CHAPTER 3

SOME INVESTIGATIONS ON
MOORE-GIBSON-THOMPSON
THERMOELASTICITY THEORY

3.1 On Propagation of Harmonic Plane Waves un-
der the Moore-Gibson-Thompson Thermoelastic-

ity Theory

3.1.1 Introduction!

In the previous chapter, some theoretical results have been established for the Moore-
Gibson-Thompson (MGT) thermoelasticity theory. It has been observed that the do-
main of influence due to thermomechanical disturbance with bounded support is finite,
if MGT thermoelasticity theory is employed instead of classical thermoelasticity theory.
The current chapter further attempts to investigate some problems in the context of
MGT thermoelasticity theory in order to better elaborate the understanding about this
theory. This chapter is divided into two subchapters. The present subchapter examines
the plane wave propagation under the MGT thermoelasticity theory.

Analysis of plane wave and its wave characterizations help in understanding the in-

IThe content of this sub chapter is published in Waves in Random and Complex Media 1-24
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ternal structure of the material. Also, investigation of waves traveling through Earth is
essential to get the information of Earth’s internal structure; hence, the study of waves
has useful applications in geophysics, mining, and seismology. Moreover, it must be
mentioned here that such study of plane wave propagation in a thermoelastic medium
is a topic of great concern of researchers because of its several applications in aeronau-
tics, atomic physics, soil dynamics, thermal power plants, etc. Lessen (1957), Dere-
siewicz (1957), Chadwick and Sneddon (1958), and Chadwick (1960) are the pioneer
researchers who examined the plane wave propagation in the classical thermoelasticity
theory. The harmonic plane wave in the context of LS thermoelasticity theory was first
studied by Nayfeh and Nemat-Nasser (1971). Puri (1972) re-examined plane wave prop-
agation under the classical thermoelasticity theory. Further, Puri (1973) also discussed
plane wave propagation under the LS thermoelastic model. The Whitham stability
of thermoelastic plane waves under the LS thermoelasticity theory was established by
Beevers (1973). In the context of GL model, the propagation and Whitham stability of
harmonically time-dependent thermoelastic plane waves was investigated by Agarwal
(1979). Haddow and Wegner (1996) re-investigated the plane wave propagation in view
of the CTE, LS, and GL theories. Chandrasekharaiah (1996b) carried out the analysis
of plane wave propagation under the GN-II model. Further, the plane wave propaga-
tion under the GN-IIT model was analyzed by Puri and Jordan (2004) and later on by
Kothari and Mukhopadhyay (2012).

The main motive of the present subchapter is to investigate the propagation of plane
harmonic waves under the MGT thermoelasticity theory. An isotropic, unbounded, and
homogeneous thermoelastic medium is considered and the nature of harmonic plane
wave propagating through the medium is studied. It is aimed to compare the results
of plane waves in the MGT model with the corresponding results predicted by other
existing theories. Therefore, this problem is studied with the unified governing equa-

tions of four different models, namely MGT, LS, GN-III, and Biot models. The work is
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arranged in the following way. In Subsection 3.1.2, the basic governing equations under
the above thermoelasticity theories are formulated and the dimensionless form of these
equations is presented in a unified way. In Subsection 3.1.3, the dispersion relation is
derived for longitudinal plane wave. The transverse wave is found to be unaffected due
to thermal field, whereas the longitudinal wave is coupled with thermal wave. Hence,
attention has been paid to the propagation of longitudinal mode wave. Two different
modes of longitudinal wave, i.e. elastic and thermal mode waves are identified. The
expressions of attenuation coefficient and wave number for elastic and thermal modes
of longitudinal wave are obtained. Subsection 3.1.4 is devoted in finding analytical
solutions of the dispersion relation in the cases of high frequency and low frequency
values. In Subsection 3.1.5, the asymptotic results of various qualitative characteriza-
tions of the wave field such as phase velocity, specific loss, and penetration depth are
derived for the MGT model. Next, the Whitham stability of plane waves under the
MGT model is established in Subsection 3.1.6. Further, the computational work of the
above-mentioned wave characteristics for intermediate values of frequency is carried
out for all models as mentioned above. The numerical results in the present case are
found to be in perfect match with the analytical findings. In Subection 3.1.7, numerical
results are displayed through various graphs and discussed in a detailed way. Lastly,
in Subsection 3.1.8, the important outcomes of the investigation in this subchapter are

highlighted.

3.1.2 Basic Equations and Problem Formulation

An isotropic, unbounded, and homogeneous thermoelastic medium is considered. In
order to analyze the propagation of harmonic plane waves under the MGT theory of
thermoelasticity, the displacement equation of motion and the heat conduction equation

in the absence of body forces and heat sources are presented as follows:
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Displacement equation of motion:

pui g+ (A + p)ugji — 0, = pii;. (3.1.1)

Heat conduction equation:

s 0N, (O 0O , .
(K + K§> V20 = (E + TQ@) (yTouz,i + pCEe) . (3.1.2)

From the above set of Egs. (3.1.1) and (3.1.2), the respective system under four different
theories of thermoelasticity can be extracted as special cases of the present model by

setting the parameter values as follows:
e Biot classical model: K* =171, = 0.
e LS model: K* = 0.
e GN-IIT model: 7, = 0.

Hence, for MGT model: K* # 0, 7, # 0.

For the sake of simplification of Eqgs. (3.1.1) and (3.1.2), the following dimensionless

transformations are introduced:

U’; = & ) T; = & ) = iv 0 = i: T, = Ev
Coto Coto t() TO ! tO
where ¢y = % is the velocity of predominantly elastic waves and to(> 0) is the

time of characteristic response for the medium.

Using the above dimensionless variables and parameters, Eqs. (3.1.1) and (3.1.2) reduce
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to the following forms after dropping all the primes for simplicity:

pui i+ N+ pug ;i — vTob: = pehii, (3.1.3)
I\ oo 0 D2 , :
<k72 + ]{71 &) V0 = (a + Tq@> <a2ui,i + 9) s (314)

where the non-dimensional notations are employed as follows:

K K* vy
g = ———.

[ L
! pCrcity : pCpck pCr

3.1.3 Harmonic Plane Waves

It is observed that the transverse wave is not modified by, nor contributed to, the
temperature field of the medium. However, the longitudinal wave is found to be coupled
with thermal and mechanical fields. For this reason, we turn our attention on the
longitudinal plane wave instead of the transverse wave in the present context. The

solutions of the longitudinal plane wave are considered as follows:

u; = Ad;jexp i (wt — T'n,x;)], (3.1.5)

0 =Bexpli(wt —Tnx;)], (3.1.6)

where 7" is the complex wave number, 2 and B denote the amplitudes of wave and w(>
0) denotes the non-dimensional angular frequency of the wave. Here d; represents the
component of unit vector in the direction of the displacement, x; denotes the component
of the position vector and n; represents the component of unit vector normal to the

wavefront. Re[T] > 0 and Im[Y] < 0 are considered for physically realistic behavior

I

» Re(T) denotes the phase velocity of wave, which is analogous to the

of wave. Further

21
Re(T)"

longitudinal wave where frequency is denoted by 5= and wavelength is denoted by
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3.1.3.1 Dispersion relation and its derivation

Now, substituting Eqgs. (3.1.5) and (3.1.6) into Egs. (3.1.3) and (3.1.4), the following

system of equations are acquired after mathematical manipulations and simplifications:

(T? —w?)A—ia, 7B =0, (3.1.7)

(ia2Tw? — a7, Tw?) A+ [i (k1w?? — 7w°) + kT — w?] B =0, (3.1.8)

where a; = % and the property d;jn; = n;n; =1 is used.

In order to obtain the non-trivial solution of this system of Eqs. (3.1.7) and (3.1.8),

the determinant of the coefficient matrix in this homogeneous system will be zero, i.e.,

1?2 — W2 —iaT 0
iagYw? — ap7,Yw? i (kiw?? — 1,03) + ko 1% — W?

which yields the bi-quadratic dispersion relation as follows:

T4 []{52 + lkl(,U] — TQ |:(,d2 + k2w2 + a1a2w2 + 1 (k1w3 + qu3 + alagqu?))}

+w +irw® = 0. (3.1.9)

Further, for simplicity of this dispersion relation (3.1.9), we multiply this equation
throughout by k, — ikjw and make the coefficient of 7* real. Finally, the following

simplified dispersion relation is achieved in terms of four models:

Bw)r* — (G —iL)T* + (M —iN) =0, (3.1.10)
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where

B((.U) - bl("-)2 + b?v G - f1w4 + fng, L= glw37

M = Lw® + Lw*, N =mw’,
and

by = k%v by = kg, fi = kih7y + ki fa = koh + kS,
g1 = kih —korgh, I = ki1y, Iy = ke, my = ky — ka1,

h=14¢, £=aas.

Eq. (3.1.10) expresses the dispersion relation in view of the MGT model where K* # 0
and 7, # 0. Therefore, it is easy to observe that the dispersion relation for other three
different models can be obtained from the dispersion relation given by Eq. (3.1.10) as

following particular cases:

e Biot model (K* =17, =0)

T+ [—kw? +i(1 4 e)w] 7% — iw® = 0. (3.1.11)

e LS model (K* =0)

BT+ [wl+e)(i—mw) — kw’] T2 —w’ (i — 1w) = 0. (3.1.12)

e GN-III model (7, =0)
(Kjw® + k3) Y= [kfw* + (k2(1 + &) + k2) w? — ki (1 + €)w®] TP +how —ikiw® = 0.
(3.1.13)

Hence, the dispersion relation in view of the MGT model is a fusion of dispersion
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relations for the above-mentioned models. Further, the dispersion relation given by Eq.
(3.1.11) is similar to the dispersion relation as shown by Chadwick and Sneddon (1958)
for the classical thermoelastic model and the dispersion relation given by Eq. (3.1.12)
corresponds to the dispersion relation derived by Puri (1973) for the case of LS model.
Moreover, the dispersion relation given by Eq. (3.1.13) completely matches with the

dispersion relation as derived by Puri and Jordan (2004) for the GN-IIT model.

