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Abstract
This article is concerned with the construction and analysis of efficient uniformly
convergent methods for a class of parabolic systems of coupled singularly perturbed
reaction–diffusion problems with discontinuous source term. Due to the discontinuity
in the source term, the solution to this problem exhibits interior layers along with
boundary layers, which are overlapping and interacting in nature. To achieve an effi-
cient numerical solution for the coupled system under consideration, at interior points
(excluding the interface point) we employ a special finite difference scheme in time
(where the components of the approximate solution are decoupled at each time level)
and the central difference scheme in space; for mesh points on the interface, a spe-
cial finite difference scheme decoupling the components of the approximate solution
is developed. A rigorous error analysis is provided, establishing the method’s uni-
form convergence. In terms of computational cost, our numerical methods are more
efficient than existing approaches for solving this class of problems. Finally, we pro-
vide numerical results to substantiate the theory and showcase the efficiency of our
methods.
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1 Introduction

In this work, we consider a 1D coupled system of p (≥ 2) parabolic reaction diffusion
equations with discontinuity in the source term, on the domain G = (0, 1) × (0, T ].
Specifically, we assume that the source term possesses a single discontinuity at x =
d, 0 < d < 1. Suppose G1 = (0, d) × (0, T ] and G2 = (d, 1) × (0, T ]. The goal is
to find u ∈ C0(G) ∩ C1+l(G) ∩ C4+l (G1 ∪ G2) , 0 < l ≤ 1, such that

Lu := ∂u
∂t

− Dε
∂2u
∂x2

+ Au = f , (x, t) ∈ G1 ∪ G2, (1)

u(x, 0) = 0, u(0, t) = 0, u(1, t) = 0, for all t ∈ (0, T ], (2)

where A(x, t) = (
ai j (x, t)

)
p×p is a matrix-valued coefficient, f (x, t) =

( fi (x, t))p×1 , is a vector-valued right hand side, and Dε = diag
(
ε1, . . . , εp

)
is a

diagonal matrix with 0 < ε1 < · · · < εp � 1. Furthermore, f exhibits a dis-
continuity at x = d, and the reaction coefficient matrix A is sufficiently smooth,
satisfying

aii (x, t) >

p∑

j �=i, j=1

∣
∣ai j (x, t)

∣
∣ , for 1 ≤ i ≤ p,

ai j (x, t) ≤ 0 for i �= j, 1 ≤ i, j ≤ p (3)

and

min
(x,t)∈G
1≤i≤p

p∑

j=1

ai j (x, t) > α > 0, (4)

for some constant α. Additionally, the following interface conditions [ui ] (d, t) =
0, εi [ ∂ui

∂x ](d, t) = 0 are satisfied by the exact solution u = (u1, u2, . . . , u p
)T , where

the jump at some point (d, t) in any function is expressed as [ω](d, t) = ω(d+, t) −
ω(d−, t).

Singularly perturbed equations typically involve a small positive parameter that
multiplies some or all of the coefficients of the higher-order derivative terms [6, 16–18,
24, 26]. One of the reasons for taking SPPs into consideration is their wide application
in fluid dynamics, chemical kinetics, physics, mathematical biology, or engineering.
The term “singular perturbation" refers to the rapid changes in the solution behavior as
the perturbation parameter approaches zero, giving rise tomathematicalmanifestations
of layers, specifically boundary or interior layers. Boundary layers are notable for their
interactive and overlapping nature, especially in coupled systems, where different
small parameters are present in each equation. On the other hand, interior layers arise
primarily due to non-smoothness in the data, presenting intriguing challenges. This
article primarily focuses on approximating a system of coupled singularly perturbed
equations of reaction–diffusion type with a discontinuous source term that exhibits
boundary and interior layers.
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Throughout the early twentieth century, researchers have diligently explored
numerical techniques for singularly perturbed problems (SPPs), contributing to an
ever-expanding research frontier [1, 3, 4, 8, 10–15, 19].Classical numerical approaches
often struggle to achieve accurate approximations of the exact solution of SPPs on uni-
form meshes for small values of the perturbation parameter. This highlights the need
to develop numerical methods that can produce reliable and accurate approximate
solutions, regardless of the perturbation parameter values. These methods are known
as parameter uniform/uniformly convergent numerical methods. For coupled systems
with non-smooth data, the scenario can become quite intricate. When parameters of
different magnitudes are associated with each equation, the solution develops interac-
tive and overlapping boundary and interior layers. This complexity adds difficulty to
both the development of numerical methods and the subsequent numerical analysis.

In recent years, singular perturbation problems with non-smooth data have been
successful in drawing the attention of many researchers (see [3, 5, 7, 20, 21, 23, 25, 28]
and the references therein). However, the numerical treatment of problem (1)–(2) is
still in its infancy stage. The authors in [22] presented a uniformly convergent numer-
ical method for problem (1)–(2) using the implicit Euler scheme in time and central
difference approximation in space. However, the computational cost of this method is
high due to the need to solve a coupled system at each time level. To the best of our
knowledge, we are not aware of any attempts to develop and analyze computationally
efficient numerical methods for singularly perturbed coupled systems of parabolic
reaction–diffusion problems with discontinuous data, which exhibit interactive and
overlapping boundary and interior layers.

In this paper, our aim is to develop and analyze computationally efficient numerical
methods for coupled systems of parabolic reaction–diffusion problems (1)–(2) with
discontinuous source term. We employ a uniform mesh in time and an appropriate
layer adapted Shishkin mesh in space. To achieve an efficient numerical solution for
the coupled system under consideration, at interior points (excluding the interface
point) we employ a special finite difference scheme in time (where the components of
the approximate solution are decoupled at each time level) and the central difference
scheme in space; for mesh points on the interface a special finite difference scheme
is developed. We then proceed with error analysis to demonstrate that the proposed
numerical methods are uniformly convergent. Our discretization requires solving tridi-
agonal linear systems at each time level. Hence, in terms of computational cost, our
numerical methods are more efficient compared to existing methods for the problem
at hand. Numerical examples substantiate the theoretical results and showcase the
methods’ efficiency.

This article is structured as follows. Section2 presents the estimates of the smooth
and layer components and also of their derivatives. Section3 introduces novel compu-
tationally efficient numerical methods for solving the concerned problem. Section4
handles the error analysis. In Sect. 5, some numerical results are presented, confirming
the theoretically proven order of convergence of the proposed methods. Additionally,
we present a comparison with standard discretization techniques.
Notations: We define y = (y1, y2, . . . , yp)

T , |y| = (|y1|, |y2|, . . . , |yp|)T , and yi,n

= y(xi , tn) = (y1(xi , tn), y2(xi , tn), . . . , yp(xi , tn))T . For y, z ∈ C(G)p, y ≤ z if
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yk ≤ zk, 1 ≤ k ≤ p; if y ∈ C(G) then yi,n = y(xi , tn). Henceforth, the scalar C
and vector C = (C, C, . . . , C)T are assumed to be generic positive constants which
are independent of the diffusion parameters εi , 1 ≤ i ≤ p, and the discretization
parameters. ‖.‖R represents the maximum norm on any closed subset R of [0, 1] ×
[0, T ]. Further, the notation ‖.‖RN ,M is considered for the maximum norm in a discrete
domain.

2 Bounds on the derivatives

Here, we provide bounds on the derivatives required for the convergence analysis of
the proposed methods.

