

View

Online


Export
Citation

CrossMark

RESEARCH ARTICLE |  MAY 16 2022

Active polar flock with birth and death 
Pawan Kumar Mishra   ; Shradha Mishra

Physics of Fluids 34, 057110 (2022)
https://doi.org/10.1063/5.0086952

Articles You May Be Interested In

Asymptotic flocking dynamics of a relativistic Cucker–Smale flock under singular communications

J. Math. Phys. (January 2022)

Interplay of the unit-speed constraint and time-delay in Cucker-Smale flocking

J. Math. Phys. (August 2018)

Understanding and utilizing textile-based electrostatic flocking for biomedical applications

Applied Physics Reviews (December 2021)

D
ow

nloaded from
 http://pubs.aip.org/aip/pof/article-pdf/doi/10.1063/5.0086952/16641013/057110_1_online.pdf

https://pubs.aip.org/aip/pof/article/34/5/057110/2847628/Active-polar-flock-with-birth-and-death
https://pubs.aip.org/aip/pof/article/34/5/057110/2847628/Active-polar-flock-with-birth-and-death?pdfCoverIconEvent=cite
https://pubs.aip.org/aip/pof/article/34/5/057110/2847628/Active-polar-flock-with-birth-and-death?pdfCoverIconEvent=crossmark
javascript:;
javascript:;
javascript:;
https://doi.org/10.1063/5.0086952
https://pubs.aip.org/aip/jmp/article/63/1/012702/2845878/Asymptotic-flocking-dynamics-of-a-relativistic
https://pubs.aip.org/aip/jmp/article/59/8/082701/233982/Interplay-of-the-unit-speed-constraint-and-time
https://pubs.aip.org/aip/apr/article/8/4/041326/1076111/Understanding-and-utilizing-textile-based
https://servedbyadbutler.com/redirect.spark?MID=176720&plid=2063275&setID=592934&channelID=0&CID=754934&banID=520996622&PID=0&textadID=0&tc=1&adSize=1640x440&matches=%5B%22inurl%3A%5C%2Fpof%22%5D&mt=1682062240299701&spr=1&referrer=http%3A%2F%2Fpubs.aip.org%2Faip%2Fpof%2Farticle-pdf%2Fdoi%2F10.1063%2F5.0086952%2F16641013%2F057110_1_online.pdf&hc=328e10a67f832252bd72a18b2bd35da02f0993a7&location=


Active polar flock with birth and death

Cite as: Phys. Fluids 34, 057110 (2022); doi: 10.1063/5.0086952
Submitted: 31 January 2022 . Accepted: 2 May 2022 .
Published Online: 16 May 2022

Pawan Kumar Mishraa) and Shradha Mishra

AFFILIATIONS

Department of Physics, Indian Institute of Technology (BHU), Varanasi, Uttar Pradesh 221005, India

a)Author to whom correspondence should be addressed: pawankumarmishra.rs.phy19@itbhu.ac.in

ABSTRACT

We study a collection of self-propelled polar particles on a two-dimensional substrate with birth and death. We introduce a minimal lattice
model for the system using active Ising spins, where each particle can have two possible orientations. The activity is modeled as a biased
movement of the particle along its direction of orientation. The particles also align with their nearest neighbors using Metropolis Monte
Carlo algorithm. The system shows a disorder-to-order transition by tuning the temperature of the system. Additionally, the birth and death
of the particles is introduced through a birth and death parameter c. The system is studied near the disorder-to-order transition. The nature
of disorder-to-order transition shows a crossover from the first order, discontinuous to continuous type as we tune c from zero to finite
values. We also write the effective free energy of the local order parameter using perturbative calculation, and it confirms the dependence of
the nature of phase transition on the birth and death parameter.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0086952

I. INTRODUCTION

The active matter systems can be recognized as a collection of
particles in which the individual components possess nonzero motility
by converting the energy from their surroundings and also from the
medium.1–6 The active particles spontaneously self-organize when pre-
sent in large numbers and result in coordinated and collective behavior
(CB) on various length scales.4,5,7–13 The phenomenon of collective
behavior is being studied with great interest in systems exhibiting
nonequilibrium phase transition under driven noise and particle
density.2,14–18 In different experimental,19–23 analytical,1–3,24 and
numerical16–18,25–37 studies of active matter systems, it has been shown
that the system changes its static and dynamic behavior in different
homogeneous and inhomogeneous environments and on the variation
of different parameters.4,38–49 Among them, the nature of phase transi-
tion is one of the most studied phenomena in this field of
research.14,16–18,38,50–52 The phase transition in the collection of self-
propelled particles also called as “flocking transition” is important
because it can be described as a nonequilibrium analog of disorder-to-
order phase transition in equilibrium systems.50–53