3.1.3.2 Expressions for attenuation coefficient and wave number

The wave number and attenuation coefficient are represented by 7" and the absolute
value of Im [T, respectively. Since the dispersion relation under the MGT model is
represented by Eq. (3.1.10), therefore, this equation is solved as quadratic in 72. If &7}

and £75 are the roots of Eq. (3.1.10), then we have

(G —iL) + /AW)

T2, = 1.14
172 2B(CU) Y (3 )
where
Real(A(w)) = Piw® + Pw® + Paw?,
Im(A(w)) = Qiw’ + Qaw”,
and

Py = f2 —4byly,

Py = 2f1fs — g7 — 4b1ly — 4byly,
Py = f2 — 4byl,,

Q1= —2f1g91 + 4bimy,

Q2 = —2f2g1 + 4bym;.
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To solve Eq. (3.1.14), a standard theorem of complex analysis (Ponnusamy (2005)) is

used which is as follows:

Theorem (Ponnusamy (2005)). If z = x + iy € C and w? = 2z, then values of w are

given as
2,2 _ 2 .2
W=+ \/W—{—isgn(y)\/ i 2:': ity (3.1.15)
where
+1 ify >0
sgn(y) = :
-1 ify <0

Now, out of the four roots of Eq. (3.1.14), we are only interested in two roots whose
imaginary parts are negative. These two roots for 7" identify that the longitudinal wave
propagating through the medium is a composition of two coupled waves. Now, these two
roots with negative imaginary parts are denoted by 17 5 and it is to be mentioned that
T and 15 are analogous to two modes of the longitudinal wave where we consider that
17 corresponds to predominantly elastic wave which is also represented by 1% and 15
corresponds to predominantly thermal wave which is represented by 7. The analytical
expressions for these two values of 7" are derived by using the above-mentioned result

given by Eq. (3.1.15).

3.1.4 Analytical Results

To examine the plane wave propagation under the MGT thermoelasticity theory, we
analyze the results of longitudinal plane waves as described above. In this subsection,
specifically, we concentrate on the limiting behavior of elastic as well as thermal mode

waves for the cases of very high-frequency and very low-frequency values. Therefore,
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first of all, the high and low-frequency asymptotic expressions for 17 o are derived from

Eq. (3.1.14) with the help of above theorem in cases: w — oo and w — 0, respectively.

3.1.4.1 High-frequency asymptotic expressions

In order to obtain the high frequency (w >>> 1) asymptotic expressions, Eq. (3.1.14) is
expanded in terms of large w and higher powers of 1/w are neglected, then Eq. (3.1.14)

yields

(G —iL)+ (C +iD)
2B(w) ’

2 __
T1,2 =

where

Py Q7 Py P; Q1Q2  3QiP; 1
C =Puw'+ + =W+ -2 4 -2 o=
1 <2\/P1 spY/? 2P 8% ap? 16PY

and

2VP 4Pt 16P7
1
e (E) |

Analytical results for 17, (i.e., Tr1):

e w — —
2/ P ap¥? 4pi? 16pP?  16PY?

w

D o 3+( Q2 Py Q3 >w+< PQy P30 3Q%Q2+3P22Q1> 1

We expand the equation for 77, in terms of large w and neglect higher powers of
1/w. Now, making use of the theorem as discussed in subsection 3.1.3 and after some
manipulations, the following asymptotic expressions for the roots of Eq. (3.1.14) is

achieved:
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2 : 2 Q3
Tl ~ \/E(,d (1 4 4R1R2 -+ Sl i) - 1§ Sl (1 i 8S2R1 4R1R251 Sl i) (w = OO) 7

8R?  w? VR 85 R? w2
(3.1.16)
AT+ U2 1Y i U, SU,T? — AT\ ToU, — UP 1
Tym Tow (14202700 1) LUy -
? 1“’( TR 2) ayn U 8ULT? o) @)
(3.1.17)

where

1 34+ 4P,Q P, — 8Q,P?
5,2 [8 (291 o Ql > b2 + (Ql + 2%5/21 QQ 1> bl
1

gpP/?

2
T2=2—i%[—<f1—\/31>b2+<f2—w>51]7

4D Nz
1 Q1 8Q2P7 — QF — 4P, Py
——|-8(2 b b
U, 3202 [ 8( g + m) o + < Pls/z 1

3.1.4.2 Low-frequency asymptotic expressions

In this case, we expand Eq. (3.1.14) for very very small w (w << 1) and employ the

same method as discussed above, then Eq. (3.1.14) yields

(G —iL) £ (C" +iD")
2B(w) '

2 _
T1,2 =
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where

P, Q3
' = P3w2+< 4+ 2 >w4+0(w6),
2V Ps 8]35’/2

Q2 @ PQs Qs
D = Wi+ - - 2 W+ 0 (W) .
2/ 2VP;  4p? 6P )

Analytical results for 17 ,:

Equation for Tf’Q is expanded in terms of very very small w. Now, making use of the
theorem as discussed in subsection 3.1.3 and after some manipulations, the following

asymptotic expressions for the roots of Eq. (3.1.14) is acquired:

AW W+ X2 )\ 1 X, 8XL W2 — AW, WoX, — X3
Ty ~ /W 1+ — - — 1
RV, 1w( - sz Y - X, w” | (w—0),
(3.1.18)
WYe+ 22 )\ i 4, SZ,Y2 — AV YaZ) — 78
15 ~ Y, 14+ -z ~1 7t 1
2 M( + 5Y?2 w 2\/71w + STV w” | (w—0),
(3.1.19)
where
W, = fa+ \/P3,
2bs

2
WZZQLZ)% [— (\/E‘i‘fz)bl‘l' (M‘i‘ﬁ) 52]»

spi?
1 Qs
X, =— (29 —
1 462(““ \/F)
3 _ 2
Xy = [s(zgl_&) by +<Q2+4P2@2P3 8Q1P3)62

3202 N P ’
v 2= VB
1= 5
2by
1 4P, Py + Q3
E:Tb%[—(f2—\/P3)b1+(f1—8P—§,/g bal
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Qs > <8Q1P§ — Q- 4P2Q2P3>
— —8(2g1+— by + by
[ VPs Py

3.1.5 Asymptotic Results for Different Wave Fields

For the purpose of studying the detailed analysis of plane waves, the important wave
components are discussed in this subsection. Particularly, the asymptotic expressions
for the phase velocity, specific loss, and penetration depth for elastic mode wave and

thermal mode wave are derived under the cases of high-frequency and low-frequency.

3.1.5.1 Phase velocity

The phase velocity for waves is defined in the following way:

W

e V = —
VE,T 1,2 Real (TLQ)

(3.1.20)

In the above formula, Vg represents the phase velocity for elastic mode wave and Vi

represents the phase velocity for thermal mode wave.

Thus, employing the analytical results of 775 given by Egs. (3.1.16) — (3.1.19) and
applying formula given by Eq. (3.1.20), the following asymptotic results for Vg and Vr

under the high-frequency and low-frequency cases are obtained:

e Asymptotic expressions of phase velocity for high-frequency

1 1 o 1 1

Vi ~ Vi {1 TR (4R Ry + S7) —+0 (FH : (3.1.21)
1 1 1 1

VT ~ \/7_71 [1 — 8T12 (4T1T2 + Uf) E +0 (J)] s as w— 0 (3122)

e Asymptotic expressions of phase velocity for low-frequency
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1 1

Vig ~ N [1 e (AW, Ws + X7) w* + O (w‘*)] : (3.1.23)
1 1

Vi~ u ll ~ &2 (4ViYy + Z7) w* + 0 (w4)] : as w — 0 (3.1.24)

3.1.5.2 Specific loss

The specific loss of wave is defined by

SPrr =SPis = —— = — =4 —— 3.1.25
o e ( W )E,T ( W )1,2 7T|Real (T12)] ( )

where SP i and SPr represent the specific loss for elastic mode waves and thermal mode

waves, respectively.

Now, using the analytical results of 77 5 given by Eqs. (3.1.16) — (3.1.19) and applying
formula given by Eq. (3.1.25), the following asymptotic results for SP z and SPr under

the high and low frequency cases are obtained:

e Asymptotic expressions of specific loss for high-frequency

27'('31 1 8SQR% - 8R1R2S1 — QS% 1 1
SPg ~ — |1 — 40— 3.1.26
g 1w [ + 85 R? w2 v wt )|’ ( )
27TU1 1 8U2T12 — 8T1T2U1 — 2U13 1 1
SP; ~ 1 ;[1%— SULT? E_I_O — 11> as w — 00
(3.1.27)
e Asymptotic expressions of specific loss for Low-frequency
27TX1 8X2W12 - 8W1W2X1 - 2X‘f 2 4
SPg ~ 1 @) 3.1.28
5 lw{%— X107 w? + 0 (wh) |, ( )
2rZ Z,Y2 -8\ 2, — 273
SPy ~ 020, |14 ST SRA 22 a6 (1)) as w0 (3.1.29)
1 8Z1Y1
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3.1.5.3 Penetration depth

The penetration depth of wave is calculated by the following relation:

1

opr =012 = m (3.1.30)

In the above relation, dg represents the penetration depth for elastic mode waves and
Or represents the penetration depth for thermal mode waves.

