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Appendix A: Terzaghi’s (1925) diffusion equation and its discretization

Al. Derivation of the Terzaghi’s governing differential equation (GDE)

Net water flow within an elemf:nt{Q -0, )= Rate of change of void rancr( ] {Al.1)
ct
FromFig 32, 0, -0, =|v+ aLJdm b= e g (A12)
\ oz o [#3
(V= drxdvdz=total volume of soil element)
Combiming Eqs. Al.1and A1.2: HE P+ g == : EE:E (Al13)
ot &= (1+e, ) ét z
Darcy'slaw v=Fki=k ; where, i=hydraulic gradient (Al4)
: i : & k &'u =
Spatial derivative of Eq. Al 4 provides: —=——— (Al3)
gz ¥, 6"
From Eqs. A13 and Al 5- % k¥ Ct(11e,) (A16)
ot y, cz

Using chain-rule of differentiation and the defimition of coefficient of volume compressibility,

1 fe 1 ce CEJ' _ oo (ALT)

(l+e) e (l+e,)éa &

Combiming Eqs. A1.6 and Al 7 and the assumption of constant load provides

?f::f g LoEasd (18
F\] i} 1 “\'
GDE for homogenous soil: ¢, f—? =— 2 [CT = LJ (Al19)
2 ct MV
k, &u éu
GDE for layered soil e o J represents the layver number (Al1.10)
MYy, G2 @
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A2 Compact Matrix form of the algebraic equations:

The discretised equations for homogenous (Eq. 3.14b) and layered soil (Eqs. 3.20, 3.21_ and 3.22) can be expressed as:

G ¥ i = Hf (A21)
Known Matrix Unknown Vector Known Vector
@ arbitrary time step (@) arbitrary time step
For homogenous soil:
(1+249) —Ag 0 0 0 0 0 7 (=] [ 2l-¢ki +(1-24(1- @)k + A0 - pki
—A¢ (1+24g) —Aig 0 0 0 0 uy Al—ghd +{1-2A(1— @)kl + 21— Pl
—Ag (1+248) —Aig 0 0 aul =1 Al—gphl, +(1-22 01— gkl + All— g i, (A22)
—Ag (1+24¢) -A¢ ok All= gy 3 +(1-22,(1-@ )y + A1 ¢y,
Lo —A¢  (1+24¢)) luT | Al—@ ey o +(1-2A10— ¢ )y, + AL — gl )
| "= ' I
For lavered soil: G i H
[(1+24,0) —Ag 0 0 0 0 0 ] [ [ All-ph+0-2400-g)ui+4(1-pk
—4¢  (1+249) -49 0 0 0 0 ult Al +(1-24(1- ) + 41—l 1 layer
0 0 —ubg (1+2ug) — ud,¢ 0 0 )qul ™ r=1 ub(1-g s +(1-20ll-¢ )l + ud,(1-ph’ }Iﬂt&rface (A2 3)
—A0 (1+248) -4i0 i | | A-ght  +(1-2401-g k!, +,7L:E_l—¢ju;_1§ 274 layer
L =40 (1+240)) | | A=k +1-24(1-¢)ul, + A0k, | |
i , i ﬁ,_‘..l' T
G [ g
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Appendix B: Construction and discretization of the GDEs considering stress

dependencies, nonhnear flow, and ramp loading

Bl. Construction of the GDEs with stress-dependent parameters, Darcian flow, and

constant loading

Darcian flow states (Eq. A1.3): v=Fk-i= .Icg—u

=

Spatial derivative of Eq. (B1.1) provides: ﬂﬂ = i i—u i—ki
dz .62 &
According to Eq. 4.1a: e=A4-C logc’
Temporal denivative of Eq. (B1.3): L = HEaod
ét 23c¢ ot
cv =
Substituting the expression nf = {ﬁﬂm Eq. A3)provides: — = ——5—
& 23(1+e,
-C so’ |k é'u &k
Equating Eqs. (B1.2) and (B1.5): E ,Cn o] 2 EE P
231+ )0’ 6t 7. 6z o2

A-R C

According to Eq. 4.2: £=10 Bl (" E

~ J
Spatial derivative of Eq. (B1.7) provides: ij =1 ¥ (—‘j Jlﬁ ]'__ g

o

(BL.1)

(B1.2)

(B1.3)

(Bl

(BL6)

(B1.7)

(B1.8)

Combining Eqs. (B1.6). (B1.7). and (B1_.8) provides the following generalized dissipation

equation where the flow is non-linear and the material parameters are stress-dependent.