In a recent study of lattice-based models introduced by Peruani
et al.50 and Solon and Tailleur,51 it has been found that the nature of
phase transition in self-propelling agents is analogous to the liquid–gas
transition on the variation of temperature and density in the sys-
tem.51,52 To understand the phase transition, Solon et al. introduced a
microscopic lattice model with discrete symmetry, which is known as
the active Ising model (AIM).51 The AIM is a much simplified model

for the collective motion and gives the basic features of the flocking
models:52 viz., band formation, large density fluctuations, discontinu-
ous disorder-to-order phase transition, etc. The study of AIM by51 is
for the system where the total number of agents is fixed. The effect of
birth and death of agents on the system is not yet explored.

In this current study, we ask the question: whether the introduc-
tion of birth and death of the agents can affect the nature of phase
transition? To serve this purpose, we introduced a minimal lattice-
based model of active Ising spins (AIM) with an additional birth and
death term c.

The system is studied for various c, and it is found that for the
c¼ 0, the system shows a first-order, disorder-to-order phase transi-
tion with the appearance of bands in the local density and magnetiza-
tion. On introducing the c, the bands start to dilute and, finally,
disappear for large c, and the transition becomes continuous in nature.
We also studied the system using coarse-grained hydrodynamic equa-
tions of motion. Using the renormalized mean-field theory, we write
effective free energy for local order parameter and find an additional
cubic order nonlinearity present for zero birth and death, and the non-
linearity weakens on increasing birth and death parameter.

The rest of the paper is organized as follows. In Sec. II, we discuss
the model and simulation details. In Sec. III, the results from the
numerical simulations are discussed where we mainly conclude how
the nature of phase transition is changing by tuning the parameter c.
In addition to the numerical approach, we also study the system ana-
lytically in Sec. IV with the help of coarse-grained hydrodynamic
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equations for density and polarization using the renormalized mean-
field theory. Finally, in Sec. V, we conclude the paper with a summary
and discussion of the results.

II. MODEL AND NUMERICAL METHODOLOGY

We consider a system of active Ising spins (AIM) on a two-
dimensional rectangular lattice of size Lx � Ly with a periodic bound-
ary condition in both directions. A fraction of sites on the lattice is
vacant. Each spin can take two possible values Si ¼ 61. Since some of
the sites are vacant, we define an occupancy variable ni¼ 0 or 1 for the
unoccupied and occupied sites, respectively. In this model, the volume
exclusion principle is effective such that each site can have a maximum
of one particle on it.50 Each spin can interact with its nearest neighbor
spins using the Ising Hamiltonian55

H ¼ �
XN
i¼1

ninjSiSj; (1)

thus, the interaction term is nonzero only if the site and the interacting
sites both are occupied. The above Hamiltonian in Eq. (1) is simulated
for a fixed vacancy density V ¼ 20% (particle density q ¼ 0:8) by
tuning the temperature. The temperature is introduced through the
Metropolis Monte Carlo algorithm56,57 for the alignment interaction
among the spins. The ratio of the interaction strength and the
Boltzmann constant is chosen as 1. Particles tend to move in the direc-
tion of their spin if the lattice site is vacant; otherwise, they do not

move. The dynamics of the spins on the lattice can be modeled in the
following manner: (i) the spins are fixed to their lattice sites and inter-
act through the Hamiltonian in Eq. (1). In this study, we are defining
it as “fixed Ising model” (fIm). (ii) We allowed the spin to diffuse to
any of its nearest vacant sites with equal probability. The model is
named as the diffusive Ising model (dIm). In Fig. 1, we show the
Kolmogorov diagram54 to check the detail balance condition on dIm.
In Fig. 1, a loop of four configurations is shown, that breaks
Kolmogorov’s criterion, e.g., a clockwise loop gives the total probability
D2e�4b, while an anticlockwise loop gives D2e�2b, thus showing that
the system does not satisfy detailed balance. The numbers associated
with the arrows are the transition rates. Hence, fIm satisfies the detail
balance condition, but the dIm deviates from it, and this observation is
consistent with the model studied in Ref. 50.