Now, using the analytical results of 77 5 given by Eqs. (3.1.16) — (3.1.19) and applying
formula given by Eq. (3.1.30), we obtain the following asymptotic results for 0z and dr

under the high-frequency and low-frequency cases:

e Asymptotic expressions of penetration depth for high-frequency

20/, 8S,R? — AR, RyS) — §3 1
op ~ 1— — 3.1.31
£ Sl < Sis% w? ' ( )
2T, SULT? — AT ToUy — U 1
Op ~ 1-— — .1.32
T i ( SULT? 2 ) as w — 00 (3.1.32)

e Asymptotic expressions of penetration depth for low-frequency

(3.1.33)

2\/W1 1 8X2W12 _4W1W2X1 _X% 2
g ~ —(1- w” .

Xl oﬂ 8X1W12

2V 1 (| _8LY?: - AVNZ, — 7
Y — w

Zl w2 8211/12 '

O ~ as w — 0 (3.1.34)

3.1.6 Stability Analysis

Before going to the main result, we discuss the method of stability analysis developed
by Whitham (1974) which is known as Whitham’s stability criterion. According to this
criterion, this method can be applied to the partial differential equations that can be

expressed as follows:
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0 0 0 0 0 0 0 0

where [ < m and (isreal. If ] =m — 1 and ¢ > 0, and if the wave speeds vy, v, ..., v
and 7,79, ..., 7, are distinct and real, then plane waves are stable from the Whitham’s

stability criterion, provided
L UL > T > Uy > > U1 > T (3.1.36)

3.1.6.1 Stability analysis of plane waves in the MGT model

Now, we will analyze the stability of plane waves under the MGT thermoelastic model
on the basis of our obtained results. In order to establish the stability of plane waves,
the Whitham’s stability criteria as discussed above is applied.

To apply Whitham'’s stability criterion in the present context, it is considered that plane
waves propagate along the z-axis. Therefore, for the case of one spatial dimension, Eqs.

(3.1.3) and (3.1.4) can be rewritten as follows:

0*u o0 ,0*u
d\ 0%0 0 0? Pu 00
(kQ i kl&) 0% (5 i T‘Jaﬁ) ("’2 oxi E) | (3.1.38)

Elimination of # from Eqgs. (3.1.37) and (3.1.38) yields the following fifth-order PDE:

o o* o* o[ o o a*
|:% — (k’Q + 1 + E) atQngQ + k26:134:| Uj—l-a {klﬂ — (kl —+ Tq —+ ETq> W + Tq@} u=0.
(3.1.39)

Now, Eq. (3.1.39) can be rearranged in the factored form which is as follows:
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(3.1.40)
where
G122 =k2+1—|—£i\/(/€2—1—|—£)2+4£
and
Hio =k +7,+e74 £ \/(kzl — 1, er)’ + 4eT2.
Hence, let [ =4, m =5, ¢ =u and ¢ = 7,.
Moreover, it is assumed that
VG ifi=1
1 VG, if 1=2 (3.1.41)
V= —= { 1.
1 /2 o
/G, ifl=3
G ifl=4
\
and
(
\/Hl if m=1
\/HQ if m=2
1
T'm = 50 if m=3 (3.1.42)
\/ 27,
—VHy if m=4
-V Hl if m= 5.
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As described in the previous chapter, the solution under the MGT thermoelasticity
theory is exponentially stable if the condition K > K*7, holds (see Quintanilla (2019)).
Further, transforming the relation K > K*7, to non-dimensional form and dropping

the prime for simplicity, the following is found:
k’l > kQTq. (3143)

Now, we observe that ( =7, >0, =m — 1 =4 and from Eqgs. (3.1.41) — (3.1.43), it

can be easily seen that

A A i N (4 % Mo G [
o N2 T2, TV T VS T e, TV e T ey

(3.1.44)

Thus, by applying Whitham’s stability criterion, it is concluded that plane waves prop-

agating in view of the MGT model are stable.

3.1.7 Numerical Results and Discussion

In order to have a detailed analysis on the nature of wave components such as phase
velocity, specific loss, and penetration depth, numerical computations are performed in
this subsection and the asymptotic results of different wave components for both cases of
elastic and thermal mode wave are explained by numerical approach. The computation
for the values of all these wave components is carried out for intermediate values of
frequency w under all four cases, namely, Biot classical model, LS model, GN-IIT model,
and MGT model. We determine the numerical values of these wave characteristics by
directly solving the Eq. (3.1.14) and with the help of formulas given by Eqgs. (3.1.20),
(3.1.25), and (3.1.30) using mathematical software (Mathematica). The variations of

these wave components with respect to w are presented in the different figures. Here,
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the copper material is taken and the following values of material constants and physical

parameters are considered to achieve numerical results:

A=776x10"kgm "' s% 1 =386x10" kgm ' s? p=28954 kg m~?,
Cp=3831Jkg 'K oy =178x10° K™, K =38 Wm 'K, T, =293 K,

K*=5930.38 x 10 Wm ™ K 's™ k=1, kb =1, ¢ =0.0168, 7, = 0.01.

To show the figures separately for low frequency and high frequency, we use the part (a)
and (b), respectively in each figure. The wave quantities with respect to elastic mode
wave and thermal mode wave are represented by the subscripted notations ‘E’ and ‘17,
respectively. From the figures, it is observed that the limiting behavior of various wave
components as derived in previous subsections are perfectly matched with numerical
results for MGT model as shown in corresponding figures. This verifies the correctness
of our analytical results. We further find the following observations from the analytical

and numerical results:

3.1.7.1 Phase velocity

Figs. 3.1.1(a,b) show the phase velocity profiles for elastic mode longitudinal wave in
the contexts of all four models, whereas the nature of phase velocity for thermal mode
wave is represented by Figs. 3.1.2(a,b). Fig. 3.1.1(a) and Fig. 3.1.1(b) depict the
variation of phase velocity for elastic mode wave (Vg) in terms of lower values of w
and higher values of w, respectively. From Fig. 3.1.1(a), we conclude that in the case
of lower range of frequency values, the nature of Vg under the MGT model is similar
to the GN-III model, however, it is quite different as compared to the LS and Biot
models. From the theoretical result given by Eq. (3.1.23) for lower frequency, it is
clear that Vi approaches a finite value (equal to\/;wﬁ) as w — 0. The finite value of

Vg is approximately 0.9372 under the MGT and GN-III models as w — 0. This is
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clearly verified from Fig. 3.1.1(a). From Fig. 3.1.1(b), it can be easily noted that phase
velocity for elastic mode wave approaches a finite value as w — oo under all models.
In the context of MGT model, Vg starting with a finite value increases slowly with the
increase of frequency and tends to its limiting value of 0.99991 after attaining a local
maxima at w ~ 205.3 which also agrees with our analytical results as given by Eq.
(3.1.21) reporting that Vg tends to a finite value as w — oo. The limiting value of Vg
is same under the MGT and LS models, whereas Vg as predicted by the Biot model
and GN-III model approaches a constant value 1. Hence, we conclude that as frequency
increases, the profile of Vg under the MGT model differs from the case under the GN-III
model and matches very closely with the profile of Vg under the LS model. However,

the profiles for the GN-III and Biot’s model match together for high-frequency values.

TR :
— \
1.005 i l E— 1.00010 BIOT GN Il
1.00005
BIOT }
1.000 1.00000 1
S K \ l ¥ 0.99995 -
0.995
/ GN Il MGT 0.99990
0.99985
0.990 LS MGT
0.99980 |
0.0 0.2 04 0.6 0.8 10 0 200 400 600 800 1000
w » w o —
(a) (b)
— BIOT
—— LS
—— GN I
—F MGT

Figure 3.1.1: (a) Variation of phase velocity for elastic mode wave with low frequency.
(b) Variation of phase velocity for elastic mode wave with high frequency.

Fig. 3.1.2(a) expresses the variation of phase velocity for thermal mode wave (V)
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with respect to lower values of w, whereas Fig. 3.1.2(b) expresses the variation of
phase velocity for thermal mode wave with respect to higher values of w. Fig. 3.1.2(a)
indicates that for lower range of frequency values, the trend of variation of Vi in the
context of MGT model is prominently different from the cases of Biot and LS models.
However, in the case of low-frequency values, there is no significant difference in the
nature of Vp profiles under the MGT and GN-III models (see Fig. 3.1.2(a)). We further
notice that V7 shows a finite value (Vr &~ 1.0669) for both cases of MGT and GN-III
models as w — 0 which agrees with our theoretical results (see Eq. (3.1.24) for the case
of MGT model and see Puri (1973), Puri and Jordan (2004) for the cases of LS model
and GN-III model). As frequency increases, our analytical results (see Eq. (3.1.22)
for the MGT model) as well as numerical results (see Fig. 3.1.2(b)) reveal that Vi
under the MGT and LS models reaches a finite value which is approximately 10. In
contrast, the thermal mode wave is found to be an increasing function of frequency
indicating an infinite speed propagation of thermal mode wave in the cases of Biot and
GN-III models (see Fig. 3.1.2(b)). This unrealistic fact of the GN-III model can also
be clearly verified with the corresponding result predicted in Puri and Jordan (2004).
From numerical observations, we see that under the MGT model, the phase velocity
of thermal mode wave increases. Our numerical result for the case of GN-III model
matches perfectly with the corresponding result predicted by Puri and Jordan (2004).
Further, it is worth mentioning that our numerical result for the LS model is in complete

agreement with the result as reported by Puri (1973).

