Chapter 3

Global quasi-synchronization of complex-valued re-
current neural networks with time-varying delay

and interaction terms

This chapter is concerned about the effects of interaction term on global quasi-
synchronization of complex valued recurrent neural networks with time varying de-
lay. We have considered two non-identical Hopfield complex valued recurrent neural
networks with time-varying delays as master and response systems. In the practical
application of quasi-synchronization, the error system does not always tend to zero
along time, but it varies within a small bound. The optimal synchronization error
bound has been discussed by using fundamental calculus. The chapter is ended with

a numerical example to verify the obtained results.
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3.1 Some preliminaries and Problem formulation

Assumption 2. Let us consider z = zy + iza, where z1,29 € R. fir(z), gr(2) and

hi(z) are defined as

fu(z) = fif(z1) +ifi(22), gu(2) = g (21) +igi(22) and hy(2) = hif(z1) + ihy(22),
where k = 1,2,...;n, and fE(), f1(), 98(),gt(), hi(),hE(.) : R — R satisfy the

Lipschitz conditions given as

1) = £ m)lly < relly = nll,.
1fc ) = fe@)llp < sllv = nll,,
g’ (v) = g’ ()l < mcllv = nll,.
lgx () = g ()l < nullv = nll,,
175 (V) = R ()lp < pelly = nll,,
1 (v) = hi(m)llp < gillv = 7lly,

where ||.||, represents the vector norm, p = 1,2,00, and ry, sk, Mk, N, Pk, and g

are the Lipschitz constants, v and n € R".

Lemma 3.1. [104] Let us consider v(t) : [—7,+00) — [0,+00) be a continuous

function and for all t > 0, it has
DT (v(t)) < —kqv(t) + kov(t) + ks,

where O(t) = sup_r<s<ov(s), if k1 > ky > 0, k3 > 0,

then the inequality v(t) < sup_r<s<ov(s)e " + % holds for t > to,
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where DYv(t) denotes the upper-right derivative which is defined as

Dto(t) = mh_,mw, where r is the unique solution of r = ky — koe™".

3.1.1 Problem formulation

Let us assume the CVRNN with time-varying delays and interaction terms as the

drive system as

w(t) = —Cw(t) + Af(w(t)) + Bg(w(t — 7(t))) + e Dh(w(t)) + L(t),  (3.1.1)

with the initial condition, w(s) =(s),s € [to — T, to],

where ©(s) = (1(s), ¥2(s), .., ¥Yn(s)) € C™, in which real and imaginary parts of ¥ (s)
are continuous on [ty — 7,%9] and w(t) = (wy(t), wa(t), ..., w,(t))T € C™ represents
state vector of n-neurons of the neural networks with time ¢, C' = diag(cy, ca, ..., ¢) €
R™™ ¢, > 0 represents self-feedback connection weight matrix. A = (ay;)nxn and
B = (bgj)nxn, where A, B € C™*", represent without and with delayed connection
weight matrix in the model (3.1.1) respectively. D = (dj;)nxn denotes the interac-
tion structures whose entries dj; represent the intensity of the interaction from k& in
network w to j in network w and €; is outer interaction strength. L = (Iy,ls, ..., 1,,)”
denote external input vector, f(w(t)) = (f1(w1(t)), fa(wa(t)), ..., fulwa(t)))T : C™ —
cr, glw(t = 7(t) = (gr(wi(t = 7(1)), g2(wa(t — 7(1)), - gu(wa(t — 7(£))))"
C" — (C" represent without and with time-varying delay activation functions,
and h(w(t)) = (hy(wy(t)), ha(wa(t)), ..., hn(w,(¢)))T : C* — C™ is interaction func-
tion between two networks, where 7(¢) denotes transmission delay, which satisfies