A-F

230" L+ e) 5F - Eu) 230+ M0 ¥ (=C, Yoy -2
C: ;'(w oz Cc o A c= ot

The modified consolidation equation can be illustrated as:

c,lo’Y 224 ¢, 1- Yo’ }E_][“E\li =t
O

_GEJI cZ
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(B1.9)

(B1.10)



(B1.11)

Case A (Quasi-Permeability variation): X, Z—j_,i = E;i
S Of
Case B (Total-Permeability variation): X, =+, % - % (B1.12)
4-E
4+ R )
whereC, = 220t I0® y ¢ (517 ¥ = (1- ANV
CC:'VW )
B2. Discretization of the GDEs formed in Bl
n: Eﬂ
Case A: > Al (B2.1)
cz® ot
1 B a1 [ -1 ; -
Discretization by CNI scheme : X —J e I,t ~ - Ifj =g 2.2)
2 I gz +ra ||; Ef[
i I:’-t-.l_'i:'_l Ed—.!."_;_ ?-'-_'I.I' T 2 ;‘+ {7 fedl {
=:rX1@:'F4 e ] [u, Lo }H :(HI : HJJ (B2.3)
A & 4
(B2.4)

A
'LI"-

= Bttt E P Ead =Ll v 2l =Dt = Lt

where Xi:@f[-EJJ:CE{_G';@I }E”@ -C, :%ﬂ_l_ﬁ?_!:ﬂ[_ = X@i‘
a fu &
Case B: b Pt B (B2.5)
gz gz ot
1™ ] gul | _éu
Discretization by CNI scheme- X, 5,| === +—=| | he\ = =—| (B2.6)
2 & L) | el
(=2 [ =2u 0, )] | pie=gt | e gt
S Bt o Mo SRS S Y o Sl e | B o S R P o S 1§ (Y 3
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= |:% ﬁufflj =2 ul }+ {u,;_l —2ul+ul, )}} +P {u e ] = {uf’l —u ) (B2.8)

= Ll + 200+ P — L+ 2P Wi = L2l +2(L +10 - L2uly  (B29)

where, Xig:lz.1)=C, loi® }EE‘@I . Flrgz'!-f: t)=C,7, (1~ Bla® }H i

4
_23(1+e 10 M
R C = =

{1'.‘14.'

XIr.;.‘jI FI -JI‘
Elzt)=""2. PYz:)="%
Az Az

C
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In Matrix form, Egs. (B2 .4) and (B2.9) can be recast as: (B2.10)

ForCazseA: G =

ForCaseB:- G =

ForCaseA-H" =

[2(— L, +1)

[ 2= L+ P, +1)

where the field variable, U”, is expressed as: U™ = jui™

L

i, 2{—L; K1) Z,

L

(L, +2,)

o 2A-L +1) L

L

=—1

L

L]

o] 5 S

GeU™ =H'

+1) K,
2(—L, +1)]

f=ar
n-1

r<Af
i

-

L 2A-L,+P,+1) (L.+2P)

o o Jt‘:—l 2[_ I‘i + -E +1} ':I'='+1 + 21::-;-1 IJ L:
. ¥ A 2A-L _, +P _ +1) (L +2P)

- I‘u 2(_I'n—]. -;_Pfl—l + 1"

(L5 + 1t — 15208
B LS | S | L 1)

—L2u, + AL+ 1t — L 2ut,

sl D e I g o T T
— L 2ul + 20 +1!

. ForCaseB:-H =
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2L, -1k - L
— Ly + 2| I - 1p — Ly

— Ly + AL -1 ~ L

_Ji-l'.l 1“‘ . Eifl—]. _lhf'm_'! _EH:I‘

T Al

— L+ UL -1




B3. Construction of the GDEs with stress-dependent parameters, non-Darcian flow,

and ramp loading
xp( 191] J fa:ﬁ':f: ) model parameters (B3.1)

k

According to Eq. 4.9: = .i:_‘l j—fl—a}b{l—e

ii:igi?+‘i_kg’ (B3.2)
Gz Y, GE  GE

Spatial derivative of Eq. (B3.1) provides:

where, E = {1—{1 —a}@|:exp(;r
_Il_,'f'“ oz

- —C: ca (B3.3)

S 23(1+e)a’ &t

Equating Eqs: (B1.4) and (83.2): - E'C %, 5F
Y. &2 &

Combining Eqs. (B1.7), (B1.8), and (B3.3) provides the following generalized dissipation

equation where the flow is non-linear and the matenial parameters are stress-dependent.

pn. r

A-B
ég'  éo (B3.4)
C: ct

A-F
72 231+ oM /—C .
eu, &l l f}{J'JM E'

2 A Jee
2311 +eﬂﬂﬂ P EEf%.,
, = C Y\ .n!"r’{

C-I: ¥ r"'_u £ £

Cz

Case A (Finite value of M ):

In a more compact form. Eq. (B3.4) can be stated as below:

C (o FEZL+C,p,0-Bo' P B = ®3.5)
Gz~ ) Cz Gt
Y e g (B3.6)
s cz ©f &t
A-8
v M 1
where. C, = 2 ::“-”ﬁﬂ - ﬁ:l—% X=C,(c'YE:Y=Cr (1-B)Nc’VE
l'}’li E



Case B (infinite M iLe.. constant permeahility):

