Chapter 5

Existence, uniqueness and Ulam—Hyers stability
results for advection-diffusion-reaction
predator-prey systems of variable order and their

numerical solution

5.1 Introduction

An advection-diffusion-reaction predator-prey system is a mathematical model that
can be represented by a system of partial differential equations (PDEs) used to
describe the dynamics of two interacting populations, typically referred to as the
predator and prey. The model combines elements of advection, diffusion, and re-
action processes to simulate the spatial and temporal dynamics of the populations.
Advection represents the movement or transport of the predator and prey popu-
lations due to some external forces or environmental factors. Diffusion accounts
for the spreading or dispersal of the predator and prey populations due to random
movements or dispersal patterns. This term considers the tendency of individuals
to move from areas of high population density to areas of lower density. The reac-
tion term describes the interactions between the predator and prey populations. It
includes the growth and decline rates of both populations based on their interac-

tions. This term describes how the predator population grows by consuming prey
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and how the prey population is reduced due to predation. This type of model finds
applications in various fields, such as ecology, epidemiology, population dynamics,
and environmental sciences. For more details about the advection-diffusion-reaction

predator-prey system, see the references [132-137] .

In this chapter, the generalized variable order advection-diffusion-reaction predator-

prey system of the following forms has been considered.

DIy (1) = dytigg (3,1) — biug (. 1) + u(a, £)[r1 — buyu(z, ) + bv(x, t)] + fi(x,1),

D?Q(x’t)v(x,t) = dovg, (2, 1) — bovg (2, 1) + v(x, t)[re — boyv(z, 1) + bogu(z, t)] + folz, 1),

(5.1)
subject to the initial conditions (ICs)
u(z,0) =up(z), v(x,0)=1y(x), (5.2)
and boundary conditions (BCs)
w(0,t) = uy(t), v(0,t) = u(t),
(5.3)

W(Lyt) = us(t), v(L,t) = as(t),

where «aq(x,t) and as(x,t) are the spatial and time dependent variable order deriva-
tives such that 0 < ay(x,t),ae(z,t) < 1. wu(x,t) and v(z,t) denote the prey
and predator densities at position x and time ¢, respectively. d; and ds are dif-
fusion constants, the advection rates are b; and b,. The parameters d;, do, 71, and
bi; (i,j = 1,2) are positive constants, while by, by and 7, are real numbers. fi(x,1)

and fy(x,t) are the source terms.

The primary goal of this study is to deliver an extremely efficient and effective

method, which is the combination of a second kind of shifted airfoil collocation and
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the operational matrix method to obtain the approximate solution of the variable
order advection-diffusion-reaction predator-prey equations. The fundamental con-
cept behind this approach is that we derive operational matrices based on the shifted
airfoil polynomial of the second kind. The considered model is transformed using
operational matrices into the products of several dependent matrices, which can be
seen as an algebraic system of equations by utilising collocation points. As a re-
sult of solving the algebraic system of equations, a numerical solution is obtained.
Since airfoil polynomial of the second kind is orthogonal, the operational matrices
based on airfoil polynomial significantly reduce the size of computational work while
accurately providing the approximate solution. We can observe from a few numer-
ical examples that our results are in good agreement with the analytical solution,

proving the effectiveness of this method.

5.2 Airfoil polynomials and their shifted forms

The second kind of airfoil polynomials and some of their properties have been ad-
dressed in this subsection. Using the following recursive identity, the second kind of

airfoil polynomials can be created as [138§]
Anii(2) =22A,(2) — Ayi(2), n=1,2,.., (5.4)

with the initial values

Ao(Z) = 1, A](Z) =2z+1.

The second kind of airfoil polynomials A, (z) has the following explicit expansion

form as
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n

An(z) = — -1y @?ii) (1= 2P (14 2)" 7, n=01,.., (55)

These polynomials A,,(z) are orthogonal to (-1,1) w.r.t. the weight function w(z) =

1—z
\/ 15 as follows

/ A An(w(z)dz =4 (5.6)
- 0, m#n.

The shifted form of the aforesaid polynomials on the interval [0, 1] are defined by
Ar(z) = A,(22 — 1).