0 <7(t) <7(r >0), where 7 is a known constant.
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In view of Assumption 2, if we consider w(t) = u(t) + iv(t), where u(t),v(t) € R",

then equation (3.1.1) can be rewritten as

at) = — Cult) + A" R (u(t) — A f (u(t)) + BRg" (u(t — (1))
— Blg!(u(t — 7(1))) + e D"h™(a(t)) — e D' (5(1)) + LA (1),
8(t) = — Colt) + AT FR(u(t) + AR F (o(t)) + Blg"(ult — (1))

+ B¢ (v(t — 7(1))) + e D'A"(u(t)) + e DR (0(t)) + L' (t).  (3.1.2)

The initial conditions of equation (3.1.2) will be

where ¢f(s) denotes the real part of ¥(s), ¥!(s) denotes the imaginary part of
Y(s) and |[9B]|, = supsy_r<s<to|(s)|l, denotes the norm of the function ¥ €
C([to — 7,to], R") and ||!||, = supiy—r<s<to||tV'(s)]|, is the norm of the function

P! e C([ty—T,to), R"). The initial functions u(s) and v(s) are continuous functions.

Now considering the corresponding response system as

w(t) = —Cw(t) + Af(w(t)) + Bg(w(t — 7(t))) + ey Dh(w(t)) + L(t) + M(t),
(3.1.3)
where M (t) = (My(t), Mx(t), ..., M,,(t))" € C™ denotes the coupling control, w(t) =
(wy (1), wa(t), ..., w, ()T € C™, C, A, B, D, L(t), ¢, and 7(¢) have the same meanings

as described in the system (3.1.1).

The initial condition of the system (3.1.3) is taken as

w(s) =1(s),s € [to — T, to,
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where 9(s) = (1(s),U2(s), ... hn(s)) € C™, B(s) and 1’ (s) are continuous func-
tions on interval [ty — T, to].
Remark 3.1.1. Here, h(w(t)) and h(w(t)) represent the interaction function from

network w(w) to network w(w). There are lots of active forms between two networks,

for instance, communicated by signals, special nodes or bidirectional actions. In Li

et al.[105], the authors choose the interaction function of the form (H — %) to

realize outer synchronization, where H € R™"*" is a constant Hurwitz matrix.

Now, separating equation (3.1.3) into real and imaginary parts, we get

u(t) = = Ca(t) + ARfR(a(t)) — A (o() + B (u(t - 7(1)))
= Bg'(0(t = 7(1)) + e.D 1 (u(t)) — e D' A (v(t)) + L (t) + M"(t),
u(t) = = Cu(t) + A'fR(a(t)) + A" (0(1) + Bl g"(u(t — 7(1)))

+ BREg' (@t — (1)) + ee D'h™(u(t)) + ey DR (v(t)) + LT () + M’ (1),

(3.1.4)
with initial conditions as
a(s) = ¥ (s),
(s) =!(s), -7 <5 <0,
where M%(t), M!(t) are the control input vectors and defined as
ME(t) = Qefi(t) + Psign(e®(t)), (3.1.5)

and

M (t) = Qe (t) + Qsign(e’ (1)), (3.1.6)
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where ME(t) = [ME(t), ME(t), ..., ME®))T, MI(t) = [M(t), Mi(t),..., ML(t)]T,

eR(t) = [6{%(1&)’ eg(t)v eR(t)]Tv el(t) = [e{(t)v eg(t)v el (t)]T

ey By ey By

Q11 ...01,

and 2 = S stands for the controller gain matrix.