For M—s oo, §= 1, xEq A13 becomes: C,(¢')ES % =7 (B3.7)
r::,: ct
¥I8_ B N e 0 - UYR). yo0 (e (B3 8)
2 e e C.7,
B4. Discretization of the GDEs formed in B3
Case A: Xi’,iﬁﬁ:i*f—@‘i (B3.7)
& & ar
g [ 2 i A -
Diseratisation b ONEscanin- Xt 2128 2% L, pr)o0 1=ﬂ _%| pa1y
2le’|, &7, &l | al e

i r l‘-‘-.'l.r_: r+_'u+ —.1:“'. 4 I o J_I_ £y _. .r—ril_ r=Ar !-!-_'u:_ 1y i r‘.-.'l.l_ I
— .3{: ’V_ {[ u:—l u: 3 u.'—]. i T Hl—l LH:‘ u.ﬂ-] 1 :____ }’: LI::ﬂ--. '_u.' s u.' uj =Y g: ql (B_I_ 2.}
SN L . ALY A 4

|2 )|

= L 40l + P 1 - +2P W =2t + 208 +10 - I2u’, - 2™ -4 ) (B4.3)

where,  X!(z.t)=C,(02% f E® ¥ (z.t)=C,7, (1- Blc!® | EE

_ _;1 gﬁ{exuw JE;E’{@I {—[1 afh{ ;:: u:—s;”fﬂ}

C,,:E'm”“}m ; E{”}_X%r; E,{E__r}:}:__m
o Az Az

&u fu &g
Case B: X = — 44
&t & & Lo

i 7 -
Discretization by CNI scheme - X f |:1 {e—? +E—fﬁ| H - _é’_gr (B4.3)
2 s | &z"). at|, &l

AL T+AL | AL I I t
¥t 1 J ug 2w +ug = 2u; +u
12l Az? Az’

Wl (s -uf) (a7 -4
JIEEHEE) o

Lt 420 L 41 + Buld =—Lu + 2{L 1! — Ll —2{g"™ —g!) (B4.7)
where Xr-'( t)= (Z‘[r::l"'gf).E@I S —M =X — =
C.7. Az’
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In Matrix form, Eqs. (B4.3) and (B4.7) can be recast as: (B48) GxU™" = H'

where the field variable, U is expressed as: U™ = {ui_*:‘! s L gl L gtea u”"}r

2 ¥ i n-1 |
_2{_1';:_,.1:; +1) {Lrl_,_gplf'} 7
I A-ri+ P +1) (I+2E)
ForCaseA: G' = L A-L+P +1) (L+2B)
e e L;—l 2[._ -'['r-.—: +'P::—1 +1} {L‘-—l + 21::-1 }
i Fid W7l P’ _,_ﬂ_
_2{_};2_,_1} L I
L,  2A-L+1) L
ForCaseB: G' =| .- L 2A-I'+1) I
L, 2-L,+1) I,
! I 2{_,[_:_,_1;_
E [ - i E_ A }
[ (L s 1ht — 20 —2gr> —gt) - 225 ~ 1k} ~ L - 24gi™ - g}
— 2wt + 215 41! — I 2u; — 2| gt ) | L+ 2L -1k - L - 20gi™ i)
ForCaseA:H'={ —Eouw +2([ +1W —I2ur, —2g=¥—g') ForCaseB:H'={ —Lu,+2L -1 ~Luy-2g™-g]
—L 2ul, + 2L+ 1kl — L 2u) - 2(g 7 — gl |\ Lqtrl g+ AL ~ 1y~ Lt - 2g gl
L —L 2wl +20E +1p! —2lg5* —q!) ] | ~Lu g+ 2L, 1, —2g5™ g} )
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Appendix C: Modification and discretization of the coupled conselidation equation

considering mon-Darcian flow, periodic loading, and semi-permeable drainage

boundaries

C1. Derivation of the governing differential equations

Total stress=Effective stress+ Excess Pore water pressure o=0 +u

ca’
Biffeventiating iy G (92 22, 2
ct at cf
. ; ) 1 és s 5
Assuming small stran ¢ =——— (Biot's 1941)
m, &=

fu 60 1 &
From equations 5C1.2 and C1.3 ——i—=— = =
¢t ot m_ <zt

The rate of volume change in terms of flux (Appendix 1a) ok = e V
et gz

Il P, \.I_:\.I
For non-Darcian flow v = k‘ r‘—{l—ah{]—expi =5 J ‘ | (Chapter 4)
LA L g /)

".

(CL1)

(C1.2)

(C13)

(C14)

(C1.5)

(C1.6)

Differentiating Eq. C1.6 1in spatial direction while assuming permeability 15 constant in

2

r

both spatial and temporal duectmn — = E { —{1- EI}H{EX[_{_H G_HJ:”F—

oz Ly, ¢ i

50
From equation C15 and C17 -q le (1- a)e{ [{ ‘i” E‘-rf

The rate of volume change (in terms of setﬂement} —=— —E E'E V

&t cf &z

( | a2
Froin equations C1.8 and €192 [”] =——{ (1- a}ﬁ[ﬂxp[—gcﬁ—u]:”?—?
ot €= Vi ¥y ez )| o=

(C1.10)
1 80’ k | (-sa)||&
FiiiCL3 SHACI0 = o = refaalal __E] &2
m, ¢t ¥, ’ LY, 6z cz"
ou_©do_ k Jl—!l—a expl__gﬁ Cﬁ‘f
e é  my, | \ip, 62 ) || &7
E

(CLT)

(C1.8)

(C1.9)

(C1.11)

(C1.12)



Eq.Cl4 andCl.12 are used to calculate the PWP and settlement of the soil in spatial
and temporal direction mn coupled mannar.

