Chapter 5

Symmetrically GGlobal
Pseudo-Differential Operators

involving the Weinstein transform

5.1 Introduction

Symmetrically global pseudo-differential operators are the generalization of pseudo-
differential operators in which the symbol satisfies similar decay estimates due to
differentiation with respect to x - variable and £ - variable. These operators are also
examples of operators on non-compact manifolds. From [11, 48, 81}, with the help
of aforesaid operators, the compact embedding theorem for the Sobolev space, the
Cauchy problem for SG - hyperbolic equations with constant multiplicities can be
discussed.  Exploiting the Fourier transform technique, many important observa-
tions of SG pseudo-differential operators were made by many authors and they got

interesting results. In this connection, Egorov and Schulze [15, p. 238], Coriasco
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and Rodino [11], Nicola [47], Nicola and Rodino [48], Cappiello and Rodino [5],
examined various properties of SG pseudo-differential operators by considering the
same transform technique. Wong [81, p. 167|, Dasgupta and Wong [14], discussed
the characterization of SG pseudo-differential operators on LP(R™) - space.

For the Hankel transform concern, Pathak and Pandey [54] investigated minimal-
maximal pseudo-differential operators associated with the Bessel operator and ob-
tained many interesting results.

Motivated by the aforesaid works, our main objective of this chapter is to study
the boundedness and compactness results for the symmetrically global pseudo-
differential operators on Sobolev space HZ*P of order (r,s). With the help of the
aforesaid results various properties of minimal-maximal operators for symmetrically

global pseudo-differential operators involving the Weinstein transform are discussed.

The organizations of the present chapter are the following:

Section 5.1, is introductory which describes motivations regarding symmetrically
global pseudo-differential operators. In Section 5.2, the Sobolev space of order (r, s)
on LZ(RZ“) - space is defined, boundedness and compactness properties associated
with the Sobolev space H*? are obtained by exploiting the theory of the Wein-
stein transform. In the last Section, definitions and properties of minimal-maximal

pseudo-differential operators are discussed associated with the Weinstein transform.

5.2 Symmetrically Global Pseudo-Differential Op-

erators

In this section, symmetrically global pseudo-differential operator is defined and its

various properties are discussed.
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Definition 5.2.1. The symbol class S™™2 is the set of all functions o : O (R x
R — C, my, my € R, such that V3,7 € Njt!, there exists a constant Cg., > 0

depending only on 8 and 7, satisfying

my—|B8| ma—[l

D{Do(w,&)| < Cpp (L4 [IE1P) 77 (1 + |27 (5.2.1)

A function o € S™™2 is called symmetrically global symbol of order (m,ms).

Lemma 5.2.2. Let my € R and my < 0. Then every symbol o in S™™2 s in S™.

Proof. If 0 € S™™2 and q = m%M,mg < 0, then (5.2.1) reduces to

my —|8|
2

DED}o(x,€)| < Can(1+ [I€]) (5.2.2)

This shows that o € S™ for m; € R. O

Definition 5.2.3. Let o : C®°(R:"! x R"™) — C be a symbol. Then the pseudo-

differential operator T, associated with symbol o € S™"™2 is defined by

JADVANEN

T)a) = [ e aannbrn)ole. O Fa) €dua(6), u e SR, (5:23

Theorem 5.2.4. Let o be a symbol. Then the pseudo-differential operator T, maps

the Schwartz space S,(R') into itself.

Proof. The proof of the theorem is given in Chapter 2, Theorem 2.2.6. O]

Theorem 5.2.5. Let a > —% and o € S°. Then for 1 < p < oo, the pseudo-

differential operator T, : LE(RT!) — LP(R') is bounded.

Proof. The proof can be seen in Chapter 4, Theorem 4.2.5. n
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Theorem 5.2.6. Let o(x,&) be a symbol in S®°. Then for 1 < p < oo, the pseudo-

differential operator T, : LE(R!) — LP(R") is bounded.

Proof. From Theorem 5.2.5, the pseudo-differential operator T, : LE(R7*!) —
L2 (R is bounded for 1 < p < oco. If we take o € S°° then from Lemma
5.2.2, we get o € SY for S0 C S° Therefore, from Theorem 5.2.5, the required

result is proved. O

5.3 Sobolev Spaces

In this section, the Sobolev space of order (r,s) on LP(R’) - space is defined and

boundedness and compactness properties discussed.