By using the aforementioned transformation in equations (5.4) and (5.5), we gener-

ated the following recurrence and explicit formula, respectively

A*

n+1

(2) = 222 — DAL(Z) — Ah,(2), n=1,2,...
with the initial values
Aj(z) =1, Aj(z) =4z —1.
and
. - (2n+1 i
As(z) =) (-1) (1—2)Y2"7 n=0.1,.., (5.7)

po 2j+ 1

or

= o 290 (n+j+1) ,
Aj(z) = —1)" J =0,1,.. :
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the polynomials A’ (z) are orthogonal to (0,1) w.r.t. the weight function w*(z) =

\/ 1Z;z as follows

/0 AY (2)A] (2w (2)dz = (5.9)

o
3

N
3

5.3 Function approximation

Let the function u(z) € L?[0, 1], then the function u(z) can be written as a power

series of the second kind of shifted airfoil polynomials as
u(z) = 3 oAy (2), (5.10)
j=0

where the coefficients ¢; are unknown.
In general, the series in equation (5.10) can be approximated by a finite sum of

(n 4 1) terms of the second kind of shifted airfoil polynomials as

n

u(z) ~ Z ;A% (2) = CTTI(2), (5.11)
where
CT =co,c1y ], H(2) = [Af(2), As(2), ..., A%(2)]7, (5.12)

and c¢j, 7 = 0,1, ...,n are coefficients that are unknown which can be obtained by the

following expression

- /0 u(2) A (2)w" (2)dz. (5.13)

™

Suppose an arbitrary function u(x,t) € L?[0,1] x [0, 1], it can be expanded in terms

of the shifted airfoil polynomials as follows
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u(w,t) =Y ) upAl(r)AL(t), (5.14)
§=0 k=0
where
4 1 1
Uji = P/o /0 u(z, t) A (2) Af () w" (z)w* (t)dwdt,  j,k=0,1,2,... (5.15)

The truncated series of equation (5.14), we have

n m

u(@,t) ~ Y Y upAl()As(t) = T (2)UTI(), (5.16)

7=0 k=0

where

(z) = [Aj(z), Al(@), ., AL (2)]", TI(8) = [AG(1), AT(1). s AL (O] U = (uin) il
(5.17)

Theorem 1. The derivative of the shifted airfoil vector II(x) can be presented as

follows
dll(z)
dx

= MWII(z), (5.18)

where M) = (M) (n+1)x (n+1) 18 an operational matrix of the first order derivative,

such that

4

20+ j+1), for i>j. (i+7)isodd,

mi; =4 2(j — i), for i>j, (i+j)is even, (5.19)

0, for i <.
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The k' order derivatives of vector II(x) is given as

d*11(z)

dk

= (MW)I(e) = MOT(),

where k is a natural number.

Proof. We omit the proof since it is straightforward.

5.4 Operational matrix of variable order deriva-

tive of Il(x)

Theorem 2. Let II(x) be the shifted airfoil vector defined in equation (5.12) and
f(x,t) > 0, then
D@D (TI(x)) ~ MP@DT(z), (5.20)

where M@ is the (n + 1) x (n + 1) operational matrix of the Caputo variable

derivative of order 3(z,t) and it is defined by

M(B(‘Lt)) _ ZZ:Q Qq,o,k? zz:q Qq,l,k? o ZZ:q Qq,n.k:

ZZ:q QnO,k Z;{::q Qr,l,k e Zzzq Qr,n,k‘,

ZZ:Q QmO,k ZZ:q le,k e ZZ:q Qn,mk
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where

(=1)F22* i+ k+ 1) (k+1)
VLG —k+ D)2k + 1)k +1—8(x,t))
L (=122 + 1+ DI (k+ 1+ 3)
rG—l+0)r+nre+k+1)"

Qijik =g~ Pl

=0

Proof. Using the Caputo derivative in equation (5.8), we get

i

Df,(z’t)(A:(fL')) _ Df(m.t) <Z(_1)ikp(i2_ é—’—(i :‘)]/i(;kl:— 1)xk> ) (5.21)

By linearity property of the Caputo derivative, we have

: . 2%k (i + k + 1) /
DEED(A(x)) =) (—=1)"* D gk, 5.22

From equation (1.19) we can write
DIED(AX(x) =0, i=0,1,..,q—1, (5.23)

and

22+ k+1)I(k+1) o i
i—k+1)I2k+1)I(k+1—B(x,t)” =q, .51,

D)) = e S 1)
(5.24)

Now, approximate x* by (n + 1) terms of the shifted airfoil polynomials, we have

o e YA (), (5.25)
7=0
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where

9 1
Chj = —/ xkA;‘(L)w*(x)dx (5.26)
0

™

Now, putting the values of Aj(z) and w*(x) into equation (5.26), we get

l-z it 22T +1+1) !
2y vl
/ Z j—l+1)F(2[+1)T “
2 < . 220G +1+1)
==Y (—1) Rl
=D I PR Fw Yy 2l+ / \/ o

l
—Li(—l)” PTG +1I+ 1) (k+1+5
T F(]—l+1)F(21+1)F(2+k+l)

(5.27)
1=0
therefore, equation (5.25) becomes
S PN +14+D)I(k+1+12)
P — —1)77 2 A 5.28
o) =2 D) G-+ )r@+ ek @ 62

with the help of equations (5.24) and (5.28), we obtain

. ey (FDTRDG R+ DIk +1)
Dﬁ( A ZZZL’/B ) 'e—k+0)Ir2k+1)0'k+1-5(x,t))

