Chapter 5

Numerical study of the dynamics of travelling
waves through fourth-order nonlinear time-space

fractional sub-diffusion equations of variable-order

5.1 Introduction

Fractional sub-diffusion equations is an important class of anomalous diffusion sys-
tem which have gained wide attention of researchers in different disciplines such
as turbulence, wave propoagation, signal processing, porous media and anomalous
diffusion. Time-fractional sub-diffusion equations can be obtained from the classical
diffusion equation by replacing the time derivative by a fractional derivative of order
7 (0 < 7 < 1). In the time-fractional sub-diffusion equation, anomalous diffusion
is described by the nonlinear relation between the mean square displacement of the
particles and time i.e.

(0 ~ =t
where 7 is the anomolous diffusion exponent, ¢ is the elapsed time and K. is the

so-called generalized diffusion coefficient. There are several theoretical and numeri-

cal work including second-order time-fractional sub-diffusion equations ([164], [165],
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[166], [167]). Time-fractional sub-diffusion models with second-order space deriva-
tive cannot describe many physical phenomena such as ice formation [168], wave
propagation in beams, fluids on lungs [169], modeling formation of grooves on a flat
surface, designing special curves on surfaces, brain warping [170], the description of
unique phenomena such the propagation of powerful laser beams in a bulk medium
with Kerr nonlinearity [171] etc. So a fourth-order space derivative term is needed

to describe such phenomena precisely.

In the few decades it has been observed that fractional differential equations gained
much attention of a huge number of mathematicians since it can model many com-
plex physical problem in the fields of sciences, thermodynamics, physics, mecha-
tronics, image processing, aerodynamic, engineering, hydrology finance, geophysics,
fluid dynamics and control theory [172-174]. In terms of order dependency, fractional
differential operators is influenced into two types. One is characterized by constant-
order while the other is characterized by variable-order which is based on a variety
of factors such as space, time coordinates. Numerous physical phenomena such as
anomalous diffusion, signal processing, viscoelastic materials, noise reduction, tur-
bulence, signature verification and wave propagation exhibit memory and non-local
behaviour, are described by fractional-order differential equations with the change
of spatial and temporal variables ([54, 175-177]). Fractional differential equations
can be used to capture the long-term effects of past events on a system’s current
state, which makes them very useful for modeling the real-life problem. For example,
to analyze the dynamics of coronavirus diffusion, Zika virus, HIV and turberculosis
diseases [178-180]. In conclusion, fractional-operators has become an indispensable
property are their greater degree of freedom than integer order derivatives and their
heritability [94]. Additionaly, there are much considerable fractional partial differen-

tial equations which do not have analytical solutions. For this reason many numerical
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methods have been developed as a suitable alternative to simulate such problems so
existing numerical approach which have been applied in recent years such as Petrov-
Galerkin algorithm [181, 182], Jacobi Tau method [183], Sinc-Legendre collocation
techiques [184], local discontinuous Galerkin techniques [185, 186], meshless meth-
ods, finite element techniques [187, 188], spectral techniques [189], finite difference
techniques [190]. There are lots of prominent work among them. For example,
Zeng et al. [191] discussed the time-fractional sub-diffusion equations with space
discretized by the finite element method and time discretized by the fractional lin-
ear multistep method. Cui ji et al. [192] presented a compact difference scheme for
the fractional sub-diffusion equations and also discussed the unconditional stability
and convergency by discrete energy method. M. H. Heydari [193] proposed Galerkin
method based on the Legendre wavelets for solving time fractional sub-diffusion

equations in the Riemann-Liouville sense.

It has been seen that the fractional-order partial differential equation is failed to
model a variety of significant dynamical problems which may vary with time, space,
or other conditions. To model an effective mathematical framework for accurately
describing such phenomenon, variable-order fractional calculus is introduced. The
concept of variable-order differental operator have been investigated by Hartly and
Lorenzo [56] in which the order can change with time or space. Even more Coim-
bra [194] also have been studied the new introduced variable-order operator. They
are also discussed the variable-order differentiation and integration as well. In 1993
and 1995, the basic properties of Variable-order Marchaud and Reimann-Liouville
fractional calculus are given by Ross and Samko [195], [196]. By using the variable-
order (VO) subordination, the author [197] derived the Filler semigroups. Pseudo-
differential operators have been studied in [198] utilizing the VO-generating Filler

semigroups and by applying this form of VO pseudo-differential operators, the
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Markov processes have been characterized by Kikuchi and Negoro [199]. Lorenzo
and Hartley have explored the distributed order and VO fractional operators in

[200].

