Chapter 3

Hankel wavelet multiplier
associated with the unitary

representation

3.1 Introduction

In the field of partial differential equations, signal analysis, quantum mechanics, and
other areas of mathematics, the localization operator played a key role. Many au-
thors have used the theory of localization operators to develop many research works
by utilizing the various integral transform tools. Wong et al. [27, 34], Upadhyay [66]
examined the boundedness of the localization operator on various functional spaces
in terms of the wavelet multiplier. Baccar et al. [2, 3], Ghober [22], and Mejjaoli
et al. [36, 37| investigated the properties of wavelet multipliers by using the Han-
kel transform technique and they discussed the LP-boundedness and compactness of

wavelet multipliers.
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Our present intention in this chapter is to study the boundedness of Hankel wavelet
multipliers associated with the unitary representation on LP-space by exploiting the
theory of the Hankel transform technique. We also discussed the Hilbert- Schmidt
class and the compactness of Hankel wavelet multipliers. The application of Hankel
wavelet multipliers in form of the Landau-Pollak Slepian operator is given. An anal-
ysis of the properties of the Sobolev-type space associated with the Hankel transform

is carried out using the Hankel wavelet multiplier.

By Wong [80], it is shown that the (RT = (0, 00), .), multiplicative group of a positive
real number Rt (under the subspace topology of the usual topology) is a topological
group. We define a new unitary representation, on this multiplicative group. Let
7 : RT — U(L*(R")) be the unitary representation of the multiplicative group R™
on L*(R") is defined by

(m(Qu)(z) = (2)2 Ju(xQu(z)  z,¢ € (0, 00), (3.1.1)

for all functions, u in L?(0, 00) and U(L?(0, o)) is the group of all unitary operators
on L?(0,00).
Let 0 € L'(0,00) N L>(0,00) and ¢ € L*(0,00) N L>(0, 00). Then for u,v € H,, we

give the definition of R, , with the help of the above unitary representation

(Rt v) = / T o (O QN T(Od v)dC, ¢ € (0,00). (3.1.2)

where (,) represents the inner product in L?(0, c0).

Then, it can be proved easily that R, 4u € L*(0,00) for all u € H, and R, initially
defined on H,, can be extended to a bounded linear operator from L?(0,00) into

L*(0, 00).
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Lemma 3.1.1. For u,v € L?(0,00), we obtain

(u, m(C)d) = hyu(ug)(C) (3.1.3)

and,

(m(Q)¢, v) = hyu($D)(C). (3.1.4)

Proof. Since

By (3.1.1), we get

In a similar manner we get,

O

Lemma 3.1.2. Let ¢ € L*(0,00) N L>(0,00), such that ||¢|la = 1. Then for func-

tions u,v € H,(I), we have

/0 " w7 (O)8) (1) v} dC = (ud, 1), (3.1.5)
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Proof. Using Lemma 3.1.1, we have

/0 " (um(O)8) (1(0) v} ¢ = / " () () (D) ().

By applying the Parseval relation of the Hankel transform (1.3.13), the above yields

/0 " w1 (O8) (7(C), v} dC = {ub, 5T,

]

Theorem 3.1.3. Let o € L(0,00), ¢ € L*(0,00) N L>*(0,00), and u,v € H,, such
that ||p|l2 = 1. Then we have

(Rogu,v) = (Phy o Pu, v). (3.1.6)
Proof. Using (3.1.2), we have
(Bag.t) = [ o0 Q)N r(O60)dC, €€ 1= (0.50)
By Lemma 3.1.1
(ot} = [ QO (B Oy (60 O

From (1.3.1), we get

0

(o) = [~ ot u)© ([ @0 22,0 m e ) dc
- ( / w(xo”%f ()0 (1) (O ) (67) (o)
o(x (u

-

gzﬁ)) (x)v(x)dx.
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Therefore by definition of inner product, we obtain

(Rogu,v) =(ohy, (0(O)hy(ug)), v)
:<(¢hu,a§5)u7 ’U> :

Remark: It is proved in Theorem 3.1.3, that the bounded linear operator R, g4 :
L?(0,00) — L*(0,00) and ¢h,,¢ : L*(0,00) — L*(0,00) are unitarily equivalent,
hence we denote ¢h, ,¢ as R, 4. And here ¢ plays the role of admissible wavelet
in the localization operator R, 4, then the localization operator R, 4 is the Hankel
wavelet multiplier associated with the unitary representation 7 : R™ — U(L?*(R™))
of the multiplicative group RT.