Definition 5.3.1. Let r,s € R. Then the Bessel potential of order (r,s) for u €

SR is defined by

(Jrsat)(@) = /R L T (G ) (L (€T (L  [|alf) 2
+

X (Fau)(€)dpal(€) (5.3.1)

= (To"r,su) (z),

where

0@ &) = (L+[E7) 72 (1 + ||2|*) >/ € 577,

Theorem 5.3.2. Let J_, o, and Jy_s. be the Bessel potential operators of order
(—7,0) and (0, —s) respectiveley. Then the product Jo _soJ_r0a i a symmetrically

global pseudo-differential operator of order (—r,—s).
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Proof. Let u € S.(R"™). Then from (5.3.1), we have

(JO,fs,anr,O,au) (33’) - /Rn+1 ei<93 ¢ >joz<xn+1§n+l)<1 + H$”2)5/2 (Jroz(']fr,o,au)) (5)
+

X dia(€). (5.3.2)

Using (5.3.1), we have

VAVNEN

(Jroau)(z) = e Ja(@na€asn) (1 + [|€7)72(Fau) (€) dpia(€)
= Fa A+ (I (Faw)] ().

By the property of Weinstein transform, it gives

(FalJ-rp.am) (€) = (L + €]*)*(Fau)(©)- (5.3.3)
From (5.3.2) and (5.3.3), we obtain

(o,-sia-rp.0u) (%) = / e T (@nia &) (14 (2] (1 + €))7
+

X (Fau)(§)dpa()
= (Jor—sou)(x), Vue S (RYM).

Hence,

JO,fs,a Jfr,(],a = Jfr,fs,a-

From Theorem 5.3.2, we have

e =Jorsa = Jo—sad—roa- (5.3.4)

T,8,0
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Lemma 5.3.3. Let u € S,(Rt""). Then we have
(1) Joo.au = u.
(11) Jroadv 0.0t = Jrir 0.0l

Proof. (i) Taking r = 0,s = 0 in (5.3.1), we get

(uoat@) = [ e T 16000) Fa) (a6

=F, ! (Fau)(z), Yue SL(R7Y

= u(z).

(ii) From the Definition 5.3.1, we have

(Jr,O,onr’,Ouu)(x) = /R"“ 6i<xl’£l>ja(xn+1§n+1)(1 + ||€||2)_T/2 (Fa(‘]rﬁo,au))(@dﬂa(g)'

In view of (5.3.3), we can find

(rg ol tt)(x) = / T @) (1 61T+ D) (Fau) (€)

X dua(g)

= /}Rn+1 it £ ! Jo(@nr&nsn) (L + 1P T2 (Fuu) (€)dpa(€)

= (Jr+r’,0,au) <x>
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Definition 5.3.4. Let 7,5 € R and 1 < p < oo. Then the L (R":"!) - Sobolev space

of order r, s is defined by
H*P ={ue S{(RT) : J,_sqau € LA(RT)} (5.3.5)
The space H*P forms a Banach space with the follwing norm:

|ul grsr = || J—T,—S,auHLg(Ri“)

- ( 4 e (@) Ipdua(az)) " (5.3.6)

Remark. For r =0, s = 0 the norm (5.3.6) will be

» 1/p
lullgaor = (| [(ooaw)@) dpala))
R+
Hence, from Lemma 5.3.3, we get

HY = LR,

Theorem 5.3.5. Let r,s € R and 1 < p < oo, then the Bessel potential operator

v sa t HSP — L2 (R is a surjective and isometry.
Proof. Let u € H*?. Then from (5.3.6), we have

[l per = || J—T,—S,aUHLﬁ(RTﬁH)‘
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From above it follows that J_, _s, : HY*P — Lg(RTl) is an isometry.

For each v € LE(R*), choose u = J=,

—r,—s,x

v, then

Jorsatt = (J oy _sad }_ )0 ="1.

