Chapter 3

Novel operational matrix method for the
numerical solution of nonlinear
reaction-advection-diffusion equation of fractional

order

3.1 Introduction

Fractional calculus theory is used to describe the mathematical modeling of real-
life problems in the best way in Engineering, Physics [23], Biology [64], Finance
[65, 66, 67, 68], etc. Fractional calculus also plays a vital role in partial differ-
ential equations(PDEs), mainly in transportation in porous media i.e., to formu-
late the transport problems in fractional order reaction-advection-diffusion equation
(FRADE). In today’s livelihood, the water pollution problem is a big issue for every
living thing. Drinking polluted water can lead to bacterial infection and suscepti-
bility to diseases like cholera, typhoid, and dysentery. Apart from this, drinking
dirty water can also cause viral infection. Viral infections cause dangerous diseases
like hepatitis A, flu, cholera, and jaundice. It can also be seen that the polluted
water mixes with the groundwater through the porous media. Transportation of
the groundwater is modeled by the advection-diffusion equation (ADE). Numerous

researchers have studied groundwater modeling to analyze potential resources and
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predict the future environmental impact. It has been a tremendous contribution
to the study of the transport of solutes in porous media that many scientists and
engineers have focused on the possibility of contamination of the subsurface environ-
ment. Diffusion is the most common natural process. In such a process, molecules
move from a region of high concentration to a region of low concentration. Diffusion
of oxygen molecules into blood, contaminants into groundwater, tumor cells into
healthy cells, and kidney filtration of chemicals and toxins are examples of diffu-
sion processes. The advection process is defined as the movement of particles and
substances by bulk motion. The difference between diffusion and advection can be
understood by examples: from a tea bag immersed in hot water, tea mixing into the
water is a diffusion process, while ink or some chemical put into a flowing river is
both advection and diffusion.

This chapter aims to develop the new operational matrix method based on Vieta-
Fibonacci polynomials and to validate the proposed method by applying it to find

the approximate solution of the following nonlinear time FRADE given by

0
¢ DOu(z,t) + Ala—z = Viu+ Nl —wu+ f(z,t), O<a<l, (3.1)

under the prescribed initial and boundary conditions as

U(ZL‘,O) = ,01(I),
u(0,1) = pa(t), (3.2)

U(L t) = pg(t),

where f(x,t) is forced term. Several special cases of the concerned model are listed
as follows: (i) if we assume Ay = 0, Ay = 0 and 0 < a < 1, then we obtain the

time-fractional diffusion equation, (ii) if we assume \; =0, \y =0 and 1 < a < 2,
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then we obtain the time-fractional diffusion wave equation, (iii) when we choose
A1 =0 and 0 < @ < 1 then time FRDE is found, (iv) choosing A\; = 1, Ay = 0 and
1 < a < 2, the time-fractional Cattaneo equation is obtained. But in this chapter,
we will only consider time-fractional order RADE (0 < o < 1,A; # 0,y # 0). In
the proposed model, the authors have the fractional order derivative in the Caputo
sense, as it helps to describe the physical and engineering processes. These models
are used for accurate modelling of the physical systems towards damping. In the last
few years, many researchers are working to find the numerical solutions of fractional
order PDEs using various methods. The operational matrix method is the best
method among those, which provides the best approximate solution with less effort.
Most of the matrices use in this method have many zero entries, which reduce the
computational time. In recent years, many authors have developed an operational
matrix for different polynomials such as authors of [57] have formed operational
matrix with the help of Legendre polynomial to approximate fractional order differ-
ential equation (FDE) and also [69] employed Chebyshev polynomials to develop an
operational matrix to find the numerical solutions of FDE. [70] have obtained nu-
merical solution of two-dimensional FRADE with Lucas operational matrix and [46]
have obtained the numerical solution of diffusion equation of fractional order with
chebyshev collocation and finite difference methods, [71] have solved fractional fuzzy
differential equation, [72] has defined new concepts of fractional quantum calculus.
[63] have approximated FRADE using Genocchi operational matrix. [73] have used
homotopy method for the numerical solution of fractional PDE and [60] has devel-
oped a scheme to find the exact solution of the nonlinear diffusion equation. [74] have
obtained the numerical solution of FRADE and [75] gave the approximate solution
of the integro-differential equation. [76] have introduced a new approach to solve
fractional order differential equations with Caputo-Fabrizio derivative. [77] have