J=0 k=¢

zj: Y= 122lr(j+l+1)r(k:+l+§)
X
rG—Il+0Drel+10)re+k+1)

H(x), i=q,.m,
1=0

(5.29)
D@ (A¥ (1)) ~ QijxA¥(x), i=gq,.,n, (5.30)

where

(=) R2* i+ k+1)I(k+1)
VT —k+ 1) 2k + D) (k + 1 — B(z,t))
L (=122 PG+ L+ )k 41+ 1)
XZ r] I )T+ )2+ k+1)

Qiik — Bzt

=0
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Equation (5.30) can be expressed in vector form as
DITD (A} (7)) ~ Z Qi0,k> Z Qilky - Z Qi | 11(). (5.31)
k=q k=q k=q
Also, the equation (5.23) can be written as
D@D (AX(z)) ~[0,0,...,0]II(z), i=0,1,..,q— 1. (5.32)

The combination of equations (5.31) and (5.32) prove the desired results.

5.5 Existence, uniqueness and Ulam—Hyers sta-

bility

In this part, it is first demonstrated the existence and uniqueness of the solution to

equations (5.1)-(5.3) and then discussed its Ulam—Hyers stability.

5.5.1 Existence and uniqueness analysis

By using the Riemann-Liouville integral operator of variable order in equation (5.1),

we have

u(a,t) = ulw,0) = [ (dytea(,1) = by (@, ) + ryu(a, 1)
— b (z,t) + bou(a, t)v(x,t) + fi(w, t)),

1 ' a1 (x,t)—
= m/o (t — é) 1(2,t) 1(d1'umw(x7 5) — blum(l’, 5)

+ ru(z, s) — byu?(z, s) + biou(x, s)v(x, s) + fi(z, s))ds,

(5.33)
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and

v(z,t) — v(z,0) :m/o (t — s)2l@1 (dgvm(;c, s) — bavy(x, 5)

+ rov(z, 8) — ba1v* (2, 8) + byv(z, s)u(x, s) + fa(z, s))ds.

(5.34)

Suppose that

K (t,u(r,t)) = ditige (2, 1) —brug (z, £)+riu(e, ) —biu?(x, t) +biou(z, t)o(z, t)+ fi(z, 1),
(5.35)

and

K (t,0(z,1)) = dyvge (2. 1) —bovg (. 1) +r90(2, 1) —boy v (2, 1) Fbogv(z, t)u(x, t)+ fo (2, 1),
(5.36)
and for continuous functions u(x,t), ui(z,t), v(x,t) and vi(z,t) € LQ((O,I) X

(0, 1)), there exist some constants Ay, 5\1 > 0 and Ao, 5\2 > 0, such that

Hum - (UI)MH < >‘1Hu - u1||, ||u:r - (ul)xH < >‘2Hu - u1H,
(5.37)

[vee = (0)aell < Mllv = will, oz = (1)a]] < Aallo = 1],
Also, here |di| < my, [bi] < mag, [ri] <msg, |bi| < my, [bia| < ms, |dof <1, [by] <
Mo, |T’2| < mg, ‘b21| < My, and |b12| < mg such that mg, M; > 0, 1= 1,2, .y D
Now, it is the time to prove that K (¢, u(z,t)) and K (t,v(z,t)) satisfies Lipschitz

condition. For this purpose, we have
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| K (t,u) — K(t,u1)|| = ||dittae — btz + riu — biu® + biauv — dy (1) 2
+ by (u1)e — riug + blluf — bauyv|,
<maA|lu — up|| + maXalju — up || + mgllu — ug|| + m4Hu2 — uf”
+ ms||v||lu — w

< (maAy + mode + ms + ma(y + 72) + ms)||u — uq .
(5.38)

Setting o = myA; + mody + mg + mya(y1 + 72) + ms1, where u, uy, v and vy are
bounded functions such that ||[ul| < 1, [Ju1]] < 72, [|v]| <A1 and [Jv1]] < A, then we

have

K, uw) = Kt w)|| < ollu—wl]. (5.39)

Similarly
Hf((t,v) —f((t,vl)H < Glv — v, (5.40)

where, & = 11\ + e + 113 + 114 (31 + F2) + Mg
Hence, the Lipschitz condition is fulfilled for K (t,u) and K (t,v) and if an addition-
ally 0 < 0,6 < 1, then it is also a contraction. From the equations (5.33)-(5.34), we

consider the following recursive relations as

Upa1(x,t) = m/o (t — )@ K (5 u,)ds, (5.41)

and

Uppa(z,t) = m/o (t — 5)2@D" K (s,0,)ds, (5.42)
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with ug(z,t) = u(z,0) and vo(x,t) = v(z,0).

