Chapter 4

Parameter Estimation for a Class of
Uncertain Systems: An Adaptive
Super-Twisting Approach

4.1 Introduction

The problem of parameter estimation is one of the most significant challenges in control
theory. In many real-world applications, some parameters that govern a system or process
are unknown, and it is crucial to estimate these values to understand and predict the
system’s behavior. Parameter estimation is a critical problem in various fields, such as
engineering, physics, economics, and biology, and it is employed for making predictions,
designing experiments, and optimizing systems [6]. Estimating parameters for nonlinear
uncertain dynamical systems is an important task in control theory, where several control
design techniques assume the accurate system model is known. However, real systems
cannot be precisely modeled, leading to the development of system identification and
parameter estimation techniques. This chapter emphasize on the parameter estimation
based on an adaptive super-twisting approach in the presence of uncertainty.

The motivation for the work here is drawn from [74], where an adaptive super-
twisting sliding mode control law is proposed with considering the bounds of uncertainties
and perturbations are not known. A part of the work is also motivated by the design of
nonlinear controller based on sliding mode technique for unknown parameter estimation,

as noted by [71].
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The main contributions of this chapter are as follows:

1. The proposed approach is used to estimate the unknown constant parameters in

finite time under the assumption that the parameters are bounded.

2. In the proposed approach, robustness of the estimation of the parameters is achieved

for a class of uncertain system.

3. The control design parameters are updated using adaptive laws which prevent over-
estimation. Moreover, verification of the persistence of excitation condition is not

required here.

This chapter is organized as follows. In Section 4.2, the problem formulation is
described in details. The main contribution of the chapter is presented in Section 4.3. This
includes the adaptive super-twisting algorithm based parameter estimation technique.
The Lyapunov based stability proof is also presented. Section 4.4 presents an illustrative
example. Section 4.5 validates the proposed technique using the examples of pendulum
system and single link manipulator system. Simulation results show the effectiveness of

the proposed scheme. Section 4.6 summarizes the chapter.

4.2 Problem Formulation

Consider the nonlinear uncertain dynamical system
d= [t ze)+h(zu; 2(to) = 20 (4.1)

where z = [z, 29, -+ , 2,] € R™ represents the known system state, u € R is the control
input, ¢ € D C R™ denotes the unknown constant parameters of the system (D being a
compact set). The mapping f : [0 00o) x R" xR — R™ is a nonlinear function. h : R” — R”
is a vector function and ¢y, > 0 is the initial time.

Assume that the system (4.1) can be represented in the following generalized con-

troller canonical form:

21 = 22, R = 23, ",

G =@ ¢(2) + g(2)u+ (2, 1)
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where ¢ = [p1, P2, , ] € R™ denotes the unknown constant parameters. g(z) is the
known scalar function. §(z,¢) € R represents the unmodelled dynamics, which are treated

as model uncertainty and external disturbances. It is assumed that
|0(2,1)] < do (4.3)
where 0y > 0 is a constant bound. ¢ : R” — R" is the known function, such that,

¢(Z) = [¢1(Z)7¢2(Z)7 T 7¢n(z)]T

¢i(z) is a scalar function in z, and ¢ € {1,2,--- ,n}.

Before proceeding to the design of the estimator, the following assumptions are mentioned:

Assumption 3 The states of the system (4.2) are available for measurement.

Assumption 4 A sliding surface s € R is designed in such a manner that it yields a

desirable compensated dynamics in the sliding mode s = 0.

Suppose that the relative degree of the system (4.1) with sliding variable s, with respect
to control signal u is one and the internal dynamics is stable. Thus, the dynamics of the

sliding manifold is

Js 0Os 0s o . _
=5 T/ (ze) + oh(z)u =@ z0) + pu =Dt z0) —u (44)

S

where ®(t,z;0) = 2 + L f(t,z;9), 1 = £h(z) and @ = —yu.

4.3 Parameter Estimation using Adaptive Super-
Twisting Algorithm

In this part, an adaptive super-twisting algorithm based approach to design an identifier
input for estimating the unknown constant parameter of the system is discussed.