used the sixth kind Chebyshev collocation approach for the numerical investigation
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of inverse reaction-diffusion-convection problem. [78] have derived an operational
matrix for clique polynomial to solve the Klein-Gordon equation in a fractional or-
der system. [79] have investigated the numerical solution of variable order nonlinear
integro-differential equations. Approximate solutions of some fractional problems
can be found in [80, 81, 44, 82, 83, 84, 85, 86, 87]. But to the best of the author’s
knowledge, the solution of the FRADE given in equation (1) under prescribed ini-
tial and boundary conditions using two operational matrices one for time fractional
derivative and other for spatial integer order derivative, have not yet been done by
any researcher. In this chapter, an endeavor has been made to solve the FRADE
under given boundary conditions by using Vieta-Fibonacci polynomials through the
construction of operational matrices. Vieta-Fibonacci polynomials are a sequence
of orthogonal polynomials that can be defined recursively. These polynomials are
of great importance in many areas of mathematics, particularly approximation the-
ory. The Chebyshev polynomials of the first and second kinds are closely related to
Vieta-Fibonacci polynomials. Therefore, Vieta-Fibonacci polynomials are the mod-
ified Chebyshev polynomials [88]. The collocation techniques based on orthogonal
polynomials have been successfully applied to various areas of science and engi-
neering. They have been proven to be efficient and robust and provide exponential
convergence while applied to various physical systems. In this respect, a new class of
orthogonal functions called Vieta-Fibonacci polynomials is useful as this technique
is based on the truncation of the expansion of the function. This helps to solve the
resulting matrix equation, and as a result, the unknown Vieta-Fibonacci coefficients

can be determined.

Encouraging by the preceding studies, a drive has been taken to study the proposed
FRADE for different values of fractional order parameters, advection coefficient and

the reaction term. The key purpose of this chapter is to analyse the convergence
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of the proposed method. The following are the major contributions of the present
chapter:

1. Appropriate use of the Vieta-Fibonacci polynomials to derive the operational ma-
trices for fractional as well as integer order derivatives to find the numerical solution
of the proposed nonlinear time fractional mathematical model.

2. Graphical presentations of damping nature of the concerned model due to the
presence of sink term and advection terms for different particular cases.

3. The most important contribution is the showcasing of the accuracy of the pro-
posed method through error analysis while comparing it with the numerical solutions

of the existing models through tables and graphs.

3.1.1 Function approximation

If f(z) is a square-integrable function of = defined over the interval [0, 1], then f(x)

can be written in combinations of Vieta-Fibonacci polynomials as
fl@) = upn VI, (@), (3:3)
j=0

where the coefficients u;’s are unknown.
The first (n+ 1) terms only will be considered in the above series. Thus the approx-

imation of the function f(x) is reduced to the following finite series

@) 2 uin VE (2) = UTg(x), (3.4)
=0
where unknowns U = [u, us, - -+ ,u,]T are calculated using the following formula

8 1
0
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and the vector ¢(x) is given by

¢(x) = [VF} (x), VF;(2), - VF ()] (3.6)

3.2 Formation of shifted Vieta-Fibonacci opera-

tional matrix

Theorem 3.1. Let ¢(x) be the vector defined in Eq.(3.6) and suppose that oo > 0,
then
BD26(w) = PUo(w), (37)

where P\ is the operational matriz of fractional order o in Caputo sense defined by