A function ¢ € L*(0, 00) satisfying ||¢||s = 1 and

/0 6 m(O6) P dC < o (3.1.7)

is said to be an admissible wavelet of 7 : RT — U(L*(R")).

Now we define ¢,

co= [ om0 (3.18)

Using (3.1.1), the above can be written as

¢ = / | / o) T (O9) (@)ded
_ / | / (20) /2, ()8 () de ¢
= /0 ) |7 (62)(O)]dC.
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By the Parseval formula of the Hankel transform (1.3.13), we have

co = [|9ll2. (3.1.9)

From the above discussions, our present chapter is organized in the following way:
Section 3.1 is introductory, in which the notations, terminologies, definitions and
properties are given. In this section, we prove many auxiliary results that will
be useful in the subsequent sections. In Section 3.2, it is shown that the Hankel
wavelet multiplier R, 4 are bounded linear operator on L? space, 1 < p < oo for
a suitable choice of the admissible wavelet ¢ in L'(0,00) N L>=(0,00) and symbol
o € L'(0,00). Furthermore, the Hankel wavelet multiplier R, , is also shown to
be bounded linear operator on L”(0,00), r < p < 7’ for the symbols o € L"(0, 00)
for 1 <7 < 2and ¢ in L'(0,00) N L?*(0,00) N L>®(0,00) . In Section 3.3, we have
shown that the Hankel wavelet multiplier R, 4 : L*(0,00) — L?*(0,00) is a Hilbert-
Schmidt operator and also studied its compactness property for the suitable choice
of admissible wavelet associated with the unitary representation. In Section 3.4,
the Landau-Pollak-Slepian operator associated with the unitary representation is
introduced. Section 3.5 investigated the properties of the Hankel wavelet multiplier

in Sobolev-type space.

3.2 Boundedness of the Hankel wavelet multiplier

on LP(0, o)

In this section, the boundedness of the Hankel wavelet multiplier R, 4 on L'(0, 00),
L>°(0,00) and LP(0,00) for 1 < p < oo are investigated, for a suitable choice of the

admissible wavelet associated with the unitary representation.
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The Hankel wavelet multiplier R, 4 for o € L'(0,00) and ¢ € L'(0,00) N L>(0, c0)

is defined by
(Fos ) = [ o OUAOANEON @I, 7.0 0,00, (321)
for all f € L1(0,00), and { ,) is defined by
()= [ ultad,

for all measurable function u and v on I = (0, 00), whenever the integral exists.

Theorem 3.2.1. Let o € L'(0,00), and ¢ € L'(0,00)NL>(0,00). Then the Hankel

wavelet multiplier R, 4 : L*(0,00) = L*(0,00) is a bounded linear operator such that

[ Rosll 511 0,00 < Apllollilllll¢l o, (3.2.2)

where || ||prio,00)) @S the norm in the Banach space B(L'(0,00)) of all bounded

linear operators from L'(0,00) into L*(0,00).

Proof. Using (3.2.1), we have

(Rous ) (1) = / " (O () (7 (O)) w)dC.

Now taking L' norm, we get

[ [ o0t m@am@o it

T
< | " ( / 0(O)] - 1,703 - |<w<<>¢><x)|dc) dr.



Chapter 3. Hankel wavelet multiplier... 56

Using (3.1.1), we have

|Bosf s < / N ( / 1o - 17 (O)8)] - |<x<>1/2Ju<x<>¢<x>|dc) dr.

By Lemma 3.1.1, we obtain

Recdll < A [T 10O Bul5NQ 6011001
< Ausu () / (/ |o<<>|d<) 62 da

< Aullhu(fO)llllollx Nl
< Aullfllliollssllellsliels-

Thus the above expression yields the required results,
[ Rosll Bt 0.00) < Aplllloclloll1llo]l-

]

Theorem 3.2.2. Let 0 € L'(0,00), and ¢ € L'(0,00) N L=(0,00) then Ry :

L(0,00) — L*(0,00) is a bounded linear operator and
1Bosll Bz~ 0.00) < Aulloll1lI Sl lloo- (3.2.3)
Proof. From (3.2.1), we have
(Roo /) (@) = /Ooo o (O], 7(C)e) (m(C)¢) (x)dC.

”Ra,qbeoo = mél; |(R0,¢f)(T)|
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This implies
Roof| =| / (O, 7)) (m()) ().