—r,—5,x
It finds that
lullager = 1T —s.atill pgnny = [0l 2z @),
Therefore, u € HP. Hence, J_, 4o : H*P — LP(R%™) is an onto isometry. [

Theorem 5.3.6. Let o(z,§) be a symbol in S™ ™2 my,mg € R. Then forr,s € R
and 1 < p < oo, the pseudo-differential operator T, : HY®P — HI=mML5=m2P 45 g

bounded linear operator.
Proof. Consider the following pseudo-differential operators are given
J—r,—s,a . Hg,s,p N Hg’o’p,

. 170,0,p 0,0,p
TaJm1,m2,a . Ha — Ha )

and

. 70,0, r—mi,s—mz,
Jr—ml,s—mg,a : Ha P — Ha P

From Theorem 5.3.5, the operators J_, ;. : H*P — Hg,O,p and Jr_m; s—maa -
HY0P — HT=mus=m2p are hounded linear operators. By Theorem 5.2.6, Ty Jiny iy :
HY0? — HYOP i the bounded linear operator. Hence, T, : H*P — HI—™1s7m2p jg

a bounded linear operator. O

Proposition 5.3.7. Let s > 0 and z € R We define

1 o 2 dt
K(z) = —— —t/2 ||/ (2t) j— (2a+n—s+2) /2 4 537
(I) 23/21‘\(3) /0 € € t Y ( )
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then
(i) K, € LL(RY™), Vs € (0,00),

(it) (FoKs)(€) = (1+[[€?)~ vE e RYH.

Proof. Proof of (i) can be done by using similar technique [81, p. 89]. To prove (ii)

we take ¢ € S,(RT), then by (1.4.5), we have

An+1<faKs)(§)¢<€)dua<£> = K (§)(Fad) (§)dpa(8)-

R+
Applying (5.3.7), then right hand side of above expression becomes

- T /2 el /@) 2atn—st2)2 0
/Ri“(faKs)(SM(g)dua(Q T 221(3) /Riﬂ (/0 c e e t)

X (Fa®)(§)dpa ().

In view of Fubini’s theorem, we get

1 o0
alls dpg(§) = ——— —t/2;—(20+n—s+2)/2
/R PN Io(6) = Fpy / et
dt

- (538)

([ (o))

Now, from [42, p. 595] we have

el 1 _ler?
fa<€ tlll )(5) = W@ @ Yt > 0. (539)
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Using (1.4.5) and (5.3.9), (5.3.8) becomes

_ ; o0 —t/21—(20+n—542) /2 0+ F +1
/Riﬂ(]:af(s)(f)ﬂs(f)dﬂa(f) = 25/21“(%)/(; e t + + ¢ 4+

¢l d
< f o0 ) 7

- 25/2;( )/ ¢(§)</O® 6_t(1+H£”2)/2t%_1dt>
R+ 0

S
2

X dpta(§)-
By the property of Gamma function, we obtain
[ FEI OO = [ (1 Il
R1+1 Riﬂ
Finally, we get

(Fal)(6) = (L +[lEl?) 2.

Proposition 5.3.8. Let s >0 and 1 < p < oo. Then
Proof. Let ¢ € S,(R™). Then from (5.3.1), we have

(Jopad)(z) = / ) Jo(@ngabnsn) (14 €122 (Fau)(€)dpral€).

n+1
R+

Taking (1.4.2), we have

(Js0a®) (@) = Fa {1+ [I€17)2(Fap)] (2).
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Therefore, by (1.4.1) we find
FalJs0a0)(€) = (L4 [I€]1%)~*/*(Fad) (€)- (5.3.11)
From (1.4.18), we have
Fa(Ks #w 0)(€) = (FaKs)(§)(Fad) (€)-
By Proposition 5.3.7, above obtained
FalE 0 0)(€) = (14 €)™ (Fad) (€). (5.3.12)

Comparing (5.3.11) and (5.3.12), we get

fa<Js,O,a¢)(€> = foz(Ks *w (b)(g)

Using (1.4.6), last expression gives

(Js.0a0)(7) = (K %4 ¢)(2).