App .. Oy

Let us define the error functions for synchronization of drive and response systems
as ef(t) = u(t) — u(t),el(t) = v(t) — v(t). The drive-response systems will be
synchronized if ef{(t) — 0 and e/(t) — 0 as t — oo. From equations (3.1.5) and

(3.1.6), we get the error systems as

ef(t) = = Ce(t) + ARfR(e(t)) — ATf(e(t)) + BRGR(e(t — 7(1)))
= B'g'(e(t = 7(t))) — e DFR(e(t)) + e DTR! (e(t)) + Qef(t) + Psign(e(1)),
el(t) = — Ce(t) + AR (e(t)) + ATfR(e(t)) + BRG (e(t — 7(1)))
+ BIgf(e(t — 7(t))) — e DERI (e(t)) — e DTRE(e(t)) + Qel (t) 4+ Qsign(el (1)),
(3.1.7)

where
eli(t) = (ef(t), elt(t)...e(t)T € R™ el (t) = (el(t),el(t)...el ()T € R™,

FR(e() = fR(@(1) — fFlw(t)
)

—
@

The quasi-synchronization can be achieved between the systems (3.1.2) and (3.1.4)

by choosing of the controller according to global quasi-stability criteria.
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3.2 Main results

Theorem 3.2. If the controller gain matriz §2 satisfies the following inequality under

Assumption 2 as

0 < (my, + ) (15, + 1 B']],) <
- {up(—C +Q) + (e + s1) (1A, + 1|A"],) + ex(pr + a) (1Dl + IIDIIIp)}7

(3.2.1)

where p = 1,2, 00, then the considered drive CVRNNs (3.1.1) and response CVRNNs
(3.1.3) with time-varying delay and interaction terms will be globally quasi-synchronized

under the controller (5.1.5) and (3.1.6).

Proof. Let us assume the Lyapunov function as
Vi(e(®)) = lle® @)l + lle’ (®)ll,-

Using the definition of upper-right Dini derivative and Taylor’s formula with remain-
der of Peano, the upper-right Dini derivative of Vj(e(t)) with respect to time ¢ is

obtained as

le(t + e)llp + lle’ (¢ + e)llp — el — e’ )l

D+‘/i(6<t)) :%Eﬁ(ﬁ P

:mﬁm{ueR(t) (1) + O, + (1) + € (1) + O,

ST YE
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. { leR(0) + ( — CeR(t) + ARFR(e(t) — AT (e(t))
+ BRGR(e(t — 7(t))) — Bg et — 7(t))) — ex DR (e(t) + s DR e(1)
F () + Psign(e"(1) ) + 0, - 1", | /
+umﬁm{w%w+e<—cé@)+A%P@@»+Aﬁm@@»
+ BRI et — 7(t))) + B3 (elt — 7(2))) — s DR (elt)

— el D' (e(t)) + Qe'(t) + Qsign(el(t))> + Ol - ||<‘31(7f)||p}/6

H] + 6(_0 + Q)Hp —1 HeR
€

()1l + AT 17 e
+ 1AM @)l + I BT MIg% (et = 7))l + I B llpl1g" (et = (D)1,
+ el DR IR (), + el DTl 1R (e(e) Il + 1Pl

I+ e=C+ Dl =L o 1 (AR ()],

+ 1AM )l + BRI, 15" (e(t = 7))l + 1B ll1g% (et = (6))

+ el DRI (e()llp + eall DTl 1A% (@)l + Q- (3.2.2)

Slime%O‘*‘

+ llm6*>0+

From Assumption 2, we have

IFE ()l < rille(®)ll,

= rille™(t) + e’ ()],

< re(lle® @l + lle" ®ll,).
17 (e()llp < sklle®)]l,

= sille™(t) + e’ ()],

< su(lle @l + e’ O)1). (3.2.3)
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Similarly,

15" (e(t = 7@))llp < mulle(t — 7(O)l, = mrlle™(t = 7(t)) +ie’ (t = 7())l,
< mi([le®(t = 7))l + 't = 7())ll,),
5" (e(t =Tl < mlle(t — 7))l = nulle”(t — 7(2)) +ie’ (t — 7)),
< me(lle(t — 7))l + e’ (t = 7())]l,),
1R (e()lp < prlle(®)l, = prlle™(t) + ie’ ()],
< (e @)1l + ' ®)llp),
1T (e(@Dllp < aelle®)ll, = aulle™ () + e’ @],

< ar([le" @), + " ®)1). (3.2.4)