0 0 0
0 0 0
S Sel )y Sl e S Saln+1)
Zi:m S(i, 1) ZZ:W S(i,2) o Zi:m S(i,n +1)
Dl S+ 1) i S+ 1,2) e YT St Ln+ 1)
where
. )92 (] 4 k4 D1+ k) o= (=122 (1 e+ )T(r+ k—a+ 3
S@?j):( ) ( )T( ) Z( ) ( )I( 2)‘

VAl (i — E)I(2k + 2)I'(k+ 1 — «) I'(j—r)l'@2r+2)I'k+7r—a+3)

(3.8)
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Proof. : By using the analytical form of shifted Vieta-Fibonacci polynomials and

the definition of Caputo derivative, we have

L (1) R (4 k1) i
c DOy F* — ¢ po

By definition of Caputo derivative (D% =0 for k =0,1,--- , [a].

Therefore for k > [a], we have

(—1)F12%R (i + k + 1) Lk+1)
cDSVE!(x) = “. 3.9
SV E () I;:[ TG—MI2k+2) Thtl-a)’ (39)
Now, z%~% is approximated using (n + 1) terms of shifted Vieta-Fibonacci polyno-
mials as
n+1
oF o ~ Z criV ()
j=1
where

1
Chj = §/ Vi — 22 xk_o‘VFj(x)d:U,

7" J—192r
_ / [ kaz 2 F( +r+1)l'rdl‘,

L'(j—r)[(2r+2)

8 J r j— 1227’F(] +r+ 1 "t
_° r—a / d .
T T(—r)(2r+2) / ‘

r—=

After some manipulation, we get

| Z 97"122’T(j—|—7’+1) (k+r—a+3)
ki = \/_ F(Gj—rr@2r+2)k+r—a-3)
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oo PP+ +r)D(r+k—a+ 3)
NZ\/—Z =V (x).

L(j—rT2r+2)0k+r—a—3)

Now, with the help of Eq.(3.9), we have

. ) B n+1 i (_1)i—k—122k+2r<1 +k+4)(1+ k)
oDV F (z) = ; (k%1 VLG —E)L(2k +2)T(k+1—a)
L (=122 T+ + DDk + 7 — o+ %)) VF (z)

. TG —nC2r + 2Tk +r—at3)

r=0

n

(DOVE! (z) = ( > S(z',j>) VF; (),

=1 \ k=[a]

+

where

(_1>i—k—122k+2r(1 +k+ Z)P(l + k)
VAl(i — k)T (2k + 2)T(k + 1 — )
ij (12T +j+ DI(r +k —a+3)
TG—rr@r+2Tk+r—a+3)

S(%]) =

r=0

Hence the proof is completed

]

Theorem 3.2. First order differentiation of the vector defined by Eq.(5.6), will be

do(x)
— pM 1
1) P0s), (3.10)
where

(

k=1,3,--- ,n—1, n is even,
43,  for k=i—7
PY = (p;;) = k=1,3,---,n, nis odd,

0, otherwise.
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Proof. :  Using the condition of orthogonality of the Vieta-Fibonacci polynomials

proof is straightforward. O]

Remark: Integer order differentiation of m times is given by

d"¢(x)

dz™

= (PW)"¢(x).

3.3 Application of the proposed method

To approximate the problem, let us assume that

u(z,t) ~ up(x,t) = ¢7 (2)Ue(t), (3.11)

where ¢(x) is vector defined in Eq.(3.6) and U = (u; ;) is an unknown square matrix

of order (n + 1), whose elements are to be determined.

Now, we have

¢Du(z,t) ~ ¢ () UPD (1), (3.12)
also
U~ 7 @) (PO UG() (313)
or? ’ )

where P(® ans P® can be calculated from the previous section.

Now, using the Egs.(3.11), (3.12) and (3.13) in model (3.1), we get
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o' (2)UPW(t) + Mo () (PD) U(t) = o7 () (PP Uo(1) (3.14)

+ 220" (2)U(t)(1 = ¢ (2)Ug(1)) + f(x,1),

and the prescribed conditions will be

o (2)UG(0) = pa(x),
6" (OTUS(t) = pa(), (3.15)
o (2)U(1) = ps(t).