(iii) Further, we made the spins active by introducing a biased
movement corresponding to their direction as introduced in Refs. 51
and 52. The update rules showing the motion of the spins are shown
in Fig. 2(b). Activity is introduced through a parameter e 2 ð0; 1Þ. In
the presence of activity e, the update rule for the movement of the
spins at a particular site is given as follows. Each particle hops to its
two neighboring sites left and right at rate Dð1þ SeÞ provided the tar-
get site is vacant. It hops to the other two sites (up and down) with
equal probability D. If e ¼ 0, then, the hopping rates are the same in
all the directions and that rate comes out to be D¼ 1/4 and the model
reduces to dIm. For nonzero e, the particle moves in the direction of
its orientation at rate Dð1þ eÞ and in the opposite direction to its

FIG. 1. (a) Sketch of a part of system car-
rying spins S ¼ þ1 [red (triangle right)]
and S¼ – 1 [dark green (triangle left)]
along with vacant sites S¼ 0 (black circle)
on a two-dimensional lattice, (b) repre-
sents the flipping rate at fixed tempera-
ture, (c) represents the probability of
movement of the spins to the neighboring
sites, and in (d), the birth and death
parameter c is added in the model in
which the particles disappearing from ran-
dom sites are shown by magenta square
and appearing at the sites which were
vacant represented by the orange triangle
right for S ¼ þ1 and the green triangle
left for S¼�1.
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orientation at rate Dð1� eÞ. Whereas, the particle hops with rate D to
the other two possible directions. For our present study, we fix
e ¼ 1:0. We call the model as the active model (Am).

(iv) Next, we introduce the birth and death of particles in the
model (Am). The birth and death rate c is introduced as a fraction of
sites on the lattice with particle density q, such that from the randomly
chosen c=2 fraction of sites we remove the particles (if occupied) and
similarly on the randomly chosen unoccupied sites, i.e., c=2 fraction of
the total number of sites, we introduced the new particles with spin
favored with the majority spins in their nearest neighbor. We call it
the birth and death active model (bdAm), the value of c is tuned from
0 to 0.1. For c¼ 0, the model reduces to Am. One simulation step is
counted after the successful update of the above steps for all the par-
ticles once. Total simulation steps (time) used are T ¼ 1:7� 105. The
steady-state calculation of various quantities is performed after the
simulation time 7� 104. We use 15 independent realizations for aver-
aging the data for the system sizes Lx � Ly ¼ 400� 50, 600� 50, and
800� 50.

III. RESULTS

We first studied the model (bdAm) with no birth and death rate,
i.e., c¼ 0. The system is studied at varying temperatures. A disorder-
to-order phase transition is found on decreasing temperature. We
studied the system for activity e ¼ 1 and for different c. We first calcu-
lated the global magnetization in the system defined as

MðtÞ ¼ 1
N

����
X
i

SiðtÞ
����; (2)

whereN is the total number of particles. We define the mean magneti-
zation M ¼ hMðtÞi, where h�i means the average over time in the
steady state and over different realizations. We find that for the high

temperature and for all c, the system is disordered (M ’ 0) and
ordered withM ’ 1 for the low temperature.

The variation of M as a function temperature is shown in
Fig. 3(a) for different c. We find a very strong dependence on the
shape of the disorder-to-order curve on c. Also, we show the variation
of M as a function of temperature for different system sizes Lx � Ly
¼ 400� 50, 600� 50, and 800� 50 for a fixed value of c ¼ 0:0, 0.1,
and 1.0 in Figs. 3(b)–3(d), respectively. We observe a very insignificant
change in the curves with respect to system size, and we expect that
the present model has a very weak finite-size effect in comparison to
other studies of Vicsek’s type models.14

To confirm the nature of transition, we looked at the system near
the disorder-to-order transition. We first plot the real space snapshot
of local density qloc in Figs. 4(a)–4(c). The qloc is calculated by count-
ing the density of spins in a box of size 2� 2. The panels from top to
bottom (t1–t3) for three different simulation times t ¼ 1:4� 105; 1:5
�105, and 1:6� 105, respectively. The panel (a)–(c) is for c¼ 0, 0.01,
and 0.1, respectively. For c¼ 0, we see the formation of bands of high-
density spins, and with the time, these bands move across the system.
The bands get diluted on increasing c and disappear for large value
c ¼ 0:1. The color bar shows the value of local density qloc. Similarly,
we also plot the local magnetization m, obtained by calculating the
mean spin in the box of size 2� 2 in Figs. 4(d)–4(f) for the same set of
parameters as for (a)–(c). The panel (d)–(f) is for c¼ 0, 0.01, and 0.1,
respectively. We again find for zero c, bands of high-ordered region
move in the background of the disordered region. The bands get
diluted on increasing c and finally disappear for large c ¼ 0:1. The
color bar shows the value of local m, and positive and negative m rep-
resents the mean local spinþ 1 and �1, respectively. Very clearly, the
band splits into thinner and weaker bands on the introduction of c.
The formation of bands we find here for c¼ 0 or Am is a common