In the last decades, various work based on time-fractional sub-diffusion with fourth-
order space derivative terms have been done. Zhang et al. [201] presented a general
solution for fourth-order time-fractional sub-diffusion equations with the help of
compact difference scheme. Ran et al. [202] solved the fourth-order time-fractional
sub-diffusion equations of the distributed order defined in bounded domain. Cui
ji et al. [203] investigated the general solution of fourth-order time-fractional sub-
diffusion equations with first Dirichlet boundary conditions depicted the wave prop-
agation in intense laser beams. Nandal et al. [204] discussed the nonlinear fourth-
order distributed fractional sub-diffusion equations with time delay. Zhang et al.
[205] developed a compact finite difference scheme for solving a fourth-order time-
fractional sub-diffusion equations of variable-order. From the literature survey, the
authors have found that there are few reports available on fractional sub-diffusion
model of fourth-order. So in this chapter, the authors present the generalized fourth-
order non-linear time-space fractional sub-diffusion equation of variable-order with

numann boundary conditions for one and two dimensional case

(1+1)-dimensional equation:
§ D, 1) + § DI (k(w, t)§ DI Du(x, 1)) = h(u, 2, t), (5.1)

where, © € [0, L], t€ (0,7], 0 < afz,t) <1, 1<0(x,t) <2,
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with the conditions

u(@,0) = p(x), 0<a<L, (52)
w(0,t) =wi(t), w(0,t) =wq(t), 0<t<T, (5.3)
O*u(0,t) O*u(L,t)

W —(A}g( )7 W —(U4(t), 0<t§T, (54)

(14-2)-dimensional equation:

§(x,y,
th( Y t)u(ma Y, t) + Aﬁ(w,y,t);y(a:,y,t)(w(xa Y, t)Aﬁ(:fc,y,t),'y(x,y,t)u(xa Y, t)) = f(u, x,Y, t)>
(5.5)

where (z,y) € Q=[0,L] x [0, L], te€(0,T],

combined with the following initial and boundary conditions
u(r,y,0) =o(z,y), (v,y) €, (5.6)
U<an>t) = ¢1(y7t)a U(L7y7t> = ¢2(yat)7 Yy € [Oa L]: 0<t S Ta (57)
U(I’,O,t) - ¢3($at)7 u(vavt) = ¢4(£L‘,f), T € [07 L]a 0<t< T, (58>
AU(O, Y, t) = ¢5<y7t)7 AU’(Lvya t) = ¢6(y7t)7 Yy € [07 L]a 0<t S Ta (59>

Au(z,0,t) = ¢7(x,t), Au(z,L,t) = ¢g(z,t), z€[0,L], 0<t<T, (5.10)

where A is the Laplacian operator, Ag.y ) () = ng(x’y’t) + OCD;}(W’” and the
fractional order are 1 < (z,y,t), v(z,y,t) < 2, and for m—1 < (x,y,t),v(z,y,t) <
m, m € N, $DJ @v)  and ¢pp @99 are Caputo fractional derivatives of variable or-
der with respect to the space variables = and y, respectively. Here k(z,t), h(u,z,t),
p(x), wi(t), wa(t), ws(t), walt), o(x,t), ¢1(y. 1), da2(y, 1), ¢3(x, 1), Palx, 1), ¢s(y, 1),
o6(y,t), o7(x,t), ps(x,t), w(z,y,t), g(u) and f(z,y,t) are given smooth functions.
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Also 0 < 6(x,y,t) < 1.

The following is a breakdown for chapter 5. In section 5.2, the features of the shifted
airfoil polynomials of second kind are described. The approximation of an arbitrary
function in terms of shifted airfoil polynomials of second kind and formation of
operational matrices for differentiation of the Shifted airfoil polynomials of second
kind are also discussed in section 5.3 and 5.4. A brief description of the scheme for
general case is described in section 5.5. section 5.6 will wrap up the conversation
on convergence and error analysis. The numerical computation of this study are

described in the section 5.7, and finally conclusion is presented in section 5.8.

5.2 Shifted Airfoil Polynomials and their Proper-

ties

The shifted airfoil polynomials of second kind A,,(x) for degree n on the interval

[0,1] satisfies the following recurrence relation:
Ay q(x) =22z - DA (x) — Ay (), m=2,3,... (5.11)
with the values
Aj(x) =1, Aj(zx) =4z — 1. (5.12)

The explicit expansion form of the A,,(x) can be expressed as

m

A? (z) = Z(—1)m—rr(m27f£”it);z;:lr G =2 (5.13)

r=0



Chapter 5. Numerical study of the dynamics of travelling waves through nonlinear
fractional sub-diffusion equations 115

The family of shifted airfoil polynomials of second kind constitute an orthogonal

system with regard to weight function ,/1_71 as given below:

o
&
N
3

(A%, (x), A / Lmry 2)dz = (5.14)

) my = ms.

SIE]

where my, my € NU {0}.

5.3 Function Approximation

Now, suppose the approximate function u(z,t) which belongs to L?[0,1] x L?[0, 1]

of two variables can be written in the following ways:
e, t) =Y Y eyAs (w)As (), (5.15)

where the coefficients ¢;; can be calculated as

1_
/ / x‘/_tu (x, ) A} (@) A% (t)dwdt,  i,5=0,1,2,... (5.16)

To approximate u(x,t), an endeavour will use the above infinte series as follows

0233 cuAl@)AL() = p(a) Up(t), (5.17)

i=0 j=0

where

p(z) = [Aj(2), Af(x), ..., Ay, (2)] ", (5.18)

and U=[c;;];77, is the (m + 1) x (m + 1) matrix of entries.
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Similiarly, a desired function u(z,y,t) € L?[0,1] x L?[0,1] x L*[0,1] can be written

in terms of shifted airfoil polynomials of second kind as:

ule, )2 30D D enAl@A WAL = T OVe@) @ W), (5.19)

m,m,m

where matrix V=[c;;|//}"0 is of order (m + 1) x (m 4 1)? whose entries are

8 [yt M- [T—y [1—t e
o= [ [ [T Tl . O] (0)A; () A () dodyt,
™ Jo Jo Jo x Yy

(5.20)

where 7,5,k =0,1,2, ...