Collocating the Eqs.(3.14) and (3.15) at certain collocation points, we have

¢" (2)UP (1)) + MoT () (PU)TUG(t;) = o7 () (PP)TUG(E;)  (3.16)

+ 20" (2)Ue(t;) (1 — &' (2:)UB(t5)) + f(i,t5),
and the prescribed conditions become

o' (2)U¢(0) = pr (),
" (0)U(t;) = pa(t;), (3.17)

¢ (UG(t;) = ps(ty).

This generates a system of nonlinear algebraic equations. By solving this nonlinear

system an approximate solution is obtained.
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3.4 Convergence analysis

Theorem 3.3. If the fourth partial order derivative of a continuous function u(z,t)
defined on [0,1] x [0,1] is bounded by M, then Vieta Fibonacci expansion of the

function will converge uniformly

Proof. : Let us assume that u(z,t) can be expressed in a series of Vieta-Fibonacci

polynomials as

un(,t) = Z Z Cirrj1 VS () Fq (1),

=0 j=0

where unknowns can be obtained as

4 1 1
cn == [ [ a0V @u@F OO, 313)

2 cos 2 2 cos 2
Cos(fl)—i- and t = cos(jg)-‘,—

Replacing x = in the above equation, we have

4 (™ [T /2 0 2 2 0 2
Cit1je1 = P/ / u( COS(41) + , 603(42) + ) sin(i + 1) sin 6y sin(j + 1)y sin 6y dh;dbs.
o Jo

Now, integrating twice w.r. to 61, we get

1 [ 2 0 2 2 6 2
Cit1j+1 = —2/ / u”( COS( 1) + s COS( 2) + ) sin 9191(91) Sin(j -+ 1)02 sin 02 d91d92,
a2 )y Jo 4 4

(3.19)

where

sig(l + ?)81 N sin(—1 + i)&l] N [(sin(?) +1i)6; sin(1 +4)6; ] |

i(1+14) i(—1+1) 3+0)(2+4) (1+9)(2+1)
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Again, integrating Eq.(3.19) twice with respect to 6, after changing the order of

integration, we obtain

1 [ 2 2 2 2
Cz‘+1j+1:@/0 /0 UHH< COS(91)+ s COS(02)+ )Siﬂ@lQi(el) SiHGQQj (92) dQ1d927

4 4
(3.20)
where
oy [ sin(147)0  sin(—1+j)6, sin(3+7)02  sin(1 + )0,
262 = | T+ 1tg) }+[(3+J')(2+J') <1+j><2+j>]'

Taking the absolute value of the Eq.(3.20), we achieve

1 T[T 2cos(01) +2 2cos(8y) + 2\ . ,
| Ciy1j41 |= ‘64#2/0 /0 u""( <41) , (42> >81H919i(91) sin 6292, (62) df1dby

As [u"(z,t)] < M, |sin(f;)| < 1 and |sin(fs)| < 1, therefore

M
6472

|ciy1j1] <

//mi(el) ,(6,)]  drdbs.
0 0

After some mathematical manipulation, we get

|cit1j41] < , ~— 9.M , — - .
4B+49)2+49)(@—1)i B+7)(2+7)J —1)j

Thus, the series > .~ Z;io Cit+1;41 1s absolutely and uniformly convergent, and the

expansion of the function is uniform. O

Theorem 3.4. If the fourth partial order derivative of a continuous function u(x,t),

defined on [0,1] x [0,1] is bounded by some constant M, then error bound will be

M
32(n+1)3(m + 1)3’