Lemma 1 Suppose u is the exact solution of problem (1)–(2). Then, for i = 1, . . . , p,
and (x, t) ∈ G1 ∪ G2, we have

‖u‖G ≤ max

{
‖u‖G\G,

1

α
‖Lu‖G1∪G2

}
,

∣∣∣
∣
∂sui

∂t s
(x, t)

∣∣∣
∣ ≤ C

⎛

⎝‖u‖G\G +
s∑

q=0

∥∥∥
∥
∂q f
∂tq

∥∥∥
∥

G1∪G2

⎞

⎠ , s = 0, 1, 2,

∣∣∣∣
∂sui

∂xs
(x, t)

∣∣∣∣ ≤ Cε
− s

2
i

(

‖u‖G\G + ‖ f ‖G1∪G2 +
∥∥∥∥
∂ f
∂t

∥∥∥∥
G1∪G2

)

, s = 1, 2,

∣∣∣∣
∂sui

∂xs
(x, t)

∣∣∣∣ ≤ Cε−1
i ε

−(s−2)
2

i

(

‖u‖G\G + ‖ f ‖G1∪G2 +
∥∥∥∥
∂ f
∂t

∥∥∥∥
G1∪G2

+
∥∥∥∥
∂2 f
∂t2

∥∥∥∥
G1∪G2

+ε
(s−2)/2
i

∥∥
∥∥
∂s−2 f
∂t s−2

∥∥
∥∥

G1∪G2

)

,

s = 3, 4, and
∣∣∣
∣

∂sui

∂xs−1∂t
(x, t)

∣∣∣
∣ ≤ Cε

(1−s)
2

i

(

‖u‖G\G + ‖ f ‖G1∪G2 +
∥∥∥
∥
∂ f
∂t

∥∥∥
∥

G1∪G2

+
∥∥∥
∥
∂2 f
∂t2

∥∥∥
∥

G1∪G2

)

,

s = 2, 3.

Proof The lemma can be proved using the arguments presented in [22]. 
�
The reduced form of the problem given in (1)–(2) is

∂u0
∂t

+ Au0 = f , (x, t) ∈ G1 ∪ G2,

u0(x, 0) = 0.

For obtaining precise bounds on the derivatives, the analytical solution is split into
components, comprising of a smooth component y and a layer component z, i.e.,
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u = y + z. The smooth component y satisfies the parabolic problem

L y(x, t) = f (x, t), (x, t) ∈ G1 ∪ G2,

y(0, t) = u0(0, t), y(d−, t) = u0(d−, t),

y(d+, t) = u0(d+, t), y(1, t) = u0(1, t), y(x, 0) = 0.

The layer component z satisfies the parabolic problem

Lz(x, t) = 0, (x, t) ∈ G1 ∪ G2,

z(0, t) = (u − y)(0, t), z(1, t) = (u − y)(1, t),

[z] (d, t) = −[ y](d, t), z(x, 0) = 0, [zx ] (d, t) = − [ yx

]
(d, t).

Here, z satisfies the interface conditions since u satisfies the interface conditions

[u](d, t) = 0, [ux ] (d, t) = 0.

For bounding the derivatives, the following boundary layer functions are defined
for 1 ≤ i ≤ p :

Bl
εi
(x) = e(−x

√
α/εi) + e(−(d−x)

√
α/εi),

Br
εi
(x) = e((d−x)

√
α/εi) + e(−(1−x)

√
α/εi). (5)

Lemma 2 Suppose that the coupling matrix A(x, t) satisfies conditions (3)–(4). Then,
for (x, t) ∈ G1 ∪ G2, i = 1, . . . , p, the following bounds hold for the regular compo-
nent y and the layer component z of the analytical solution u and their corresponding
derivatives:

∣
∣∣∣
∂s yi

∂ts (x, t)

∣
∣∣∣
G1∪G2

≤ C, for s = 0, 1, 2,

∣
∣∣∣
∂s yi

∂xs (x, t)

∣
∣∣∣
G1∪G2

≤
⎧
⎨

⎩
C(1 + ε

(
1− s

2
)

i Bl
εi

(x)), (x, t) ∈ G1,

C(1 + ε

(
1− s

2
)

i Br
εi

(x)), (x, t) ∈ G2,
for s = 0, 1, 2, 3, 4, and

∣∣∣
∣

∂s yi

∂xs−1∂t
(x, t)

∣∣∣
∣
G1∪G2

≤ C for s = 2, 3;
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and ∣∣
∣∣
∂s zi

∂ts (x, t)

∣∣
∣∣ ≤

{
C Bl

εp (x), (x, t) ∈ G1,

C Br
εp (x), (x, t) ∈ G2,

for s = 0, 1, 2,

∣
∣∣∣
∂s zi

∂xs (x, t)

∣
∣∣∣ ≤

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

C
∑p

q=1

Bl
εq (x)

ε

s
2
q

, (x, t) ∈ G1,

C
∑p

q=1

Br
εq (x)

ε

s
2
q

, (x, t) ∈ G2,

for s = 1, 2,

∣
∣∣∣
∣
∂3zi

∂x3
(x, t)

∣
∣∣∣
∣
≤

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

C
∑p

q=1

Bl
εq (x)

ε

3
2
q

, (x, t) ∈ G1,

C
∑p

q=1

Br
εq (x)

ε

3
2
q

, (x, t) ∈ G2,

∣∣∣
∣∣
εi

∂4zi

∂x4
(x, t)

∣∣∣
∣∣
≤

⎧
⎪⎨

⎪⎩

C
∑p

q=1

Bl
εq (x)

εq
, (x, t) ∈ G1,

C
∑p

q=1

Br
εq (x)

εq
, (x, t) ∈ G2,

∣
∣∣∣

∂s zi

∂xs−1∂t
(x, t)

∣
∣∣∣ ≤ ε

(1−s)
2

i C

⎛

⎝‖u‖G\G + ‖ f ‖G1∪G2 +
∥
∥∥∥

∂ f
∂t

∥
∥∥∥

G1∪G2

+
∥∥∥
∥∥

∂2 f

∂t2

∥∥∥
∥∥

G1∪G2

⎞

⎠ ,

s = 2, 3.

Proof The proof of the lemma can be done using the arguments in [22]. 
�
For analyzing the robust convergence of the proposed schemes, we need precise

bounds on the regular and singular components, which are given in the following
lemma.

Lemma 3 Suppose that the reaction matrix A(x, t) satisfies conditions (3)–(4). Then,
for (x, t) ∈ G1 ∪ G2, i = 1, . . . , p, and ŝ = 0, 1, 2, 3, the following estimates hold
for the smooth component y and its derivatives:

∣
∣∣∣∣
∂ ŝ yi

∂xŝ
(x, t)

∣
∣∣∣∣
G1∪G2

≤

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

C

(

1 +∑p
q=i

Bl
εq (x)

ε
ŝ
2−1
q

)

, (x, t) ∈ G1,

C

(

1 +∑p
q=i

Br
εq (x)

ε
ŝ
2−1
q

)

, (x, t) ∈ G2.

Furthermore, the singular component can be decomposed as zi (x, t) =∑s+1
q=1 zi,εq (x, t) =∑s+1

q=1 wi,εq (x, t), where

∣∣∣
∣∣
∂2zi,εq

∂x2
(x, t)

∣∣∣
∣∣
≤ C

⎧
⎨

⎩

Bl
εq (x)

εq
, (x, t) ∈ G1,

Br
εq (x)

εq
, (x, t) ∈ G2,

∣∣
∣∣∣
∂3zi,εq

∂x3
(x, t)

∣∣
∣∣∣
≤ C

⎧
⎪⎨

⎪⎩

Bl
εq (x)

ε
3/2
q

, (x, t) ∈ G1,

Br
εq (x)

ε
3/2
q

, (x, t) ∈ G2,
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∣∣∣∣∣
εi

∂2wi,εq

∂x2
(x, t)

∣∣∣∣∣
≤ C

{
Bl

εq
(x), (x, t) ∈ G1,

Br
εq

(x), (x, t) ∈ G2,

∣
∣∣∣∣
εi

∂3wi,εq

∂x3
(x, t)

∣
∣∣∣∣
≤ C

⎧
⎨

⎩

Bl
εq (x)√

εq
, (x, t) ∈ G1,

Br
εq (x)√

εq
, (x, t) ∈ G2,

∣∣∣∣∣
εi

∂4wi,εq

∂x4
(x, t)

∣∣∣∣∣
≤ C

⎧
⎨

⎩

Bl
εq (x)

εq
, (x, t) ∈ G1,

Br
εq (x)

εq
, (x, t) ∈ G2.