In view of system (4.2), the parameter estimation system is given as

(4.5)

Zn =@ d(2) + g(2)u+v
where 2 = [21, 25, -+, 2,]7 € R" denotes estimated state, v € R represents the identifier
input. ¢ = [p1, P, -+, Pu]? € R™is the estimated parameter. ¢(z) is the known function.

41



g(z) is the known scalar function.

The error in state estimation is
e=z—2 e=[eea e €R" (4.6)
The error in parameter estimation is represented as
0=¢—p, with 0 = [01,0,,---,0,]" € R"™. (4.7)

In accordance with (4.6) and (4.7), the dynamics of state estimation error is represented
as
é1:€27 é2:€37”' )
(4.8)
én=0"0(2) +0(2,t) — 0.
In view of (4.4), for the system (4.8), the sliding surface s is considered in such a way

that its dynamics can be represented as
§=0T0(2) + (2, t) +O(2,2) —v (4.9)

where ©O(z, 2) is the known scalar function.

The adaptive super-twisting algorithm based identifier input v is designed as
‘B
v= 0O(z, %)+ a|s|"/?sign(s) + / §sign(s)d7' (4.10)
0
where the adaptive gains a and  are updated by

wy/Bsign(|s] — p), if a>a«
& = ? : (4.11)
¢, if a <o

0 =2¢x

where wy, 71, p, ¢, € and «, are positive constants and «(0) > «,. Substituting (4.10)

into (4.9), yields

5=0"¢(2) + 6(z,t) — a|s|ésign(s) — /t gsign(s)dr.
0

~~
V1

(4.12)

Further, one can represent (4.12) as
$ =0Tp(2) + 6 — afs|"?sign(s) + vy
(4.13)

0 =— Esign(s).
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Assumption 5 The function 07 ¢(z) € R and 6(z,t) € R satisfy the inequality:
07 ¢(2) + 8(2, 1) < Als|'?

where 0 is the error in parameter estimation, ¢(z) is the known function and A is a

positive constant.

Theorem 2 Consider the system (4.2), for which the parameter estimation system is
designed as (4.5) and the associated error dynamics is defined as in (4.8). Suppose there
exists an identifier input (4.10) (with the chosen sliding surface s satisfying Assumption 4)

and the adaptive laws (4.11) such that the dynamics of the estimated parameters satisfies:

¢ = (()\ + 4€?)sign(s) + e|s]_% /0 BSign(S)dT) ¢(2),s # 0 (4.14)

with the adaptive gain

_ Ael4e2(08 — 0o + 1) + (205X + 2A + 1 — 209) — GoA(L — dp)] + X’
4)\6[250 — 4(506 — 1]

0}

where X\ and € are positive constants, and dq is the upper bound of the uncertainty §. Then,

the estimated parameter ¢ converges to the actual parameter ¢ in finite time.
Proof: For the system (4.13), let us consider new state variables

z =[xy 29T = [|s]"?sign(s) v,]T. (4.15)
From (4.15), one gets

xy = |s|Y%sign(s) = |z| = |s|V2 (4.16)

Alternatively, one can write (4.13) as:

1
t=—(Az+ B 4.17
e+ B (4.17)
where
—a 1 o7 +6(z,t
A |7 M po (PO TOED] (4.18)
0 0 —2|x1]§sign(s)

Let us consider the Lyapunov function

Vi@, 0.0.8) = Vi(o.0) + (0 = an) + (3 = o) (4.19)
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where 71, v2, oy > 0 and B; > 0 are positive constants and
T L7
Vi(z,0) = a" Px + 50 6. (4.20)
The positive-definite matrix P is defined as

A+ 42 —2¢
—2¢ 1

, A>0, €>0. (4.21)