2. Discretization of the governing differential equation into algebraic form
d (CZ1)

Eg. C1.12 can be written as: E—E—G :Xa rf where A=——_F
cr ot cz” m ¥
p AR (C22)
£z ot &t
1[a%l™ a4f']| e o
Discretization by CNI scheme - X[| - - —| == —= (C2.3)
2\at|, el | al &
£ FedE fet =t S S ! &3] ot et
_.l': E{ ] 21‘1: . + Uy _[_I Ly .2111 +uf—l]!, =[ i L ]_ 4 4; {CE_J"-}
2 A= W AzT ,__.[ At
Ll +2- B+ + Lyl =—Luf + AL -1 - Luf, -20gi™ —gf)  (€23)
where X7'(z.f)= i B =X ﬁr‘
: ¥y A"
du 8o 1 &%
From Eq. Cl14 — - = €2:
g ot & m G €9
1 -"\-2 - -
Discretization by CNI scheme - — dind —[ = EI —i—q (C2.7)
m | ézet| &tf; oty
A [ = s (i) (o .
m, AAt . A ) At
i I+ =+ A P f=ar f+ar I+Ar f—ar l
—Ws tug o tus T =W s s g —g; 0 Jwhere e (C2.9)
m, Az

[
LA
ke



In Matrix form, Eqgs. (C2.3) and (C2.9) can be recast as

GF
Known Matrix
{@ arbatrary time step
2(1—-aLi] o0
1 wr
23 0
0 0
G =
0 0
0 0
0 0
0 0
-
E]:_+J!
Tl
iis
. 't
T+ L L T T
: - e H
I
[ |
[+ r
i
I+
=l
fJ-:H'
0+l
G {}.5[ 1+

* el = H (C2.10)
Unknown Vector Known Vector
(@ arbitrary time step (@ arbitrary time step
i 0 0 0 0 0 0 0
0 —y 0 0 0 0 0
21-25) o il 0 0 0 0
1 w 0 —w 0 0 0 0
L o 2i1-Z) o L 0
0 0 1 w 0 -
0 0 B 0 2-Z) o 7t 0
0 0 0 0 1 w 0 —w
0 0 0 | O -4 0o 2h-L,) o0
0 0 0 0 0 0 1 w

[ AL -k - L -2l - 4
u+ys;—uss — g —q)

~Ladt +2(L 10— Lint 2005 —43)
i +ust —ust — (g gt

~ Lty +2(5 - 1) — L, —2lgi* ~ g )
T+t

H;E + W; _Wf_l = [g;' —q: }

—Lul  + 2{[.; —l.h; —Iq“:a—l = 2{;9';_1 -4, }
ul + s, —!&’-’S:,_l _{_'9'::__'1 _9:)
= j‘_',iu; + E(L; -1 h;._l - 2{'9';:1“ = g:!*i )

I+Af

Uy + Y5 _{‘-'I;-:—l = E‘;-:I]

e

Tl y=0s| 142
H H

L

[t
L4
L

e




Appendix-D: Forms of the coefficient and Jacobian matrices and the vectors for

different methods

D1. Linearized form of non-Darcian consolidation through CNI scheme (Method

Al
G ¥ ¥ fae = H* D11
Known Matrix Unknown Vector Known Vector
‘@ arbitrary time step (@ arbitrary time step (@ arbitrary time step
1+ 4E!) —05AE 0 0 ]
~052E! [1+4E!) —05iEF 0
G'= .. o —05iE" (1+AE') -05iE 0 0

~052E |1+E') -05E
~032E! [1+4E})

Paad [ 05Au +(1- Akt +05iu8 - (g™ — ']
ol 0.5/ +(1- A )l +054u —[g"™* —g")

U™ =L H' =4 054, +(1- Ak +054, g™ —¢") ¢

e 0540 +(1-4, ' 5 +0.57u, —[g"* ~¢')

ey [ 0.54u)y +(1-A)ug; +052u;~(g™ ~q") |

D2. The form of Jacobian Matrix (J) and G vector for nonlinear CNI scheme

(Method A2)