Using the inequalities (3.2.3) and (3.2.4) in the inequality (3.2.2), we get

L+ e<—06+ Do =Ly er (o)), + AR O]

AT )y + B8 el — 7))y + 1B I3 (el — ),
el DA IR )y + D el + 1P

M eCCE D = Yoy, + 47 7 ),

A TP + IB Ll el Dl + 1B 1157 (e~ )l
sl DA )y + LD IRl + [,

17+ e<—0€+ D =Lyer ey, + 47 ralem @, + 2]

DV (e()) <Timesy

+ llm€_>0+

Sme—>0+
+ (1A s (e @l + lle’ @)l,) + 1B llma(lle™(t — 7)),
+le"(t = 7@)p) + 1B (et — 7))l + lle’ (t = 7))

+ et | D[l + lle O)l,) + el D' lpar (e Ol + e Ollp) + 121,
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I+ (=CH Dl =1
€

+ 1A (e @), + e’ @ll) + 1B pnalle’(t = 7))l

Ol + 1A% pse(lle™ @l + e’ (©)15)

+ limEHO“'

+lef(t = 7)) + 1B lm(lle™(t = @), + lle’ (¢ — 7(t))ll,)

+ el DM Lpr (e ()], + e’ ()]lp) + el DT par (e @)l + lle’ @®)1l,) + 1Q1l,-
(3.2.5)

Using the definition (1.4.4) in equation(3.2.5), we obtain

D*Vi(e(t)) <pp(=C + D), + (rill A%l + sel A'llp + exprl D[l + el D*|l,)
x (leOllp + e’ @)lp) + (mal|BE ], + | Bl ([l (t = ()],
+le’(t = 7)) + 1 Plly + 1p(=C + Q)lle" ), + (sl A%[lp + rell A"l
+ e[ DM, + epel DY) (e (Ol + lle" @)llp) + (il Bl + mal| B)
x (lef(t = 7Dl + lle’ (t = 7)) + 1Rl
<tip(—=C + Q)" D)l + lle" ®)llp) + (el A%l + sl Al + eprl D™,
+egil| D'l + sl A% + rel Al + exqi | DIl + expel DY llp) (le” (01,
+le" @llp) + (| B, + | Bl + nal| B[l + mul| B [l,) (le™ (2 — (),
+lle'(t = 7@)llp) + (1P, + Q1)

<tio(=C + Q[ Ol + lle"®)l) + {(m + si) (1A, + [14]],)
+ e (P + ) (107, + HDIHp)}(HeR(t)Hp + e’ ®lly)
+ (mu+ 1) (1Bl + 1B lp) (Nl (= 7))l + lle” (¢ = 7(£))1],)
+ (Pl + Q1)

S{up(—(f +Q) + (i + si) (1A, + 1A ) + e (pr + ae) (1Dl + IIDIIIp)}
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< (le™ @)l + e’ @)ll) + (mw + ) IBE ], + [1B],)

x (le(t = @), + lle’ (t = 7(0)llp) + (1Pll, + Q1)
S{up(—C + Q) + (ric + si) (1A%, + [14]]) + € (i + a) (1D,

+ ||DI||p)}V1(6(t)) + (mye + ) (1Bl + 1B llp)Vale(t — 7(1)) + (1Pll, + 1QUl,)
S{Mp(—C + Q) + (ric+ si) (1A, + [1A"]],) + €2 (i + a) (1Dl + HDIHp)}Vl(e(t))

+ (mge + 1) (1Bl + 1B [l)sup—r<s<oVile(s)) + (1Pl + 1Q1l).

<k Vi(e(t)) + kasup_r<s<oVi(e(s)) + ks. (3.2.6)

Let, k1 — —{m—cm)+<m+sk><||AR||p+ 1AM ) + €1 (ot ) (1DF ], + ||Df||p>},
ks = (me+ ) (1BE], + 1B1],) and &s = (1Pl + 1Q1l,).