Using (3.1.1), we get

Roof| < ( JAGRIEGTE |<x<>1/2Ju<x<>¢<x>|dc)
<4, ( [T1e@1 1m0 |¢<x>|d<) .

By Lemma 3.1.1

Ronf] < A, ( / S0 hu(F)(Q) - |¢<x>|d<) |

Now

IRl < Ausuploto)] ( / T Ihu<f¢)(0|dc)

< Aullollsollru(fOloollll

< Aull@llooll fllocl @M1 ller]]1-

Therefore, we get the required result

| Ro gl Bre000)) < Aull@llillo]1]|d]loo-

Now from Wong [78, p. 2916], we recall the interpolation theorem which is useful

for our following results.

Theorem 3.2.3. Let (X, 1) be a measure space and (Y,v) a o-finite measure space.

Let T be a linear transformation with domain D consisting of all p-simple functions
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f on X such that p{x € X : f(x) # 0} < oo and such that range of T is contained
in the set of all v-measurable functions on Y. Suppose that oy, s, b1, Be are real

numbers in [0 1] and there exist positive constant My and My such that

ITFll sy < Ml fl sy FED G=1.2 (3.2.4)

Then for 0<6 <1

a=(1-0)a; +0ay (3.2.5)

f=(1—0)+0p,. (3.2.6)

We have

1Tl 205 gy < MM s, (3.2.7)

(X))

With the help of the above interpolation results, we prove a theorem on
the LP—boundedness of the Hankel wavelet multiplier associated with the unitary

representation.
Theorem 3.2.4. For 1 < p < oo, there exists a bounded linear operator, Ry 4 :

LP(0,00) — LP(0,00) such that

[1RoollBzr©.o0)) < Aullolllll1llo]]oo- (3.2.8)

Proof. By Theorem 3.2.1 and Theorem 3.2.2 we havea; = 1,0 = 0,6, =1, 8, = 0.
Then from (3.2.5) and (3.2.6) we find that « = 1 -6, f = 1 — 0, and applying

interpolation Theorem 3.2.3, we get

1R sllzr0.00y < Aullollillgllilloloo) = (lollllolllloe)”

| RosllBzr0,00)) < Apllollillolll¢]]oo-
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for 0 <0 <1and1l/ae€ (1,00). O
Theorem 3.2.5. Let ¢ € L?(0,00) N L>(0,00) be such that ||p|ls = 1 and o €

L*(0,00). Then R,y : L*(0,00) = L*(0,00) is a bounded linear operator and

| Ro.oll Bz2(0,00)) < Apllall2]|@]]oo- (3.2.9)

Proof. Let
(Rosf)(z) = / o(O)(f, 7(C) ) (r(C) ) ().

|Roof I3 = / N (Roo () 2da
- / T / " (O 7(O)8) (7(O)) (w)dc P

By using Lemma 3.1.1, we get

|Roof|2 = / T / T oM (B ()2, (a)d()) dCPda
- - ag . b . xTr 1/2 €T . Tr : €T
< / ( / 10(O)] - [ (YO - [0 2 () |¢<~>|d<) i
< [T ([Tl ool -otwlac) a

Therefore, we have

IReef 1< Ay [ 1000 ( | e |m<f<5><c>|d<)2dx
< [ o ( | e Ihu(fcz_ﬁ)(C)ldCf

2

= el (o1 i)
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By Holder inequality and (1.3.13), we get

1Rosfll2 < Aull@llallollzll 2 f6)]12
= Aullol2llell2ll(fo)ll2
< Auligllallollall fll2ll ¢l co-

Therefore, we obtain the required result

| RosllBL2(0,00)) < Aplloll2]|@]oe-

]

Theorem 3.2.6. Let ¢ € L'(0,00) N L?(0,00) N L>=(0,00) such that ||d|ls = 1.
Let o € L"(0,00) for 1 < r < 2 then there exists a bounded linear operator R, ,

LP(0,00) — LP(0,00) for all p € [r, r'| where r is conjugate index of r'such that

1-2/r" 2/r’ 1-2/r" 2/r'
| Rosllawroon < Aullol ™ol 8l 115" l1¢lec- (3.:2.10)
Proof. By interpolation of the Theorem 3.2.1 and 3.2.5, we get a bounded linear
operator R, 4 : LP(0,00) — LP(0, 00).