FIG. 3. The plot of order parameter M vs temperature T (a) for the system size
800� 50 and various values of c, i.e., the black (circle), red (square), green (dia-
mond), blue (triangle right), and maroon (triangle left) for c¼ 0, c ¼ 0:01; c
¼ 0:1; c ¼ 0:5, and c¼ 1, respectively. The panels (b), (c), and (d) represent M
vs T for fixed c¼ 0, c ¼ 0:1, and c¼ 1, respectively. The different curves in each
panel (b)–(d) represent different system sizes, i.e., the indigo (triangle down),
magenta (triangle right), and green (triangle right) for 400� 50; 600� 50, and
800� 50. The lines are guide to the eyes.

FIG. 2. A loop of four configurations that break Kolmogorov’s criterion54 of detailed
balance for dIm, flipping, and movement is shown for the spin represented by par-
tially filled [red (triangle right)] and [dark green (triangle left)]. The clockwise loop
ðC1 ! C2 ! C3 ! C4 ! C1Þ gives the total probability D2e�4b, while the anti-
clockwise loop ðC1 ! C4 ! C3 ! C2 ! C1Þ gives the total probability D2e�2b,
thus showing that the system does not satisfy detailed balance. The numbers asso-
ciated with the arrows are the transition rates, and other symbols have the same
meaning as in Fig. 1.
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characteristic of a polar flock.14,50–52,58 For large c ’ 0:1, slowly, the
density pattern disappears and it’s all become close to the mean den-
sity qloc ¼ 0:8.

To further characterize the density inhomogeneity for different c,
we plot the distribution of density for different temperatures close to
disorder-to-order transition. Using the local density qloc plots shown
in Figs. 4(a)–4(c), we calculated the local density along the long axis of
the system by averaging over the shorter axis Ly. In this manner, we
find the density variation in one direction qx. We further plot the
probability distribution function (PDF) of density PðqxÞ for various c
in Fig. 5. For zero c, distribution clearly shows the bimodal nature,
with one peak close to 1 (maximum density) and another peak at the
lower density qx ¼ 0:4. As we increase c, the two peaks come closer,
and finally, for c � 0:1, we find a single peak at qx ¼ 0:8. In inset of
Fig. 5, we plot the density difference of two peaks Dq vs c, and plot
clearly shows a monotonic decrease of Dq on increasing c.

To understand the effect of c on the nature of phase transition in
the system, we observed the time series of the global magnetization
M(t) in the steady state for two different c¼ 0 and c ¼ 0:1. Using the
time series, we calculated the probability distribution function (PDF)
of magnetization P(M). In Fig. 6, we plot the P(M) in the vicinity of
disorder-to-order transition. Figures 6(a) and 6(b) show the P(M) for
c¼ 0 and c ¼ 0:1, respectively. Figure 6(a) shows a bimodal distribu-
tion of P(M) with one peak at M¼ 0.05 and another at M¼ 0.45 for
some intermediate temperature T¼ 2.25 and in the neighborhood of

T¼ 2.25, T ¼ 2:15; 2:20; 2:30; 2:35, we find jump in the peak position
of P(M). Whereas, the distribution is always unimodal for all T, and
the location of peak in P(M) smoothly moves toward lower M values
for c ¼ 0:1 as shown in Fig. 6(b). Hence, we say that the nature of the
phase transition changes from the discontinuous to continuous type
on increasing c. In this paper, we mainly focused on the effect of birth
and death (bdAm). We also performed the study for zero birth and
death and varying the activity e 2 ð0; 1Þ. We found that the nature of
phase transition and the behavior of magnetization vs temperature
curves changes from continuous to discontinuous type on varying e
(data not shown). These findings are consistent with the study of
Peruani et al.50

Now, using coarse-grained hydrodynamic equations of motion,
we show how the increasing birth and death parameter in the density
equation can lead to continuous transition.