5.4 Construction of Operational Matrix for Vari-

able Derivatives

The first-order derivative of the shifted airfoil vector () is defined as follows:

dp(x)
dx

= Dijp(), (5.21)

where D;; is the (m + 1)x(m + 1) operational matrix of the shifted airfoil vector

o(z) for first-order derivative with the following entries:

0, for 7 > 7,
Di; =< 2(—i + §), for i< j, (i+j)is even, (5.22)

20+j+1), for ¢ <7, (i+j) is odd.
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Theorem 5.1. The fractional Caputo derivative of order u(xz,y,t) for the shifted

airfoil vector p(x) is presented as
Dy () = WL p(a), (5.23)

where WA@Y s the (m—+1)x(m+1) operational matriz of Caputo fractional deriva-

tie of variable-order, p(x,y,t) that is defined as follows:

0 0 0
0 0 0
w(zy,t) wlzyt) p(zy,t)
\Ijg(:p,y,t) — x*u(z,y,t) @q 13,0 @(1 L1 @q Lim ’ (524)
z,y,t) z,y,t) z,y,t
Zz q @Z(l zyO Zz =q GZ L, zyl e Zl q (_)Z L, zl;n)
z,y,t) z,y,t) z,y,t)
Z G#lzyo Zz q@/:nlzyl Zz q@%lfm
where
o) _ (= 1)+ == (220D (n 4 j + 1+ i+ 2)T(i + 1)

nlij \/— Z T(n—i + DG — 1+ D00+ D020+ DI+ 1 — p(z, y,t))

Li+1+1/2)
X (M‘F—H‘?)) : (5.25)
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Proof. By using the operator D% on the function AX(z), we get
"L (=D)"(2)2 T (n + i+ 1) :
D@ yt) A * — ( D@ yst) (i —q. ..
_ i <_1)n71<2)211ﬂ(n +i+ 1)F(Z + 1) xiju(ac,y,t)
— F(n —i+ 1)F(2i + 1)F(i + 1 — p(z,y,t)) ’
n—z+1 (22+1)T(z+1—,u(x,y,t)) S
Now, we approximate z° as
bij A (x (5.27)
=0
where
2 (1. [1—x
bii = — ’ A (x)dz,
j= 2 [ s
gi (=1)7H2)2T(j + 1+ 1) / it /1 T
i T(i—1+DIRI+1) Jo x ’
2 i (LT +1+1) (VAL +1+1/2) (5.25)
&= TE-l+yr+1) \ 2 Ti+i+2) ) '
Substituting Eq. (5.27) into Eq. (5.26), we get
2P (n+i+ 1)+ 1)
xyt A* _ w(z,y,t) bzA*
) AT L)
(5.29)

where n = ¢, ..., m.
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Now, let us write

Du(asyt A* Z (Z @z lxzz,;t)> ) n=gq,..m, (5.30)
7=0 q
where
optent) _ (L) @RI + 414+ 2T+ 1)

n,Lyi.j \/— Z T(n—i + DG =1+ D021+ D02+ DT+ 1 — p(z, y,t))

T(i+1+1/2)
x (W) . (5.31)

Let us write Eq. (5.30) in a vector form as

DUEIOA (2 Z@:ﬁﬁ%t ,z@z z@z e I (5.8

where n = gq, ..., m.

Also according to Lemma, we have
DHEYIA* (1) = [0,0,...,0) p(z), n=1,2,...,q— 1. (5.33)

The Egs. (5.32) and (5.33) gives the desired result. O

5.5 Solution Methodology

In this section, we are trying to find the approximate solution of a nonlinear frac-
tional reaction sub-diffusion equation of fourth-order for one-dimensional (5.1)-(5.4)
and two-dimensional (5.5)-(5.10) based on the operational matrix scheme associated

with the shifted airfoil polynomials of second kind.
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Case 1: Firstly, we shall use the approximation given in Eq. (5.15) to approximate
each terms of (5.1)-(5.4). Now, substituting the approximation in the Eqs. (5.1)-

(5.4), we get

(@) U P D o (1)) + DY (w(, 1) (DY p()) Uia (1))

= u(z,t) +v(p(x) Up(t)) (5.34)

(D3p(L)) Ugp(t) = wa(t), (5.35)

To obtain the numerical solution of eqs. (5.1)-(5.4) firstly, we collocate Eq. (5.34)