Taking the time derivative of (4.19), one gets

V= Vi(2,0) + (o —a)a+ (8 - Bu)p. (4.22)
§é! 72

Taking the time derivative of (4.20), one obtains

Vi(z,0) = |L| (:UTATP:E + BTP:E) + 676
X1

1

= o ( — (A + 4% a7 + (20 + X + 4€*) 111y — 2675
T1

+ (AN +4A) 2107 0(2) — 290" ¢(2) + (N + 4e*) 216

— 2ew90 + 2¢fxq |z |sign(s) — 6|x1|xgsign(s)) + 679 (4.23)

since  is an actual parameter which is constant. Hence, ¢ is zero. Using (4.3), one can
write (4.23) as

W < < — a(A +4€) 2] + (2ae + A + 4€%) 3175 — 2615

Ja]
+ (A + 4€%)210) + 2€x26) + (2ex1 — xg)ﬁ\xllsign(s))

xT

+67 {(()\ + 4€%)sign(s) — 2e-—2)b(z) — ¢} . (4.24)

[
From the design criterion (4.14), one obtains

1
Vi(z,0) < — ( — a(X + 4€%)z] + (2a€ + A + 4€%)z 29 — 2€5

|1

+ (X + 4€%) 1160 + €980 + 2¢Bx1| 71 |sign(s) — /B|x1|xzsign(s)>. (4.25)
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Now using (4.16), one obtains

1
Vi(z,0) < — ( —a(A+ 4T + (2ae + A+ 4eH)x 129

e

— 2ex2 + (X + 4€))x100 + €96 + 27 — Bxlxz)

1
< o ( —a(A +4€°)z] + (206 + A + 4€*) 119 — 2ex5+
(A +4e) (2] + 31)00 + 2¢e(23 + 22)50 + 26627 — ﬁxlxg)
1
+ (20 + A\ + 4é* — /ﬁ)xﬁ@) + W (4.26)
where
1 2 1 2
w :H ()\ + 4e )(5017] + 26(501)2 S H (()\ + 4e )(50 + 2650) ||”L’||
:ﬁlml with & = (X + 4€?)dy + 2¢6p.
|

One can rewrite (4.26) as

: 1 x ey
W) < - o w]Q |7 +w <290 el (4.27)
|21 9 |21 |21
where the matrix @ is given as
— (AN +4€®)(—a+ &) + 2¢ *
(A +46)(~a -+ 30) + 265) o
—3(2ae + A+ 4¢ - B) 2¢(1 — do)
As = 2eq, Q is positive definite with a minimal eigenvalue Ay, (Q) > 2¢ if
. 4e[4€2(62 — S0 + 1) 4+ €(208 X + 2X + 1 — 250) — oA (1 — &o)] + )\2' (4.29)

4/\6[250 — 4506 - 1]
By using Rayleigh inequality Awin(Q)||2||? < 27 Qx < Anax(Q)]|z]|?, (4.27) becomes
i ()2l Allzl]l | ~Awin (@) = )l

Vi(z,0) < =
@8 <= A ]
)\min
vzl -7 (Q)||x||2, O<r<l. (4.30)
|301| |5171|

From (4.30), one obtains

Amin (@) (1 — 7)

Vi(z,0) < —
T

[Edls (4.31)
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if [|z|] > £/(TAmin(Q)).
By using the relation |z <||z||, the Eq. (4.31) becomes

Vi(@,6) < = Auin(Q)(1 — 7). (4.32)

By using the inequality Apin(P)||z][? < 27 Pz < Amax(P)||2]|?, the Eq. (4.20) holds the

inequality
Amin (P)]|2][* < 2 Pz < Vi(x,0). (4.33)

If there exits o > 0 such that

Vi(z,0) < 0Amax (P)]]7]]? (4.34)
then, (4.32) can be written as:
: V(a0
Vi(2,0) < —Amin(Q)(1 — T)W (4.35)
(4.35) can also be represented as
: Amin(@Q)(1 — 7)
2,0) < —cV/E o= CmimiA s ) 4.36
Vi(z,0) < —cV'7, ¢ (e (P12 (4.36)
In accordance with (4.36), can state (4.22) as
V08 SRt (a—an® o 32
_ gz _wile—a|  wife—a]  wlf B
' Vv V2n 272
wolB —
ST RL (437
27, gl

Using a well-known inequality (a? + b> + ¢2)'/? < |a| + |b] + || and (4.19), one obtains
g

—cVH? | < —V'/2 (4.38)

lov —

\/— 041| \/—|ﬁ 51

where ¢q = min(c, wy, wy).