o "
J..Tacobian Matrix) = f o ] ®21)
¥

Note that, § and j rons from (1) 2 to » for PTPB and (i1) 2 to p=1 for PTIB. Therefore, for 1-AS
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, og.
e 0 0 0 0
E;a a;-} ée: GLEELE Sl
- 0 0 0 N e
aui™ B g3 uh o™ T
O I T 0 | oot
|0 0 0o |7
0 0 0 Bo B B |t s Y Y )
Eﬂr:—ﬁr Bﬂh’-_\: I-,'_’;\Mtﬂ.-.ll.r
- bAe o rHAr | thAr
ik o &l Wt M G TG
o o o o E B
BT gy
i =1 G!.!n i
B . __ i [—_‘E_H_I+_"|I ]
glii[u;—zui+u;+u;'w—2ufy+u§f‘h] 1-& exp L-!L 2 . : # 2o il | =0 (D2.2)
ALV
i f:*ﬂ:_ﬂ:ﬁh l)-
g tAlu —2 va ™ =2 £ )| 1-B exp bi za.:: Jf +2{¢"™M g+ | =0 (D22)

g Al -2 sl Y -2 _}l[l -k Bxpc{ b, [”:ij:f ]H +3e* g™l | =0 (D23)
f?::'ﬂ APAE (0 — 2 s o, - 20,k e (1- 227 )] D2.4)
; = ARAERS U - 2ui vl -2l 0227 ] @2
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D3. The form of Jacobian Matrices (J1 and J 2) and & vector for nonlinear BKC
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Appendix E: Derivation and discretization of the GDEs representing unsaturated

consolidation

E1l. Coefficient of volume change or Compressibility Parameters (CP)

The deformation i the vadosze zone 15 envisaged by considening the following relationship:

"’;f = mi,d(o—u,) +mid(u, —u,): CP> (m:, .m) (ELI)
{1

—
Water constitutive phase: G{r‘}; Va) _ med {0 —u, ) +myd(u, —u ).CP2(m: . my) (EL2)
Aur constitutive phase: G(F';I:I’EJ =md(c—u,)+md(u,—u,): CP—}{M;‘ me) (E13)
0
cV, (V. -T. I o4
Here. (1) m;izi.c_fr : m;rzl.c(_ru Va) mt = 1 aW,+7)
V, élo—u,) V, élo—u,) T élo-u,)
o mi o SOIT) o O . T
1 E{-uﬂ—ﬂ,,.]f * @lu,u,) L Slu,—u,)

m;, and m; are the coefficients of overall volume change with respect to (0 —u4) and (za—ua).
respectively; the superseript i denotes etther soil-structure (5), water (w), or air (q@) phases. Here,
Va and Vg indicate the volume of free air and dissolved air, respectively. Fig. Bl 1a shows the
phase diagram including the dissolved air (the dissolution of air in water 15 controlled by the

solubility coefficient, #) before the occurrence of dissipation process.

(Il 2
wi | v 1’ || o=
7 7 / /L

@ (b) J

Before the beginming of Dissipation Durig dissipation

Fig B1.1 Phase diagram of the unsaturated soil svstem (a-b) at the onset of dizssipation and (c)
during the dissipation
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The volume proportion in terms of the total void volume can be written as:

Free air volume Va=(1-8)(Vat V) (E14a)
Dissolved air volume FhS(Vat Vo) (E1.4b)

Total air volume V,+V,=(1-S+hS)-n-F (El 4c)

Water volume Fu=S{F+T) (E1.44d)

Compressibility of air-water mixture

Upon the application of external load, undrained boundary condition develops mstantly. Unlike
saturated soil, unsaturated soil assembly deforms even duning undrained loading due to the
compression of the air-water mixture. Figs. B1.1b and Bl lc illustrate the speculative two-
phase diagram of the unsaturated soil before and during the dissipation process, respectively.

The compressibility of the air-water mixture (Gr) can be derived as:

[

1 dV, _ 1 d(N+V)_ 1 (d(F-V,) d(V.+V,)
do da

(EL3)

Pp=—— o — 8wl

v, do ¥V, do v,

1 {a’{rﬂ,—rfd}duudwﬂwﬂ,wuu)

| dii, da du, do
1 (dV, du, d(V,+V;)du,
=—— Fic MY (Ve +¥e) du, (Considering constant velume of the dissolved air)
Vo \du, do du, da
1 dV, V, du, 1 d(V,+V,) V,+F; du,
C V,du, ¥V, do V,+V, du, V. do
i du 1 4V,
== hy L + (1-S+AS L. B =———= and
A da [ i do A V. du,
Compressibility of the  Comprezsibility of the
Water Portion Adr Portion
" B PRI v )
T V4V, d, Apetmaoyle s Lawss _/uL
o = # 4+ - Pr. =Pressure (E1.6)

Absolute Pr GaugePr Atmospheric Pr

Without anv external mfluences (load application or climate change), the pore air pressure is
at the atmospheric pressure. Generally, pressure gauge ignores the atmospheric pressure. The

measured gauge pressure is therefore, relative to the atmospheric pressure.
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dit, (=B,).and du, {= B,) are the pore pressure parameters comresponding to the water and

do da

the air phase, respectively; these parameters indicate the rate of excess pore pressure increment
with respect to the applied load. The value of B, and B, approach towards unity as the matric
suction diminishes. Furthermore, By = Ba; this implies that upon application of certain load,
thwo develops higher than wan.