Proof See [22] for the bounds of the regular component. The arguments outlined in
Lemma 13 of [8] can be used to complete the proof for the bounds of the singular
component. 
�

3 Discretization of the problem

This section introduces the discretization of problem (1)–(2). We consider a non-
uniform (piecewise uniform) Shishkin mesh Ω N in space:

Ω N =
{

xi : 1 ≤ i ≤ N

2
− 1

}
∪
{

xi : N

2
+ 1 ≤ i ≤ N − 1

}
,

and a uniform mesh T M = { tn = nτ : 1 ≤ n ≤ M , τ = T /M } in time. Thus,

Ω
N = Ω N ∪{x0 = 0, xN = 1} represents the spatial mesh and T M = T M ∪{t0 = 0}

is the temporal mesh. Further, we denote the mesh by G
N ,M

=Ω
N × T M

and G N ,M =

G
N ,M ∩ G. The non-uniform Shishkin mesh is constructed with the help of transition

parameters, defined as follows

σ l
εp

:= min

{
d

4
, 2

√
εp

α
ln N

}
, σ r

εp
:= min

{
(1 − d)

4
, 2

√
εp

α
ln N

}
,

σ l
εs

:= min

{
σ l

εs+1

4
, 2

√
εs

α
ln N

}

, σ r
εs

:= min

{
σ r

εs+1

4
, 2

√
εs

α
ln N

}
,

for s = p − 1, . . . , 2, 1. Let hi = xi − xi−1 denote the mesh spacing in the spatial

direction. Let h̄i =
(hi +hi+1)

2 , x N
2

= d, and Ω
N
:= {xi : i = 0, 1, 2, . . . , N}. Suppose

N = 2l , where l ≥ 5 is a positive integer.
The subdomain [0, d] is partitioned into 2p + 1 subintervals to get

[
0, σ l

ε1

]
∪ · · · ∪

[
σ l

εp−1
, σ l

εp

]
∪
[
σ l

εp
, d − σ l

εp

]
∪
[
d − σ l

εp
, d − σ l

εp−1

]

∪ · · · ∪
[
d − σ l

ε1
, d
]
.
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The subintervals [0, σ l
ε1

] and [d − σ l
ε1

, d] are divided according to an equidistant
mesh consisting of (N/2p+2 + 1) mesh points. On the sub-intervals [σ l

εs
, σ l

εs+1
] and

[d − σ l
εs+1

, d − σ l
εs

], for 1 ≤ s ≤ p − 1, an equidistant mesh with (N/2p−s+3 + 1)

mesh points is considered, and on [σ l
εp

, d − σ l
εp

] an equidistant mesh with (N/4+ 1)
mesh points is used.

Similarly, the subdomain [d, 1] is partitioned into 2p + 1 subintervals as

[
d, d + σ r

ε1

]
· · · ∪

[
d + σ r

εp , 1 − σ r
εp

]
∪
[
1 − σ r

εp , 1 − σ r
εp−1

]
∪
[
1 − σ r

εp−1
, 1 − σ r

εp−2

]

∪ · · · ∪ [1 − σ r
ε1

, 1].

The subintervals [d, d + σ r
ε1

] and [1− σ r
ε1

, 1] are divided according to an equidistant
mesh consisting of (N/2p+2+1)mesh points. On the sub-intervals [d +σ r

εs
, d +σ r

εs+1
]

and [1−σ r
εs+1

, 1−σ r
εs

], for 1 ≤ s ≤ p − 1, an equidistant mesh with (N/2p−s+3 + 1)
mesh points is used and on [d + σ r

εp
, 1 − σ r

εp
] an equidistant mesh with (N/4 + 1)

mesh points is placed.
Next, taking into consideration the following data

U(0, tn) = u(0, tn), U(1, tn) = u(1, tn), U(xi , 0) = u(xi , 0), (6)

we define the finite difference scheme along the non-interface line given by

LN ,MUn
i = f n

i , ∀(xi , tn) ∈ G N ,M\
{
(d, tn) : tn ∈ T M

}
, (7)

and for the points (x N
2
, tn) = (d, tn), for tn ∈ T M , we consider the following

discretization
LN ,MUn

d = f
n
d , (8)

where

f
n
d = f (d, tn) =

h N
2

f (d − h N
2
, tn) + h N

2 +1 f (d + h N
2
, tn)

h N
2

+ h N
2 +1

.

Here, with the help of the difference operators

δ2xW
n
r = 2

hr + hr+1

(
Wn

r+1 − Wn
r

hr+1
− Wn

r − Wn
r−1

hr

)
, D−

t Wn
r = Wn

r − Wn−1
r

τ
,

D−
x Wn

r = Wn
r − Wn

r−1

hr
,

the discrete operator LN ,M is defined as

LN ,MUn
i := D−

t U
n
i − Dεδ

2
xU

n
i + Mn

i U
n
i − N n

i U
n−1
i , (9)
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where An
i = Mn

i − N n
i with An

i = A(xi , tn). We note that in [22], the classical
implicit Euler scheme is used, which corresponds to the choice

Mn
i = An

i . (10)

Here, we consider two efficient schemes to solve the parabolic problem with a dis-
continuous source term, which correspond to the following choices of Mn

i [2, 9, 27,
29]:

Mn
i ∈

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

⎛

⎜⎜
⎜⎜⎜
⎝

a11 (xi , tn) 0 0 · · · 0
0 a22 (xi , tn) 0 · · · 0
0 0 a33 (xi , tn) · · · 0
...

...
...

. . .
...

0 0 0 · · · app(xi , tn)

⎞

⎟⎟
⎟⎟⎟
⎠

,

⎛

⎜
⎜⎜⎜⎜
⎝

a11 (xi , tn) 0 0 · · · 0
a21 (xi , tn) a22 (xi , tn) 0 · · · 0
a31 (xi , tn) a32 (xi , tn) a33 (xi , tn) · · · 0

...
...

...
. . .

...

ap1(xi .tn) ap2(xi , tn) ap3(xi , tn) · · · app(xi , tn)

⎞

⎟
⎟⎟⎟⎟
⎠

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

, (11)

that is we consider Mn
i to be the diagonal matrix (diag(An

i )), or to be the lower
triangular matrix (tr ial(An

i )), associated to An
i . Note that the works [2, 9, 27, 29] are

limited to problems with a continuous source term.
The following two lemmas are the implication of the inverse positivity property of

the matrix generated using the discrete scheme.

Lemma 4 Let V be a mesh function satisfying V ≥ 0 for (xi , tn) ∈ G
N ,M\G N ,M and

LN ,M V ≥ 0 ∀ (xi , tn) ∈ G N ,M . Then V ≥ 0 for all (xi , tn) ∈ G
N ,M

.

Lemma 5 Let U denote the solution of (7)–(6). Then

‖U‖
G

N ,M ≤ max
{
‖U‖

G
N ,M \G N ,M ,

1

α
‖f‖G N ,M

1 ∪G N ,M
2

}
.