Therefore,

||Js,0,a¢||Lg(Ri+l) = || K *y ngLg(Riﬂ),

by using (1.4.17),

150,00l L @ty < Nl gy gm0 L -
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From Proposition 5.3.7, K, € LL(R™), then we can find a positive constant C such

that

175000l L @nry < Clloll Lz @ty (5.3.13)
Since S,(R’) is dense in LE(R*!), Therefore, from (5.3.13) it follows that the
linear operator J, g : LE(RT!) — LP(RH) is bounded and satisfying (5.3.10). O

Lemma 5.3.9. Let 7,5 > 0 and 1 < p < co. Then HI*? C L2 (R"™) and
lull gy < Nullpgzee, ¥V ue H™P (5.3.14)

Proof. Let w € H}*?. Then from Definition 5.3.4 and (5.3.5), we get J_, _s,u €
LP(R%). From (5.3.1), we have

’

(Jopsatt)(z) = / ) Jo(nir€urn) (1 + [E12)7/2(L + |2]|2)7 (Fo) (€) dpa(€)

— (14 |l / ) Jo(@niansn) (1 + €127 (Faw) (€)dpta(€)

n+1
R+

= (L+ [|l2]*)*2(Jorp.0t) (@),

where J_, ¢ ou is the pseudo-differential operator associated with the symbol o(§) =
(1 + [1€]%)72,r > 0.
Therefore,

Joroau € LL(RTY), Y ue HIOP.

By Proposition 5.3.8, we have

HJT’O’O‘UHL];(RKH) < ||U||LZ(R1+1)7 Yove LZ(R1+1),
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If we take v = J_,o,u € L2(RT), then from the last inequality, we get
HJr,O,a(tLr,O,aU)HLg(R’rl) < HJ*T,(],OAUHL(’;(R’_;*H'

Utilizing Lemma 5.3.3, above yields

[ull o ey < N1T-ro0tll o gnry-
Taking (5.3.6), we get

HUHLZ(RT_I) < HUHHQDJ’- (5.3.15)
Since
ol g0 < Nz, Vs > 0.
Therefore, (5.3.15) becomes
lull gy < Nullgers Vs > 0.

Hence,

HP C LP(RTHY), 1< p<oo.

]

Theorem 5.3.10. (Sobolev embedding theorem) Let r1,19,51,52 € R be such
that 1 <19 and s; < sy. Then for 1 < p < oo, H}>%P C H'*"P and the inclusion

map

y - T2,52,P T1,51,P
i o HT25P <y [rosup,
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18 bounded.

Proof. Assume that r; < ry and 1 < s9 and let u € H>*>P. Then by (5.3.6), we

obtain
ull grers = s e et gy

From Lemma 5.3.9, we get

HUHH;l’Sl’p < ||J—T1,—817au||H22*”"1732*31’p‘
In view of Theorem 5.3.6, the last expression yields

lll s < lull s, Vu € H2®.
It follows that H}>*>P C H!**P and the inclusion map

Z‘ : H;27827P SN thsl’p,

is bounded. 0

Taking the concept of Grushin[8], we define the following symbol class:

Definition 5.3.11. The symbol class S is the set of all functions o : C=(R"™ x
R?™) — C, m € R, such that V3,7 € Ng*!, there exists a bounded function

Cp~(x) on R satisfying

D DJo(x,8)| < Cay(a)(1+[IE[)" 1, (5.3.16)
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and

lim Cs.(x) =0, for|y|#0.

[[]| =00

For o € S{*, the pseudo-differential operator 7T, is defined by (5.2.3).

Theorem 5.3.12. Let o(x,&) be a symbol in S, m € R. Then for s € R and
1 < p < o0, the pseudo-differential operator T, : HST™P — H P is a compact

operator for every e > 0.

Proof. Let o(x,£) be a symbol in S§*, m € R and oy (z, &) be the function which is
defined on ]R?rJrl X RTFI by

X

(1, €) = gb(k)U(x,f), vk € N, (5.3.17)

where ¢ € C°(RT) such that ¢(z) = 1, for ||z| < 1.

Therefore, from (2.2.5) we have

To)@) = [ nrrn)on(o. ) (Fa) a6

+
T

= [ o (1) o ) Far €)dia®)
R+
= o(7) (Tu)(@)
= ¢p(x)(T,u)(z), Yue€ S*(]RTFI).
From above we can write
T, = & T, (5.3.18)

where
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By Theorem 5.3.6 and Theorem 5.3.10, the linear operator T, : HST™P — HSP is
bounded and the linear operator ¢, : H3? — H>~“P is compact. Therefore, it follows
that the linear operator T, : H"™P — H2 P is compact. In view of (5.3.18), we
find that T,, — T, as k — oo. This proves that T, : HS*"P — H~%P is a compact

operator. O]

Corollary 5.3.13. Let a > —% and € > 0. Then the pseudo-differential operator

Jeew : LP(RYTY) — L2 (RTTY) is a compact operator for 1 < p < oo.