Let us define the following differences as

9n+1 (x, t) = un+1($7 t) - Un<5l7, t)a
1

S — /Ot(t—g)m(x,t)I(K(s,un)—K(s,un1))ds, (5.43)

and

9n+1(x7 t) = UTLJrl('Tvt) - Un(QT, t)a
1

- m /Ot(t — s)o‘Q(m,t)*l (K(s, vn) — K (s, vn,l))ds, (5.44)

Applying norm on both side of equation (5.43), we get

[10nr1 (2, )] = Hm/o (t— s)al(gu’t)_l(I((s,un) - K(s,un,l))ds

N

:; t — 5)n(@d-l s, uy) — K (s, u,—1)||ds
F(al(x,t))/()(t ) 1K (s, 1) — K (s, un-1)llds, — (5.45)

and

1 ! - -
O, (2t H _—/ t— “2<xvt>*1HK<,, ) — K (s, 0, ‘d 5.46
+1(I ) F(O[Q(ZL‘7t)) o ( S) (9 v ) (9 v 1) S ( )

Now using the above result, we prove the following theorem.

Theorem 3. The advection-diffusion-reaction predator-prey system of variable or-
der given by the equation (5.1) has a solution if there exists ¢y satisfying the following

inequalities hold.
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(ftg](x’t)
L I 5.47
Flon(w. ) + 1 (547)
~ta2(z,t)
70 <1 (5.48)

I(ay(z,t) +1)
Proof. Let the functions W, (z,t) = up11 — u + u(z,0) and ¥, (z,t) = v — v +
v(x,0), then by equation (5.45), we have
! t (5:)-1
W, (x,t =—/ t— )@ (s u,) — K(s,u)||ds,
9ol = Fry [ (= 90 R ) = K s

ot (z,t)

S m”un — ull. (5.49)

Recursively applying the same process results in

O.tou(x,t) n
[ (2, )| < (m) |u — ], (5.50)

at t = tg above equation becomes

O_tal(z,t) n
U, (e, )] < [ —2—— — . 51

Similarly

[, (2. 1)] < (%)n o — vl (5.52)

aq(z,t)
oty

ICAEDIN)] < 1 and

Thus, ||¥,(z.t)| — 0 and H‘iln(x,t)H — 0 as n — oo for

~ ag(x,t)

< 1, respectively, which implise that lim u,(x,t) = u(x,t) and limv,(z,t) =
I(oz(z,t)+1) n—00 n—00

v(x,t). Then solution of the given equation (5.1) exist.
Next, we analyse the uniqueness of a solution to the given equation (5.1). To do
this work, let us consider that there exist solutions ((z,t) and £(x,t) of the system

(5.1), so that
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u(z,t) — ((x,t) = m/() (t— s)al(””’t)_1 (K(S, u(x,s)) — K(s,((z, 5)))ds.

(5.53)
Taking the norm of equation (5.53), we get
: t (1)1
(x,t) — C(x, t)|| = || =——— t —s) @O K (s, u(x, s)) — K(s,((x,5)))d:
o) = 6ol = | gy [ = 9707 (st ) = Koo
O’tal(z,t) 4
e lu(x,t) — (1 .
which gives
1 ot 0 5.55
t) — t ——)F— | <0. .
e (5.59

Then, using equation (5.55), we can obtain ||u(x,t) — ((z.t)|| = 0. Consequently,
u(z,t) = ((2,1).

Similarly, for solution v(x,t), we can find out v(z,t) = &(x,t). Thus, the solution of

equation (5.1) is unique.

5.5.2 Ulam—Hyers stability

Here, Ulam—-Hyers stability is demonstrated for the advection-diffusion-reaction predator-

prey system which is provided in equation (5.1).

Definition The presented equation (5.1) is said to be Ulam—Hyers stable if for any

01,09 > 0 and any u and v satisfying the following relations

\Df‘l(z’t)u(fc, t)—dlum(:[;?t)—H)lux(x,t)—rlu(x,t)+b11u2(x,t)—blgu(x,t)v(x,t)—fl(x, t)] < 41,

(5.56)
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and

\DfQ(x’t)v(x,t)—dzvm(sr, t)+bov,(z,t)—rov(w, t)+b21’02(1‘, t)—bogv(x, t)u(w, t)— fa(x,t)| < g,

(5.57)
there exist solutions u* and v*, such that
|u—u*| < a6y, a1 €R, (5.58)
and
v —v*| < agds, ag€R. (5.59)

When u satisty equation (5.56), then there exists a function ¢ (z. t) satisfying |¢;| <

01 such that

DYy (1) — dygg (2, 8) + biug(z, 1) — ryu(a, ) + by (x, t)

— bpu(z, t)v(z,t) — fi(x,t) = q(z,1). (5.60)