4 Analysis of the discretization

The truncation error bounds for the proposed discretization are obtained using the
estimates given below, which are obtained using Taylor expansions for a smooth
function ψ . For i = 1, 2, . . . , N

2 − 1, N
2 + 1, . . . , N and n = 1, 2, . . . , M, we get

∣∣
∣∣

(
∂

∂t
− D−

t

)
ψ (xi , tn)

∣∣
∣∣ ≤ C (tn − tn−1) max

s∈[tn−1,tn]

∣∣
∣∣
∂2ψ

∂t2
(xi , s)

∣∣
∣∣ , (12)

∣∣∣
∣

(
∂2

∂x2
− δ2x

)
ψ (xi , tn)

∣∣∣
∣ ≤ C max

s∈[xi−1,xi+1]

∣∣∣
∣
∂2ψ

∂x2
(s, tn)

∣∣∣
∣ , (13)
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∣∣∣∣

(
∂2

∂x2
− δ2x

)
ψ (xi , tn)

∣∣∣∣ ≤ C (xi+1 − xi−1) max
s∈[xi−1,xi+1]

∣∣∣∣
∂3ψ

∂x3
(s, tn)

∣∣∣∣ , (14)

∣∣∣∣

(
∂2

∂x2
− δ2x

)
ψ (xi , tn)

∣∣∣∣ ≤ C (xi+1 − xi−1)
2 max

s∈[xi−1,xi+1]

∣∣∣∣
∂4ψ

∂x4
(s, tn)

∣∣∣∣ . (15)

For the smooth component we have

(
LN ,M y − L y

)
(xi , tn)

= (D−
t y − ∂ y

∂t
)(xi , tn) + E

(
∂2 y
∂x2

− δ2x y
)

(xi , tn) + N n
i ( y(xi , tn) − y(xi , tn−1)).

Now, using (12) and bounds from Lemma 2, we obtain

∣∣∣∣(D−
t y − ∂ y

∂t
)(xi , tn)

∣∣∣∣ ≤ Cτ max
s∈[tn−1,tn]

∣∣∣∣
∂2 y
∂t2

(xi , s)

∣∣∣∣ ≤ CM−1,

and

∣
∣N n

i ( y(xi , tn) − y(xi , tn−1))
∣
∣ ≤ Cτ max

s∈[tn−1,tn]

∣∣
∣∣
∂2 y
∂t2

(xi , s)

∣∣
∣∣ ≤ CM−1.

Further, wemake use of (14)–(15) and the derivative bounds on the smooth component

to bound the term E
(

∂2 y
∂x2

− δ2x y
)

(xi , tn). We address the bound for (xi , tn) ∈ G1; the

corresponding bound for (xi , tn) ∈ G2 can be proven in the same way. We consider
the following three cases for G1.

Case (i): Let xi /∈ {σ l
εs

, d − σ l
εs

}
.

Using (15), we proceed as follows

∣∣∣
∣εm

(
∂2ym

∂x2
− δ2x ym

)
(xi , tn)

∣∣∣
∣ ≤ Cεm(hi + hi+1)

2 max
s∈[xi−1,xi+1]

∣∣∣
∣
∂4ym

∂x4
(s, tn)

∣∣∣
∣

≤ Cεm(hi + hi+1)
2 max

s∈[xi−1,xi+1]

(

1 + Bl
εm

(s)

εm

)

.

Note that hi + hi+1 ≤ C N−1, for all i . Therefore, we have

∣∣
∣∣εm

(
∂2ym

∂x2
− δ2x ym

)
(xi , tn)

∣∣
∣∣ ≤ C N−2.

Case (ii):Let xi ∈ {σ l
εs

, d − σ l
εs

}
, m > s.Here, the details for xi = σ l

εs
are provided;

for xi = d − σ l
εs
the steps are analogous. Suppose hεs and hεs+1 are the mesh widths

to the left and right of σ l
εs

, respectively.
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Then, using (14) we proceed as follows

∣∣∣
∣εm

(
∂2ym

∂x2
− δ2x ym

)
(xi , tn)

∣∣∣
∣ ≤ Cεm(hi + hi+1) max

s∈[xi−1,xi+1]

∣∣∣
∣
∂3ym

∂x3
(s, tn)

∣∣∣
∣

≤ Cεm(hεs + hεs+1) max
s∈[xi−1,xi+1]

(

1 +
p∑

q=m

Bl
εq

(s)
√

εq

)

≤ Cεm(hεs + hεs+1)

(

1 +
p∑

q=m

Bl
εq

(xi−1)√
εq

)

≤ Cεm(hεs + hεs+1)

( p∑

q=m

1√
εq

)

≤ Cεm(hεs + hεs+1)
1√
εm

(
as

1√
εr

<
1√
εm

for εm < εr

)

≤ C
√

εm(hεs + hεs+1).

Case (iii): Let xi ∈ {σ l
εs

, d − σ l
εs

,
}
, m ≤ s.

Using (14) and following the steps outlined in [8, Theorem 8.1], we obtain

∣∣∣
∣εm

(
∂2ym

∂x2
− δ2x ym

)
(xi , tn)

∣∣∣
∣ ≤ C

εm√
εs

(hεs + hεs+1).

Thus, combining the above bounds, we have

∣∣
∣∣εm

(
∂2ym

∂x2
− δ2x ym

)
(xi , tn)

∣∣
∣∣

≤

⎧
⎪⎪⎨

⎪⎪⎩

C N−2 for xi /∈ {σ l
εs

, d − σ l
εs

, d + σ r
εs

, 1 − σ r
εs

}
,

C
(√

εm
(
hεs + hεs+1

))
for xi ∈ {σ l

εs
, d − σ l

εs
, d + σ r

εs
, 1 − σ r

εs

}
, m > s,

C
(

εm√
εs

(
hεs + hεs+1

))
for xi ∈ {σ l

εs
, d − σ l

εs
, d + σ r

εs
, 1 − σ r

εs

}
, m ≤ s.

Next, we proceed to estimate the truncation error for the singular component. We
have

(
LN ,M z − Lz

)
(xi , tn)

= (D−
t z − ∂ z

∂t
)(xi , tn) + E

(
∂2z
∂x2

− δ2x z
)

(xi , tn) + N n
i (z(xi , tn) − z(xi , tn−1)).

Using (12) and the bounds from Lemma 2 we get

∣∣∣∣(D−
t z − ∂ z

∂t
)(xi , tn) + N n

i (z(xi , tn) − z(xi , tn−1))

∣∣∣∣
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≤ Cτ max
s∈[tn−1,tn]

∣∣∣∣
∂2z
∂t2

(xi , s)

∣∣∣∣ ≤ CM−1.

The arguments for the term E
(

∂2 z
∂x2

− δ2x z
)

(xi , tn) depend on the location of xi . We

bound this term in four cases as follows.

Case (i): Let xi ∈
[
σ l

εp
, d − σ l

εp

]
∪
[
d + σ r

εp
, 1 − σ r

εp

]
. We consider the first half

of the first interval, i.e., suppose xi ∈
[
σ l

εp
, d
2

]
. Then, from (13) and the derivative

bounds on the layer components, we deduce that

∣∣∣∣εm

(
∂2z
∂x2

− δ2x z
)

m
(xi , tn)

∣∣∣∣ ≤ Cεm

p∑

q=m

Bl
εq

(x)

εq

≤ C
∥
∥∥Bl

εp

∥
∥∥
[xi−1,xi+1]

≤ C N−2.

Similarly, we can prove the result for other half of the first interval, i.e., when xi ∈
[ d
2 , d − σ l

εp
]. Further, similar arguments can be used to prove the result for xi ∈

[d + σ r
εp

, 1 − σ r
εp

]. Thus, for xi ∈ [σ l
εp

, d − σ l
εp

] ∪ [d + σ r
εp

, 1 − σ r
εp

], we have
∣∣∣
∣εm

(
∂2z
∂x2

− δ2x z
)

m
(xi , tn)

∣∣∣
∣ ≤ C N−2.

Case (ii): Next, suppose xi ∈ (0, σ l
ε1

) ∪ (d − σ l
ε1

, d
) ∪ (d, d + σ r

ε1

) ∪ (1 − σ r
ε1

, 1
)
.