2i+1

at points z; = t; = T

for i=0,1,2,..,m to get m(m — 3) algebraic equations and
Eq. (5.35) gives m(m — 3) algebraic equations at the same points.After solving
this we can get a desirable solution of our proposed fractional reaction sub-diffusion

equation of fourth-order.
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Case 2: Now, we use the approximation of u(z, y, t) by shifted Airfoil polynomials of

second kind which is given in (5.19). Now, substituting the following approximations

Ayt At (W Yy D) Dy Ayt (T, Y, 1))

= 2u(z,y,)p" (YV((DID () @ (D} (y)))
+ DIy (2, y, )T (HV((DEE#Dp(y)) © o(y))

+ DIz, y, )" ()Y (p(x) © (DJEH(y))

+ Dy (a, y, )" V(DI (x)) @ p(y))

+ Dy w(, y, )" (VY (p(x) @ (DF D (y)))

+ w(z, y, )" ()V(DPE8) (1)) @ p(x))

+w(z,y, )" (1)V(p(z) @ (D EDp(y))), (5.36)
in the Eq. (5.5), we get

(D (£) "V () ® 0 () + wlay. )" ()Y (p(x) ® (DD p(y))
+ 2w(z, y, )" (OV (DI o(y)) @ (DFDa(y))
+ DEEv (2 y, )T (V((DEEDp(x)) © p(y))
+ DY (., )" (OV () © (D) (y))
+ Dy (,y, )" (VDD (x) @ oly))
+ DY@z, y, )" () V(p(x) @ (DI p(y)))
+w(z, y, )T () V((DP@vDo(2)) @ p(y))

= flz,y,t) + g(e" (H)A(p(z) @ ©(y))), (5.37)



Chapter 5. Numerical study of the dynamics of travelling waves through nonlinear
fractional sub-diffusion equations 122

from the conditions (5.6)-(5.10) and the approximation given in Eq. (5.19), we get

P (0)V(p(2) ® 9(y) = o(,y),
P ()Y ((0) @ p(y)) = di(y, 1),
P (V(p(L) @ ¢(y) = ¢2(y. 1),
P! (OV(p(z) @ (0)) = ¢(x, 1),
¢! (OV(p(r) ® p(L)) = dalw,1),
P (V((D?p(0) @ p(y)) + ¢ ()V(p(0) ® (D*p(y))) = ¢5(y, 1),
P! (V((D*(L) ® p(y)) + " ()V(p(L) ® (D*¢(y)) = ¢6(y, 1),
P! (OV((D*p(2)) @ 9(0)) + 9" () V(p(2) @ (D*p(0))) = dr(a,1),

P! (V((D*(2)) @ p(L)) + @' ()V(p(2) ® (D*o(L))) = ¢s(,1). (5.38)

In the same ways, we collocate Eq. (5.37) and Eq. (5.38) at points z; = y; = t; =

st for i = 0,1,...,m to get a set of (m + 1)* nonlinear algebraic equations.This

non-linear system produces the matrix V which yields the numerical solution of our

proposed fractional fourth-order sub-diffusion equation (5.5)-(5.10).

5.6 Error and Convergence Analysis

Theorem 5.2. Suppose that o(t)"V(p(z) @ ¢(y)) is the approximation of u(x,y,t)

by shifted airfoil polynomials of second kind. If the function u(x,y,t) has sizth-order
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continuous derivatives, then

HCoooH < 8L0,0,0, HC100H < 8Lo,o,o, H0010H < 8Lo,o,o, HComH < 8L0,0,07

llcrioll < 8Loo,0, llcott]l < 8Loo0, ||cro1]] < 8Looo, |lcii1l|l < 8Loyoo,

leoll < 2220 el < 220 epoll < 200 ey || < 200
100 = 7. N9 Ciol]| > T N9 Ci10|| > T N9 Ci11|| > T N9
(i —1)2 (i —1)2 (i —1)2 (i —1)2
L L L L
leogoll < 255, Nlerjoll < =225, lleojill € 255, llewall < ——=15,
(j—1) (j—1) (j—1) (j—1)
L L L L
[[cook || < %> [cotel| < LQy [cr0el| < L%’ lenell < 22 3
( ) (k—1) (k—1) (k—1)
Laog Laoo Looo

< < <
lesioll < (i—1)2(j — 1)’ el < (i—1)2(j — 1)’ o]l < (i—1)2(k — 1)

Looo Lo Lo

i < . < ; <
Hclij = (Z _ 1)2(k _ 1)27 HC’LOkJH = (Z —_ 1)2(]€ _ 1)27 chlkH = (Z _ 1)2(k _ 1)27

L
lcijrll < —= 222 ;
(i —1)2(j — 1)2(k —1)2

for 1,5,k > 2,

Looo = mazx {|lu(z, y, )| - (z,y,t) € [0,1] x [0,1] < [0, 1]},

Ly oo = max {|luse (2, y, 8[| - (x,y,) € [0,1] x [0,1] x [0, 1]},
Lo o = maz {{luyy (2, y, )] = (x,y,t) € [0,1] x [0,1] x [0, 1]},
Loz = mazx {|lun(z,y,0)|| : (z,y,t) € 0,1] x [0,1] x [0, 1]},
Ly 20 = maz {{|uawyy(z, y,8)|| - (z,y,1) € [0,1] x [0, 1] x [0, 1]},
Loz = max {{luyyu(z,y, )| = (2, y,t) € [0,1] x [0,1] < [0,1]},
Lyo2 = maz {{|uaen(z, y,8)[| : (2,,t) € [0,1] x [0, 1] x [0, 1]},