By applying the Riemann—Liouville variable order integral operator to both sides of

equation (5.60), we obtain

u(x,t) —u(z,0) + If”(x’t)< — AUy (2, 1) + brug(z,t) — ryu(a, t) + by (x,t)

— bpou(x, t)v(z, t) — fi(z, t)) = 1D g (2, 1), (5.61)
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Then

u(z,t) —u(x,0) + e t)< — dytgy (2, 1) + brug(z,t) — ryu(e, t) + by (e, t)

bl Oo(z, ) — fl(x,t))‘ — 1@ g (2, 1)

< g |0 (1)
to (z,t) (51

S Ma@nrn 06

Suppose that the function u*(z,t) be the solution of system (5.1) with u(z,0) =

u*(z,0) = up(x), we have

w(z, 1) = u(z,0) + 1 <d1ufm(x,t) — byul(z,t) + ru(x, )

— by (z,t) + bou* (z, t)v(x, ) + fi(x, t)) (5.63)
Then

=) = |[ula,€) = ule,0) = [ (dvuy a,#) = buusy a,8) 4 ra (2, ) = bus (1)
+ b (z, (e, ) + fulz )H
_ H (2,1) — u(z,0) + I “’( Ayt (1, 8) + brug (2, 8) — ru(z, £) + buu®(, t)
~ busu(, Doz, t) — fl(x,t)> . ff“%”( it (2, 1) + bruug (2, ) — ru(z, t)
+ (2, t) — bigu(z, t)u(z,t) — fi(z, t)) — [ (dlu;(x, £) — byt (z, 1)

+rut(x,t) — byu(z,t) + biau*(x, t)v(w, t) + fi(w, t)) H
toq(:c,t)(;l

§—+<m)\ £ mghg + Mg+ malm +9) +m )(I“l(“)< w—u* ))
F(al(w,t)+1) 1M1 212 3 4(’71 72) 571 H H

(5.64)

In [139], the Gronwall relation is introduced for the Riemann-Liouville integral op-

erator of variable order.
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Lemma Let «(z,t) > 0 and w;(z,t) be a nonnegative, nondecreasing and locally
integrable function on the interval (¢, d). Also, let ws(x,t) is bounded by some con-
stant and wu(z,t) be a nonnegative and locally integrable on the interval (¢, d) such
that

u@J)guq@¢y+wﬂ%w(ﬁ“”u@¢D, (5.65)

then

w(z,t) < wi(z,t)Eggy (wz(x, t)(t — c)““’”), (5.66)

where Ea(a:,t) (t) = Z;)io WM
We obtain the following result by applying the Gronwall relation to equation (5.64)

with wy(z,t) = 1115,

= T @41 and wo(z,t) = myA + mady + myg + ma(y1 +72) + msyi.

to (z,t) 61

u—u'| < ———
| I'= oy (x,t) +1)

Eoy (a,t) ((ml)\l +maAg+mz+my(y1+72) +m5%)ta1(x’t)> )
(5.67)

which implies ||u — u*|| < 16, with

tal(x,t)

By (M1 M1+ oi=)
Tlon (o) £ 1) Dot | (made fmada g - mma( +92) + msh)

a; =

Similarly, for the solution v(z,t), we can calculate ||[v — v*|| < a0, with

tOéQ(a’:at) - .
S RN (6% N ST St
as Tlon@ B + 1) () | (1AL + Mg + Mg + Mg (Y1 + F2) + M)

As a result, the solution to equation (5.1) is Ulam-Hyers stable.
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5.6 Application of the presented technique

In this section, the presented technique has been discussed for obtaining numeri-
cal solutions of the variable order advection-diffusion-reaction predator-prey model
using the operational matrix derived in the previous section. Let us approximate
u(x,t) and v(x,t) by shifted airfoil polynomials as

u(z,t) ~ I (2)UTI(t),

(5.68)
v(x,t) =~ 7 (2)VII(),

where U = [uj;] and V' = [@;;] are unknown (n + 1) X (n + 1) matrices and II(x) =
[Af(z), Aj(x), ..., A% (2)]T is the column vector. Now applying the Caputo variable

operator D™ on the equation (5.68) and using Theorem (2), we get

DIy, 8) =D D (T (2)UTI(2))

117 (z)U D " I1I(t)
:HT(LL‘) UM(a1($’t))H(t). (5.69)
Similarly
sz(z,t)v(l,’ ) ~ HT(x)VM(QQ(m’t))H(t), (5.70)
and

Uy (z,t) ~ TIT (2)(MYTUTI(t),
(5.71)
vp(,t) ~ 1T () (MY TVII(¢),
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and

Uge (2, 1) = T (2) (M) TUTI(F),
(5.72)
Ve (2, 1) = T (2) (M) VII(2).