1 1
Taking the suitable choice of oy =1, ay = 1/2, 3 =pand % = p. By (3.2.5) and
1 2
(3.2.6) we find that o = (1 — 0)a; + fas = 1 — g and 8 = (1—6)(1/p) + 0(1/p).
Now suppose o = 1/r this implies 1/r =1—6/2and 1 —1/r' =1—-60/2 or 0 = 2/r".

This implies

1Rosll 22000y < Aulllollillgllliolo) " (Illzlloll2l1¢llo0)”

= Aulllollilglllllee) > (o ll2llo |2l lls0)*
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Therefore, we get the required result

1-2/¢' 2/ 1-2/7" 2/r!
| Rosll Bero.00n < Aullolli™ " Nolls Nlolli ™" 16115 |6l oo-

3.3 Hilbert-Schmidt operator and compactness

In this section, we demonstrates that the Hankel wavelet multiplier R, 4 associated
with the unitary representation is a Hilbert-Schmidt operator. We examine the

compactness property of the Hankel wavelet multiplier R, 4.

Definition 3.3.1. Hilbert-schmidt operator:
From Wong [80, p. 17], let T': H — H be a bounded linear operator in a Hilbert

space H such that,
ST < o, (3.3.1)
k

for all orthonormal bases {¢y : k € N} in H. Then T': H — H is in the Hilbert-

Schmidt class Sy and satisfies the following norm
ITIE, = 1T, (33.2)
k

Theorem 3.3.2. If ¢ € L*(0,00)NL>*(0,00), Then for all o € L*(0,00)NL*(0, 00),

R, L*(0,00) = L*(0,00) is a Hilbert-schmidt operator such that

1Rooll3, < lollallollsllz* 2 g() 316 ()2
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Proof. We take o € L'(0,00) N L?(0,00) and {¢y, : k € N} be an orthonormal basis

in L?(0,00). Then by definition of the inner-product, we have

Z ||RU7¢¢k”% = Z(RU7¢¢’C) RU,¢¢]{:>' (333)
k k

Using (3.1.2), we have

(Rosf,g) = /0 " (O, 7(O)6) (1) gL, (3.3.4)

Therefore from (3.3.3), we obtain

S IResinl} =3 | @60 70 r()0 Rasirdc
-3 / ) (61 T(CV) (B () ) L.

With the help of Wong [34, p. 1014] and Plancheral relation from Ponnusamy [54,

p. 409], we get

S | Rotnl = / T 0 (O){Ra o ()6, 7(C)B)C.

Using (3.3.4), we have

S Rogi 2 = / o0 / o) ()6 T m)B)r()d 7(O)dn)dC.  (3:35)

From (3.3.5) and Fubini theorem, we get

S seinli = [0 [ sl rmrin)ac
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By the definition of the inner product and take (7(¢)¢)(z) = (2¢)?J,(2¢)¢(x) and

(m(n)o)(z) = (zn)Y2],(xn)¢(x), we have

Zk:IIRU,wkH%:/O o0 [ ] [0t tacrtaroms

X dn) dc

_ / / (] / (£0)3 Ju(2C) (wn)? T, (am)(w)é(x)do )

x dn) dc.

w\»—A

L (2n)b(x)dz|)

Using (1.3.6), we obtain

Sissonl= [ o@( [ o0 [ ([ o e i)

0

% ¢(x)p(x)dzx|’) dn>d<

= [ToO([ ol [ ([ et )

x Dy(C,m, 2)dz|’ dn>d(.

Thus by definition of Hankel transform (1.3.1), we get

S HReinl = | e e [ men o@aw)enacn. )

X dn) dc.

Thus by (1.3.5), we find

S Rastnll = [ o) [ ot (et o(rdto) c. ) ) dn) dc.
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If we take (R, (z"'/2¢(x)d(2))(C, 77))2 = G((,n), then above expression yields
SRl = [ o0 amicCnlmi.
k
Using (1.3.4), we have
S asenll = [ oOe#IGNC
k
< [ leoreHien©lic
< lloll2ll(e#]GD]l2-
From [5, p. 111], we get
D Resull3 < llollzllol 1G]l
K
— 2
< llollallollill[ru @20 ()¢ ()| Il2
< llollelloll I (2 g () d () 13-
Using Parseval formula of Hankel transform (1.3.13), we have
Y MRoskll3 < llollallolls a6 () d()|3
k
< lellallolli a2 o(@) 13l é(x)]1%.
This implies R, : L*(0,00) — L*(0, 00) is a Hilbert-Schmidt operator. O

Theorem 3.3.3. Let 0 € L'(0,00), and ¢ € L*(0,00) N L>®(0,00). Then Ry :