Note that the mesh is equidistant in each interval. So, from (15), the mesh width and
the derivative bounds on the layer component, we get

∣∣∣∣εm

(
∂2z
∂x2

− δ2x z
)

m
(xi , tn)

∣∣∣∣ ≤ C
(

N−1 ln N
)2

.

Case (iii): Now, let xi ∈ (σ l
εs

, σ l
εs+1

) ∪ (d − σ l
εs+1

, d − σ l
εs

) ∪ (d + σ r
εs

, d + σ r
εs+1

) ∪
(1− σ r

εs+1
, 1− σ r

εs
), 1 ≤ s ≤ p − 1. We use the singular components decomposition

in Lemma 3 and derivative bounds to get

∣∣∣∣εm

(
∂2z
∂x2

− δ2x z
)

m
(xi , tn)

∣∣∣∣

≤
s∑

q=1

εm

∣
∣∣∣

(
∂2

∂x2
− δ2x

)
wm,εq (xi , tn)

∣
∣∣∣+ εm

∣
∣∣∣

(
∂2

∂x2
− δ2x

)
wm,εs+1 (xi , tn)

∣
∣∣∣ .

(16)
Using the derivative bounds, the first term on the right-hand side of (16) yields

s∑

q=1

εm

∣∣∣∣

(
∂2

∂x2
− δ2x

)
wm,εq (xi , tn)

∣∣∣∣ ≤
s∑

q=1

εm

∥∥∥∥
∥
∂2wm,εq

∂x2
(., tn)

∥∥∥∥
∥[xi−1,xi+1]
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≤ C Bl
εs

(xi−1) ≤ C N−2.

The second term is bounded using the derivative bounds and the mesh width definition
as follows

εm

∣∣
∣∣

(
∂2

∂x2
− δ2x

)
wm,εs+1 (xi , tn)

∣∣
∣∣ ≤

εmh2
i

12

∥∥
∥∥∥
∂4wm,εs+1

∂x4

∥∥
∥∥∥

≤ C
(

N−1 ln N
)2

.

Thus, for xi ∈ (σ l
εs

, σ l
εs+1

)∪(d −σ l
εs+1

, d −σ l
εs

)∪(d +σ r
εs

, d +σ r
εs+1

)∪(1−σ r
εs+1

, 1−
σ r

εs
), 1 ≤ s ≤ p − 1, we have

∣∣∣∣εm

(
∂2z
∂x2

− δ2x z
)

m
(xi , tn)

∣∣∣∣ ≤ C
(

N−1 ln N
)2

.

Case (iv): Finally, suppose xi ∈ {σ l
εs

, d − σ l
εs

, d + σ r
εs

, 1 − σ r
εs

}
, 1 ≤ s ≤ p − 1. We

use the decomposition of z to get

∣∣∣∣εm

(
∂2z
∂x2

− δ2x z
)

m
(xi , tn)

∣∣∣∣

≤
s∑

q=1

εm

∣∣∣∣

(
∂2

∂x2
− δ2x

)
zm,εq (xi , tn)

∣∣∣∣+ εm

∣∣∣∣

(
∂2

∂x2
− δ2x

)
zm,εs+1 (xi , tn)

∣∣∣∣ .
(17)

Now, for m ≤ s, using the definition of x (m)
i,n from Lemma 2.2 of [22] and previous

arguments we get

s∑

q=1

εm

∣
∣∣∣

(
∂2

∂x2
− δ2x

)
zm,εq (xi , tn)

∣
∣∣∣ ≤

s∑

q=1

εm

∥
∥∥∥∥
∂2zm,εq

∂x2
(xi , tn)

∥
∥∥∥∥[xi−1,xi+1]

≤ C N−2.

For m > s, using the derivative bounds and arguments as in the first case, we get

s∑

q=1

εm

∣∣∣∣

(
∂2

∂x2
− δ2x

)
zm,εq (xi , tn)

∣∣∣∣ ≤ C N−2.

The second term is bounded using the derivative bounds given in Lemma 3 as follows

εm

∣∣∣∣

(
∂2

∂x2
− δ2x

)
zm,εs+1 (xi )

∣∣∣∣ ≤ Cεm
(
hεs + hεs+1

)
∥
∥∥∥∥
∂3zm,εs+1

∂x3

∥
∥∥∥∥

≤ C
εm√

εs+1εs
N−1.

Hence, for xi ∈ {σ l
εs

, d − σ l
εs

, d + σ r
εs

, 1 − σ r
εs

}
, 1 ≤ s ≤ p − 1, we have

εm

∣
∣∣∣

(
∂2z
∂x2

− δ2x z
)

m
(xi , tn)

∣
∣∣∣ ≤ C

(
N−2 + εm√

εs+1εs
N−1

)
.
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At the point of discontinuity, h N
2

= h N
2 +1 = h and σ l

ε1
= σ r

ε1
= 2
√

ε1
α
ln N . Let the

jump condition−εm[ ∂um
∂x ](d, tn) = 0 be approximated by the basic first order approxi-

mation, i.e.,−εm
(
D+

x Um− D−
x Um

)
(d, tn) = 0. In this case, the approximation error

using Taylor expansions is given by

em (d, tn) = −εm
(
D+

x um − D−
x um

)
(d, tn)

= −εm

((∂um

∂x
(d+, tn) + h

2

∂2um

∂x2
(d+, tn)

)
−
(∂um

∂x
(d+, tn)

−h

2

∂2um

∂x2
(d−, tn)

))
+ O

(
h2
)

= −εm

[∂um

∂x

]
(d, tn) − εm

h

2

∂2um

∂x2
(d+, tn) − εm

h

2

∂2um

∂x2
(d−, tn) + O

(
h2
)

= −εm
h

2

∂2um

∂x2
(d+, tn) − εm

h

2

∂2um

∂x2
(d−, tn) + O

(
h2
)

. (18)

Using (1), we proceed considering two different cases as follows.
Case (i):When Mn

i = diag(An
i ).

We get

em (d, tn) = −h

2

∂um

∂t
(d, tn) − h

2
[ammum(d, tn) +

p∑

r=1,r �=m

amr ur (d, tn−1)]

+ h

2
f̄m (d, tn) + O

(
h2
)

= −h

2
D−

t Um (d, tn) − h

2
[ammum(d, tn) +

p∑

r=1,r �=m

amr ur (d, tn−1)]

+ h

2
f̄m (d, tn) + O

(
h2 + h

2
τ

)
.

Hence, in this case, the approximation of the jump condition −εm[ ∂um
∂x ](d, tn) = 0 is

h

2
D−

t Um (xi , tn) − h

2
εmδ2xUm (xi , tn)

+h

2

⎡

⎣ammum(d, tn) +
p∑

r=1,r �=m

amr ur (d, tn−1)

⎤

⎦

= h

2
f̄m(xi , tn), for i = N

2
, n > 0. (19)

Case (ii):When Mn
i = tr ial(An

i ).
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We get

em (d, tn) = −h

2

∂um

∂t
(d, tn) − h

2

[
m∑

r=1

amr ur (d, tn) +
p∑

r=m+1

amr ur (d, tn−1)

]

+ h

2
f̄m (d, tn) + O

(
h2
)

= −h

2
D−

t Um (d, tn) − h

2

[
m∑

r=1

amr ur (d, tn) +
p∑

r=m+1

amr ur (d, tn−1)

]

+ h

2
f̄m (d, tn) + O

(
h2 + h

2
τ

)
.

Hence, in this case, the approximation of the jump condition −εm[ ∂um
∂x ](d, tn) = 0 is

h

2
D−

t Um (xi , tn) − h

2
εmδ2xUm (xi , tn)

+h

2

[
m∑

r=1

amr ur (d, tn) +
p∑

r=m+1

amr ur (d, tn−1)

]

= h

2
f̄m(xi , tn), for i = N

2
, n > 0. (20)

Thus, the numerical error at this interface is O
(
h2 + h

2 τ
)
. Dividing (19) and (20) by

h
2 gives (8). Thus, at the interface x = d, for 1 ≤ m ≤ p, we have

∣∣
∣
(
LN ,M (u − U)

)

m
(d, tn)

∣∣
∣ ≤

(
M−1 + N−1 ln N

)
C .

