + 292+ 2y + 1 [60,54,3)

9 2 1 1 1 1 1 y+1 [12,11,2] Optimal
9 5 1 1 1 1 1 v+ 2y +1)y+1 [30,28,2] Optimal
17 3 yP+y+1 1 1 1 1 Vv +y+1 [18. 14, 3]
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