ABSTRACT

Let G be a separable locally compact group and 7 an irreducible unitary rep-
resentation of G on a separable Hilbert space H. Let B(#) denote the algebra of
bounded operators on H. An inductive algebra is a weakly closed abelian subalgebra
A of B(H) that is normalized by 7(G), i.e., 7(g)Ar(g)~' = A for each g € G. If we
wish to emphasize the dependence on 7, we will use the term 7-inductive algebra.
A mazimal inductive algebra is a maximal element of the set of inductive algebras,
partially ordered by inclusion.

The identification of inductive algebras can shed light on the possible realizations
of 1 as a space of sections of a homogeneous vector bundle (see e.g. [5-8]). For
self-adjoint maximal inductive algebras there is a precise result known as Mackey’s
Imprimitivity Theorem, as explained in the introduction to [5]. Inductive algebras
have also found applications in operator theory (see e.g. [2, [10]).

In Chapter 1, we introduce inductive algebras and explain how they arise from
sections of a homogeneous vector bundle. In addition, we provide a brief survey of
the literature on inductive algebras.

The affine group is the semidirect product k™ x k, where k is a field. In Chapter
2, we classify the maximal inductive algebras for the representations of the affine
group of a finite field. We show that each irreducible representation of the affine
group of a finite field has a unique maximal inductive algebra, and it is self-adjoint.

The following is the main result of this chapter:

e Recall that the affine group of a finite field has a unique irreducible represen-
tation other than the characters. It acts on the Hilbert space H = L?(k*).
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For each ¢ € H, let m, : H — H be defined by m,(F) = ¢F. Then

B = {m,| ¢ € H} is the only self-adjoint maximal m—inductive algebra.

In Chapter 3, we show that inductive algebras for a compact group are self-
adjoint. This is significant because, in general, the classification of self-adjoint in-
ductive algebras is easier than the classification of all inductive algebras. This is
because the methods of spectral theory are available only in the former case.

The following are the main results of this chapter:

1. Let (X, u) be a measure space. The algebra L°°(X, 1) is finite dimensional if

and only if all of its subalgebras are self-adjoint.

2. Let G be a compact group and 7 an irreducible unitary representation of G' on

a Hilbert space H. If A C B(H) is a m-inductive algebra, then A is self-adjoint.

The motion group of the plane is the semidirect product M(2) = SO(2) x R?
with the standard action of SO(2) on R?. In Chapter 4, we classify the maximal
inductive algebras for the representations of M (2). We show that each irreducible
representation of the motion group of the plane has a unique maximal inductive

algebra, and it is self-adjoint.
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