We will now construct barrier functions for the truncation error. Start by defining
φ1 s, φ2 s, φ3, φ4, s = 1, 2, . . . , p, with

φ1s (xi ) := Π i
k=1

(
1 +

√
α
2εs

hk

)
, φ2s (xi ) := Π i

k=1

(
1 +

√
α
2εs

hk

)−1
,

φ3 (xi ) := Π i
k=1

(
1 +

√
α
2ε1

hk

)
, φ4 (xi ) := Π i

k=1

(
1 +

√
α
2ε1

hk

)−1
.
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Notice that,

D−
x φ1s (xi ) =

√
α√

2εs
(
1 + √

αhi/
√
2εs
)φ1s (xi ) , D+

x φ1s (xi ) =
√

α√
2εs

φ1s (xi ) ,

D+
x φ2s (xi ) = −

√
α√

2εs
(
1 + √

αhi+1/
√
2εs
)φ2s (xi ) , D−

x φ2s (xi ) = −
√

α√
2εs

φ2s (xi ) ,

D−
x φ3 (xi ) =

√
α√

2ε1
(
1 + √

αhi/
√
2ε1
)φ3 (xi ) , D+

x φ3 (xi ) =
√

α√
2ε1

φ3 (xi ) ,

D+
x φ4 (xi ) = −

√
α√

2ε1
(
1 + √

αhi+1/
√
2ε1
)φ4 (xi ) , D−

x φ4 (xi ) = −
√

α√
2ε1

φ4 (xi ) .

Further, we define ηs, ηsd , ηd , s = 1, . . . , p with

ηs (xi ) =

⎧
⎪⎪⎨

⎪⎪⎩

xi
σ l

εs
, 0 ≤ xi ≤ σ l

εs
,

1, σ l
εs

≤ xi ≤ 1 − σ r
εs

,
1−xi
σ r

εs
, 1 − σ r

εs
≤ xi ≤ 1,

ηsd (xi ) =

⎧
⎪⎪⎨

⎪⎪⎩

φ1s (xi )

φ1s (d−σ l
εs )

, 0 ≤ xi ≤ d − σ l
εs

,

1, d − σ l
εs

≤ xi ≤ d + σ r
εs

,
φ2s (xi )

φ2s (d+σ r
εs )

, d + σ r
εs

≤ xi ≤ 1,

ηd (xi ) =
{

φ3(xi )
φ3(d)

, 0 ≤ xi ≤ d,
φ4(xi )
φ4(d)

, d ≤ xi ≤ 1.

Now, for i �= N
2 , let

Θ± (xi , tn) = C

(

M−1 +
(

N−1 ln N
)2
(

1 +
p∑

s=1

ηs (xi ) + ηsd (xi )

))

(1, . . . , 1)T

±(U − u) (xi , tn)

and, for i = N
2 , let

Θ± (xi , tn) = C

(
M−1 +

(
N−1 ln N

)2
(1 + ηd (xi ))

)
(1, . . . , 1)T ± (U − u) (xi , tn) .

Thus, the discrete maximum principle given in Lemma 4 with the barrier function
Θ± leads us to the following main theorem, proving the robust convergence of our
proposed method.
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Theorem 1 Suppose u and U are the corresponding solution of the problem given by
(1)–(2) and our proposed method described in the previous section respectively. Then

‖u − U‖
G

N ,M ≤ C

(
M−1 +

(
N−1 ln N

)2)
.

5 Numerical experiments

Consider the following test examples with variable coefficients to illustrate the theo-
retical analysis in the preceding section and the efficacy of the proposed scheme. All
the numerical results are recorded with MacBook Air Laptop with M1 Chip and 8GB
RAM using MATLAB 2024a.

Example 1 Consider the problem

∂u1

∂t
− ε1

∂2u1

∂x2
+ 4(1 + xt)u1 − (2xt)u2 = f1, (x, t) ∈ G1 ∪ G2,

∂u2

∂t
− ε2

∂2u2

∂x2
− (2xt)u1 + 4(1 + x2)u2 = f2, (x, t) ∈ G1 ∪ G2,

u(x, 0) = (x(1 − x), x(1 − x2))T ,

u(0, t) = (t3, 2t)T and u(1, t) = (1 − exp(−t), (1 − exp(−t))2)T ,

where

f1(x, t) =
{

t(1 + 2x), 0 ≤ x ≤ d,

−t, d < x ≤ 1

and

f2(x, t) =
{

−t(3x + 4), 0 ≤ x ≤ d,

3t + 2, d < x ≤ 1.

with d = 0.5.

Example 2 Consider the problem

∂u1

∂t
− ε1

∂2u1

∂x2
+ 5u1 − tu2 = f1, (x, t) ∈ G1 ∪ G2,

∂u2

∂t
− ε2

∂2u2

∂x2
− tu1 + 5(1 + xt)u2 − u3 = f2, (x, t) ∈ G1 ∪ G2,

∂u3

∂t
− ε3

∂2u3

∂x2
− 2u1 −

(
1 + x2

)
u2 + (7 + xt)u3 = f3, (x, t) ∈ G1 ∪ G2,

u(x, 0) = 0, u(0, t) = 0, and u(1, t) = 0,
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Fig. 1 Solution profile of u1 and u2 with Mn
i = diag(An

i ) for Example 1 using the proposed additive

scheme for ε1 = 10−9, and ε2 = 10−5 with N = 512, M = 128

where

f1(x, t) =
{
2 + x + t, 0 ≤ x ≤ d,

1, d < x ≤ 1,

f2(x, t) =
{
2, 0 ≤ x ≤ d,

t, d < x ≤ 1

and

f3(x, t) =
{

(1 + x), 0 ≤ x ≤ d,
(
x2 + t

)
, d < x ≤ 1.

with d = 0.5 or 0.2.

Taking d = 0.5, we analyze the surface plots of the solution. For both examples, the
source function exhibits a jump discontinuity along the interface at ( 12 , t) for arbitrary
t in the time domain. Figures1 and 2 show the surface plots of each component of
the solution of Examples 1 and 2 respectively, which clearly display boundary layers
at both ends x = 0, 1 and interior layers near the discontinuity point x = 1

2 . We
report the approximate solutions to these problems using the two proposed schemes
and discuss the outcomes by comparing them with the standard method from [22].

As the analytical solutions for the given examples are unavailable, we estimate
the errors by using a variant of the double mesh principle. So, we approximate the
error |Si,n −u(xi , tn)|,where Si,n denotes the numerical solution calculated using the
standard discretization on a piecewise uniform Shishkin mesh in space and uniform
mesh in time, as

DN ,M
ε = max

0≤n≤M
max
0≤i≤N

|Si,n − S̃
2i,2n|, DN ,M = max

ε∈R
(DN ,M

ε ),
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Fig. 2 Solution profile of u1, u2 and u3 withMn
i = diag(An

i ) for Example 2 using the proposed additive

scheme for ε1 = 10−8, ε2 = 10−5 and ε3 = 10−3 with N = 256, M = 32

where {S̃
i,n

} denotes the solution on a fine mesh, i.e., on {(x̃i , t̃n)} which is obtained
by bisecting the original mesh, i.e.,

x̃2i = xi , i = 0, . . . , N , x̃2i+1 = (xi + xi+1) /2, i = 0, . . . , N − 1,

t̃2n = tn, n = 0, . . . , M, t̃2n+1 = (tn + tn+1) /2, n = 0, . . . , M − 1.
(21)

For the numerical experiments, the following set of values were taken for Example
1

R = {(ε1, ε2) : ε1 = 10−m, 1 ≤ m ≤ 10, ε2 = 10−n, 1 ≤ n ≤ m}.

and for Example 2, values of the perturbation parameters were taken from the set

R′ = {(ε1, ε2, ε3) : ε1 = 10−m, 1 ≤ m ≤ 10, ε2 = 10−n, 1 ≤ n ≤ m,

ε3 = 10−o, 1 ≤ o ≤ n}.