In view of (4.38), one can rewrite (4.37) as

V(x,@,a,ﬁ) < - COVl/Q(x795aaﬁ) + %(O& - 0[1) + fyﬁ(ﬁ - 51)
2

1

w1
+ ﬁm \/—\/3 B
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Suppose that the gains a(t) and 5(t) become bounded by the adaptive law (4.11). Then,
there exist positive constants o and f;, such that, a(t) —ay < 0 and S(t) — f1 < 0, for
all ¢t > 0.

Now, (4.39) can be represented as:

V(xa 0) a, B) S - COV]/Z(:Ea 6,&,,6)

] Cone ) I ]
T\ vV BCREE
Vi(z,0,a,8) < — VY (x,0,0,8) + = (4.40)

wi w2

= o 8
where = = —|a — a4 | (% - JW) — 8= 5] <7—2 — W)
Now, consider the following cases:

Case-1: Assume that the region |s| > p and a(t) > «, V¢ > 0.
By choosing € = 3224/92/71, in view of (4.11), & = wi4/71/2 and B = wyr/72/2. Then,
= becomes zero.

Thus, one can represent (4.40) as:
V(z,6,0,8) < —cV'"*(x,6, . ). (4.41)

It can be observed that the adaptive gain «(t) must hold (4.29) for finite time convergence.
Therefore, adaptive gain a(t) shall increase in view of & = wy /71 /2 until (4.29) is satisfied
that guarantees the matrix () is positive definite according to (4.41). Then, finite-time
convergence to the region |s| < u is ensured.

Case-2: Let sliding surface reaches the domain |s| < p. Then, in view of (4.11), the

dynamics of adaptive gain a(t) becomes

—wi\/ L, if a > a,
& = 2 : (4.42)
C', if o S (07
and
2|a—ai| 5= +2(8 = Al ifa>a
== v VI 8 (4.43)

w 2Ce w :
—lapy —ag + (-t (%—ﬁ) — |58 = B (742— \/2%>, if a < a,.
It can be noticed that the value of = in (4.43) is valid only for finite time for o < a,.
For a < o, its value immediately starts increasing such that a(t) = a, + (- t; @(0) = a,.

Then, the value of = in (4.43) is valid when o > a,.
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In accordance with (4.43), the sign of time derivative of the Lyapunov function (4.40)
becomes indefinite. |s| may become more significant than p with decreases in gains o and
B. Then, case-1 would be satisfied such that s reaches the region |s| < p again in finite
time and then may leave the region for a finite time. Therefore, it is ensured that the
sliding surface s always remains in the larger region |s| < vy, ¥ > p.

For |s| < u, |$] is governed by (4.11) and (4.13) such that
18] < [(a(tr) + A)p'?) + ca(t:)(ta — 1) =

where ¢; represents time instant when sliding surface s enters the domain |s| < p and ¢,
denotes time it leaves this domain.

For p < |s| < ¢y

3 <A+ (e+01) (alts) +wiV/Brn/2) (b = t2) = 3

where ¢, defines time instant when s leaves the domain |s| < p, whereas t3(> t3) is time

when it re-enters the same domain thereafter. Then, the domain of sliding mode becomes
S:{Sa 5 ’S‘ Swla ’S‘ §¢27 1/11 >lu’}
where 1, = max(thy, ¥3). [ |

Remark 5 The model to be estimated can be expressed in the form of generalized con-
troller canonical form (GCCF) as given in the Eqn. 4.2. Furthermore, the uncertain

parameter is estimated by utilizing adaptive super-twisting algorithm in finite time.