Then from the condition (3.2.1), we have 0 < ks < k; and using Lemma 3.1, we get

Vi(e(t)) < sup_r<s<oVile(s))e ™" + k:’, (3.2.7)

where unique positive solution r > 0 is estimated as

T :kl — kQGTT
== {up(—C +Q) + (e + s1) (1A, + 11A™],) + ex(pe + aw) (1Dl + IIDIIIp)}

= (my + ) (1Bl + 1B [l,)e’™ (3.2.8)

Therefore the error system e(t) converges exponentially to attractive region v =
{e(t) : |le(t)|| < %2}. Hence, we can conclude from Definition 1.5.2 that the required
quasi-synchronization between CVRNNs (3.1.1) and (3.1.3) is obtained. The proof

is completed. O
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Corollary 3.3. Under the Assumption 2, the drive system (3.1.1) and the response
system (3.1.3) with time-varying delay and interaction terms will be globally quasi-

synchronized, if the coupling matriz ) satisfies the following condition

0 <(my, + ) (|1 B5l, + 1 Bl,)

< —{Mp(—C) + () + (e + se) (A% + |AT) + e (o + ar)

(D7), + ||Df||p>}, (3.2.9)

where p = 1,2, 00.

Meanwhile, in this region |le(t)|| < %2, the synchronization error converges exponen-

tially, where r is the unique solution of r = ki — kee'™.
Proof. Using Lemma 1.3, we get

fp(—C Q) < 1y (~C) + 1), (3:2.10)
which gives

{1 (=C) + 11, () + (1o + s1) NA" | + 1A 1) + e1(pr + @) (1Dl + 1 D71,)}

< —~{pp(=C + Q) + (ri + s0) (1A, + 1A ) + € (P + @) (1Dl + [|1D]],)}-
Therefore from equation(3.2.9), we have

0 <(my, + ) (|1 B"]|, + 1 Bl,)

< —{up(—C) +1p(Q) + (ric + si) (1A, + 14 1) + €2 (pr + ar)

(D7), + HD’Hp)}. (3:2.11)
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Hence, from the Theorem 3.2, we can conclude that drive-response systems (3.1.1)
and (3.1.3) will be globally quasi-synchronized with the help of the controllers given
in (3.1.5) and (3.1.6). O

3.3 Numerical Example

In this section, a numerical example is taken to validate the effectiveness and relia-

bility of the theoretical results given in previous section.

Example 3.3.1. Let us assume CVRNNs with interaction and time-varying delay

terms as the drive system as

w(t) = —Cw(t) + Af(w(t)) + Bg(w(t — 7(t))) + e Dh(w(t)) + L(t),  (3.3.1)

with the following parameters

10 248 —0.1-—0.2 12412 -01-02i
C= A= B = ,
0 1 812  S+4i —02-0.2i —1+i
11402 —0.1-—0.3i 64 10 04 0.2
D= Q= P = ,
—02-0.3i —3+0.5i 15 —60 0.1 —0.3
0.2 —0.12 et 4 je—5t?
Q= , L(t) = , 7(t) = 0.1cos(t).
02 03 e~ 2" 4 je=3¢°
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w, + 1] — |u, — 1 v, + 1 — v, — 1
fp(wp(t)):|p |2|P |+Z|P | Ip |

gyl (1)) !

2 b
. 1 — 6(72/“'1777)10)
T 1t eCmt2n) T e 2upuy)’
1—elw) ]
hylwy(1)) = Ty

o) (p=1,2).

Figures 3.1 and 3.2 show the 3-D plots of the trajectories u; (), v1(t) and ua(t), va(t)

with respect to time ¢ of the system (3.3.1) with time-varying delay 7(¢) = 0.1cos(t)
and interaction strength €; = 0.5.

v, (1)

Figure 3.1: Plots of the state trajectories u(t), v1(t) with respect to time ¢ in
3-dimensional space of the system (3.3.1) with time varying delay term 7(t)
0.1cos(t).
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100

Figure 3.2: Plots of the state trajectories us(t) and vo(t) with respect to time ¢
in 3-dimensional space of the system (3.3.2) with time varying delay term 7(¢) =
0.1cos(t).