We compute the order of convergence as

p = log2
(
DN ,M

ε /D2N ,2M
ε

)
, puni = log2(D

N ,M/D2N ,2M ).
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Table 1 Uniform error estimates D̃N ,M and convergence rates p̃uni for Example 1 with α = 1.9 and
d = 0.5 using the scheme (6)–(9) with Mn

i = diag(An
i ) as detailed out in (11)

N = 128 N = 256 N = 512 N = 1024 N = 2048
M = 2 M = 8 M = 32 M = 128 M = 512

D̃N ,M
1 4.6419e−02 1.9553e−02 6.4391e−03 2.0541e−03 6.1664e−04

p̃uni
1 1.247 1.602 1.648 1.736

D̃N ,M
2 5.6577e−02 1.9052e−02 5.3201e−03 1.3601e−03 3.5772e−04

p̃uni
2 1.570 1.840 1.968 1.927

Table 2 Uniform error estimates D̃N ,M and convergence rates p̃uni for Example 2 with α = 2.9 and
d = 0.5 using the scheme (6)–(9) with Mn

i = diag(An
i ) as detailed out in (11)

N = 128 N = 256 N = 512 N = 1024 N = 2048
M = 2 M = 8 M = 32 M = 128 M = 512

D̃N ,M
1 5.4226e−02 2.3118e−02 8.9392e−03 2.8521e−03 8.4195e−04

p̃uni
1 1.230 1.371 1.648 1.760

D̃N ,M
2 6.5327e−02 2.6982e−02 8.4763e−03 2.2752e−03 5.8026e−04

p̃uni
2 1.276 1.671 1.897 1.971

D̃N ,M
3 9.6375e−02 3.7162e−02 1.1502e−02 3.0722e−03 7.8236e−04

p̃uni
3 1.375 1.692 1.905 1.973

We find the approximate solution of the concerned test problems using our two pro-
posed schemes and denote the discrete solution by U i,n . Using the double-mesh
principle, the numerical errors are estimated as

D̃
N ,M
ε = max

0≤n≤M
max
0≤i≤N

|U i,n − Ũ
2i,2n|,

where {Ũ
i,n

} denotes the solution found using our proposed schemes on the finemesh

(21). The uniform error estimate is denoted by D̃
N ,M

and the corresponding uniform
convergence rates by p̃uni . In Tables 1 and 2, we record the uniform error estimates and
uniform convergence rates for each component of the numerical solution associated
to the spatial discretization forMn

i = diag(An
i ) (diagonal part of matrix An

i ), when
the discretization parameters N , M are multiplied by 2 and 4, for Examples 1 and 2
respectively.

Similarly, the numerical results are obtained correspondingly when Mn
i =

tr ial(An
i ) (lower triangular part of An

i ) in Tables 3 and 4 for Examples 1 and 2
respectively.

We also report the numerical results for the implicit Euler scheme in Tables 5 and 6
for Examples 1 and 2 respectively. From them, we infer that our proposed schemes
and the standard discretization achieve almost the same order of convergence. Notice
from Tables 1–6 that we get similar maximum errors using the classical scheme and
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Table 3 Uniform error estimates D̃N ,M and convergence rates p̃uni for Example 1 with α = 1.9 and
d = 0.5 using the scheme (6)–(9) with Mn

i = tr ial(An
i ) as detailed out in (11)

N = 128 N = 256 N = 512 N = 1024 N = 2048
M = 2 M = 8 M = 32 M = 128 M = 512

D̃N ,M
1 4.6194e−02 1.9553e−02 6.4391e−03 2.0541e−03 6.1664e−04

p̃uni
1 1.240 1.602 1.648 1.736

D̃N ,M
2 5.6440e−02 1.9009e−02 5.3077e−03 1.3566e−03 3.5724e−04

p̃uni
2 1.570 1.841 1.968 1.925

Table 4 Uniform error estimates D̃N ,M and convergence rates p̃uni for Example 2 with α = 2.9 and
d = 0.5 using the scheme (6)–(9) with Mn

i = tr ial(An
i ) as detailed out in (11)

N = 128 N = 256 N = 512 N = 1024 N = 2048
M = 2 M = 8 M = 32 M = 128 M = 512

D̃N ,M
1 5.4624e−02 2.3116e−02 8.9386e−03 2.8519e−03 8.4194e−04

p̃uni
1 1.241 1.371 1.648 1.760

D̃N ,M
2 5.5247e−02 2.3358e−02 7.3774e−03 1.9785e−03 5.1260e−04

p̃uni
2 1.242 1.663 1.899 1.949

D̃N ,M
3 3.9781e−02 1.6270e−02 5.0131e−03 1.3354e−03 3.4001e−04

p̃uni
3 1.289 1.698 1.908 1.974

Table 5 Uniform error estimates DN ,M and convergence rates puni for Example 1 with α = 1.9 and
d = 0.5 using the implicit Euler scheme, according to (10)

N = 128 N = 256 N = 512 N = 1024 N = 2048
M = 2 M = 8 M = 32 M = 128 M = 512

DN ,M
1 3.6433e−02 1.9575e−02 6.4407e−03 2.0548e−03 6.1676e−04

puni
1 0.896 1.604 1.648 1.736

DN ,M
2 5.6441e−02 1.9010e−02 5.3079e−03 1.3567e−03 3.5722e−04

puni
2 1.570 1.841 1.968 1.925

the proposed schemes, respectively, that is,

max
{

D̃N ,M
1 , D̃N ,M

2 , D̃N ,M
3

}
≈ max

{
DN ,M
1 , DN ,M

2 , DN ,M
3

}

for every column of the table in concern.
From a numerical perspective, an important question is the influence of the disconti-

nuity point on the results. Tables 7 and 8 present the results obtained by taking d = 0.2
for Example 2 when Mn

i = diag(An
i ) and Mn

i = tr ial(An
i ). We observe that the

location of the discontinuity point does not significantly affect numerical accuracy.
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Table 6 Uniform error estimates DN ,M and convergence rates puni for Example 2 with α = 2.9 and
d = 0.5 using the implicit Euler scheme, according to (10)

N = 128 N = 256 N = 512 N = 1024 N = 2048
M = 2 M = 8 M = 32 M = 128 M = 512

DN ,M
1 4.4182e−02 2.2445e−02 8.8982e−03 2.8455e−03 8.4132e−04

puni
1 0.977 1.335 1.645 1.758

DN ,M
2 3.8889e−02 1.8318e−02 6.2085e−03 1.7774e−03 4.7585e−04

puni
2 1.086 1.561 1.805 1.901

DN ,M
3 3.5490e−02 1.5033e−02 4.6798e−03 1.2491e−03 3.1823e−04

puni
3 1.239 1.683 1.906 1.973

Table 7 Uniform error estimates D̃N ,M and convergence rates p̃uni for Example 2 with α = 2.9 and
d = 0.2 using the scheme (6)–(9) with Mn

i = diag(An
i ) as detailed out in (11)

N = 128 N = 256 N = 512 N = 1024 N = 2048
M = 2 M = 8 M = 32 M = 128 M = 512

D̃N ,M
1 5.6734e−02 2.3103e−02 8.9367e−03 2.8513e−03 8.6749e−04

p̃uni
1 1.296 1.370 1.648 1.717

D̃N ,M
2 6.5327e−02 2.5579e−02 7.9372e−03 2.1252e−03 5.4179e−04

p̃uni
2 1.353 1.688 1.901 1.972

D̃N ,M
3 8.4566e−02 3.2060e−02 9.7406e−03 2.5966e−03 6.6066e−04

p̃uni
3 1.399 1.719 1.907 1.975

Table 8 Uniform error estimates D̃N ,M and convergence rates p̃uni for Example 2 with α = 2.9 and
d = 0.2 using the scheme (6)–(9) with Mn

i = tr ial(An
i ) as detailed out in (11)