Hence, we conclude that a complete agreement is indicated in the nature of Vg and
Vi profiles predicted by the MGT model and GN-III model for the case of lower range of
frequency, whereas the nature of Vg and Vi in the MGT and LS models match together
as frequency increases. This implies that the effect of parameter K™ is significant for
small frequency values and the effect of thermal relaxation parameter is prominent when

frequency increases. This is an important observation of the present subchapter.
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Figure 3.1.2: (a) Variation of phase velocity for thermal mode wave with low frequency.
(b) Variation of phase velocity for thermal mode wave with high frequency.
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Figure 3.1.3: (a) Variation of specific loss for elastic mode wave with low frequency.
(b,c) Variation of specific loss for elastic mode wave with high frequency.

Figs. 3.1.3(a,b,c) and 3.1.4(a,b) describe the variations of specific loss for elastic mode

wave and thermal mode wave, respectively in the contexts of the four different models.

Fig. 3.1.3(a) indicates that like the phase velocity profile, the specific loss for elastic
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mode wave under the MGT and GN-III models behave similarly for lower values of
frequency, whereas the nature of specific loss for elastic mode wave predicted by the
Biot and LS models is significantly different in comparison to the MGT and GN-III
models for the lower range of frequencies. We observe that under all models, SP p — 0
as w — 0 (see Fig. 3.1.3(a)). This fact is also verified clearly from our analytical results
(see Eq. (3.1.28)). Here, Figs. 3.1.3(b,c) present the behavior of specific loss of elastic
mode wave for higher frequency, however, Fig. 3.1.3(c) shows the variations when the
range of graph is magnified. It is further observed that as frequency increases, the
trend of variation of SP under all models (see Figs. 3.1.3(b,c)) matches and show a
similar trend to reach zero value. From Figs. 3.1.3(b,c), we conclude that SP g tends to
0 as w — oo in the contexts of all four models. This agrees with our analytical result
represented by Eq. (3.1.26) which predicts that SP g tends to zero as w— oco. Like the
case of GN-III model (see Puri and Jordan (2004)), we observe that SP g concerning the
MGT model starts with zero and after attaining a local maximum value (~ 0.60352)

at w = 0.25, it finally approaches to zero.
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Figure 3.1.4: (a) Variation of specific loss for thermal mode wave with low frequency.
(b) Variation of specific loss for thermal mode wave with high frequency.
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From Fig. 3.1.4(a), we conclude that specific loss for thermal mode longitudinal wave
approaches to 0 as w—0 under the MGT and GN-III models. Thus, we find a perfect
match between the numerical results (see Fig. 3.1.4(a)) and analytical results (see Eq.
(3.1.29) for the MGT model) indicating that SPr tends to 0 as w—0. It is observed
that in the case of lower values of w, the trend of variation of SP; under the MGT
model is similar to the GN-III model, however, the MGT model predicts prominently
different behavior for this wave field as compared to the Biot and LS models (see Fig.
3.1.4(a)) for the lower range of frequency values. Fig. 3.1.4(b) illustrates that specific
loss associated with thermal wave tends to zero as w—oo in the contexts of MGT and
LS models. For the MGT model, this fact is also apparent from the analytical result as
described by Eq. (3.1.27). Furthermore, SP+ in view of the MGT model is prominently
different from the Biot and GN-III models as SP; approaches the limiting value of 47
under the Biot and GN-III models as frequency increases. It is concluded that in the
contexts of MGT model, the specific loss associated with thermal wave starts with 0,
attains a local maximum value of approximately 10.2638 at w = 10.1 and then again
approaches to zero as w — oo. Hence, we observe that the trend of specific loss profiles
for both elastic and thermal mode waves in view of the MGT model agrees with the
GN-III model and LS model for the lower range of frequency values and higher values
of frequency, respectively. Our numerical result for the LS model is found to match
with the result as reported by Puri (1973). For the case of GN-III model, our numerical

result agrees with the corresponding result predicted by Puri and Jordan (2004).
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3.1.7.3 Penetration depth
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Figure 3.1.5: (a) Variation of penetration depth for elastic mode wave with low fre-
quency. (b) Variation of penetration depth for elastic mode wave with high frequency.

The variations of penetration depth for elastic mode wave and thermal mode wave
predicted by four different models are depicted in Figs. 3.1.5(a,b) and 3.1.6(a,b), re-
spectively. Fig. 3.1.5(a) reveals that penetration depth for elastic mode wave follows
almost the same nature under the MGT and GN-III models in the case of lower range of
frequency values. Numerical results (see Fig. 3.1.5(a)), analytical results given by Eq.
(3.1.33) for the MGT model and the results reported for the LS model (see Puri (1973))
and GN-III model (see Puri and Jordan (2004)) indicate that dp — oo as w — 0 under
all four different models. As frequency increases, 0 approaches its finite limiting value
under all models (see Fig. 3.1.5(b)). This fact is also indicated by our analytical result
as given by the Eq. (3.1.31) which reveals that under MGT model, 0z approaches its
finite limiting value (%) as w — oo. However, there is a difference in the limiting
values of 0g as predicted by four different models implying that penetration depth of

wave is affected by material parameters. From Fig. 3.1.5(a,b), we observe that dz under

the MGT model decreases from infinite value, achieves a local minimum value, approx-
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imately 88.7043, at w ~ 0.2 and then it starts increasing and tends to a finite limiting
value of 117.868. This trend of variation in dg is very much similar in the context of
GN-III model. Moreover, dg reaches to nearly the same limiting values under these two
models. However, this limiting value is significantly different from the limiting value as
shown by Biot and GN-IIT models. Hence, the effect of thermal relaxation parameter

on the penetration depth profile for higher frequency values is more prominent.
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Figure 3.1.6: (a) Variation of penetration depth for thermal mode wave with low fre-
quency. (b) Variation of penetration depth for thermal mode wave with high frequency.

Figs. 3.1.6(a) and 3.1.6(b) demonstrate the variations of penetration depth for
thermal mode wave with respect to low frequency and high frequency, respectively. Figs.
3.1.6(a,b) report the similar behavior of d7 in the contexts of all four models showing
that o7 starts with infinite value and thereafter, decreases to its constant limiting value.
However, a significant difference is found in the limiting values of penetration depth for
thermal mode wave. It can be seen that the limiting value of o7 is 0.20207 under the
MGT model and LS model, whereas r approaches to zero as w — oo in the contexts
of Biot model and GN-IIT model. This fact is also predicted by our analytical result
obtained for the MGT model as given by the Eq. (3.1.32) and Eq. (3.1.34). It is to be
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observed that dr is a decreasing function of w under all four present models (see Figs.
3.1.6(a,b)).

We must emphasize here that our numerical results obtained for the GN-III model
are in complete agreement with the result reported by Puri (1973) and our numerical
results concerning the case of LS model perfectly match with the corresponding results

predicted by Puri and Jordan (2004).

3.1.8 Conclusion

In this subchapter, the harmonic plane wave propagation inside a homogeneous and
isotropic medium under the Moore-Gibson-Thompson (MGT) thermoelastic model pro-
posed by Quintanilla (2019) is investigated. The transverse wave in this context is found
to be unaffected by the thermal field. However, we find the existence of longitudinal
wave that is coupled with the thermal and elastic fields. In order to investigate the
detailed nature of the longitudinal wave for elastic and thermal modes, the dispersion
relation and its solutions are derived. The stability of plane wave propagating through
the medium under the new model is analyzed. We further emphasize on the analysis
of important wave components such as specific loss, phase velocity, and penetration
depth and derive the asymptotic expansions for these wave components in the context
of MGT model. Computational work is also carried out to verify and illustrate the
theoretical results. The theoretical and numerical results for variations of these wave
components are analyzed in detail. With the purpose of investigating the prediction
of the MGT model and comparing the results with the corresponding results of other
existing models, we study our problem with the unified governing equations of four
different models, namely MGT, LS, GN-III, and Biot models. The nature of the wave
components under these four models (Biot, LS, GN-III, and MGT) are graphically dis-
played. The analytical results of the MGT model are found to match perfectly with

the numerical results. Various significant facts about the plane wave propagation and
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behavior of wave components are highlighted. Some of these facts can be concluded in

the following way:

e By applying Whitham’s stability criterion, it is found that plane waves propagat-

ing in view of the MGT model are stable.

e Phase velocity for elastic mode wave (Vg ) in the contexts of the MGT and GN-III
models tends to a finite value of 0.9372 as w — 0 which is prominently different as
compared to the value predicted by Biot and LS models. As frequency increases,
Vg approaches to its approximate finite value of 1 under all four different models.
Thus, the trend of variation of Vg for all four models is similar in the case of
high-frequency. There is a significant difference in the results of phase velocity
of thermal mode wave under different models. This wave field under the MGT
model attains local minima at w ~ 0.3 and approaches its limiting value of 10,
that is the same limiting value in the context of LS model. This behavior of Vi
is completely different from the cases of Biot and GN-III models as an infinite

velocity for thermal mode wave is predicted in these two cases.

e In the same way as in the GN-III model, the specific loss for elastic mode wave
under the MGT model starting with zero, reaches a local maximum value of
0.60352 at w ~ 0.25 and then starts decreasing to approach to zero value. On the
other hand, the specific loss for thermal mode wave under the MGT model starts
with zero and again tends to zero after attaining a local maximum at w = 10.1
with an approximate value of 10.2638. After attaining extreme value, the specific
loss of thermal mode wave decreases and tends to a finite limiting value. This
limiting value under the MGT model is the same as the limiting value predicted
by the LS model. However, SP+ for the Biot and GN-III models approaches to

41 as w — 0.

e Penetration depth for elastic mode wave under the Biot, LS, GN-III, and MGT
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models tends to infinity as w tends to zero and approaches its finite limiting value
under all models as w — oo. Further, the trend of variation of penetration depth
for thermal mode wave is almost similar under all models as d is a decreasing
function of w in the contexts of four different models and tends to a finite value.
However, as frequency increases, the limiting values of dr are observed to be
different under MGT and LS models as compared to the other two models (i.e.,
GN-III and Biot models). As opposed to Biot and GN-III models, d7 approaches
to 0.20207 as w tends to oo in the contexts of MGT and LS models. This also

agrees with the analytical prediction.