L'(0,00) — L'(0,00) is a compact operator.
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Proof. From Theorem 3.2.1, the bounded linear operator R, , : L'(R;) — L'(R})

satisfies

1Rooll Bz (0.00) < Apullollall@l 1ol (3.3.6)

Consider {u;} be a sequence of functions in L'(0,00) such that |u;]| < 1, then
(3.3.6) gives
[ Roguillo < Aullollillollillolls for j=1,2,3.... (3.3.7)

the above expression shows that {R, 4u;} is uniformly bounded in L'(0, co).
Now, consider the function ¢ € C§°(0,00), which is compactly supported then the
function (7(¢)¢)(x) = (x¢)/2J,(2¢)¢(z) is uniformly continuous.

Then V € > 0, 3 6 > 0 such that for all x and y in supp(¢) with |z — y| < d, we get

[(m()¢)(x) = (m(O)) ()] < e (3.3.8)

Hence for all j =1,2,3..., we have

[(Rogu;)(x) — (Ropu;)(y)]

~| / ) (BN (H(Q)S) )

- [T O w900, .y € (0.
~1 [ o0 708 (R(00) o) — ({0

< [ (O] s, m (O] -1 a) ~ ()l

Using (3.3.8), we find that

(Bet)) = (Ret) )] < € [ 10001 s, m(elde
< e-sup [{u;, m( |/ lo(¢)]d¢
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Using (3.1.1), we get

|(Rogu;) () = (Ropu;) ()] < € Aullugllafl ol /OOO |o(E)ld¢

<e- Aulluslliliolecllol

<e- A/L||¢||OO”O-”1'

So {Rsgu;}32, is equicontinuous on (0, c0).

Therefore for every compact subset K of (0,00), the Ascoli-Arzela theorem implies
that the Hankel wavelet multiplier {R,4u;}%2, has a subsequence that converges
uniformly on K.

Thus by Cantor diagonal procedure we can find a subsequence {u;, } of {u;}52; such
that { R, ,u;, 7o, converges to pointwise to a function on (0, 00). Using (3.3.7) and
by applying Lebesgue dominated convergence theorem, the sequence {R,su;, }7°,
is converges in L'(0, 00).

Therefore R,y : L'(Ry) — L'(R;) is compact.

Now let ) € L*(0, 00)NL>*(0, 00) and {1;}52,; be a sequence of functions in C3°(0, c0)

such that 1; — ¢ in L'(0,00) as j — oo. So by (3.3.6)

1Bo.6.5 = PogwllBeroeey < ldllecllts = ¢lillofly =0
as j — oo. Therefore R, , : L'(0,00) — L'(0,00) is compact provided that the
support of ¢ is compact. ]
Theorem 3.3.4. For 1 < p < oo and for any o € L'(0,00) and ¢ € L'(0,00) N

L>(0,00). Then R, : LP(0,00) — LP(0,00) is a compact operator.

Proof. Using the interpolation technique on Theorem 3.2.3, we get the required

result. ]
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3.4 Applications of the Hankel wavelet multiplier
and construction of Sobolev-type space
In this section, it is shown that the Landau-Pollak Slepian operator associated with

the unitary representation m : R — U(L?*(R")) arising in signal analysis, is a

Hankel wavelet multiplier.

Definition 3.4.1. Let ¢ > 0 and C; > 0. Then the linear operators Pg, :
L%(0,00) — L?*(0,00) and Qg, : L?*(0,00) — L?(0,00) is defined by

(huf)C)  0=C=<C

(P £)(C) — (3.4.1)
0 ¢>C
and
X 0 i CQ
Qaf)a) =4 T 0=rs (3.4.2)
0 T > CQ

for all functions f in L?(0, 00).

Theorem 3.4.2. Pg, : L?(0,00) — L?*(0,00) and Qc, : L*(0,00) — L*(0,00) are

self-adjoint.
Proof. By Parseval relation of the Hankel transform, we have

(Per f,9) 12(0,00) = (hu( Py ) hug) 1200,00)

_ / " hu(Pe, Qg ()G
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Using (3.4.1), we get

(hyuf)(€) (Ryug) ()¢

(&)

(R f) () (P 9)(C)dC

1

e OB P g) (O

<Pc1 f> g>L2(0,oo) =

Il
S~ F— o

= (), hu(Fev9))-

By Parseval relation (1.3.13) , we have

(Per fr9) 120,00) = {f P 9) 12(0,00) -

This implies that Pg, : L*(0,00) — L*(0,00) is a self-adjoint operator.