Using equations (5.68)-(5.72), the residuals R;(z,t) and Ry(z,t) for equation (5.1)

can be written as

Ry(z,t) = OT (x) UM @EDTL(t) — dy 1T (2) (M2 TUTI(E) + by I1T (2) (MY TUTI(2)
— (" (2)ULL(t)) [r1 — by I (2)UTL(t) + b1 (2)VIL(E)] — fi(2,t) =0,
(5.73)

Ro(z,t) = HT (2)V M©2@DI1(t) — dolIT () (M) TVIL() 4 boIIT () (MY V(1)
— (" (2)VIL(t)) [r2 — bor T (2)VIL(E) + booIT" (2) UTL(¢)| — fo(z,t) = 0,
(5.74)

now using equation (5.68), we approximate the initial and boundary conditions, we
get
7 (2)UTI(0) = uo(z), T (z)VII(0) = dip(2), (5.75)

and

I OUII(E) = wi(t),  T(O)VII(E) = (t),

(5.76)
HNT(L)UTI(E) = us(t), HTT(L)VII(t) = i(t).
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Now to find the unknown matrices U and V', we collocate the equations (5.73)-(5.76)

at the collocation points x, = 2%:;%) and tz = %, we have
Ri(z,,t;) =0, r=12..,n—-1 7=12 ..,n, (5.77)
Ry(z,,tz) =0, r=1,2,..,n—1, 7=1,2 ..n, (5.78)

the prescribed ICs and BCs become

7 (2,)UI(0) = up(x,), MO (z,)VII(0) = dg(z,), r=12,...n+1, (5.79)

and

7 (0)UTI(t:) = ui(t7), TIE(O)VII(t:) = @i (t;), 7=1,2,...,n, (5.80)
(L) UTI(E) = w(ts),  T(LVIE) = da(ts), 7= 1.2, .m. |

Hence from equations (5.77)-(5.80), we have a 2(n+1)? system of algebraic equations
that can be solved by Newton’s method. By solving this algebraic system, we obtain

the required approximate solutions.

5.7 Numerical results

This section includes some particular cases of the considered models for validation
of the presented technique. This is done by comparing our numerical results with
the exact ones. The feasibility of the method can be seen through the tables and

error graphs. The accuracy of the numerical solution is measured by using the Lo
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and L., error norms, which are defined as follows

Lo= | > u(wi ty) — iz 1)), (5.81)

i=0 j=0

Loo = max |u(z;, t;) — a(x;, t;)], (5.82)

i.j
where u(z;,t;) and @(z;,t;) are the exact and approximate solutions, respectively,
at points (x;,t;).

Example 1. Consider system (5.1) by assuming d; = dy = 1.5, by = by =1, r; =
ro = 0.5, by = byy = 1, and by = by = 0.75 with

fi(m,t) =t @D osh(2) Bag oy a) (—t%) + bisinh(z)sin(t)

— cosh(x)sin(t) (d1 + 71 — byycosh(x)sin(t) + businh(aj)cos(t)), (5.83)

fo(x,t) = — 272D sinh(2) Bay gy (—t%) — dasinh(x)cos(t)

— sinh(z)cos(t) <r2 — by — byysinh(x)cos(t) + bggcosh(x)sin(t)). (5.84)

The ICs and BCs are obtained by using the exact solution u(x,t) = cosh(x)sin(t)
and v(x,t) = sinh(x)cos(t). We apply the suggested technique to this example
and demonstrate the numerical results in Tables 5.1, 5.2 and Figures 5.1, 5.2. A
comparison of Ly and L, errors is presented for the solution u(x,t) and v(x,t) with
various values of n and two different values of a;(x,t) and as(z.t) in Table 5.1
and Table 5.2, respectively. From these tables, we can see that the errors decrease

rapidly as the value of n increases. Figure 5.1 and Figure 5.2 display the numerical
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and absolute error results for n = 11 with aq(z,t) = 0.50 4+ 0.2¢ " and ay(x,t) =

0.65+0.2sin(xt). The achieved results confirm that the proposed technique provides

approximate solutions with high accuracy.

TABLE 5.1: For Example 1, a comparison of Lo and L., errors of the solution
u(z,1)

ai(z,t) = 0.50 + 0.2¢* ai(z,t) = 0.70 + 0.2¢
as(x,t) = 0.65 + 0.2sin(xt) as(x,t) = 0.85 4 0.2sin(xt)
n L, L Lo Lo
3 |3.419 x1073 1.333 x1073 | 3.471 x1073 1.367 x1073
5 | 2.672 x107° 7.122 x1076 | 2.663 x107° 7.107 x10~6
7 | 1.015 x10°7 2.066 x10~% | 1.023 x10°7 2.089 %108
9 |2.106 x10710 3.463 x1071 | 2,107 x1071° 3.468 x 1071
11| 2.891 x10~'3 4.041 x10~" | 2.962 x10~13 3.997 x 10~