€n <
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where
1
n m 2 2
(/ / f(z,t) ZCHIJHV i (@) VT (¢ )] dx dt) :
=0 5=0
Proof.
1,1 n_m 9
o :/ / - ZZCi+1j+1vﬂi1(x)VFf+1(t)} de dt,
0 J0 i=0 j=0
1 2
[ e VE@V A0~ 33 sV Ea @V F 0] e ar
0 0 i=0 7=0 =0 7=0
1 2
_ / / Z Z iV (0)VEf ()] de d,
0 0 "= n+1j=m+1
1 1 o [e.e]
:/ / Z Z C?+1j+1VE‘11( )VF]*H( )}dl’ dt,
0 Jo 'i—n+1j—m+1
=Y Y dn X [vRimar [ VLG @
i= n+1] m—+1 j=m+1
9 T m
= Z Z Cirj+1 g X g
i=n+1j=m+1
Now, from Theorem 3.3, we have
2 & w— oM ’
e < U - N . . N7 o
~— 6 i:zn;rlj:zm;l 4B3+i)24+0)(E—1)i B+7)24+ ) —1)j
97rM 1
€n < —o
ZZ B2+l -1 B+ )G -1’
97 M 1 - 1
< — . ~— - X 4 — -, 4, > 1,
B 2 e D ; B+)2+7)0 1))

n<97r]\/[§: Z

1= n+1 1= m+1
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Since both the series are positive and decreasing, therefore using the integral test,

we get
9rM [ 1 <1
< I —dx / —dy,
32 Jpy @t ms1 Y
TM
€n :
32(n+1)3(m + 1)3
Hence the proof is completed. O

3.5 Numerical applications

Example 3.1 Consider the following time fractional PDE as a special case of the

considered model as

2

¢ o 0%u
ODt U(.’L',t) = @—i‘f(l',t), (321)

under the prescribed initial and boundary conditions
u(z,0) =0,

and

u(0,t) =0, u(1,t) =0,

and the forcing term

f(l', t) = Sin(l‘ﬂ') [mtza + t27T2 y

having an exact solution u(x,t) = t*sin(z7). The maximum absolute error be-

tween approximate and analytical solutions for Example 3.1 is depicted through
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TABLE 3.1: The maximum absolute errors at ¢t = 1 for different values of « for

Example 3.1
a [89] [89] [89] present method CPU time (sec.)
zll 1.0700x107° 6.4865x107°% 3.5464x107°%  3.4776x107° 6.486
% 6.1171x107° 3.8456x107° 1.8586x107°  5.6927x107° 2.172
Z% 2.8929x107% 1.9879x107% 1.1757x107*  9.1887x107° 7.642

(a) Exact solution (b) Numerical solution

FI1GURE 3.1: Behaviour of exact and numerical solutions for n = 8 at o = 0.5 for
Example 3.1.
Table 3.1 for small value n = 8. It also compared the results obtained by the pro-
posed method with the results obtained by different methods given in [89] through
maximum absolute error using the formula

Lo = orélf%'u“”’””” (2,1) — Uegaet(x, 1)]. (3.22)

From the table, it is seen that the maximum absolute errors provided in [89] for
n = 80 for all the three methods are higher than the method proposed here. The
absolute error given by the proposed method is of order 107¢ for a small value of
n = 8. The proposed method provides less error even for the small size of the op-
erational matrix (n = 8). Thus, the method is more effective as compared to the

existing methods given in [89], and it also takes less time to compute the solution
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even for a lower degree of approximations.

Example 3.2 Considering \y = 1 and Ay = 1, the prescribed model reduces to

the following nonlinear fractional order reaction-advection-diffusion equation

o ou  0*u
cDfu(x,t) + 97— a2 +u(l —u)+ f(x,t). (3.23)
The equation under the initial condition u(z,0) = x, and boundary conditions

u(0,t) =t, u(1,t) = 1+t and the forcing term

flat) = (m+1—(x+t)(1—(x+t))>,

has the exact solution as u(z,t) = x 4+ ¢. The maximum absolute errors between

TABLE 3.2: The maximum absolute errors at ¢t = 0.5 for n = 6 for Example 3.2

x COM present method CPU time (sec.)
0.2 2.2607x10~%*  4.7198x107° 1.672
0.4 3.1930x10~* 7.0136 x10~° 1.828
0.6 3.2813x107*  7.3044x107° 1.672
0.8 24792x10~*  5.3593x107° 1.704