Now, the adaptive gains «(t) and [(t) are given to show the boundedness.
Boundedness of Adaptive Gains: Consider the region: p < |s| < 4y, then from

(4.11), one can observe that the adaptive gain a(t) can be written as:

a(t) :a(0)+w”/%-t, 0<t<t,.

Therefore, the adaptive gain «(t) is bounded. This implies that the adaptive gain §(t) =
2ea(t) is also bounded. Moreover, in the region: |s| < u the adaptive gains «a(t) and S(t)
are decreasing. Thus, in the real second-order sliding mode, the adaptive gains «(t) and
B(t) are bounded.

Real second-order sliding mode: The inequality (4.29) is satisfied in finite time ¢,

since its right-hand side remains bounded and adaptive gain a(t) increases linearly with
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time in view of (4.11). Suppose that g = 0. This means that s, $§ approach zero in
finite time ¢, represented as ¢, < 2V'/2(1y)/1by which can also be obtained by directly
integrating the inequality (4.40) with = = 0. For p > 0, the domain of sliding mode
becomes S = {s, §:|s| <y, |§] <abo, ¢y > p} in finite time t; < t,.

Ideal second-order sliding mode: 1t should be noted that in adaptive gain filter (4.11),
if the detector is eliminated by taking u = 0, then adaptive laws (4.11) can be changed to
& = wi/71/2 when s # 0 and zero when s = 0 ((0) > 0) and 3 is equal to 2ea. In this
way the adaptive STA control law will force the states of the system (4.5) to the ideal
second order sliding mode, i.e., s = § = 0 in finite time. However, the gains a(t) and [3(t)
can be overestimated.

From the discussions mentioned above, the proposed adaptive super-twisting algo-
rithm based parameter estimation with the identifier input (4.10) under uncertainties
forces the sliding surface and its derivative to remain inside certain domains in finite
time. Therefore, one can observe that the estimated parameter ¢ converges to the actual

parameter ¢ in finite time.

4.4 Illustrative Example

Consider the second order nonlinear dynamical system of Duffing oscillator of the form
[75]:

mi(t) + bi(t) + kyx(t) + ko (t) = f(t) (4.44)
where x(t) is the displacement, m represents the system mass which is known, b is the
damping coefficient, k; and ko are the stiffness coefficients and f(¢) denotes the force
applied to the system.

Alternatively, one can write (4.44) as:
t(t) = ——x(t —x(t) — —x°(¢ — 4.45
B(1) =~ (1) + Lalt) — 2a(0) + (1.45)

where u = f(t).
Let us assume the state variables z; = #(t) and z, = 4(t) and the state vector z = [z 20] .

Then,

(4.46)



Let us assume the bounds as k1 < ky,,, ko < ko, and b < b,,,. We can further rewrite

(4.46) as

21 =29
(4.47)
= 6(2) +g(z)u+0
where ¢! = [% %] is uncertain constant parameter, ¢(z) = [— z21 = zﬂT is known
nonlinear function, g(z) = L is known function and § = —£z, is unmodelled part of the
system. Let us consider an estimator system as:
21 :2?2
(4.48)

5 =¢"6(2) + g(2)u+ v
where v is the identifier input. Consider the error in state estimation as e = z — Z and

the error in parameter estimation as # = ¢ — ¢. Then, the error dynamics becomes
é1=¢y, e =0"¢(2)+5—v (4.49)

Observe that we obtain the same form as (4.8). Now let us assume a sliding surface
as § = ey + me; then we have s = éy + néy, which yields § = 9T¢(z) + 0 — v+ nes.
Selecting the identifier input as v = ney + a\s[ésign + fo Ssign(s(7))dr. Then, 5 =
0T ¢(2) + 6 — a|s|zsign(s) fo 5sign(s(7))dr. By assuming v; = — fo 581gn(s(7))d7, the
same form is obtained as in (4.13).

With this example, the following observations are marked:

Remark 6 As a part of the design, one is free to choose any sliding surface s that yields

a form of § as given in (4.9).