Each term of the respective phase, consists of three components: (a) volume proportion, (b)
volumetric strain with respect to change in respective pore pressure, and (c) change 1 pore
pressure in response to total stress change It 1s to be noted thatf is function of: (a)
compressibility of water (8,) and air (£;) phases, (b) degree of saturation (5), (c) coefficient of

solubility (k). and (d) pore pressure parameters. In the present analysis, dissolution of air m

water 1s 1gnored; hence, h is taken to be zero.

E2. Deriving the mitial excess pore water and pore air pressures

&Y, 1.4V, V¥
=—Y_—__ " @ W dg=—f -n-do(E21
v, ¥, do V, P Sl

i}

From Eq. (B1.1) m;d (0 —u, )+mid(u,—u,)
(Considering small strain)

{s,a*_ ﬁ+[1—3+;ﬁmﬁ “?”ﬂ]m*g
do d

&

=8nf du, +(1-S+hS)np,du,
= mdo —mdu, +mdu, —mdu, =Snf du +(1-S+hSmnBdu, (E2.2)

= (Snf, +mi)du, +(mj, —m; +(1-5+hS)np, |du, =m; dc (E2.3)

oy +¥;)

FromEq. (B1.3) m.d(o—u, )+ mid(u,—u, )= =
f.

(E24)

__ 1 dW+V) W+ W,
(V. +V.) du . K

-} L.

=B, (1-8 +hS)-n-du,
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= midcr—m;duﬁ +m§a‘us —m;_’:fuu =B -(1-S+hS)-n-du, (E2.3)

=Smidu, +\(1-S+hS\nf, +m, —m’ |du, =m do (E2.6)

{{Snﬁu +md) - +{l—S+kS;nﬁa}Jduw}:Jmeidcr} 5

"y (1-S+4S jnf, +mf,—m: | |du, | |mido
The computed values of du,, and du, are treated as w5 and .., respectively.

E3. Derivation of the dissipation equations related to the water and air phase

¥ o ETW dz Ja"‘%d‘_
Dissipation equation concerning the water phase v & oz
5
Two different approaches for determining
= dz

the net flux of water per unit volume of so1l: zl=

=

1) Considering the incompressibility of water phase
oz b

w #

Fig E3.1 Flow of water and air phaze

Rate of change of stored water— Net water flow in or out of an element, as shown in Fig E3.1

V.-V, 6 cv G
o0 V) (1:‘_-‘- % dr |dudy —v,drdy = —* dedydx =27, (531)
&F ! oz ) Cz cz
LA V) v By |1 Gu |tk O (E3.2)
I;rrn ot &= ez | Y CE ) Y, Oz
2) Dafferentiating the water phase constitutive relation
aw, -V, d|lo—u du,—u
i, ( -~ 2) = L ﬂ|I+ml' e 2% ) (E3.3)
v, ét dt - dt

II. Equating Eqs. B3 2 and B3 3, the following relation 15 obtained:
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2t my = =—- (E33)
: ct T C2°
[ éu, Kk &u
my af" +{ml“t —mf} . (E34)
ot AT
Cu Cu &u, (my, —my k, =
Uy o, M ¢ M) v K gy (E3.5)
cl Gt Ccz i, TP

Dissipation equation concerning the air phase

I Two different approaches for determining the net mass rate of air flowing across the

element:

1) Mass rates of air entering and leaving the element within a small time period

[, +7,)-p] & a7 M, —> Mass of ai
ol +Vo)p]_ oo, :[Jﬂ+ﬂdzj.:tmiy—mﬁay=a‘rﬁ vt T (E3E)
cr et & &z 2, —* Density of air
p, &V, V.+V,8p, &, &-D,-8u,!&) &, o
—= + =—= = == -—= (" D spatially- dent) (E3.7
v o & & = a&‘{ spatially-independent) (E3.7)
20\ -5 +15y.n Pe_p Bt (E3.8)
Lo o (1- p—2=-D,-—F 3.
v, a a  c

The three state variables {pressure, volume, temperature) of the air phase are related

followingly, in-accordance to the ideal gas law:

M

u, V,=mRT, =u,-M,/p,=mRT, =p=—ty e,

19
HARE, * RT, B39
Substituting the expression of o,
P Ve s inSyn B P _p Tl (E3.10)
RVT, RT. & oz

]
[
L



This leid to: by GER TR OR (E3.11)
z i, &t

i c¥, RT.D &'u, (1-S+hS)-n cu
V, ot mE-E;