Ly oo = max {||ugzyye(z, y, )| = (x,y,t) € [0,1] x [0,1] x [0,1]}.
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Proof. Applying Eq. (5.20), the coefficient ¢11; is computed as

cwo=5 [ [ [ wtw oo asayir, (5.39

and by change of variables 2z — 1 = cos(6,), 2y — 1 = cos(fs), and 2t — 1 = cos(f3),

we obtain

8 /7T /7r /7r (Cos(Gl) +1 cos(f2) +1 cos(b3) + 1)
Co00 = —3 u ; ’
=)y Jo /s 2 2 2
sin? (%) sin? (%) sin? (%) df,db-dbs. (5.40)

From Eq (540), we have HCQOOH § 8L07070.

Next, from Eq. (5.20) we have

0100:% /0 /O /0 u(x,y, t)AT(x)x(z)x(y)x(t)dzdydt. (5.41)

The same change of variables and the following property

An(z) = % 5= % (5.42)

leads to

8 /7r /7r /7r <Cos(91) +1 cos(f2) +1 cos(b3) + 1)
€100 = —3 u ) )
=)y Jo /s 2 2 2

. (3 AZR 02\ . 0
X sin <§91) sin (51) sin? (52) sin? (Eg) df,df,dbs, (5.43)

which implies ||¢io|, < 8Lpp. Similarly one can conclude that ||coio]] < 8Lop,

llcoorll < 8Loo0, llcitoll < 8Looo, |lconnl] < 8Looo, |[cio1]] < 8Looo and [lci11] <

8[;07070.
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The coefficients ¢;g for ¢ < 2 are computed as:

= / / / u(e, g, ()AL (@) x(2) () x () dedydt (5.44)

With the help of previous change of variables and property (5.42), Eq. (5.44) be-

comes

. _E/”/”/”u cos(f1) +1 cos(fz) +1 cos(f3) + 1
100 — 3 0 0 0 9 ) 9 ) 9

. o1 . (0 ) ) ) 0
X sin ((z + 5)91) sin (El) sin? (52) sin? (53) db,df>dbs,

(5.45)

or equivalently

. —i/ﬂ/ﬂ/ﬂu cos(01) + 1 cos(fa) +1 cos(f3) + 1
100 — 3 0 0 0 92 ) 92 ) 2

x [cos(i)f; — cos(i + 1)8;] sin? (%) sin? (%) df,dbh,dbs, (5.46)

Now, integrating Eq. (5.46) twice with respect to 61, we get

I Y Y cos(f1) + 1 cos(fy) +1 cos(fs) +1
Cioo = 973 U160, ) J
P A A 2 2 2

x A;(61) sin® <%) sin? (93> df,db,dbs, (5.47)

2

sin(é —1)61  sin(i+1)6;  sin(ify) = sin(i +2)6,
i(i— 1) i+1) i+l G+1)i+2)

) sin(6;). (5.48)
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By an easy calculation, we obtain for i > 2

n - if ¢ is odd,
/ Ai(@)do, =4 O (5.49)
0 8

W’ if 7 is even.

After some manipulation, we get

/ A;(601)do,
0

Now from Egs. (5.47)-(5.50), we have |

<

(5.50)

(i—1)7?

it can be computed

that [leior|| < #2248, enoll < 2255, [lemll < f;“;, leojoll < 5235, lerjoll < G225,
020 020 002 002

||0031|| < G-1)2> ||Cljll| < G-1)2> ||000k|| < k—1)27 ||601k’|| < k—1)2° ||010k|| < k 1)2 and

lenkll < (;Lg,—(ifz

Moreover, for 7,7 > 2, we have

cos( 91 )+ 1 cos(f) +1 cos(f3)+1
Cz]O 7]'3 9 2 ) 2
. . AZRN o1 02\ . 0
X sin ((2 + 5)91) sin (31) sin <(] + 5)9 ) sin ( 22) sin? (53) db,db,dbs,

(5.51)

Now, integrating Eq. (5.51) twice with respect to 6, we get

| A cos(f1) + 1 cos(fy) +1 cos(fs) + 1
Cijo = 973 Uo, 6, 5 ) 5 1 5
o Jo Jo

x A;(6;) sin <(j + %)92) sin (@> sin’ (93) d6,d0,dbs, (5.52)

2
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Again, integrating Eq. (5.44) twice with respect to 02, we obtain

1 /7r /” /” cos(01) +1 cos(fy) +1 cos(f3) + 1
Cii0 = =<~ = UG, 610202 ’ ’
907 393 o Jo Jo P10 2 2 2

X Al(el)A](ez) Sin2 (%) d91d02d93, (553)

Taking the absolute value of Eq. (5.53), we obtain

|| H || 1 /'71' /Tl' /'71' 005(01) + ]. COS(QQ) + ]_ COS(Q?)) + ]_
Cij = |[|—— U ’ ’
70 327 Jo Jo Jo 01610202 5 5 ;