Remark 7 Observe that the parameter estimation problem of any arbitrary-order n'-

order system is reduced to a 2"-order system (4.13), with the estimate of the parameter

being governed by the dynamics as given in (4.14).
Remark 8 A general form of linear sliding surface can be chosen as
S =1e1 + ey + -+ NMp-16p-1 + € (450)

yielding
5= mez + T2€3 +--- 4+ TIn—1€n + én- (451)
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Observe that (4.51) is equivalent to (4.9). Also, note that the choice of the gains ny,me, - -+, Mn-1
is dictated by the fact that the polynomial

pn—l + 77n71pn_2 4 m (452)

is Hurwitz. This is the general choice for linear sliding surface. However, the choice is
not limited to only linear form. Please see Section (4.5), where a nonlinear sliding surface

has been considered in Example 1.

4.5 Simulation Results

The effectiveness of the proposed scheme is verified in this section. For this, two practical
examples have been taken. The first one is a pendulum system. The second system is a
single link manipulator with flexible joints.

Example 1: Consider the pendulum system [14]:

21 = 29, Zy = —p18iN2] — Po2o + U+ 0 (4.53)

where ; and 9 are the unknown constant parameters that satisfy 0 < ¢; < a and
0 < o < b with known bounds @ and b. Assume that a = 2 and b = 0.5. § is the model
uncertainty and external disturbance and it is taken as 0.8cosz;+0.1sint.

For the system (4.53), the parameter estimation system is defined as:
21 = 5y, Ey = —(18inzy; — Yazo + U + 0. (4.54)
In view of (4.53) and (4.54), the error dynamics is given by
€1 = ez, ¢y = —0sinz; — Oyzy + 0.8cosz; + 0.1sinl — v (4.55)

where 6, = ¢ — ¢ and 0, = 3 — 5 are the errors in the parameter estimation.

For the system (4.55), the sliding surface is
s = eg + nle1|“signe; (4.56)

where n € Ryg and 0.5 < e < 1.

Taking the time derivative of (4.56), one gets

S :ég + 7’]€|€1|67162

= — f18inz; — Oz25 + 0.8cosz1 + 0.1sint — v + J(eq)es (4.57)
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where ¥(e;) := neley [T .
Now, the adaptive super-twisting algorithm based identifier input is designed as
v =V(e1)es + als|*sign(s) — vy

(4.58)
’i]l = — §blgn(5)

To avoid the singularity

0, ife;=0and s #0
V(er) = (4.59)

neler* 1, otherwise.

For the sake of simplicity, u is 0.1. The design parameters of adaptive super-twisting
algorithm based parameter estimation are selected as n = 12, ¢ = 0.91, ¢ = 0.03, A =
0.07 w; = 60, v, = 0.0009, o, = 0.05,¢ = 0.08, = 0.004 and «(0) = 0.45. The
actual value of the parameters are chosen as ¢; = 0.8 and @, = 0.2. It is assumed
that the estimated parameters take the initial values as $(0) = [—0,5 —1}. For the
equation (12) in the reference [144], the values of parameters are selected as L* = 0.08
and k = 0.5. The parameter estimation errors 6, (¢) and 65(¢) are shown in Figure 4.1. Tt
can be clearly noticed that the parameter estimation errors 6;(t) and 6,(t) converge to a
small neighborhood of zero in finite time. Thus, the estimated parameter ¢ converges to
the actual parameter ¢. The trajectory of the sliding surface s(t) is depicted in Figure
4.2. The adaptive gain «(t) is shown in Figure 4.3, indicating an adaptation of the
gain magnitude corresponding to the model uncertainty and external disturbance. The
identifier input v(t) is illustrated in Figure 4.4.

From the discussions mentioned above, it is noticed that the estimated parameters
p1 and Py converge to the actual parameters ) and o, respectively in the presence of

uncertainty in finite time.