As major findings of the present investigation, it is noted that for the case of lower
range of frequency values, the MGT and GN-IIT models predict similar results for
all wave fields like phase velocity, specific loss and penetration depth for both
elastic and thermal mode waves. On the other hand, a significant difference is
observed in the results of these wave characteristics predicted by the MGT and
LS models for lower values of frequency. This implies that the effect of material
parameter K* on wave fields is significant for waves with small range of frequency
values. However, in the case of higher range of frequency values, it is investigated
that the variation of all these wave characteristics for the elastic mode wave as well
as the thermal mode wave under the MGT and LS models are similar in nature,
whereas the predictions by the MGT and LS models are significantly different
with the predictions by the Biot and GN-IIT models. Hence, the effect of thermal

relaxation parameter on wave components is prominent when frequency increases.

Like the case of LS model, the MGT model accounts for finite speed of elastic
wave as well as thermal mode wave and predicts the realistic nature of wave
propagation through the medium. However, the GN-III model does not show
finite speed for the thermal mode wave like the case of classical Biot model. This

is an important observation of the present study for the MGT model. It is worth
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to be mentioned here that the theoretical and numerical results of the MGT model
under the present investigation agree with the domain of influence results of MGT

model as derived in chapter 2.
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3.2 Legendre Wavelet Collocation Method for Investi-
gating Thermo-Mechanical Responses on Biolog-

ical Tissue During Laser Irradiation

3.2.1 Introduction?®

Thermoelasticity is used in a wide range of fields due to its ability to understand and
predict material behavior in response to temperature changes. One such application is
in the field of biomedical such as treatment response monitoring, cancer treatment, and
other medical treatments involving controlled heating of tissues. In cancer treatments,
one of the difficulties with thermal treatment is the selective destruction of tumor cells
without harming adjacent healthy tissues. To provide high-quality therapeutic care,
a grasp of temperature and the distribution of stress in biological tissue is absolutely
necessary. Thus, because of the useful application in this field, the present subchapter is
motivated to address a problem of biological tissue in the presence of superficial cancer
and analyze the thermo-mechanical behavior during laser irradiation. This study is
carried out by employing MGT thermoelasticity theory.

To describe the temperature profile in the human forearm, Pennes (1948) was the
first to develop a bioheat transfer equation. For the purpose of investigating the ther-
moelastic response in tumorous tissue for hyperthermia therapy, Ezzat (2020) used
a one-dimensional model. Ragab et al. (2021) looked into the thermal reactions
in biological spherical tissue for the MGT bioheat conduction model during magne-
toma hyperthermia. Some recent investigations that have been performed to reveal the
thermo-mechanical responses in generalized bio-thermoelastic models can be found in
the articles reported by Jiao and Guo (2009), Li et al. (2020), Wang et al. (2021),
Zhang et al. (2021b), and also by Singh and Mukhopadhyay (2023b). In addition to

2The content of this chapter is under review in an international journal.
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the above mentioned works, pure bioheat transfer models and coupled bio-thermoelastic
models are solved utilizing a variety of numerical techniques, including finite difference,
finite element and finite element wavelet galerkin methods (see Tung et al. (2009)

3

Gupta et al. (2013), Das et al. (2013), Kumar and Rai (2016), Kumar et al. (2016),
Li et al. (2019), Alosaimi et al. (2021)).

Motivated by the above works, the current subchapter seeks to provide a numerical
procedure based on the Legendre wavelet method for examining thermo-mechanical in-
teractions in biological tissue caused by laser irradiation. In the case of tumor-normal
tissue, coupled equations of the Moore-Gibson-Thompson (MGT) bioheat transfer the-
ory are presented by taking variable material properties into consideration. To solve
this generalized model, governing equations involving nonlinear terms are first linearized
using the Kirchhoff transformation. Further, the Legendre wavelet approach combined
with the method of finite difference is adopted to acquire the numerical solutions for
displacement, temperature, and stress. The impacts of varying thermal conductivity
and relaxation parameters on the variations of all these field variables and on the tumor-
normal tissue interface are discussed and graphically demonstrated. In addition, the
discrepancies between the MGT theory and other existing thermoelastic theories (Biot,

LS, and GN-III) on transient responses of the present problem are highlighted.

3.2.2 Basic Governing Equations

The basic governing equations based on the Moore-Gibson-Thompson (MGT) bioheat
transfer model considering temperature-dependent material properties and in absence
of any body force, can be taken as follows (Pennes (1948), Quintanilla (2019), Ragab
et al. (2021)):

Equation of motion:

pU,Z = 04j,5- (321)
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Constitutive relation:

Jij = Aekk(sij + Queij — ’)/(95”

Entropy equation:

pToS = pCro + Toye.

Energy conservation equation:

Qii = _PTOS + wpppch(Ty — 1) + Gmet + Gext -

MGT heat conduction law:
0 «

Geometrical relation:

constructed as follows:

pl; = p; 5+ ()\ + N)“j,ji - 7‘972"

is obtained:

0 0? . .
( ) (PCE9 + Tovérr — woppCo(Ty — T') — Gmet — C]ext>

ot TTigp
_ 9
Ot
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K(O)Vo+ K*(0)Vv],,

(3.2.2)

(3.2.3)

(3.2.4)

(3.2.5)

(3.2.6)

From Egs. (3.2.1), (3.2.2) and (3.2.6), the displacement equation of motion can be

(3.2.7)

Further, by combining Eqs. (3.2.3)-(3.2.5), the following MGT bioheat transfer equation

(3.2.8)
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In above equations, K (#) and K*(#) respectively represent the thermal conductivity and
the rate of thermal conductivity, which are assumed to be dependent on temperature.
Gmet denotes the metabolic heat generation in the tissue, T, denotes the temperature of
the blood, T, = T} is considered in the current study, wy, ¢, pp are the blood perfusion,

specific heat of blood, and density of the blood, respectively.

Further, ¢y denotes the external heat source. In the present context, it is taken as a

laser heat source presented by Gardner et al. (1996) in the following way:

lox

Gext (T, 1) = Ipptq [Ble_llTx - Bge_T] f(t). (3.2.9)

In the preceding equation, [y denotes the laser intensity, B;, Bs, li, lo represent the
functions of diffuse reflectance Ry which can be found in Gardner et al. (1996) and p,
is the coefficient of absorption. It is possible for f(t) to be any type of time-dependent
function, including a step function, harmonic function, repeated pulse function, etc. In
the present subchapter, f(¢) is considered in the following form (Alzahrani and Abbas
(2019), Gardner et al. (1996)):

f) =U(t) = Ut =),

where U(t) represents the unit step function and 7, is the laser exposure time. Also, ¢
refers to the laser heat source’s penetration depth having the following characteristics

(Gardner et al. (1996)):

1

0= .
\/3Na(ﬂa + (1 - g)NS)

(3.2.10)

Here, pg denotes the coefficient of scattering and ¢ is the anisotropy factor.
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3.2.3 Problem Formulation

Interface Position (X=h)

Laser

irradiation Tumor

X=L

it

Figure 3.2.1: A tumor-normal tissue model subjected to laser irradiation.

A problem of superficial cancer using laser irradiation is examined in this study. The
system of coordinates is set up so that the tumor surface is parallel to the y- and z-axes,
which is assumed to be infinitely long in both axes and it is perpendicular to the x-axis.
During the time of the treatment, the laser beam utilized in the therapy has a spot size
that is significantly greater than the thickness of the biological tissue and it is directly
perpendicular to the tumor surface. As shown in Fig. 3.2.1, all functions in the tumor
and normal tissues depend simply on the x and time ¢, thus, it is possible to view the
problem in one dimension. Also, the tumor-normal tissue interface is considered to be
continuous throughout the process. The sub-symbol ¢ = 1 denotes the variable in the

tumor tissue and ¢ = 2 denotes the variable in the normal tissue.
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Therefore, the displacements are classified as follows:

Uy = wi(x, 1), Uy = uy = 0.

From Eq. (3.2.6), the following is obtained:

P 8'U/Z
rrr T ax .
The equation of motion yields
D%u; D*u; 00;
Pig = Nt 2m) 55 —%ig (3.2.11)

From Eq. (3.2.8), one can obtain the heat conduction equation as

J 00, N 7 0 020, Pu; 00,
g ey + 150052 | = (g ) (nCn G + T + e

0
—Iouag(w)aﬁ(:l;, t)) ) (3.2.12)

in which .Z(z,t) = (Ble_lsz — Bge_%z) (U(t) —U(t — 7,)) and in comparison to the
high-intensity laser on the tumor surface, metabolic heat generation is ignored.
Next using Eqgs. (3.2.2) and (3.2.6), we find the following equation:

ou;
owi = (N + 241) S

3.2.3.1 Boundary and initial conditions

In this subchapter, the Dirichlet temperature boundary condition is adopted, which
means the tumor is suddenly heated and its surface (x = 0) is stress-free. The rigid
boundary of normal tissue is assumed not to be accessible to either heat or elastic waves

during the considered time. Thus, the boundary conditions are written as follows (Li
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et al. (2020)):

Jxxl(oat) - 07 el(ovt) = 90%(25)7

UQ(L,t) = O, QQ(L,t) = 0.

where 6 is a constant and J#(t) is the Heaviside unit step function.