FIG. 4. Time snapshots of local density qloc (a)–(c) and local magnetization m
(d)–(f). From left to right (a)–(c) or (d)–(f) is for c ¼ 0:0, 0.01, and 0.1 and (t1–t3) is
for 1:4� 105; 1:5� 105; 1:6� 105, respectively. Color bars represent the value
of the local density qloc and magnetization m. System size is 400� 50, and only a
part of the system is shown for better resolution.

FIG. 5. Plot of PDF PðqxÞ for different values of c, i.e., the black (circle), green
(square), maroon (diamond), indigo (triangle right), cyan (triangle left), and orange
(triangle down) symbols represent c¼ 0, c ¼ 0:02; c ¼ 0:04; c ¼ 0:06; c ¼ 0:08,
and c ¼ 0:1, respectively. The lines are guide to eyes. Inset: plot of Dq vs c, where
Dq represents the difference between two peaks of the distribution of the local density.
The system size is same as in Fig. 4.

FIG. 6. Plot of PDF of order parameter P(M) for c¼ 0 and c ¼ 0:1 in (a) and (b),
respectively, where the black (circle), red (square), green (diamond), blue (triangle
left), and maroon (triangle up) symbols represent the temperatures: (a) T¼ 2.15,
T¼ 2.20, T¼ 2.25, T¼ 2.30, and T¼ 2.35, respectively and (b) T¼ 1.65,
T¼ 1.70, T¼ 1.75, T¼ 1.80, and T¼ 1.85, respectively, near the disorder-to-order
transition. Lines are guide to eyes. The system size is same as in Fig. 4.
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IV. HYDRODYNAMIC EQUATIONS OF MOTION
FOR SLOW VARIABLES

Now, we introduce the coarse-grained hydrodynamic equations
of motion for slow variables: density qðr; tÞ and polarization order
parameter Pðr; tÞ. The former is globally conserved, and the latter is
nonzero for the broken symmetry or ordered state. The equation of
motion for local density field qðr; tÞ

@q
@t
¼ �v0r � ðPqÞ þ Dqr2qþ cgðqÞ; (3)

and the hydrodynamic equation of motion for the local polarization
Pðr; tÞ

@P
@t
¼ ða1ðqÞ � a2jPj2ÞP� v1rqþ kðP � rPÞ þ Dr2P: (4)

Equation (3) represents a continuity equation with the additional birth
and death term gðqÞ ¼ qðq0 � qÞ for the density field q, where q0 is
the mean density of particles in the system and c is the birth and death
parameter. This type of term was first put by Malthus,59 and conse-
quently, the flocks with birth and death are also known as Malthusian
flocks. According to Malthus, any collection of entities that is repro-
ducing and dying can only reach a nonzero steady state with the popu-
lation density q0. gðqÞ increases with increasing q for q < q0, and it
decreases with increasing q for q > q0. The first term on the right-
hand side of Eq. (3) describes the convection due to the self-
propulsion velocity v0P. The second term on the right-hand side of
Eq. (3) is diffusion due to the density gradient. In polarization Pðr; tÞ,
Eq. (4), the first term on right-hand side represents a mean-field
transition from an isotropic state (P ¼ 0) to a broken symmetry state

P ¼
ffiffiffiffiffiffiffiffiffi
a1ðq0Þ

a2

q
x̂ (the direction of broken symmetry is chosen the along

x- axis). The second and third terms indicate the hydrostatic pressure
due to the density gradient and convection in the model, respectively.
Both k and v1 depend on the self-propelled speed of the particle.60 The
fourth term represents diffusion in the polarization field. The above
two equations are similar to the equations introduced in Ref. 3. Here,
we introduced an additional term due to birth and death in the density
equation.

We first find the mean-field homogeneous ordered steady state

of Eqs. (3) and (4), q ¼ q0 and P ¼ P0 ¼
ffiffiffiffiffiffiffiffiffi
a1ðq0Þ

a2

q
x̂ . We further add a

small perturbation on the above homogeneous ordered state and write
qðr; tÞ ¼ q0 þ dqðr; tÞ and Pðr; tÞ ¼ ðP0 þ dPxÞx̂ þ dPyŷ . The per-
turbations dqðr; tÞ; dPxðr; tÞ, and dPyðr; tÞ are the small fluctuations
in the density and two components of polarization, respectively. Since
the system shows a mean-field transition from disordered-to-ordered
state where a1, changes sign. We assumed that the system is close to
the critical point such that the order parameter is small, and hence, we
have calculated the model for a1 ¼ 0 (at the mean-field critical point).
The change in the critical point goes beyond the mean-field study in
another interesting research problem and explored in other previous
studies of active systems.61 We further substitute for the q and P from
the above expressions and write the Eqs. (3) and (4) for the small fluc-
tuations dq; dPx , and dPy to the linear order. The equation for dPx
will not contribute to linear order. Hence, only the equations for the
local density fluctuation dqðr; tÞ and local transverse polarization fluc-
tuation dPyðr; tÞ will survive.