X AZ(Ql)A]<02) sin2 (%) d91d92d63|| (554)

After some mathematical manipulation, we get

L220
ol < 20 5.5
||CJOH = (1_1)2(]_1)2 ( )
Similiarly [leill < =32 ool < g leusll < g ekl <

L2o,2

Lo22 _
(i-1)2(k—1)%"

e and [l <

Moreover, for i, j,k > 2, we have

cos( 91 )+ 1 cos(f2) +1 cos(fs)+1
Czyk - P 2 5 2

0, 1 0y 1 .0
X sin (z + 2)91 sin 5 sin (j + 2)92 sin 52 sin (k‘ + 5)«93 sin §d91d92d93,

(5.56)

and by using the above process, we obtain

1 /7r /7r /’T cos(01) +1 cos(fz) +1 cos(f3) + 1
Ciik = ———= U, ) )
ERTOEN A A 2 2 2

X AZ(«91)AJ (92)Ak(93)d91d92d93, (557)
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and consequently

leiill < (5.58)

(i = 1)2(j — 1)*(k = 1)*’
which completes the proof. O]

Theorem 5.3. Let p(t)"V(p(z) @ ¢(y)) be the approzimation of u(z,y,t) in the
terms of shifted airfoil polynomials of second kind. If the function u(x,y,t) has

continuous derivatives of the sixth order, then

|u(z,y,t) — () Vie(z) @ oy))]| . < VG, 4, k), (5.59)

where
G(i,j, k) —7;3 i (;i0;)4 7; f: (jL3220)4 +%3 f: (zLiOQO)4
k=m+1 j=m+1 r=m
g m 2 f e 0

+ WZ ; kzzml (J — 2L)Z(21%2— 2 " %jzmzﬂ kz:; (J — 2L)27(2k2— 2)*
e o o 2

+ %3; k :ZM @ QL;(OJ ot %:_;l 2 i 2?5’(0,5 2y
m 00 2 > > 3

+ %Bizgj;‘l (i — 21);?(2]10— 2)4 - %3@;1 322 (1 — QL)iéO_ 2)*

~
[|
[\
.
[|
o
£

+
oo|>1w
NE
WE
||
: M2
|
[\
~~
~ls
[\ )
ol
S
=
|
[\
~=

—_

~
||
[\
<
g
F
—
bl
[|
[\

+
oo|>‘w
NE
NE
NE
Ll?.
o
=
Y
©
=
=
©
=
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Proof. We have

lu(z,y,t) — ()" V(e(z) @ o(y))|]7-

> D Z cijAS (1) A5 (y) AL (1)

z':Oj m~+1 k=m+1

£ S AT @A AL X () x () x () drdydt,

i=m+1 j=0 k=0

i=m-+1 j=0 k=0

Eq. (5.60) and orthogonality of shifted airfoil polynomials of second kind yield

DD IPIEES 35 3D WK 3P 3) ST

=0 j=0 k =0 j=m+1 k=m+1 i=m+1 j=0 k=0
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From Theorem 5.2 and Eq. (5.61), we have

™ 5~ Lo ™ o~ Liao ™ = Lo

7T3 m oo L%22 7T3 o0 00 L%22
+T Y oot T X oo

1 j=2 k=m+1 (7 =2k =2) 4 ot s (j —2)4(k—2)

A L35 e — L2,
T +— :

4 ZQk:;H (=2)'(G-2)* 4 Z.zm;mz;(z—z)él(k_z)zl

_|._
N
NE
NE
|
o
Pl
o
©
>
_|_
|
NE
NE
|
N
Pl
<o
©
T~

I
3
+
=
<
||
no

RPN e T e

Finally, by taking the square roots of both sides of Eq. (5.62), the proof is completed.
O

Theorem 5.4. Under the assumptions of Theorem 2, we have

1
HUN—H - UNHi] == O (N) . (563)
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Proof.
Jun+1 — uNHi2
co 0o 00 N N N 2
= D220 Al @A WAL = DD D curAl@AWAL®)]|
i=0 j=0 k=0 i=0 j=0 k=0 12
N N N N
=130 enrAi o (@)A] )+ DY cinanAl (@) AN ()AL ()
=0 k=0 i=0 k=0
N N N
+ Z Z cijn+1A7 (2) A (y) AN (8) + Z Cin+1IN+1 A7 (2) Al () AN ()
i=0 j=0 i=0
N N
+ Z cN+1jN+1A N1 (2) A (Y) A () + Z NN+ AN 1 (2) Ay (9) AR (D)
j=0 k=0

+ CN+1N+1N+1A7\7+1<x>A}<V+1<y)A*N+1(t) ”?;2,

N N 3 N N 3
9 s 9 T
|l unt1 —UNHL2 = E E CN+1]]€ E E CiN+1k_8 + E E CijN+1_8

j=0 k=0 i=0 k=0 i=0 j=0

3 7T3

N
+ § zN+1N+1 3 + E CN+13N+1 3 + E CN+1N+1k 3 + N IN+IN4L = 3
=0 k=0



Chapter 5. Numerical study of the dynamics of travelling waves through nonlinear
fractional sub-diffusion equations 132