At the tumor-normal tissue contact, continuous interface conditions are applied.

Ul(h, t) - U/Q(h’; t)v U:C:tl<h7 t) - O-Z‘IQ(h7 t);

81<h7 t) = ‘92(]7'7 t)a q1 (ha t) = q2(h7 t)

where h is the interface position.
Furthermore, it is presumable that normal tissue, as well as the tumor tissue, remain

initially quiescent. Therefore, initial conditions are given as follows:

8u2- 82u2-
UZ(ZE,O)—O, E(l’70)_0 W(%O)—O,
00; 020

3.2.4 Variable Thermal Conductivity

In this subchapter, the parameters K and K* are considered to be dependent on the

temperature as per the following relation (Hetnarski (1986), Abouelregal et al. (2022)):

where x; (¢ = 1,2) are non-positive small parameters, K;, denote the temperature
independent thermal conductivity and K, represents the temperature independent rate
of thermal conductivity.

Now, by inserting Eq. (3.2.14) into Eq. (3.2.12), the following nonlinear PDE is
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obtained:
0 00; 0 ov; 0 0%6; P,
Ka— (1 pNE 2 1 A i I - (L2 s
ant |:( +X202) aT:|yx+ zoat |:( +le/z) aT‘|yx (1+quat) (poEz 8152 +T0718t28x
00; 0
‘I'wbipbicbia - IOlMaﬁ(:E,t)) .
(3.2.15)

Because of the nonlinearity of Eq. (3.2.15), it is challenging to solve the coupling Egs.
(3.2.11) and (3.2.15) directly; as a result, the Kirchhoff transformation is introduced as
(Hetnarski (1986))

0; 13
Y = / (1+x:0;)dO;, ;= / (14 x:09,)do;. (3.2.16)
0 0

Consequently, we get the following relations:

1
pi =00+ 5xi(00)°, (#i) e = (14 xib:) (6:) o

2
(¢i) .2z = {(1 + xi0;) (92)1}1 ) =(1+ Xﬂz‘)%, (3.2.17)

i
ot

and

i = v + %X:’(%’)Q, (Vi) e = (L+Xits) (Vi) 2y (V) o = {(1 4+ xis) (Vz):c}x (3.2.18)

Substituting Eqs. (3.2.17) and (3.2.18) into Eqgs. (3.2.11), (3.2.13) and (3.2.15), it is

obtained that
aQUi 82u2- 1 8901
i = (A + 20 — Vi )
Pigm = Nt 2m) Gy i,

(3.2.19)
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K5 Ko7y = (1 iy iCpiT——— 10Yim57
5t o2 05t a2 ( T 81&) (p Co s o2 T 1 G0y

I 0
1+ xib; Ot _Ioﬂagy(%t)) (3.2.20)

T Zue -1
Ou; V1t A (3.2.21)

Wy Pi Coi

ox ! Xi

Ouxi =(Ni + 201)

Using the fact |x;0;| << 1 and |x;p:| << 1, x;6; and the higher order term of y;p; can

be neglected for linearity. As a result, Eqs. (3.2.19)-(3.2.21) take the following forms:

Pz% =(Ai + 2/42‘)682;; — % aaiz, (3.2.22)

(Kw% + ngo) %2;22 = (1 + Tqi% (piCEi% + To“/i%
+wbipbicbi% - ]o,ua%?(x, t)) , (3.2.23)
Orai =(Ai + m)% — ;. (3.2.24)

After obtaining ;, the temperature increment can be determined by solving Eq. (3.2.17)

as

Xi .

0

To simplify the above equations, the non-dimensional parameters and variables are

introduced as follows:

* z x % % v * )‘1 + 2:“’1 x % 1
T = 77 (t 7Tqi77—p) = j(thqian% U; = muh (027@z> - T_/Z—b(ewgp?,)v
. Ouwi . ¢ oL (A1 +2um1)

g

lLlQ) - g(lhl?)? v = -

rxi v 4 = o
71(Too - To) KIO(TOO - To) ( P1

where v and [ denote the velocity and characteristic length, respectively. T, denotes
the temperature of thermal therapy applied on the tumor surface. For the sake of

brevity, the asterisk symbol has been dropped in the following equations. Therefore,
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Egs. (3.2.22)-(3.2.24) can be represented in the non-dimensional forms as

@Zuz‘ 52“1 0p;
=015 — A2,
ot? NPT O

ot Ox?

ouy

Ogxxi = asz‘—ax — Q9;Pi,

where
Ay = — 5 Q2= — —F5—, a3 = 7= — Qi ="
Piv Piv" N Kigv K;
- Wy PriCril” - Ioptal® — (i + 2p:) o = i
61 — Kz ) i — KzO(Too — To)a 81 — )\1 + 2#1 ) 9t — ’)/1'

(3.2.25)

— . =11 o . - T 7
( + agz) ( + Tqi 8t> <a42 12 + as; 020 + ag; o1 Qi 0t¢/ (ZE, t)) s

(3.2.26)

(3.2.27)

Toyilvy

(5; =~
’ Kio(M +241)

The corresponding dimensionless boundary conditions take the following forms:

U:ca:l(ovt) - 07 @1(0, t) - @0%(15),

UQ(L,t) = 0, QOQ(L,t) = O,
where g = 0y + %6’3 and interfacial conditions can be rewritten as

U1<h, t) - Ug(h, t)a Uzzl<h7 t) - Uxe(h7 t):

901<h7 t) = 902<h7 t)? Q1<h7 t) - QQ(h7 t)?

Also, the initial conditions can be expressed as

6Ui E)Qui
UZ(JZ,O) _07 ot (I,O) _0> Of2 ( 70) 07
P o Py -
wi(z,0) =0, v (z,0) =0, 5 (z,0) = 0.

104

(3.2.28)

(3.2.29)

(3.2.30)



CHAPTER 3. Some investigations on Moore-Gibson-Thompson...

3.2.5 Legendre Wavelets

Wavelets are a family of functions that are made up of translation and dilation of a
single function known as the mother wavelet W(x). The family of continuous wavelets
results from continuously varying dilation parameter a and translation parameter b as

follows (Daubechies (1992))

x—>b
Uo(z) = [a] 20 ( ) |

a

where a,b € R and a # 0. Legendre wavelets U, ,(x) defined on the interval [0, 1) are

given as follows (Liu and Lin (2009)):

k ~ P —
L2 L, (2 — ), B <z <

Uinn(2) = : (3.2.31)
0, otherwise

S

Therefore, four arguments are present in Legendre wavelets W(n, k,m, ), where z is

normalized time, K € N, m =1,2,...,28 " th =2m—1andn=0,1,2,..., N —1 denotes

2n+1

the order of Legendre polynomial L,(x). Here, the coefficient (/== is considered for

orthonormality.

3.2.5.1 Function approximation

A square integrable function f(z) defined on the interval [0,1) can be expressed in

terms of Legendre wavelets as (Liu and Lin (2009))
F@) =) o Umn(2), (3.2.32)
m=1n=0

where «,, , are wavelet coefficients that can be calculated using the inner product

(f(z), Uy, n(z)). If the infinite series represented by Eq. (3.2.32) is truncated, it takes
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the following form:
2F-1IN—1

m=1n=0

We use the following for a more compact notation:
f) 2> oW, (x) = ATU(x), (3.2.34)
r=1
where A and U(x) are 1 = 2"'N column vectors specified as

T
A= [04170, A1y ey XL N1, Q205 vy X2 N1, -0y Q2k—1 g, Dok—1 1, ...y O‘Qk—l,N—l} )

T
\I](CE) = [\Ill,(): \Ijl,ly PN \1117]\]_1, \11270, N \:[127]\[_1, PN \:[12}9—170, \IJQk—l’l, PN \IIQk—17N,11| .

3.2.5.2 Convergence of Legendre wavelets

Theorem (Liu and Lin (2009)) If the second-order derivative of a continuous function
f(z) defined on [0, 1) is bounded, then it can be expressed as an infinite sum of Legendre

wavelets and the expansion of f(x) converges uniformly to it, i.e.

f(x) :ZZ Ay Wi ().

m=1n=0

Proof (see Liu and Lin (2009))

3.2.6 Solution Method

For the solution of the present problem as stated in subsection 3.2.3, the finite-difference
approach and Legendre wavelet method are employed to discretize the time domain and

the space domain, respectively.
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3.2.6.1 Time discretization

To discretize the time domain, we divide the interval [0, 7] into M subintervals of equal

length and define the following as in Orug et al. (2015):

where T" denotes the final time for ¢t and At = % is the step size for t.

To solve further, the following new variables are introduced:

ou 0 (Ou\ dv; dpi od;

Using Egs. (3.2.35), (3.2.25) and (3.2.26) can be rewritten in the following way:

Ow; 0%u; Opi
o = Mg T g, (3.2:36)
B 820, 9
(a + a3i> 81'2 = (1 + Tqi&) (CL4Z‘ZZ‘ + Cl5ibi + a&-di — Cl7iR(ZL', t)) s (3237)

where R(z,t) = 2.7 (x,t). Now, making use of the finite difference to approximate time
derivatives and averaging the other terms in the aforementioned Eqs. (3.2.35)-(3.2.37),

we arrive at

(ui)jrr — (ui); — (wi)jr1 + (wi);

At 2 ’
((uz‘>x>j+1 - ((uz>x>] _ (Uz‘)j+1 + (Uz‘)j
At 2 '
(0i)j1 = (0); _ (b + (bi);
At 2 ’
(i)jer = (@) _ (di)ja + (di);
At 2 ’
i)y = (di); _ (2:)i01 + (2);
At 2 ’
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(wi>j+1 - (wz‘)j - ((ui>m">j+1 + ((u2>:m>] ((‘Pz‘)z>j+1 + ((@z)z)J
At - 2 o 2 ’

((Spi)m)j+1 - ((902):090)] + as; { ((Spi)m)j+1 + ((SCZ)M)] } ~ o, (2i) 41 + (21)

j
A4 Tqi
Al 2 2 + 4iTq

(D) j+1 + (bi); ey (03)j41 — (ba); (di)j+1 + (di);
2 o At 2

(di)j1 — (di);
At

(21) 541 — (21);
At

+ Qg;

+a6;Tyi —ariRji12 — a7 Rj—q /2.