@tdqðr; tÞ ¼ �v0@ydPy � cq0dqþ Dqr2dq; (5)

@tdPy ¼ �@y
v1
2q0

dqþ Dr2dP: (6)

We further take the Fourier transform of the two equations using
Âðq;xÞ ¼

Ð
Aðr; tÞ exp ðiq � rþ ixtÞdrdt, where Â ¼ðdq̂; dP̂y Þ. We

use the method of Fourier transform to solve the modes of the coupled
nonlinear partial differential equations of motion for the density and
polarization in Eqs. (3) and (4). A similar approach is used earlier in
the system of the polar flock as well as in fluid mechanics in Refs. 3
and 62. Applying the Fourier transform, the two equations will
become

ð�ixþ Dqq
2 þ cq0Þdqþ iqyv0q0dPy ¼ 0 (7)

and

iqy
v1
2q0

dqþ ð�ixþ Dq2ÞdPy ¼ 0: (8)

The fields ðdq; dPyÞ in Eqs. (7) and (8) and later equations are in the
Fourier transform, but the ^ symbol is removed for simplicity. The
wavevector q ¼ ðq cosðhÞ; q sinðhÞÞ ¼ ðqx; qyÞ, where h is the angle
from the direction of broken symmetry.

We further solve the above two coupled linear equations for dq
and dPy (7) and (8), respectively, and find the solution for the two
modes x6 as

x6 ¼
�icq0

2
6
q
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2v0v1 þ 2cq0ðDq � DÞ

q
: (9)

The first term in the two modes shows the exponential decay of the
two fields (density and polarization) due to the nonzero birth and
death c 6¼ 0 that represents the decay of the traveling mode for finite
birth and death. The second term is like sound mode, with speed pro-
portional to the system parameters (self-propulsion speed of the par-
ticles and two diffusion constants).

In Sec. IVA, we carry out the perturbative study of the hydro-
dynamic equations of motion to the lowest (quadratic) order non-
linearity. The aim of the perturbative study is to solve the coupled
equations for the density and write an effective equation for the
polarization. The effective polarization equation is renormalized,
and hence, we name the method as the renormalized mean-field
study.

A. Perturbative calculation for effective free energy
for local polarization

We focus our study near the disorder-to-ordered critical
point and aim to write an effective renormalized equation for
polarization after solving for density. To do so, we assume the
polarization fluctuation is small and perform the study around the
isotropic or disordered state as in the usual Landau–Ginzburg
approach.63

We introduce q ¼ q0 þ dq and P ¼ ðdPx; dPyÞ and write
the equations for the small fluctuations dq and dP ¼ ðdPx; dPyÞ.
The solution for the Fourier transformed local density fluctua-
tion dqðq;xÞ and polarization fluctuations dPðq;xÞ will
become
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dqðq;xÞ ¼ �v0q0iq:dPðq;xÞ
ð�ixþ Dqq2 þ cq0Þ

� 1
2

v0iq:
ð

dPðk;XÞdqðq� k;x� XÞ þ dPðq� k;x� XÞdqðk;xÞ½ �dkdX

ð�ixþ Dqq2 þ cq0Þ
(10)

and

�ixdPðq;xÞ ¼ �a1ðq0ÞdPðq;xÞ þ a01ðq0Þ

� 1
2

� ð
dPðk;XÞdqðq� k;x� XÞ

þ dPðq� k;x� XÞdqðk;XÞdkdX
�

� a2

ð
dPðk;XÞdPðk0;X� X0Þ

� dPðq� k � k0;x� X� X0Þdkdk0dXdX : (11)

Here, we write only the first two terms in the polarization Eq. (4).
a01ðq0Þ ¼ @a1

@q jq¼q0
. Substituting for dq leading order from Eq. (10)

and substituting for one of modexþ from Eq. (9)