TABLE 5.2: For Example 1, a comparison of Lo and L., errors of the solution
v(z,t)

ai(z,t) = 0.50 + 0.2¢* ai(z,t) = 0.70 + 0.2
az(x,t) = 0.65 + 0.2sin(xt) as(x,t) = 0.85 4 0.2sin(xt)
n L, L L, Lo
3 |2.620 x1073 8.788 x10™* | 2.734 x1073 9.076 x10~*
5 | 1.927 x107° 4.374 x107% | 1.948 x107° 4.518 x1076
7 | 7.967 x1078 1.233 x107% | 8.307 x1078 1.296 x1078
9 | 1.598 x10 10 2.040 x10~ | 1.609 x1019 2.059 x10~ 1
112211 x10713 2.354 x1071 | 2.485 x107'3 4.366 x 1014
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Absolute error

FicUre 5.1: The graph of approximate solution and absolute error result of
u(x,t) for n = 11 with ay(z,t) = 0.50 + 0.2e~ and az(z,t) = 0.65 + 0.2sin(xt)
for Example 1

Absolute error

-2.75x 107
2.50x10°
2.25%10°
2.00x10°4
175x10°1
150x 107"
1.25x107™

1.00x 107"

7.50x1071%

0.0 0.2 04 06 0.8 1.0

FicURE 5.2: The graph of approximate solution and absolute error result of
v(w,t) for n = 11 with ay(z,t) = 0.50 + 0.2¢~%" and as(x,t) = 0.65 + 0.2sin(xt)
for Example 1

Example 2. Consider the system given in equation (5.1) with dy = dy = 1, by =
bz = 05, T1T = T9 = 075, b11 = b21 = 1, and b12 = b22 =1 and

fila,t) =t cos(2) By an (—12) — 177D sin(2) By 3, (o0 (— )
+ bicos(x +t) + sin(z +t) <d1 — 1y + bysin(z +t) — biscos(x + t)),

(5.85)
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TABLE 5.3: For Example 2, a comparison of Ly and L., errors of the solution

u(z,t)

ag(x,t) = 0.60 4+ 0.25sin(xt) ag(x,t) = 0.80 4+ 0.25sin(xt)

as(z,t) = 0.80 — 0.2(x% + %) as(z,t) =1 —0.2(2* + t?)
n L2 Loo L2 Loo
3 | 4.768 x1073 1.521 x10=® | 5.003 x1073 1.597 x1073
5 | 3.860 x107° 8.191 x10°% | 4.025 x10° 8.447 x10°°
7 | 1.428 x1077 2.273 x1078 1.487 x10~7 2.324 x1078
9 |2.996 x10~1Y 3.822 x10~M | 3.121 x10~10 3.891 x10~ !
11 | 4.050 x10~13 4.408 x10~™ | 4.039 x10~13 4.563 x10~14

TABLE 5.4: For Example 2, a comparison of Lo and L., errors of the solution

v(z,t)

aq(z,t) = 0.60 + 0.25sin(xt) aq(z,t) = 0.80 + 0.25sin(xt)

as(z,t) = 0.80 — 0.2(x% + %) as(z,t) =1—0.2(2* + 1?)
n Ly Loy Lo Loo
3 |3.379 x10°3 1.216 x10°3 | 3.699 x10 3 1.360 x10~3
5 | 2.815 x107° 6.759 x107¢ | 3.104 x107™ 7.526 x107°
7 | 1.052 x10~7 1.878 x107% 1.172 x1077 2.119 x107®
9 | 2.218 x10~19 3.155 x10~ ! [ 2.499 x10~1Y 3.654 x10~ !
11 | 2.893 x10~ 13 3.486 x10 ' | 2.794 x10° 4.419 x10~

fo(z,t) = — tlf‘”(x’t)sin(x)Eg,g_,m(x’t)(—t2) — tQ*D‘Q(z’t)cos(x)Eg’g_QQ(m)(—tg)
— bysin(x +t) + cos(x + 1) (d2 — 1y + byrcos(x +t) — bagsin(z + t)>

(5.86)

ICs and BCs can be extracted from exact solution u(z,t) = sin(z +t) and v(z,t) =
cos(x + t). The root-mean-square errors and maximum absolute errors of solution
u(z,t) and v(z,t) for various choices of n with two values of ay(z,t) and as(z,t)
arc exhibited in Table 5.3 and Table 5.4, respectively. From the outcomes, it is
clear that the approximate solution approaches to the exact solution as the number
of basis functions increases. In addition, to further illustrate the effectiveness and
accuracy of the proposed method, we show the numerical results and absolute error

for u(z,t) in Figure 5.3 and for v(z,t) in Figure 5.4.
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Absolute error