Proof. 1t a(z,€) = (1+ [€]7) /(1 + 2]?) 2 and J, .o = T, then by taking s = e,
m = —s in Theorem 5.3.12 we find that HO? = LE(R™!), we get the required

result. O]

Theorem 5.3.14. Let r1,79, 51,52 € R be such that 1y < ry and s; < sy. Then for

1 < p < oo the inclusion map
i H2%P —y HIVSUP
1S a compact operator.
Proof. Choose € > 0 such that
ro—1r1—€>0and sy —s3 —e > 0.
Consider the following linear operators:
J;%QJ,TL,SW D Hl2%2P 5 [l2mrmes2ma e

;. IJT2T1—€,82—81—€,p p (nt+l
i H" < LP(R™),
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Jeea Lg(Riﬂ) — LZ(R1+1),

and

. n+1 71,51,
Jrisia t LE(RYTY) — HABoP.

Using (5.3.5), the operator J,, ¢ o @ L2(R%™) — HI1P is bounded. From Theo-
rem 5.3.5 and Theorem 5.3.6 the operators i : H/2~"1—¢275176P —y [P(R?H!) and
J AT s HI2S2P — [rarimes2=si=ep g]] are bounded. By Corollary 5.3.13,

€,€,Q

the operator J ., : L2(R?T) — LP(R*!) is compact. Hence, the operator

y - T2,52,P T1,51,P
i o H25P <y {rosip,

defined by

. —
1= JT1,81,aJeyeyazJe,e,aJ—TL—SLOM

is compact. O

Theorem 5.3.15. Let r,s € R and o > —3. Then the Schwartz space S.(R:) is

dense in H'*P(R") for 1 < p < oo,

Proof. Let u € H7*?. Then from (5.3.5), we have J_, _,,u € LE(RT!). By the
density of S,(R}*") in LP(R), we can find find a sequence {¢y}ren in So(R)
such that ¢, — J_,. _squ in LP(R%™) as k — oo. Therefore, u € H"*P. Let

fe = J2} s a0, for all ¢, € S, (R%), then by Theorem 5.2.4, we get fi € S, (R%™).

-r,—s,x
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Now, from (5.3.6), we have

[ fx — ullgzer = 1T —s.a(fr — U)HL@(R*;“)
= ||Jr—safk — Jfr,fs,auHLﬁ(RT'l)
= s s abh — Jor—sattll g ey
= ¢ — J*T,*S,au”Lﬁ(RT'l)

— 0, ask — oo.

Hence, fy — win H}*P as k — oo. O

5.4 Minimal and Maximal Operators

In this section, minimal-maximal pseudo-differential operators are made by exploit-

ing the Weinstein transform technique and its various properties discussed.

Definition 5.4.1. Let ¢ be a symbol in S™™2 and T, be the pseudo-differential

operator. Suppose there exists an operator T} : S,(R™) — S, (R%™) such that
(Tyu,v) = (u, Trv), for all u,v € S.(R7T™). (5.4.1)
Then T7 is called a formal adjoint of 7.

From [81, p. 95], some useful definitions which are used in Chapter are given below:

Definition 5.4.2. Let (X, ||-||x) and (Y, ||-]]y) be complex Banach spaces. Then a
linear operator 7" from dense subspace of X, denoted by D(T’) into Y is said to be
closed if for any sequence {¢y}ren in D(T) such that ¢, — ¢ in X and T'(¢r) — y

in Y as k — oo, we have T'(¢) = v.
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Definition 5.4.3. Let T be the linear operator with domain D(7"). Then it is said
to be closable if for any sequence {¢y}reny in D(T) such that ¢, — 0 in X and

T(¢r) — yinY as k — oo, we have y = 0.

Definition 5.4.4. Let T" and S be linear operator from X into Y with domain D(7')
and D(S) respectively. Then S is said to be an extension of T" if D(T") C D(S) and
S =T on D(T).

Proposition 5.4.5. Let T be linear operator from X into Y with domain D(T).

Then T has a closed extension if and only if T is closable.