Similarily
<Q02f79>L2(0,oo) = /0 (chf)(:t)g(x)dx

From (3.4.2), we have

<chf: g>L2(0,oo) = 5 f(ZE)g(CL')d.I'

= (2)Qc,g(x)d

B Cy

=Amﬂw©amww
= <f7 Qng>'

This implies that Qc¢, : L*(0,00) — L*(0,00) is a self-adjoint operator.

(3.4.3)

(3.4.4)
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Theorem 3.4.3. Pg, : L?(0,00) — L?*(0,00) and Qc, : L*(0,00) — L*(0,00) are

projection.
Proof. Since Pg, : L*(0,00) — L?*(0,00) is a self-adjoint, so we have

(P21 9)12(0.00) = (Por fr Por9) 12(0,00) -

and by Parseval relation, we get

<Pg’1fv g>L2(0,oo) = <hu(PC1f)7 hu(PC1g)>L2(O,oo)

= [ P DR O

By (3.4.1), we have

(P2, .9 12(000) = / (YO Tng) ()

Be,

— | P DO O1dc

= <hu(PC1f)a h,ug>L2(O,oo)

= (Pey f, 9) 12(0,)

for all f, g € L*(0,00).
This implies that P& = Pc,, hence we say that Pe, : L*(0,00) — L*(0,00) is a

projection.

Since Qc, : L*(0,00) — L*(0,00) is a self-adjoint, we get

<Q%‘2f) g>L2(0,oo) = <QC2f7 Qng>L2(0,oo)
_ / Qe /) () Q) (@) de
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By (3.4.2), we get

(Q%, [+ 9) 12(0,00) = f(x)g(x)dzx

- / " (Qenf)(@)g(x)da

= <Q02f7 g>L2(0,oo)

for all f,g € L*(0,00).
This implies that QF, = Qc,, hence we say that Qc, : L*(0,00) — L*(0,00) is a

projection. O

Remark: Thus Po,Qc, Pe, : L?(0,00) — L?(0, 00) is a bounded linear operator and
known as the generalized Landau-Pollak Slepian operator. We have to show that

this generalized Landau-Pollak Slepian operator is a Hankel wavelet multiplier.

Theorem 3.4.4. Let ¢ be any function in L*(0,00) is defined by

1

¢(z) =4 VilBa) (3.4.5)
0 T > Cl

where u(Be,) is the volume of Be,. Let o be the characteristic function on Be,,

1 0<¢<Cy
() = (3.4.6)
0 (> Cy
then the Landau-Pollak Slepian operator Pc,Qc,Pc, : L*(0,00) — L%*(0,00) is

unitarily equivalent to a scalar multiple of the Hankel wavelet multiplier ¢hu,a¢; :

L*(0,00) = L*(0,00).
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Proof. By (3.4.5), we see that ¢ is a function in L?(0,00) N L>(0, 00) such that

2 2
(ﬁ 2 = ¢ dx

= o) /B o
=1.
Thus, by Theorem 3.1.3, we have
((8huadyu o) = [ 0O w6 (r(Q)6. 0, (3.47)
From (3.4.5), we get
(1, 7()6) = / m<x<>1/2Ju<xc>u<x>&<x>da: (3.48)

By definition of Pg,, we have

hu(Pe,hy (u))(z) = - (3.4.9)

function v in H,,, where h;l is the inverse Hankel transform of w.

By (3.4.8) and (3.4.9), we obtain

(u, m(()p) = ()2 T (2C) hy(Poy b (w) (2) de,

\/ Bcl BC]_

_ m( Poh; (uw))(€)  for all u € Hy. (3.4.10)
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Since P, is a self-adjoint and using (3.4.6), (3.4.7) and (3.4.10) we get

((Shyuod)u, v) = /OOO 7(C)(Peyhy, (w))(O)(Peyhy, (v))(¢)dS

/B (Pey ki () (O (P e (o)) (0 dC

/’L(Bol)
1

/’L(Bol)

= (Bo) ;C ) /O OO(QCQPCI(hglu))(c)(Pcl(h;lv))(g)dg

1

B N(BC&)
1 1 -1
N M(Bol)«PClQ@PCl(hu w)), (b, v))

(QcuPey (hy, ), (Pey (hy, v))

N(BC ) <hHPClQCQPCIh;1u7 U>
1

for all u,v € H,. Thus the Landau-Pollak Slepian operator Pr, Q¢,FPc, is unitary

equivalent to (¢h, ,¢) Hankel wavelet multiplier. O

3.5 Hankel wavelet multiplier in Sobolev-type space

In this section, with the help of the Hankel wavelet multiplier, the Sobolev-type

space is constructed involving the Hankel transform technique.