The corresponding response system (3.1.3) with the same parameters is expressed

as

w(t) = —Cw(t) + Af(w(t)) + Bg(w(t — 7(t))) + ey Dh(w(t)) + L(t) + M(t),
(3.3.2)

where M(t) = Q(w(t) —w(t)) is the coupling control matrix.

Let us assume p=2, and the system satisfies the Assumption 2. The system param-
eters are taken as rp, = 1,5, = 1,my = \/§/2, n, = \/5, pr = 0.5 and g, = 0.25.

Taking the initial conditions of drive- response systems (3.3.1) and (3.3.2) as

wi(s) = —0.15 4 0.45¢, wo(s) = —0.25 + 0.35¢,
@1 (s) = —0.30 — 0.304, @s(s) = 0.30 + 0.30i,

Then, we can verify that k1 = 10.4201, ko = 5.5257, i.e., ky > ko, and error level § =

0.3131. Hence, all the conditions of the Theorem 3.2 hold. Therefore, in view of the
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theorem 3.2, the systems (3.3.1) and (3.3.2) will be quasi-synchronized with error
bound ¢ = 0.3131 under the defined controller functions given in equations (3.1.5)

and (3.1.6).

Figures 3.3, 3.4, 3.5, and 3.6 confirm that the systems (3.3.1) and (3.3.2) are globally
quasi-synchronized with time-varying delay terms and interaction terms. Figure 3.7
also confirms the global quasi-synchronization from the error systems with error

bound = 0.3131.

w
:
S666 o
COORANON
(=]
s
-
=
‘

u (t), @u(t)

Figure 3.3: Plots of the state trajectories uq(t) and @;(¢) with respect to time
t, of master system (3.3.1) and response system (3.3.2) with time varying delay
term 7(t) = 0.1cos(t).
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vi(t)
-y (t)

vi(t), V1(t)

0 1 2 3 4 5 6 7 8 9 10

Figure 3.4: Plots of the state trajectories v1(t) and v (¢) with respect to time
t, of master system (3.3.1) and response system (3.3.2) with time varying delay
term 7(t) = 0.1cos(t).

ux(t), tz(t)

Figure 3.5: Plots of the state trajectories ug(t) and uz(t) with respect to time
t, of master system (3.3.1) and response system (3.3.2) with time varying delay
term 7(t) = 0.1cos(t).
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Figure 3.6: Plots of the state trajectories vo(t) and vy(t) with respect to time
t, of master system (3.3.1) and response system (3.3.2) with time varying delay
term 7(t) = 0.1cos(t).

0.8

0.7 [ 4

05F
’ Error bound = 0.3131

0.4 q

lle(t)ll

(elel=)

01r

S5 ooo

oo
ERORES

0.1 . . . . . . . . .
0 10 20 30 40 50 60 70 80 90 100

t

Figure 3.7: Plots of the global quasi-synchronization error e(t) of the systems
(3.3.1) and (3.3.2) with time varying delay term as 7(¢) = 0.1cos(t) having error
bound = 0.3131.
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3.4 Conclusion

In this chapter, a drive has been taken to obtain the global quasi-synchronization
criteria for CVRNNs in the presence of time-varying delays and interaction terms.
The synchronization condition is obtained by using matrix measure method and
Lyapunov stability theory. The numerical example is taken to show the feasibility
and effectiveness of the obtained global quasi-synchronization results. The main con-
tribution is the showcasing of proper selection of the controller gain matrix to obtain
the global quasi-synchronization criteria by using the proposed method. Another
important contribution is the accomplishment of the estimation of upper bound of

synchronization error.

Kokokoskoskoskookok sk kok
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