FIGURE 5.3: The graph of approximate solution and absolute error result of u(z, t)
for n = 11 with ay(x,t) = 0.60 + 0.25sin(xt) and as(x,t) = 0.80 — 0.2(2? + %)
for Example 2

Absolute error

x

FIGURE 5.4: The graph of approximate solution and absolute error result of v(z, t)
for n = 11 with aq(z,t) = 0.60 + 0.25sin(xt) and as(x,t) = 0.80 — 0.2(2? + t?)
for Example 2

Example 3. By assuming d; = dy = 0.5, by = by = 0.75, r1 = 175 = 0.35, by =
b21 = 2, and b12 = b22 = 1.5 in model (51) with

filz,t) =— tl_al(z’t)El,z—al(a;,t)(—t) — 2dy + 2b1x

- (x2 —e™h (7"1 - bll(x2 —eH + b12(t2 — e"”)), (5.87)
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TABLE 5.5: For Example 3, a comparison of Ly and Lo, errors of the solution

u(z,t)

ai(z,t) = 0.80 — 0.3¢** ai(z,t) =1—0.3¢e

az(z,t) = 0.80 — 0.2sin(ze™") ag(z,t) =1 —0.2sin(xe)
n L2 Loo L2 Loc
3 | 7.951 x1074 4.030 x10~* | 1.062 x10~3 5.827 x10~*
5 | 4513 x107° 1.753 x107% | 7.026 x10°° 3.349 x10°°
7 11.481 x1078 4.471 x1072 | 2.434 <1078 1.009 x1078
9 {2934 x10~1 7.172 x1071% | 4.860 x10~!! 1.787 x10~1
11| 7.729 x10~1 2.420 x107' | 1.043 x10~" 1.987 x10~

2t2—a2(w,t)
Fol0) = Fg— ey O e ) - (2 — ) (r2 by (£ — ) 4 bya(2? — e_t)).

(5.88)

With the help of exact solution u(x,t) = 22 — e and v(z,t) = t* — €”, initial and
boundary conditions can be obtained. In this example, we use the method mentioned
above for n = 3,5,7,9, 11 and two different choices, o (z,t) and az(x,t). The graphs
of the numerical solution and absolute error for n = 11 with ay(x,t) =1 — 0.3e™"
and ay(x,t) = 1—0.2sin(ze™") are shown in Figures 5.5 and 5.6. As can be seen from
these figures, the numerical result agrees well with the exact solution. Moreover,
Table 5.5 illustrates the comparison of Ly and L, errors for u(x,t) and Table 5.6
illustrates the same comparison for v(z,t). From the obtained results, it is clear

that the presented method has a higher efficiency and accuracy.
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TABLE 5.6: For Example 3, a comparison of Lo and L., errors of the solution

u(z,t)

ai(z,t) = 0.80 — 0.3e~** ai(z,t) =1—0.3e*

as(x,t) = 0.80 — 0.2sin(ze™") as(z,t) =1 —0.2sin(xe™)
n L, L Ly Lo
3 |3.734 x10°3 1.308 x1073 | 3.839 x10°3 1.379 x1073
5 | 3.174 x107° 6.961 x107¢ | 3.215 x107° 7.331 x10°6
7 1 1.183 x1077 1.892 x107® | 1.190 x10~7 1.985 x107®
9 | 2.487 x10°10 3.149 x10°1! | 2,493 x10 10 3.277 x10~ 1
11 | 4.534 x10713 7.250 x107* | 6.821 x10713 1.298 x10713

25x10°

20x10°"

15x107™

1.0x10™

5.0x107

FicUre 5.5: The graph of approximate solution and absolute error result of
u(z,t) for n = 11 with a;(z,t) = 1 — 0.3e7%" and as(z,t) = 1 — 0.2sin(ze™") for
Example 3
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Absolute error

12x107

1.0x10°13

8.0x10°"

6.0x107

40x10°1

20x10°1

FiGURE 5.6: The graph of approximate solution and absolute error result of
v(z,t) for n = 11 with ay(x,t) = 1 — 0.3¢7*" and as(x,t) = 1 — 0.2sin(ze™") for
Example 3

5.8 Conclusion

In this chapter, a numerical technique has been analysed to find the approximate
solution of variable order advection-diffusion-reaction predator-prey equations in
which variable order derivatives are in the Caputo sense. A discussion is given about
the existence and uniqueness of a solution for the considered model. Additionally,
the Ulam—-Hyers stability of the solution has been taken into account. The shifted
airfoil polynomials of the second kind are assumed to be the basis functions in
the spectral method, which are used to approximate the solution in space and the
temporal directions. The operational matrices for both integer and variable order
differential operators have been derived in order to find the approximate solution to
the aforementioned problem. The validity and applicability of the presented scheme
are exhibited through a few examples, and it is found that the proposed method is

effective and adequately accurate.
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