2) Differentiating the air phase constitutive relation

ol dlo— =
i Hﬂ-—l ( - d'} m_gk ‘ H } ?H,E R H } (EE_]_EJ‘
V, & ¥, cr dt dt
II. Equating Eqs. B3.11 and B3_12 the followng relation is obtained:
d(o— d(u, — : a = ‘n é
e ( 1 u”}+mf (2, u,‘}z_Rl’;%_czia_(l S-l;FzS} n_ ou, (E3.13)
et = et @, - 1, o= U, &t
me—m;+(1_sim'”}cf‘&—nf“ffv=—Rn?_e-”iﬂ (E3.14)
= L, at B ; @, -u, Cz
C‘fﬂ _ iy — efh - _ RTrDa y (E-" 15}
¢t o —m +(1-5+8S)nu, ¢ @, -ty | 3 —mf, |- @,-(1-S +AS)-n 8-
Bu Eu &'u
i 'E‘Cc L :CF 1a nlﬁ
a Ca o a (5319)
ms RT.D.o™
C.= e and & ==t £ 2
mf—ml";,+ﬂ_s - hS)n u, (m§—m |-(1-S+hS)-n
uﬂ
Converting space derivative PDEs of a phase intoe time derivative PDEs
From Eq_ (B35 and B3.16) (Water phase) < ! gl T, ] (E3.17a)
ct &z &’
éu 1 &u &,
Ajir phas = ———Ce —1‘*] 3.17b
T = Rl
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E4. Numerical Crank-Nicolson Finite Difference Scheme

Water Phase: Discritised the Eq. E3.17a by CN scheme

- & Tl 7y f+ar 5
.‘ { a2y a2t [ a2 FE User Defined
T b Joser| 9t 4 8%l | o5 cr| Ste n" = \1 At = time increment E4.1
a1 CaCu 8z° z” |, il f oz |, | Az = step increment
Uiy _”Lf:] _ 0.5 o~ Uoiin) _2”:::2:' + ”:_rfl} + ”:sr_.-'+1] 2u 1s|1u + Uiy +—C c® Ugiien) Eufnff +”gﬁ1» + ”:r.‘_:'fn D 2“::2:'_5 + “L‘:‘-lj E42
Ar 1-C. €. Az" Fa¥ Azt A"
“I E ‘F"l h:ﬁ ﬂ j‘f {Hku'— + I"!:er—EI }} G j""‘ {H::I_T‘l .:'T:EII + unr_fll } { 1 “' }uwn'” * G 5"* {uwlj— | + H'1|.I': | }) {} }"‘ {ua|4+[| 21{;.‘:’} + u;ff—[_l } E43
Air Phase: Dizcnitised the Eq. E3.17b by CIN scheme
8u T PO . N i P 2 il "W
1 =———1 05c] = = e —0.5C ¢ i e ; E44
8t |gome 1-C,C, & . Ca s
u::r:'fl_l = iI!"::rl_:'fl pi 0.5 o2 H:!::'?—Il_l 2 £r| 1 +H¢r1_1| + u:rl_."-r‘.:l '?' L nT um:—ll +—Cn£:.* 'I!t-‘l-f-il - '?' : tﬂjl_s + H':rl::—l._'l & ZH;LI + ui’[i—l,l E45
Af 1- C::Ct - JlZ_ ﬂ}___a- Azt
“I "'""' h:ﬁ -0 :” “3 {Hn[r— .:N: 1) ]]} 0. :"""-t{umx-a-‘l = E’H:f_l'j; u‘f.:—l,l } {{I ‘r' }{_{;m +0. :"" {HEU—].;I + H:r{:—]:l} 0. :"';"-i {Hu-I'IA-H 1“:-51':';'- + H:h’—!l } E46
At i S AF C_cXAt
Where: xll=-—:c"—- Ay —MCCM ,3.3=—,—-c‘—-and.i4=—~,--”c‘—-
Az°(1-C,C, ) Az {1- CEC-',} Az7(1-C,C, ) Az*{(1-C,C, )
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Matrix representation: of the simultaneous set of linear eguations:

[+ 4
Ay
—-0.54

—0.54,

=T~ R - I

L T s T B

—bAi,
1+ 4;
054,
—0.54;

e T Y e I e

o oo S @

—0.354;
—0.54,
1+24
Ag
—0.54

—0.54,

oo o o -

0.54,
—D.54;
—4
1+ 4

0.54,
—0.54;

o T e T e T e

T o 5 - I =

0

0
—0.54
—0.54,

1+.r'?.1

0
0
0.54;
—0.54

—y
1+ 4;
0.54,

—0.54;

o
0

1] 0 1] ]
0 0 0 0
0 0 0 0
0 0 0 0
—034 034, i it
~054, —054 ...
1+ 4; — A, —0.54 0354,
Ay 1+4; —034, —054
—'D'_?_,;J.._l ﬂjil 1+ j“l _..-E.l
_Dii‘luq_ _D:-ﬁ;ug 1?.4 1+f‘|.3 il
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
054 —054
052, 054
1-4; A, 0.534 054
A,  1-4, -054, 054
054, 058 ¥=3, @
T ':'.5.’:1_ D.S;..-} t"{* 1 = ;.-3
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G (known matrix)=L* 2¢ (unknown vector)=H (known vector)
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Appendix F: Modifications of the unsaturated GDEs to instill flexible drainage, and

nonlinear flow
F1. Derivation of the dissipation equations related to the water and air phase
Dissipation equation concerning the water phase