Proof. Utilizing [81, p. 95] we can proof the above theorem. ]

Proposition 5.4.6. Let 0 € S™"™2 my,my € R. Then the pseudo-differential

operator T, defined by (2.2.5) is closable.

Proof. Let {éx}ren be a sequence in S,(R) such that ¢ — 0 in S,(R™) and

T(¢r) — ¢ in LE(RHY) as k — oo. Then, by (5.4.1) for any ¢ in S, (R"), we have

(T, ¥) = (on, T;0), Vk €N (5.4.2)

Since ¢ — 0 and T'(¢) — ¢ as k — oo, Therefore, from (5.4.2), we have

(0, 0) =(0,T54), as k — oc.

Thus,

(6,00) =0, for all ¢ € S.(R™H).

Since S.(R7*!) is dense in L2 (R’™') by Theorem 1.3.3. Therefore, ¢ = 0. Hence,
by Definition 5.4.3, T, is closable. [
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From the aforesaid proposition we describes the proposition which is helpful to define
the minimal pseudo-differential operators, maximal pseudo-differential operators and

its various properties.

Proposition 5.4.7. Let 0 € S™"™2 my,my € R. Then the operator T, is the
smallest closed extension of T, that is if B be any closed extension of T, , then it is

also a closed extension of T,.

Proof. The proof of the proposition can be obtained from [81, p. 96]. [

Definition 5.4.8. Let 0 € S™"™2 my, my € R and T, be the symmetrically global
pseudo-differential operator defined in (2.2.5). Then the smallest closed extension

of T, is called minimal pseudo-differential operators and denoted by T, .

Definition 5.4.9. The domain D(7,) of the operator T, o consists all the functions
u in LE(RY™!) for which there exists a sequence {@}ren in S.(R7T'!) such that
¢r — win LE(RT) and T,(¢x) — f, for some f € L2 (R’ as k — oo. Since the

limit f is independent of the choice {@ }ren in S.(R%), so we can define

TU,OU' = f (543)

Definition 5.4.10. Let u and f be functions in L? (R:"") and D(T, ;) be the domain

of the operator T, ;. Then u € D(T, ;) and T, ;u = f if and only if

(u, Ty0) = (f,0), @€ Su(RY). (5.4.4)

Definition 5.4.11. Let ¢ be a symbol in S™™2 mj,my € R. Then for all u €

SI(RYH), we define the linear functional T, : S,(R’}™) — C by

(Tyu) (o) = u(Trp), for all p € S.(RT). (5.4.5)
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Proposition 5.4.12. Let 0 € S™™2 my, my € R. Then we have

Toau="T,u, weDT,,), (5.4.6)

i the distribution sense.

Proof. Let u € D(1,,,). Then, by (5.4.4), we have

(u, Ty ) = (Toau, ), @ € SL(RY.

Since u and T, u are distributions in S.(R™!), then using (5.4.5), we obtain

(To1w)(@) = u(T59), ¢ € SR, (5.4.7)

and

(Tru)(@) = u(Tze), ¢ € SR, (5.4.8)

With the help of (5.4.7) and (5.4.8), we find

Ta,lu == TUU'7 VU/ S D(TU,1)7

in the distribution sense. O]
Proposition 5.4.13. Let 0 € S™"™2, my,my € R. Then the operator T, is an

extension of T,.

Proof. Let u € D(1,,) and T,ou = f. Then, by Definition 5.4.9, there exists a

sequence {dg bren in S (RY) such that ¢p — w in L2(R7M) and T,(¢y) — f, for
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some f € LE(R™™!) as k — co. By (5.4.1) for any ¢ in S,(R™), we have

(Toon, ) = (o, T50), Vk €N

As k — oo, from above we obtain

(f;9) = (u, T50).

Hence, from Definition 5.4.10, we have u € D(T, ;) and T, ;u = f. This implies that

T, is an extension of T,. O

Proposition 5.4.14. Let 0 € S™"™2 my,my € R. Then T, is a closed linear

operator from L2 (R into L2 (R’ with domain D(T,,) containing S,(R).

Proof. From (5.4.4), we find that S,(R}™) C D(T,,) and T, is linear operator.
Now, we need to show T, ; is closed. Let {¢x}reny be a sequence of functions in
D(T,,) such that ¢, — w in LE(RH) and T, 1(¢x) — f, for some u, f € L2(R"*)

as k — oo. Using (5.4.1) for any ¢ in S,(R’™), we have

(To10k, ) = (O, Typ), VkeN.