, S 3 , S S 3 , 3
= CN+100g + CN+1,017g + E CN+1,0k7g + CN+1107g + CN+111g + § :CN+1,1,k§
k=2 k=2

3

3 N N 3 3
2 @ 2 @ 2 Q
+ § CN+1,]O + E CN+1,], + E E CN+1,j,k§+Co,N+1,0§ +00,N+1,1§
7j=2

=2 k=2
N N N

2 m° 2 ° 2 ° 2 m 2 °

+ E CON+1LE g + CAN+10g + CAN+11g + E CLN+1LE g + E CiN+10g

k=2 2 —2

3

m
+C10N+1 3 +ZQN+11 3 +ZZQN+M 3 + CooN+1 g 8 "’ CoaN+1 g 3

=2 k=2

73
+ZCO,],N+1 3 + Nt 3 —|—Z LiN+17g +Z CLoN+1g +Z CN+1g
7j=2

N N ( N

) 7r5 3 3
+ E E CijN+1 g 8 +CoN+1N+1 3 +ClN+1N+1 3 + E CzN+1N+1§
=2

=2 j=2
N
42 m 4+ _3 + 2 7T_3 42 7T_3
CN+1,0,N+1 3 CN+1,1,N+1 3 CN+1,j,N+1 3 CN+1,N+1,0 3
=2
N
2 s 2 s 2 s
+ EN+LN+11G + § EN+1LN+LE G + CNHLN+LN+1 g

k=2

Following the procedure of Theorem 2, we can show that

2 Kl 2 K2 2 KS 2 K4 5.64
CN+1,00 < Vi ON+101 < Nt ON+LL0 < Vi ON+LL < N (5.64)

9 M, 9 M, 9 M 9 My
< —, C < —=, C < —, C < —, ...
Co,N+1,N+1 N8 CLNHLN+L S Jgr ONHLoN+L S g0 ONHLLN+L S e

(5.65)

M,
C?V+1,N+1,N+1 < N2 (5.66)
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Also, from the result of Theorem 2, we have

By
CN+1,06 < m,

N
Bl
2 |
CN+1,0,k N3
k=2

Similiarly

N N

1 1 N 1
2 < B2 2 < BB 2 B4
EN+1LLE S 73 EN+150 = N30

k=2 j=2 k=2

Again, from the conclusion of Theorem 2, we obtain

2 Hl
Ak S NG =i = DY

= 5 H;
ZCN—&-LJ}’C < N3(k — 1)4
J

Sy Hy'
ZZCN—H,j,k R

=2
7=2 k=2

Similiarly

Thus we get

3
2 ™ 1
uni1 — unlze < K<

Consequently, [uy-1| — 0 with convergence order O (+) as N — oco.

CON+1LE S 30

133

(5.67)

(5.68)

(5.69)

(5.70)

(5.71)
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5.7 Numerical Simulation

In this section, we implement the proposed approach for solving three test problems
to demonstrate the correctness of the proposed method. To evaluate the accuracy
of the method, the Ly and L, errors for u(z,y,t) at time ¢ are measured based on

the following formulae.

1 1
L2 :\// / |U($,y,t) - ul($7yvt)|2 d$dy
0 0
L

= max max |u(x,y,t —u x,y,t
{0<x<1}{0<y<1}) ( Y ) ( Y )

where u(x,y,t) and v (x,y,t) are the approximate and exact solutions.

To testify the convergence orders (CO) of our developed scheme, the following for-

mula is used:

log (%—f)

where x; and ys are the values of the first and second maximum absolute error
respectively. Moreover, N7 and N, are the number of the shifted airfoil polynomials

of second kind which are used in the first and second simulations, respectively.

Example 5.7.1 Let us consider the following time fractional fourth-order sub-

diffusion equation [201]:

0@ty (x,t)  Otu(w,t) F(a(x,t))+3 a(@.) A
BITIen) + paa cos(mx) <f + (¢ + 1) (7" + 1)> —u(zx,t),

(5.72)
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FIGURE 5.1: Numerical solutions for example 5.7.1 at different value of a(x, ).

with initial and boundary conditions

u(z,0) = cos(mzx), z € (0,1), (5.73)
w(0,t) = @2 L (1) = —t2@DF2 1 € [0,T], (5.74)
*u(0,t) 0*u(1,1)

o\ _7T2<ta(x,t)+2 + 1>,

e = (@2 1), te(0,7], (5.75)

0x?
The exact solution of the problem (5.72)-(5.75) is u(z,t) = cos(mz)(t*@H+2 4 1),

For example 5.7.1, table (5.1) provided the results getting from our suggested tech-
nique which analyzing the L, and L, errors with increasing order of approximate
polynomials for different time fractional which confirm the high accuracy of the
method and also support the applicability and accuracy of the presented method.
Also figures (5.1) and (5.2) show the nature of numerical solution and absolute error

for example 5.7.1 in finite domain.
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u(x, 0.5)

25x1076 |

2.x1076 |-

15x1076 |-

1.x1076 -

5.x1077 |-

FIGURE 5.2: Absolute errors for example 5.7.1 at different value of a(z,t).