Theorem 3.5.1. If 0,(¢) = (1 + ¢?)~*/2 € L*(0,0), for s > 0 and ¢ € L'(0,00) N

L>°(0,00). Then the Hankel wavelet multiplier

(Rovof) (1) = / O OO @C, ¢ € (0,00) (3.5.1)

can be expressed in the following form:

(Ro0f) (@) = ¢(@)h, [0:(Ohu(fO)(ON(z), € L(0,00). (3.5.2)



Chapter 3. Hankel wavelet multiplier... 73

Proof. Using (3.5.1), we have

(Rovof) (1) = / T o OU O OB) @S, ¢ € (0, 00)

From (3.1.1), we get

(ool = [ " ou(0) ( / ) f('n)(W(C)qb)(n)dn) (~(O)6) (@)
- [Cou0 ( / OO(UC)”?Ju(né)f(n)qz_ﬁ(n)dn) (602 (2C)b(2)dC
0 0
_ / (O hy(FO)(C) (2C) 2T, (2C)d(x)dC

—4(z) / T WOV (10 (Ohu(FB) ()

=0(2)hy," [o5(Ohu(f0)(Q)] (x)-

]

Definition 3.5.2. If O,; denotes the linear space of all smooth functions 6(x) de-
fined on I such that for each non-negative integer v, there is a non-negative integer
n, for which

|(1+2%) "™ (x7'D,)"0(x)| < oo (3.5.3)
for all x € I = (0,00), then #(z) is called multiplier in H,,([).

Theorem 3.5.3. Let ¢ € Oy and ¢ € H,(I). Then ¢pop € H,(1).
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Proof. For ¢ € Oy and ¢ € H,(I), then we have

(142" (@™ D) a2 (o) ()]

— 1+ Y (F) @ Da el D e )]

r=0

E

> (D) s e Dol D )]

0

T

= |l

| =0 <f> (1+2%) (27 Dy) o) (1 + 2*)™™!

X (a7 D)l P ()]
Therefore

(1423 (@ D) 2 ow) @)
=13 (F) et arew + o

X (a7 D) T a2 ()|
k
<> ()ia+a i nyrewia sy
r=0

X (a7 D))" T[T Py ()],
Since ¢ € Oy and using (1.3.3), we get

Vi @V) < Cravm i (P) < 00.

This implies
oY e H,(I).
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Theorem 3.5.4. Let ¢ € Oy and € H,(I). Then h,(¢py) € H,(I).

Proof. From Theorem 3.5.3, we get ¢t € H,(I). Then by using [83, p. 141], we

find that
hu(d) € Hy(I).
[
Theorem 3.5.5. Let ¢ € Oy and ¢ € H,(I). Then
Hy (o)) = by o (Ohy () Q)] (z) € Hu(1). (3.5.4)

Proof. In view of the Zemanian [83, p. 141], we find that

(=)™ 2™ (27 D) 2™ 2Ry o (Ohu(e) (O] ()

— /000 CHrkEmAL (LD P2 (0 (O by (000) (O] ket (#0) () T FdC .

Suppose that n > 2u+2k+m-+1. Then (?#F2Fm+l < (14 (3" for ¢ > 0. Therefore

(150 (@D, a0 o, (o4 )
< [ 10+ T DY o 6O sl
- [T ey (1)@ poe e e
O (Ol
<3 (") [T 10 e D0 D o)

r=0

X (xC)_H_kJu+k+m(xC) |dC
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Since |(2¢) ™" *J, 1 k1m(xC)] is bounded on I = (0, 00) by the constant Ay,,. Thus

[ (@ D) r e 2R o (O (09) (O ()]
= Z:; (T) Arm /OOO [(1+ )¢ D) os(O(CT D)™ ¢ 2 hyy () (€) €.