Example 2: Consider the single link manipulator system given by [79]:

21 =22, 22 = 23, 3 = Za,

24 = p1(22sinz; — coszy) — @esinzg + 323 +qu + 0
where 1, @9 and 3 are the unknown constant parameters that satisfy 0 < ¢; < a,
0 < g <band 0 < p3 < ¢ with known bound a, b and c¢. Assume that a = 2,

b= 3 and ¢ = 1. ¢ is the model uncertainty and external disturbance and it is taken as

0.8cosz;+0.1sint.
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Figure 4.3: Adaptive gain «(t).

For system (4.60), parameter estimation system is defined as:

21 = %9, Zp = Z3, 23 = Zu4, (4.61)

~ 2 . N ~
Zy = p1(25sinz; — coszy) — Pasinzg + Y323 + qu + v.
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Figure 4.4: Identifier input v(t).

In view of (4.60) and (4.61), the error dynamics is given by

€1 = €2, €2 = €3, €3 = €4,

(4.62)
¢y = 01 (23sinz, — cosz;) — Bosinzy + 0323 + 0.8cosz; + 0.1sint — v.
For the system (4.62), assume the sliding surface as:
s = ey + n3e3 + Maea + Mreq (4.63)

where 71, 72 and 73 are constant gains such that the polynomial in p
3 2
P” A+ n3p” +1ep +m
is Hurwitz. Taking the time derivative of (4.63), one gets

§ =€4 + n3€3 + 1262 + Mi€y

=0, (22sinz; — coszy) — fysinz, + 0323 — v + ksey + kaes + kyes + 0.8cosz; + 0.1sint.

(4.64)
Now, the adaptive super-twisting algorithm based identifier input is designed as
v =nseq + nees + Meg + afs|”sign(s) — v,
3 (4.65)
0] = — §sign(s).

For the sake of simplicity, u is 0.1. The design parameters of adaptive super-twisting
algorithm based parameter estimation are taken as 1, = 1.9, o = 135, n3 = 186, € =
0.0002, A = 0.0004, w; = 186, v, = 0.1, oy, = 0.005,¢ = 0.001, g = 0.005 and «(0) = 0.1.
The actual value of the parameters are chosen as ¢; = 0.4, po = 0.6 and 3 = 0.3. The
initial conditions of the estimated parameters arc set to ©(0) = [0.172 0.647 0.345].

For the equation (12) in the reference [144], the values of parameters are selected as

o4



L* =0.08 and k = 0.1. The parameter estimation errors 6, (t), 65(t) and 65(t) are shown
in Figure 4.5. It can be clearly noticed that the parameter estimation errors 6y(t), 6a(t)
and 05(t) converge to a small neighborhood of zero. Thus, the estimated parameter ¢
converges to the actual parameter p. The trajectory of the sliding surface s(t) is depicted
in Figure 4.6. The adaptive gain «(t) is shown in Figure 4.7. The identifier input v(¢) is
illustrated in Figure 4.8.

The non-monotonicity of the adaptive gain in Figure 4.7 refers to a situation where
the adaptive gain, used in an algorithm or system for parameter estimation, does not
exhibit a consistent trend of increasing or decreasing as the estimation process progresses.
The non-monotonicity of the adaptive gain can arise from various factors such as complex

model dynamics and noisy and uncertainty.
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Figure 4.5: Parameter estimation errors 6;(t), 02(t) and 05(¢).

From the above discussions, one can observe that the estimated parameters converge
to the actual parameters in the presence of uncertainty and external disturbance. Fur-
thermore, the proposed method is compared with the existing results [144]. It is noted
that the obtained results exhibit faster convergence compared to the simplified version of

adaptive super-twisting control in the existing literature [144].
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Figure 4.6: Sliding surface s(t).
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Figure 4.7: Adaptive gain «(t).
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Figure 4.8: Identifier input v(t).

4.6 Summary

In this chapter, the adaptive super-twisting algorithm based method estimates the un-
known paramecters of the system. The estimated parameter ¢ converges to the actual
parameter ¢ in the presence of uncertainty. The Lyapunov stability is also presented.
The technique is illustrated by simulation of numerical examples which show the effec-

tiveness of the proposed scheme.
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