As k — oo, from above we obtain

(fio) = (u,T;p).

Therefore, by Definition 5.4.10, we get u € D(7,1) and T,u = f. Hence, T, is
closed. []

With the help of [81, p. 98, Exercise 13.2], we define the following definition:
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Definition 5.4.15. Let 1 < p < oo, p’ be the conjugate of p and T, from L2 (R"*)
into L2 (R be the linear operator with dense domain D(7},;). Then the operator
T, from LE (R™) into LE (RT*") is defined as follows:

D(T},) is the set of all functionals  in L¥ (R for which there exists a functional

fin LE(R**) such that
(u, Ty1vy = (f,v), forallve D(T,,). (5.4.9)

Then T}, is called a true adjoint of Ty ;.

Proposition 5.4.16. Let 0 € S™™2 m; my € R. Then S.(RTH) C D(T},) and

t __ Tk
T,u="T,u.

Proof. From Proposition 5.4.14, T}, ; is a closed linear operator from Lg(RT’l) into
LP(R%), for 1 < p < oo, with domain D(T, ;) containing S,(R}*"). Therefore,
from [81, p. 97], T, is a closed linear operator from L¥ (R™) into LZ (R7H),

where p' is the conjugate of p. Let u € S,(R:"). Then by (5.4.9), we obtain
(u, Tyqv) = (Tou,v), for all ve D(T,,). (5.4.10)

Hence, in view of Definition 5.4.15, we get u € D(T,;). By definition of T}, ;, we

have u € D(T},) and T, ju = Tju. O

Proposition 5.4.17. Let o € S™"™2, my,my € R. Then the operator T, is the

largest closed extension of T, .

Proof. From [81, p. 102], the proof of the proposition can be obtained. ]

Definition 5.4.18. Let o0 € S™"™2 my, my € R and T, be the symmetrically global
pseudo-differential operator defined in (2.2.5). Then the largest closed extension of

T, is called maximal pseudo-differential operator and denoted by 7, ;.
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In view of definitions and propositions, the weak solution of the symmetrically global
pseudo-differential equations are discussed by exploiting the theory of the Weinstein

transform.

Definition 5.4.19. Let 0 € S™™2 m;,my > 0 and f be a function in L2 (R™).
A function u in LE(R™) is called a weak solution of the symmetrically global

pseudo-differential equation T,u = f on Rﬁ“ if

(u,Tro) = (f. ), @€ S (RYM.

Proposition 5.4.20. Let 0 € S™"™2 my,my > 0 and f be a function in LP(R).
Then a function u in L2 (R™) is a weak solution of the symmetrically global pseudo-

differential equation

Tou=f on R, (5.4.11)

if and only if

u € D(T,1) and T, u = f. (5.4.12)

Proof. We take (5.4.11) has a weak solution u in LZ(R’). Then by Definition

5.4.19, we have

(u, Tpo) = (f, ), ¢ € SR

In view of Definition 5.4.10 and [81, p. 99], it follows that

u € D(T,1) and T, u = f.

Conversely assume that (5.4.12) holds. Then by using the Definitions 5.4.10 and

5.4.19, we get the required result. O
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5.5 Conclusion

Employing the theory of the Fourier transform technique Kohn-Nirenberg [32], Hérma-
nder [26], Grushin [22], Kumano-go [34], Taylor [70], Wong [81], others made a proper
foundation for the theory of pseudo-differential operators and Coriasco-Rodino [11],
Nicola [47], Nicola-Rodino [48], Cappiello-Rodino [5] and Dasgupta-Wong [14] gave
adequate development regarding the theory of SG pseudo-differential operators. The
importance of the aforesaid theory is that they construct the proper smell of pseudo-
differential operators related to the non-compact manifolds. Motivated by the above
works, the symmetrically global pseudo-differential operator is introduced and found
many properties in Sobolev space H*? by exploiting theory of the Weinstein trans-
form. Using the aforesaid theory, various properties of minimal-maximal operators
for symmetrically global pseudo-differential operators are obtained. This theory will

make the future development in the theory of pseudo-differential operators.
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