TABLE 5.1: The computational error and C'O for example 5.7.1

a(z,t)

N

L, error

cO

Loy error

cO

exp’t

300

10
11
12
13
14

2.01584 x 1076
1.73846 x 1076
1.50473 x 1076
1.30758 x 1076
1.13962 x 1076

0.85066
0.90236
0.94751
0.99636

1.16895 x 1076
1.00201 x 1076
8.68363 x 1077
7.56482 x 1077
6.61793 x 1077

0.88548
0.89423
0.93061
0.96913

a(z,t)

q

L, error

cO

Lo error

cO

2+-sin(t)
400

10
11
12
13
14

1.93652 x 10°°
1.63588 x 107¢
1.39739 x 107¢
1.20649 x 10°¢
1.05152 x 107¢

0.96948
0.98432
0.99106
0.99632

1.27648 x 1076
1.09678 x 1076
9.48743 x 1077
8.21493 x 1077
7.15792 x 1077

0.87188
0.90576
0.97165
0.99818

a(z,t)

q

L, error

cO

Ly error

cO

2t+1
300

10
11
12
13
14

1.69467 x 1076
1.42684 x 1076
1.21673 x 1076
1.04969 x 1076
9.14081 x 1077

0.98853
0.99506
0.99633
1.00250

1.08142 x 1076
9.18593 x 1077
7.88225 x 1077
6.81184 x 1077
5.93757 x 1077

0.93774
0.95611
0.98467
0.99548
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TABLE 5.2: The computational error and C'O for example 5.7.3

o(x,y,t) N

L, error

cO

Lo error

cO

12
13
0.8+0.1sin(zyt) 14
15
16

1.20759 x 1077
1.04948 x 1077
9.15583 x 1078
8.04926 x 108
7.12834 x 107®

0.94681
0.98915
0.99794
1.00208

1.17483 x 1077
9.96947 x 1078
8.53769 x 10~8
7.39369 x 1078
6.44195 x 1078

0.94344
0.96846
0.70635
0.98618

6(z,y,t) N

L, error

cO

Lo error

cO

12
13
0.007-0.0032240.003y* 14
15
16

1.21594 x 107
1.05486 x 1077
9.21935 x 107®
8.12726 x 107®
7.19692 x 10~®

0.95880
0.97611
0.97678
1.00265

1.17485 x 1077
1.02548 x 1077
8.98574 x 107®
7.91953 x 107®
7.01636 x 10~®

0.91744
0.95739
0.97854
0.99866

6(z,y,t) N

L, error

cO

Lo error

cO

12
13
0.354-0.12exp(—(zyt)) 14
15
16

2.01582 x 1077
1.74948 x 1077
1.52983 x 1077
1.34738 x 1077
1.19486 x 1077

0.95611
0.97228
0.98386
0.99079

1.18794 x 1077
1.03483 x 1077
9.05735 x 1078
7.96523 x 1078
6.99879 x 10~8

0.93096
0.96564
0.99545
1.06680

Example 5.7.3 Considering the problem of two-dimension sub-diffusion equation

on a bounded domain §2;=[0,1]x]0,1]:

eIz, y, )

Otd(z:yst)

with the given conditions

u(z,y,0) =0,

+ A%u(z,y,t) = f(z,y,t) +u(z,y,t),

('Tay) € Qb

u(0,,t) = e¥t*, u(l,y,t) =et!, ye[0,1], 0<t<T,

u(y,0,t) = e¥t*, u(x,1,t) =", 2€[0,1], 0<t<T,

Au(0,y,t) = 2e¥t*, Au(l,y,t) =24, ye€[0,1], 0<t<T

Au(z,0,t) = 2e°t*, Au(x,1,t) = 2" 2 €[0,1],

(5.76)

(5.77)
(5.78)
(5.79)
(5.80)

(5.81)
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where

24

x+yt4—6(a:,y,t) 3 x+yt4'
06— 0, 0.0)° o

flz,y,t) =

The exact solution to this problem is given by,

u(z,y,t) = "Vt

We have applied the operational matrix method for this equation at different values
of §(x,y,t). Table (5.2) reports Lo and L, errors of results for increasing value
of degree of orthonormal shifted Airfoil polynomials of second kind. The reported

results confirm that the proposed method is very accurate for solving this problem.

5.8 Conclusion

In this chapter, the author successfully applied the second kind shifted Airfoil oper-
ational matrix method and collocation technique to present the numerical solutions
of non-linear fractional fourth-order sub-diffusion equation of variable-order for one
and two-dimensional. From this study, it is observed that the proposed numerical
technique is efficient and simple to discuss the wide class of a nonlinear sub-diffusion
model with neumann boundary conditions. It is analytically found that our scheme
generates convergence order of nearly O (%) this fact is verified by some examples.
Therefore, this study shows that the proposed scheme is sufficiently accurate and
effective to solve time-space fractional non-linear fourth-order sub-diffusion equation

of variable-order.

kR kR okokokokokok ok
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