Simplifying the aforementioned equations leads us to

2(u)j1 — At(wy)jo1 = 2(uq); + At(w;);, (3.2.38)
2 ((ui)e) ;41 — At(vi)j41 = 2 ((ui)a); + Ab(vy);, (3.2.39)
2(vi)j41 — At(bi)jr1 = 2(vi); + At(by);, (3.2.40)
2(pi)j1 — At(di) 11 = 2(i); + At(dy);, (3.2.41)
2di)j41 — Al(z:)01 = 2(dy); + Al(z);, (3.2.42)

2(wi)jr1 — @A ((Ui)za) 41 + a2 D ((i)2) 41 = 2(wi); + Dt (Wi)ua); — a2iDt ((03));
(3.2.43)

A1 ((0i)ax) 11 — aaiAa(zi) 11 — as5iAa(bi)je1 — asiAz(di)j1 = Az ((0i)ax); + a4iAa(zi);
+asiAa(bi); + asiAs(d;); — 2Atay; (Rj+1/2 + TqiRj—l/Q) )
(3.2.44)

where the following notations are used:

(ui>j+1 = ui(x,tjﬂ), A1 = (2 —+ agiAt), AQ = (At —+ 27',11'), Ag = (2 — CL3Z‘At),

A4 _ (At . QTqi), Rj+1/2 _ R(:C,thrl;"rR(:C,tj) a,nd Rj_l/z _ R(Z‘,tj+1A)t—R(Z‘,tj)'

Making use of the same time discretization scheme, corresponding boundary and inter-

face conditions take the following forms:
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021(0,8541) =0, 01(0,8541) = 0o (tj11), (3.2.45)
ws(Lotsn) = 0, o(Lit;e1) = 0, (3.2.46)
ur(h,tjpn) = ua(h,ti1),  Ouat(h, tj41) = Owaa(h, tj1), (3.2.47)
e1(h,t) = wa(hutinn), q(htjpn) = ga(hstys). (3.2.48)

3.2.6.2 Space discretization by Legendre wavelets

In order to use the wavelet approach, the highest order derivative of unknown functions
which appears in the above equations is approximated by Legendre wavelet. Next, the
unknown function itself as well as its lower-order derivatives can be retrieved through
the use of boundary conditions and sequential integration. Consequently, we start by

introducing the following notations (Orug et al. (2015)):

pra(x) = /Ox T, (Q)dC, (3.2.49)
pea(e) = [ pealOc (3.2.50)

According to the Legendre wavelet method, highest order derivatives ((ui)s);,, and

((%‘)m)jﬂ (i = 1,2) can be expanded as

(?32;?)].+1 (z) = rZilgi‘I’r(ﬂf)v (3.2.51)

where ¢’ and h% are the wavelet coefficients. Integrating Eq. (3.2.51) with respect to z

from 0 to = and considering Eq. (3.2.49), it is found that

(‘;“) (x) =Z oipea(x) + (2“) (©). (82.53)

Jj+1
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Now, if Eq. (3.2.53) is integrated once again from 0 to z with respect to z, we acquire

the equation shown below:

i) ( Z gipra(T (%Z) » (0) + (ui); 44 (0). (3.2.54)

Similarly, Eq. (3.2.52) yields the following:

()00 s (), 0 oo

(s (@ me v (52) O+ (00,0 0 (3:2.56)

The Legendre wavelet is now used to approximate the other functions v;, w;, b;, d; and

2; in the following way:

(vi)j11(x) = g Vi, (), (3.2.57)
(wi)js1(2) = éwﬁwx% (3.2.58)
mwwzimwm (3.2.59)
mmmzéM%m (3.2.60)

(2) 41 (x Z Z\ (3.2.61)

In the above equations, (%L;i)jﬂ (0), (us) ;4 (0), (%ﬁi)jﬂ (0) and (¢;);,,(0) (i = 1,2)
are all unknowns that can be determined with the use of boundary and interface con-

ditions. Substituting Eqgs. (3.2.53)-(3.2.56) into the boundary conditions and interface
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conditions Eqs. (3.2.45)-(3.2.48), we arrive at

S e+ L(52) O+ ©=0 (26
Z h2p,o(L) + L <8—('j32> | (0) + (¥2) 4, (0) =0, (3.2.64)

Z(—l)i—l [Z gipra(h) +h (%?) » (0) + (ui);4, (0) | =0, (3.2.65)

> [a& (%ﬁ;) (h) — agi ()1 (B)| =0, (3.2.66)

Z(—ni—l [ Rippo(h) + h @i") 1 (0) + (1) 4, (0)| =0, (3.2.67)

2

» (—1) 1( 0 ) <( ) (h) = 0. (3.2.68)
Al + 271, ox it

i=1

By solving Egs. (3.2.62)-(3.2.68), the desired unknowns (%Z")Hl (0), (ui);4, (0), (%)jﬂ (0)

and (g;);,, (0) for tumor and normal tissues can be calculated. Finally, by plugging

Eqgs. (3.2.51)-(3.2.61) into Eqgs. (3.2.38)-(3.2.44) and discretizing the space variable x

2r—1
27,

with the use of collocation points , 7 =1,2,...,n, a system of algebraic equations

is acquired. The matrix representation of that linear system can be defined as follows:

PX = A,

where P and A are known matrices of order 2n x 2n and 2n x 1, respectively. X
is a matrix of order 2n x 1 and its elements are wavelet coefficients. Afterward, by
successively putting these wavelet coefficients into the corresponding Eqs. (3.2.51)-
(3.2.61), the new values of (4;)ue, (Wi)s, Wi, (Pi)ez, (Pi)z, Piy Vi, Wi, by, di and z; (i =
1,2) can be constructed at each time level. Initial conditions are used to begin this

computation. This iteration procedure is continued in this way until the required time
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level is reached. This completes the solution to the present problem.

3.2.7 Numerical Results

In this subsection, numerical results for the present problem are determined by imple-
menting the Legendre wavelet-collocation approach as discussed above. To carry out
numerical computation and display the results, MATLAB software is used. We discuss
the effects of the variable thermal conductivity and the thermal relaxation parameters
on thermoelastic responses of biological tissue and compare the prediction of various
generalized thermoelasticity theories (MGT, Biot, LS, and GN-III) for thermal and
elastic reactions with the help of various graphical plots for the distributions of phys-
ical fields. The dimensionless length of the model is L = 1, while the dimensionless
thickness h of tumor tissue is considered to be 0.2. For numerical computation, ther-
mophysical properties of blood, tumor tissue, and normal tissue are mentioned in Table
3.1 (Ragab et al. (2021), Li et al. (2020)) and the parameters of the laser heat source
are given in Table 3.2 (Alzahrani and Abbas (2019)). We demonstrate the results for

the values of £ =1, N = 6 and time step size At = 0.01.

Blood cp, = 3770 J /kgK oy = 1060 kg/m? Ty =T, = 310K
Tumor Cp1 = 2540 J /kgK p1 = 1660 kg/m? wy; = 0.009/s
an =1 x 1074/K Ko = 0.778 W/mK s = 17W/smK
A; = 2.481 x 107 kg/ms? p1 = 1.034 x 10°kg/ms?
Normal tissue Cpe = 2540 J /kgK p2 = 1000 kg/m3 wyz = 0.00018/s
ap =1x1074/K Koo = 0.642W/mK K3, = 16 W/mK
Ay = 8.27 x 107 kg/ms? po = 3.446 x 10° kg/ms>

Table 3.1: Material constants of biological tissue.
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Parameters Value
Anisotropy factor (g) 0.9
Scattering coefficient (1) 12000 m~1!
Absorption coefficient (f4,) 40m—!
Laser intensity (/o) 3 x 10° Wm ™2
Diffuse reflectance (R,) 0.05
B 3.09 + 5.44R, — 2.12¢~215Ru
B, 2.09 — 1.4TR, — 2.12¢~215Ra
L ) s
lo 1.63¢34Fd

Table 3.2: Parameters of the laser heat source.

Figs. 3.2.3-3.2.14 illustrate the behavior of displacement, temperature, and stress
with the distance x. These figures reveal that the most affected region for all field
variables is upto the tumor-normal tissue interface position and they are identically
zero after the interface position. Consequently, these figures demonstrate that all the
field variables meet the boundary conditions and the proposed numerical scheme is
successfully implemented. The displacement field is found to show a negative numerical
value inside the tumor region and thereafter it tends to zero value. The temperature
is shown to start at its maximum value at © = 0 and gradually decline to zero as we
approach the end of the boundary. However, in the affected region, temperature shows
a local minimum and a local maximum value. As displayed by the figures, stress begins
at 0, climbs until it reaches its peak, and then starts decreasing to tend to zero as we

move closer to x = 1.