1) Considering the incompressibility of water phase

Considering the Eq. E3.1

18, -v,) av, af. [1aeu] T
:}F I,. = = — Iﬁ;“ __H_J_U__aht ] — gt (].'_'I._l}
l:l | =

2) Dnfferentiating the water phase constitutive relation

1604V _ L dlo-u) . dlu-u,)

= M.
&t Bt : dt

(F1.2)

=

II. Equating Eqs_ F1_1 and F1 .2 the following relation 1s obtained:

ct - ot e €2

u

lo - Blu, —u,) k, 8 —6 Su,
m;M+m:M=_ e C T [1_[1_,_.3}5-“ Sty }{Flj}
Fuht J

) - =7 r " R u__ :;;
i +C, c-f" = C el -(1-a)ex = Eiﬁ :C (g u.m ) :
ct ct z° | \Juh €2 ) "y Vi
From Eq (F1.4 and E3.16)
Bic 1 Fu, [ (-0 oy, Fa
i gl N I 5 P —-—] G e 15
8 1-CC, {c‘ r:"[ { “Plin EEU ef-w_ &1:5)
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F2. Numerical Crank-Nicolson Finite Difference Scheme

Forming Algebraic equations for any arbitrary i node

2 (a7 a4, f 20152 @[ User Defined
. 1 | &%u &u cu du I
Water Phase —x = 05E | —- + 0.5C.c)| —+| +—= At = time increment (F2.1)
fh‘ @: nog l_ CHC'IF CZ‘ : 32‘ ; -z.* ; L':Z' AE — Stfp mment
i+ i hE I+t 1= i+x 1 H far et i 3 o S
uwl':'—l_a o - 0.5 : :-[H?ﬂj—lj = ?"uw'_:'] + u'H-I.I—]:I 1 HEI:J—I] = ?‘kul ¥ uw i-11 R c:- u!fh—:.:l —3u al: * i’E:.lu—l" 1 um::'—]:l = lu:gij'l Lk H.:z[.'—l_'l E le)
At =G, A Az? Az’ A7

(1 + iy }itm - 0.58 {HW—L} i) J+0. 3, {ﬂm A4y T ,-:m )+ 1“::_[:jh 1}Ri {1 Ly }"u{:} +054 1'-'9‘{ Uiy T ”wu-.}) ( Uaiat) — Uagy +“fzf:‘-1}} (F13)

i M Y o LA ye g
. 0.3 £ & u E} &
Air Phase - | e zl |_g o A + 8% (F2.4)
. I-gc o gzt S B &z’
B P node a-w =Nl S Lo % |
S S A o M r+Ar t L AT R <. t=Ar 1 _n E
o) “%ayy 05 o Uity zum'_i_l LY L Uiy ”am +”.:I | Lo 2”.:[1‘] sy A Uiy ”uuu +”ur1 1) 25)
At 1-ee " Az’ Az’ o Az' Az '
+ar z I=ar -
= 1+4; by —054; ( Upriyy T Uiy J+0. 34, {“w b — 2ty +”1.[:-T}} (125 J a T0-34 {”m: ety iy | I-034, {”w b — 2y Ty | (F2.

2 Ejciat . C c2AL coAr P e |
Ay =———— _ 4, :_’L__ﬁ‘3 =— " E-|1-(1-afl-e 6 Uiy — Uiy
All-c,c,) © Az (l-C,C,.) Az (1-c.Cc,)” 7 L7 24z
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Matrix representation: of the simultaneous set of linear eguations: G (known matrix)= L™ 2¢ (unknown vector)=H (known vector)

(Atatiy —Bi, —05fyy 054 0 0 0 0 0 0 | iy
al, 1484 —051, —054 0 0 0 0 0 0 g
—0534m 034, 1+4g -4 -03F4w 0354 0 0 0 0 Uiy
—054, —054 A 144, -054, -034 0 0 0 0 ai2)
e 054, 054, 1+4Am -4  —054wm 054 o [ e Uoglty
fi —0.54, —054, A4 1+4, —0354 —0.54, es e P
0 0 0 0 —054m 054, 1+ iy — —052ym 054, P
0 0 0 0 054, —054 ) 144  —054, -054 uis
0 0 0 0 0 0 —054en 054 l+cfiny —di, s
0 0 0 0 0 0 ~0.54, —054, ¢l L+d; | e |
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[1—atiy  +b4, 054 —054 0
ai, 1-bi, —05i, +054 0
054y —0354, 1-Ap A 054y
—-054, 054 A, 1-4, -054,

0524 —-0354, 1-Au

H =
—0354, 0.4 Ay
i} 0 0 0 0.3 1w
0 0 0 0 —054
0 0 0 0 0
0 0 0 0 0

W] 0 0 0
0 0 0 0
—0.54, 0 0 0
0.54, 0 0 0
A 054w - 054,
1-4;, =054, 034,
~054; 1-4Aum A 0.5 1m
0.54, Ay 1-4; —054,
0 058 mn —034 l1—ctymy
0 —-054, 054 €A,

AzR A=R
E‘}md d =n.5[1+m3£]
H H
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