�ixdPðq;xÞ ¼ a1ðq0ÞdPðq;xÞ þ
1
2
a01ðq0Þ

�

ð
ðdPðkÞðv0q0ðq� kÞÞdPðq� k;x�XÞÞ

6cq0 þ ðq� kÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2v0v1 þ cq0ðDq �DÞ

p
2
64

þ

ð
ðdPðq� k;x�XÞðv0q0kÞdPðk;XÞÞ

cq0 þ k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2v0v1 þ cq0ðDq �DÞ

p
3
75

�a2

ð
dPðk;XÞdPðk0;X�X0Þ

� dPðq� k� k0;x�X�X0Þdkdk0dXdX: (12)

It is complicated to solve the above equation for the dimensions d¼ 2
when dP is a vector. However, the usual flocking transition is charac-
terized by the appearance of bands near the transition.14,16,51 When
bands form, the local density and polarization show the variation only
along the direction of moving bands, and in the transverse direction, it
is homogeneous both in space and in time. Hence, the system can be
considered one dimensional where both dP and dq only vary along
the direction of moving bands and all the vectors can be replaced by
scalars in Eq. (12). In such conditions, we can rewrite Eq. (12) as

�ixdPðq;xÞ ¼ a1ðq0ÞdPðq;xÞþ
1
2
a01ðq0Þ

�
v0q0

ð
dPðq� k;x�XÞðq� kÞdPðk;XÞdkdX

6cq0þðq� kÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2v0v1þ cq0ðDq�DÞ

p
2
64

þ
v0q0

ð
dPðq� k;x�XÞkdPðk;XÞdkdX

6cq0þ k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2v0v1þ cq0ðDq�DÞ

p
3
75

�a2

ð
dPðk;XÞdPðk0;X0Þ

� dPðq� k� k0;x�X�X0Þdkdk0dXdX0: (13)

Case with no birth and death

For c¼ 0 or no birth and death, by doing the inverse Fourier
transform, we write the effective free energy feff ðdPÞ using
Eq. (13) as

feff ðdPÞ¼�
a1ðq0Þ

2

ð
d2rðdPðrÞÞ2

�a01ðq0Þ
6

ffiffiffiffiffiffiffi
v0
2v1

r ð
d2rðdPðrÞÞ3þa2

1
4

ð
d2rðdPðrÞÞ4: (14)

For homogeneous dP, the effective free energy feff ðdPÞ which is real
space will become

feff ðdPÞ ¼ �a1ðq0Þ
dP2

2
� a01ðq0Þ

6

ffiffiffiffiffiffiffi
v0
2v1

r
dP3 þ a2

4
dP4: (15)

The constants appearing in Eq. (15) due to finite volume integration
are absorbed in the coefficients. The second term of the right-hand
side of Eq. (15) is an additional expression which is cubic in order
oðdP3Þ. The presence of such a nonlinear term can lead the mean-
field transition to the first order.

Case with birth and death

Now, we examine the system for finite c, using the denominator
of Eq. (13) inside the square ½�� bracket

cq0 �
q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2v0v1 þ cq0ðDq � DÞ

p
6

: (16)

Then, the second term in Eq. (13) is of the form of ðPrPÞ, and this
term can be compared with the convective nonlinear term of the type
P � rP in the hydrodynamic Eq. (4).

Hence, for large c, the birth and death term will dominate and
the transition will be of the continuous type as predicted by the mean-
field theory, whereas for finite and small c, such that

cq0 �
q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2v0v1 þ cq0ðDq � DÞ

p
6

; (17)

the effective free energy forfeff ðdPÞ will become

Feff ðdPÞ ¼ �
1
2
a1ðq0ÞdP2 � v0q0a

0
1ðq0ÞdP3

6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2v0v1 þ cq0ðDq � DÞ

p þ a2
4

dP4:

(18)

The wavevector dependence of the additional convective nonlinear
term in Eq. (13) goes away, and it contributes an additional oðdP3Þ
nonlinearity in the effective free energy which will lead the transition
to the discontinuous type. Therefore, the discontinuous transition hap-
pens through the competition of a length scale and birth and death
parameter as given in Eq. (17). As shown in Fig. 4, on increasing birth
and death term from c¼ 0, the bands start splitting and their size
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deceases, and the nature of transition becomes more and more contin-
uous type as predicted by the mean-field theory.