3.2.7.1 Convergence and validation of the present numerical scheme

For the proposed method based on the Legendre wavelet, pointwise convergence studies
have been carried out to show the efficiency. The tabular outcomes of pointwise conver-
gence for the present approach are shown in Table 3.3. For numerical computation, the

proposed approach is tested for various values of N with & = 1, time step size At = 0.01
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and values of other parameters are preserved as specified above. From Table 1, one can

clearly observe that N = 6 is enough to achieve convergence.

N Displacement (u) Temperature (6) Stress (o)
1 —0.0065 0.0346 0.0106
2 —0.0028 0.0280 0.0192
3 —0.0010 0.0100 0.0256
4 —0.0008 0.0080 0.0190
) —0.0005 0.0039 0.0132
6 —0.0005 0.0026 0.0117
7 —0.0005 0.0026 0.0117
8 —0.0005 0.0026 0.0117
9 —0.0005 0.0026 0.0117
10 —0.0005 0.0026 0.0117

Table 3.3: Numerical solution for different values of N when z = 0.2.

Due to the lack of closed-form solutions for bioheat transfer problems or exper-
imental data, the current study uses the validation approach that was employed by
earlier research (Kumar and Rai (2016), Li et al. (2020)). Hence, for the purpose of
verification of the present numerical scheme, we consider the particular case when this
coupled bio-thermoelastic model is simplified to a heat conduction problem based on a
single layer of skin tissue. This particular problem is solved by applying the Laplace
transform method to find the exact solution. The temperature distribution produced
through the present scheme is therefore compared to the solution achieved by using
the Laplace transform approach as displayed in Fig. 3.2.2. The temperature plot by
both methods is seen to be in good agreement, indicating that the current numerical

procedure is accurate and effective.
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1 T T

*  Solution from current approach
Solution from Laplace transform

Figure 3.2.2: Comparison of temperature distribution obtained from different methods.

3.2.7.2 Influence of variable thermal conductivity

Figs. 3.2.3-3.2.5 depict the effects of temperature dependency parameter of thermal
conductivity on the distributions of displacement, temperature, and stress when ¢ = 0.1,
7,1 = 0.01 and 7, = 0.005. From Fig. 3.2.3, it is observed that the displacement
increases as the value of y; approaches a higher negative value, whereas temperature
and stress decrease as the temperature dependency parameter y; decreases. This fact is
very clear from Figs. 3.2.4 and 3.2.5. In other words, disregarding the variable thermal
conductivity causes the temperature and stress to be enhanced. As it can be seen
that the displacement and stress are strongly influenced by x;, whereas the variable
conductivity coefficient appears to have no significant effect on the propagation speed
of heat response. However, variable thermal conductivity coefficient y, almost has no

effect on thermoelastic responses in the region of normal tissue.
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0.01

X;=0,x,=0
X; = 0, X, = -0.25

-0.01

X; = -0.25, X, = 0
X, = -0.45, X, = -0.45

3 -0.02

-0.03

-0.04

04 05 06 07 08 09 1

Figure 3.2.3: Influence of variable thermal conductivity on displacement distribution
at t =0.1.

1 T T
x;=0,x,=0
0.8 X = 0, X, = -0.25 |
- X, =-0.25,x,=0
X, = -0.45, x, =-0.45
0.6 | ]
= 04f x .
\

0.2 - / ]

Figure 3.2.4: Influence of variable thermal conductivity on temperature distribution at
t=0.1
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0.5
X;=0,x,=0
04l 7)(1:0,)(2:-0.25 |
X, = -0.25, X, = 0
X, = -0.45, X, = -0.45
0.3 1 a
& 0.2 N
0.1 a
ot T~
_0.1 1 1 1 1 1 1 1 1

Figure 3.2.5: Influence of variable thermal conductivity on stress distribution at ¢ = 0.1.

3.2.7.3 Influence of thermal relaxation parameters

The effects of thermal relaxation parameters (7,1, 7,2) on displacement, temperature,
and stress for y; = y2 = —0.3 and ¢t = 0.1 are presented in Figs. 3.2.6-3.2.8. The impact
of thermal relaxation parameters is similar to the case of variable thermal conductivity.
As can be exhibited, the temperature is only little impacted by the thermal relaxation
parameters while displacement and stress are significantly impacted. According to
Fig. 3.2.6, the increment of (7,1, 7,2) enhance the displacement. On the other hand,
temperature and stress decrease with the increase in relaxation parameters, which is
evident in Figs. 3.2.7 and 3.2.8. Furthermore, no disturbance is detected after the

tumor-normal tissue interface position.
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0.005

-0.005

‘rq1=0.01, ‘rq2=0.005 7
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S5 -0.02
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Figure 3.2.6: Influence of thermal relaxation parameters on displacement distribution
at t =0.1 and y; = x2 = —0.3.

1 T T

7 =001, 7 _=0.005
ql q2
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Figure 3.2.7: Influence of thermal relaxation parameters on temperature distribution
at t = 0.1 and y; = x2 = —0.3.
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Figure 3.2.8: Influence of thermal relaxation parameters on stress distribution at ¢ = 0.1
and x; = xo = —0.3.

3.2.7.4 Responses at different instants of time

In this case, we look at the impacts of time ¢ on displacement, temperature, and stress.
To display the effects of time, the distributions of field variables are shown at three
distinct instants of time, i.e., at t = 0.2, 0.3 and 0.4, while other parameters are specified
as y; = —0.3(i = 1,2), 7,0 = 0.01 and 752 = 0.005. From Figs. 3.2.9 and 3.2.11, it is
apparent that as time ¢ increases the magnitude of displacement and stress increases.
In addition, it is worth mentioning that time only has a visible impact on displacement
and stress, whereas temperature is regarded to be independent of time. Hence, from
these Figs. 3.2.9-3.2.11, we can conclude that the effective zone of influence expands

over time for displacement and stress fields.
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Figure 3.2.9: Displacement distribution at different instants for y; = y» = —0.3.
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0.8 t=04
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Figure 3.2.10: Temperature distribution at different instants for y; = yo = —0.3.
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t=0.2
t=03 |-
t=04
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X

Figure 3.2.11: Stress distribution at different instants for y; = y» = —0.3.

3.2.7.5 Comparison between different models

Now, we pay attention to the comparison among the predictions of different ther-
moelastic models such as Biot, LS, GN-III, and MGT models when ¢ = 0.1 and
xXi = —0.3 (i = 1,2). The classical thermoelastic model (Biot model) can be obtained
by assigning 7,, = Kj, = 0 (¢ = 1,2). The LS model will be acquired by assuming
K, = 0. For the GN-III model, 7,; = 0 is considered and in case of the MGT model,
Ty, Ky are non-zero. Figs. 3.2.12-3.2.14 exhibit that the thermoelastic responses in the
affected zone for the Biot and GN-III models are higher than those for the LS and MGT
models. It is worthy of attention in these figures that the results of the MGT model
match very closely with the LS model. On the contrary, the profiles for the Biot and
GN-III models match together. Clearly from the figures, the nature of all of the field
variables is similar, with just minor variances in magnitude. Thus, the parameters 7,
and K}, (¢ = 1,2) have significant impacts on thermal and elastic reactions in biological

tissue.
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Figure 3.2.12: Displacement distribution for different models at y; = y2 = —0.3 and
t=20.1.
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Figure 3.2.13: Temperature distribution for different models at x; = x2 = —0.3 and
t=0.1.
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Figure 3.2.14: Stress distribution for different models at y; = y2 = —0.3 and ¢ = 0.1.

3.2.8 Conclusion

This study examines the thermal and mechanical responses in the tumor and normal
tissues during laser irradiation within the bioheat transfer model based on Moore-
Gibson-Thompson (MGT) heat conduction. Material characteristic like variable ther-
mal conductivity is taken into account in the present problem. To solve the coupled
equations with boundary and tumor-normal tissues interface conditions, we implement
the Legendre wavelet collocation approach. Impacts of the variable thermal conductiv-
ity and relaxation parameters on displacement, temperature, and stress distributions
have been studied in depth and a comparison between the MGT thermoelasticity and
previous generalized thermoelastic models is made. The following significant key facts

of the present investigation can be categorized:

e The main accomplishment of the current study is the proposal of an alterna-
tive numerical approach based on Legendre wavelet collocation that is capable of

exploring thermoelastic responses in any coupled bio-thermoelastic problem ade-
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quately like the finite difference method, finite element method, integral transform

method, etc.

Despite using a simpler framework and fewer collocation points, the present

method provides satisfactory outcomes.

The influence of variable thermal conductivity on biological tissue, particularly on
tumor tissue, is essential to their thermoelastic response. The temperature and
stress in tumor tissue will be overestimated if the temperature-dependent ther-
mal conductivity is ignored. In other words, if the thermal conductivity remains
constant throughout thermal therapy, the desired impact may not be attained.
Unlike the case of tumor tissue, variable conductivity coefficient xs almost has no

effect on all responses in normal tissue.

During laser irradiation, the thermal relaxation parameters considerably influence
the transient responses. The displacement, temperature and stress decrease with
an increase in thermal relaxation parameters, while the displacement has the

opposite effect.

Despite the graphs indicate similar results for all the models, there are some
discrepancies between the results that the magnitude is greater for the Biot and
GN-III models than the MGT and LS models. Moreover, the LS and MGT models

both make predictions that are in agreement.

All of the field variables exhibit non-zero values only inside a bounded region and
vanish outside of the tumor-tissue interface point, demonstrating the finite speed

of thermoelastic wave propagation by the present thermoelastic model.

It is worth noting here that the effective region of influence for the theory of

classical thermoelasticity is shown to be greater because it exhibits infinite speed
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behavior as opposed to the MGT model, which allows for finite speed of heat

signals.
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