Since o4(¢) = (1 + ¢%)~%/2, we have

| (27 D) o (Ohy(69) (O] ()]
<> (m) A /0 T+ G CTID (L £ ) AC D™ (PR () ()

A | 1+ {(=1)"s(=s = 2)(=s — 4)...(=s = 2r)(1 + ) 7/>7}

X |(C—lDC)m—rC—u—l/th(Qw)(C)|dC
— i (T) Apms(s+2)(s+4)...(s +2r) /Ooo (1 4+ ¢2)~s/2

r=0

X (14 )¢ D)™ ¢ Ry (90) ()dG.
This implies

| (@ D) e P oo (O hu(90) ()] ()]
< Apm Y supeer| (14 ¢ D)™ ¢ hyu(0) ()]

r=0

X (T)S(s 4 2)(s 4 4)..(5 + 2r) /OOO (1 + C2)~/2"|d¢

< At o) 3 (7)ot 205 4 )t 20) [0+

r=0
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Therefore using (1.3.3), we have

Ve (05O (90) (O] ()
< Ak,m’)/im_r(hu(gblb)) Z (T)S(S -+ 2)(3 + 4)(8 n 27’) /OOC |(1 4 CQ)_S/Q—TldC

r=

0
S Ak,m,Bs,r’Yﬁ,m—r(hu(gbdj)) <00

for taking s > 0 and sufficiently large.
This implies ' [o4(C)hu(00)(C)] € Hu(I). O

Theorem 3.5.6. Let ¢(x) € Oy and Hi(¢p)(x) = h ' [o(Q)hu(¢v)(O)](z) €
H,(I). Then ¢(x)H; (oY) (x) € H,(T).

Proof. Let

(14 2®)"™a 20 (2) Hy (o) ()]
< |(1+2%) () (1 + 2" a2 H (¢0) ()]

< |(1+2%) o) (1 +a®) " a2 H (9y) ()]
Since ¢ € Oy and H;(¢y)) € H, (1)

(1 + 2" " 2o(x) Hy () (2)] < Crsupeer| (1 + @)™ a2 H (¢4) ()]

< O (Hj(00)(2))] < oo.

Therefore ¢(z)H(¢9)(z) € H,(I). O

Theorem 3.5.7. If p € Oy and € H,(I), then R, 4 and f € H;L(I) also we have

the following relation:

(Rouof)(@), (@) = (f(2), o(x)l, [os(O) (@) (O] (@)). (3.5.5)
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Proof. Using Theorem 3.5.1, we have

(Rowof)(@), 9 (2)) = (¢()h, [0 (Ohyu(fO) (O (), (@)
= (h, ' [os(Ohu(fO)(Q)](2), (¢¢)(2)).

By duality of Hankel transform technique, the above yields

(Ro.0f)(x), ¥(x)) = (0:s(O)hu(f0)(C), hu()(C))
= (h.(f)(C), as(C)hyu(d1)(C))
= (¢, h, o (Ohyu(¥) (Q)])
= (f(@), o(2)h; o5y (9) () ()
= (f(2), o(2) H (¢¢)(2)).

this implies that f € HL(I ), and also we can say that the Hankel wavelet multiplier

R, s is also an element of H;(I ). O

With the help of all above Theorems given in this section and from [40], we find a

Hankel wavelet multiplier on the Sobolev space G’f;z.

Theorem 3.5.8. Let R,, s is a Hankel wavelet multiplier on LP(I) and ¢ € Oy,

which satisfies the norm inequality
(1 + 22~ 2¢(x)||] < Cs for s> 0. (3.5.6)
Then for f € H;(I), R, s can be estimated by the

[Ro0 1t < Csllos(€)hu(f ) () ls.2- (3.5.7)
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Proof. From Theorem 3.5.1, we have

el = [ oo (0Ol o)
— </0°° (14 22 p(x)(1 + xz)sh;l[JS(C)hM(fQS)(C)](x”dw)

0 1/2
< 1+ 22 6@, ( [ax x?)%;l[as«)hu(fqb)(cn<x>|2dx>

1/2

<o ([T 104 P O el P
< Culo (O £z

From [40], we can conclude that the above norm of the R.H.S is an element of

Sobolev space, for f¢ € H;(I). ]

3.6 Conclusions

This chapters introduced the Hankel wavelet multipliers associated with the unitary
representation. Motivated from the work of Ghober [22], Wong [34] and Mejjaoli
[36], we observed that the Hankel wavelet multiplier associated with the unitary
representation on LP-space for 1 < p < oo are bounded linear operator. Furthermore
the applications of Hankel wavelet multipliers can be found in the Landau-Pollak
Slepian operators and in the construction of Sobolev-type spaces related to Hankel
transforms. we also explored the various properties of Hankel wavelet multiplier

associated with the Hankel transform technique.

Koksk