We further analyzed the properties of effective free energy in the
presence of additional cubic order nonlinearity. In the simplified nota-
tion, the effective free energy in Eq. (18) can be rewritten as

fðdPÞ ¼ �b1dP
2 � b2dP

3 þ b3dP
4; (19)

where b1 ¼ 1
2 a1ðq0Þ; b2 ¼

v0q0a
0
1ðq0Þ

6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2v0v1þcq0ðDq�DÞ
p ; b3 ¼ a2

4 . For the transi-

tion to be the first order, we impose the coexistence condition, i.e.,
fðdP ¼ 0Þ ¼fðdP 6¼ 0Þ, that gives

�b1 � b2dP þ b3dP
2 ¼ 0; (20)

also the condition of steady state implies @f@dP ¼ 0

�2b1 � 3b2dP þ 4b3dP
2 ¼ 0; (21)

using Eq. (20) and (21), the jump in the order parameter P at the
transition

dP ¼ b2

2b3
; (22)

is always positive, hence, the finite jump. Substituting the value of dP

in Eq. (20) and solve for b1, we b1 �
b2
2

4b3
¼ 0. We rewrite the above

expression and get bc
1 ¼

b2
2

4b3
again a positive term. We further analyze

the jump in the order parameter and transition point by substituting

the value b2 and b3 in Eq. (22), we get dP ¼ 4v0q0a
0
1ðq0Þ

3a2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2v0v1þcq0DD
p , where

DD ¼ Dq � D.
Assuming the temperature dependence of a1 in the mean-field

theory a1ðq;TÞ ¼ a0ðqÞðT � T	Þ; T	 is point where there is a mean-
field type second-order phase transition for large c. Here, if we define

the true critical temperature as Tc, where b1 ¼
b2
2

4b3
, we get the critical

point ac1ðq;TÞ ¼ a0ðqÞðTc � T	Þ ¼ 2b1> 0. Hence, we find that

Tc > T	 and Tc ¼ b2
2

2b3a0
þ T	. After substituting the value of b2 and

b3, we find Tc ¼ T	 þ 2v02q0
2a0 02q0

9ð2v0v1þcq0DDÞa2a0ðq0Þ
. Hence, in the simplified

notation, we can write

Tc ¼ T	 þ A
Bþ c

; (23)

where A ¼ 4v02q0
2a002q0

9q0DDa2a0ðq0Þ
and B ¼ 2v0v1

q0DD
. For large c, second term in the

expression for Tc is negligible and critical point happens at T	. As we
start tuning c toward lower values, the phase transition shifts toward
right as obtained in our numerical study shown in Fig. 3. Also, dP (the
jump in order parameter) is almost zero for large c that means system
approaches critical point continuously as found in our numerical
study [Fig. 6(b)]. But, as we start decreasing c, transition happens with
a finite jump in order parameter [Fig. 6(a)].

V. DISCUSSION

We studied a system of active Ising spins with birth and death
on a two-dimensional substrate with the periodic boundary condi-
tion. The system is studied using the Metropolis Monte Carlo
method for the interaction among the spins, and the spins perform

the biased move along their direction of orientation. The system is
studied for the fixed activity and varying birth and death rate c. It
shows a phase transition from disorder-to-order for all c and fixed
activity on varying temperatures from high to low. The transition
is of the first order or discontinuous type for the conserved model
(c¼ 0) and becomes second-order continuous type for the birth
and death model. Also, transition shifts toward higher temperature
on decreasing c. Hence, the presence of birth and death term tunes
the disorder-to-order transition to lower the temperature and
shows a crossover from the discontinuous to continuous type in
the polar flock.

We also performed and compared the hydrodynamic approach
developed for the continuum model with the numerical study per-
formed for the lattice system. The results are compared for the local
density and polarization, which can be assumed as like a continuum in
the steady state. In our analytical study, we find that for zero birth and
death rate, the phase transition is of first order with a finite jump in
the polarization as given in Eq. (22), whereas as we increase c, the
jump decreases. Hence, we find a crossover from the discontinuous
type of transition to the continuous type on increasing c. Also, the crit-
ical temperature shifts toward higher values as birth and death rate c
decreases in Eq. (23) and matches with what is observed in the numer-
ical simulation Fig. 3. Hence, our study shows the effect of birth and
death on the nature of the phase transition of the polar flock. The pre-
sent model is studied for discrete Ising spins with the Globular con-
served model64 for the spin interaction. It is worth to study the system
for the non-conserved Kawasaki type65 of spin interaction as well as
for the off-lattice systems.
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