exact and approximate solutions for Example 3.2 are depicted through Table 3.2
for n =6 and o = 0.7. It is seen from Table 3.2 that the maximum absolute error
obtained by the proposed method is much lesser as compared to using the Chebyshev
operational matrix method (COM) given by [54]. Fig 3.2 shows the behaviour of
exact and numerical solutions at n = 3. One can see that the approximate result is

almost similar to the exact one.
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(a) Exact solution (b) Numerical solution

FIGURE 3.2: Behaviour of exact and numerical solutions for n = 3 at o = 0.7 for
Example 3.2

3.6 Solution of the problem

After the validation of the efficiency of the proposed method with some existing
problems, the method is applied to solve the considered mathematical model (3.1)
under the prescribed initial and boundary conditions (3.2) with pi(x) = x, pa(t) =t
and p3(t) =t + 1 and f(z,t) = 0 for different values of A\;, A2 and «. Figs. 3.3-3.5
are drawn to show the variations of solute concentration wu(z,t) due to changes in
a with advection term \; = 0.5 for conservative and non-conservative systems at
t = 0.5. From Fig 3.3, it is observed that on increasing the values of time derivative
a, the solute profile decreases for the source term (Ay = 1). Figs. 3.4 and 3.5 are
drawn for conservative (A = 0) and sink term (Ao = —1), respectively. It is seen
that in both cases, the solute profile decreases on increasing a. Fig 3.6 depicts the
effect of reaction term on solute concentration, which clearly shows that the solute
profile of the conservative system is between the solute profiles for sink and source
terms. The effect of advection term A; on solute concentration for « =1 and Ay = 1
at t = 0.5 is shown through Fig 3.7. It is observed from the figure that on increasing

the value of advection term A, the concentration of the solute decreases.
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u(x, 0.5)

0.0 0.2 0.4 0.6 0.8 1.0

X

FIGURE 3.3: Variations of u(x,0.5) vs. x for various values of o for A\; = 0.5, A\g =
1 att=0.5.

u(x, 0.5)

0.0 0.2 0.4 0.6 0.8 1.0

X

FIGURE 3.4: Variations of u(z,0.5) vs. x for various values of o for \; = 0.5, Ay =
0 at t =0.5.
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u(x, 0.5)

0.0 0.2 0.4 0.6

X

FIGURE 3.5: Variations of u(x,0.5) vs. x for various values of o for A\; = 0.5, A\g =

—latt=0.5.

0.8

1.0

u(x, 0.5)

0.0 0.2 0.4 0.6

X

FIGURE 3.6: Variations of u(x,0.5) vs. z for various values of Ay for a = 1,

A1 =0.5att=0.5.
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f_l' A1'=0.2' T T T T T
14 A1:0.4 i
— A=0.6
— M=0.8
1.2 B
— M=1.0
5 |
S 10F |
X |
3
0.8 .
0.6 .

0.0 0.2 0.4 0.6 0.8 1.0

X

FIGURE 3.7: Variations of u(z,0.5) vs. z for various values of A\; for « = 1 and
Ao =1att=0.5.

3.7 Conclusion

In this chapter, the Vieta-Fibonacci polynomials with their shifted counterparts and
some of their relevant properties have been discussed to investigate the approximate
solution of the considered model using two operational matrices for fractional and
integer order derivatives. The operational matrices reduce the nonlinear problem to
the system of algebraic equations. By solving the system, an approximate solution
to the problems is obtained. The efficiency of the method is validated by applying
it to some existing problems, which clearly shows that the proposed method has
excellent accuracy. The present method is assumed to be applied to solve time
and space FRADE, even for two-dimensional and three-dimensional groundwater

problems arising in porous media.
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