N = 128 N = 256 N = 512 N = 1024 N = 2048
M = 2 M = 8 M = 32 M = 128 M = 512

D̃N ,M
1 5.6459e−02 2.3102e−02 8.9361e−03 2.8512e−03 8.5929e−04

p̃uni
1 1.289 1.370 1.648 1.730

D̃N ,M
2 5.3912e−02 2.2179e−02 6.9294e−03 1.9358e−03 5.1248e−04

p̃uni
2 1.281 1.678 1.840 1.917

D̃N ,M
3 3.3036e−02 1.3229e−02 4.0413e−03 1.0762e−03 2.7398e−04

p̃uni
3 1.320 1.711 1.909 1.974

Further, Table 9 shows the computational time (in seconds) needed to compute the
numerical error for Example 1with different values of the perturbation parameters.We
observe that the total computational cost is comparativelymuch lower for the proposed
schemes than the classical approach, representing that our proposed schemes outdo
the classical Euler approach.
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Table 9 Computational Time (in seconds) needed to report the numerical error for Example 1 with different
mesh parameters N , M for ε1 = 10−9 and ε2 = 10−5

Scheme N = 128 N = 256 N = 512 N = 1024 N = 2048
M = 2 M = 8 M = 32 M = 128 M = 512

Mn
i = An

i 0.273 0.965 12.440 320.261 9822.744

Mn
i = diag(An

i ) 0.087 0.362 1.108 14.919 190.921

Mn
i = tr ial(An

i ) 0.057 0.102 0.804 12.171 191.638

Table 10 Computational Time (in seconds) needed to report the numerical error for Example 2with d = 0.5
and different parameters N , M for ε1 = 10−8, ε2 = 10−5 and ε3 = 10−3

Scheme N = 128 N = 256 N = 512 N = 1024 N = 2048
M = 2 M = 8 M = 32 M = 128 M = 512

Mn
i = An

i 0.349 2.139 40.082 1035.682 12622.140

Mn
i = diag(An

i ) 0.257 1.677 15.405 372.100 730.477

Mn
i = tr ial(An

i ) 0.273 1.582 15.084 369.228 728.498
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Fig. 3 Loglog plot of the uniform errors for each component of Example 1 for Mn
i = An

i (Euler) and
Mn

i = diag(An
i ) (Additive)

This decrease in the CPU time is more evident in Table 10, which we have recorded
for the second Example consisting of more number of components. It clearly validates
the efficiency of the proposed schemes in terms of computational cost reduction.

We have added the loglog plots of the uniform errors for each component of the
numerical solution of Examples 1 and 2 in Figs. 3 and 4 respectively. From them, we
notice that the slopes of these plots align with the theoretical order plots, supporting
the robustness of our theoretical results. Moreover, we have added the error plots of
the solution’s components for both examples in Figs. 5 and 6, illustrating increased
errors near the layer regions and decreased errors away from them. Also, the plot of the
components of the numerical solution have also been provided in Fig. 7 by fixing time
and varying perturbation parameters for Example 2 to observe the layer phenomena
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Fig. 4 Loglog plot of the uniform errors for each component of Example 2 with d = 0.5 for Mn
i = An

i
(Euler) andMn

i = tr ial(An
i ) (Additive)

Fig. 5 Error plots for Example 1 when Mn
i = diag(An

i ) with N = 256 and M = 64 for ε1 = 10−8 and

ε2 = 10−5

in the solution. From this plot, we observe that as the magnitude of the perturbation
parameters decreases the formation of the layer is noticeably sharper.

Next, if we consider the 1D system of equations corresponding to the standard
discretization at the time level tn for Example 2, then the ordering of the unknowns is
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Fig. 6 Error plots for Example 2 when Mn
i = diag(An

i ) with d = 0.2, N = 256 and M = 64 for

ε1 = 10−10, ε2 = 10−6 and ε3 = 10−4

as follows:

Sn = (Sn
1,1, Sn

1,2, . . . , Sn
1,N−1, Sn

2,1, Sn
2,2, . . . , Sn

2,N−1, Sn
3,1, Sn

3,2, . . . , Sn
3,N−1

)T
,

and the corresponding matrix of the system for the standard Euler scheme possesses
the structure:

⎛

⎝
Q1 D1 R1
D2 Q2 P1
R3 P2 Q3

⎞

⎠ ,

where Qs , with s = 1, 2 and 3 are tridiagonal matrices of order N −1, and Ds , Rs and
Ps for s = 1, 2 and 3 represent diagonal matrices with the same order, with respective
elements

(Ds)i,i = as(3−s)(xi , tn), (Qs)i,i = 2εs

hi hi+1
+ ass(xi , tn) + 1

τ
,

(Rs)i,i = as(4−s)(xi , tn), (Ps)i,i = a(s+1)(4−s)(xi , tn),

(Qs)i,i−1 = −εs

hi hi
, (Qs)i,i+1 = −εs

hi+1hi
.
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Fig. 7 Components the solution of Example 2 for Mn
i = tr ial(An

i ) with d = 0.2, N = 256, M = 8 and
T = 1

For the proposed schemes the coefficient matrices of the system possess the structure:

⎛

⎝
Q1

Q2
Q3

⎞

⎠ ,

⎛

⎝
Q1
D2 Q2
R3 P2 Q3

⎞

⎠ ,

when

Mn
i =

⎛

⎝
a11(xi , tn) 0 0

0 a22(xi , tn) 0
0 0 a33(xi , tn)

⎞

⎠ ,

or

Mn
i =

⎛

⎝
a11(xi , tn) 0 0
a21(xi , tn) a22(xi , tn) 0
a31(xi , tn) a32(xi , tn) a33(xi , tn)

⎞

⎠ ,

such that for s = 1, 2 and 3 the matrices Qs , Ds , Rs and Ps are as stated above. For
the proposed schemes, the matrices addressed in this paper are defined in a way that

123



Efficient numerical methods for parabolic… 3425

at each discrete time level, the discrete solution components are decoupled, and thus,
only three triangular systems need to be solved for Example 2. Therefore, we reach
the conclusion that as the number of equations in the system increases, the implicit
Euler scheme takes more CPU time in comparison to the proposed additive schemes.
Hence, the proposed schemes are more efficient as we observe a notable speedup in
our algorithm when the number of components, p increases.

6 Conclusions

In this article, we have proposed robust numerical techniques for solving a system of
parabolic one-dimensional singularly perturbed reaction–diffusion equations, under
the assumption that the source function exhibits a discontinuity at an interior point
within the spatial domain. We have considered that the diffusion parameters in each
equation differ andmaypossess varyingorders ofmagnitude, leading the exact solution
to show multiscale phenomena i.e., we observe overlapping and interacting boundary
layers at the ends of the spatial domain and interior layers at the point of discontinuity.
To address these challenges, we developed efficient numerical schemes by applying a
central difference scheme on a variant of Shishkin mesh for spatial discretization and
special difference schemes for time discretization on a uniform mesh. The proposed
schemes achieve first-order accuracy in time and nearly second-order accuracy in
space. By decoupling the components of the numerical solution, the schemes deliver
significant computational efficiency, achieving a remarkable reduction in computa-
tional cost compared to the standard discretization methods based on the implicit
Euler technique. This efficiency becomes even more pronounced as the number of
components in the system increases.

In future work, we aim to extend the methodology introduced here to address
nonlinear singularly perturbed parabolic problems.
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