Chapter 3

Micromechanics of Piezoelectric Inclusion and Inhomogeneities

3.1. Introduction

In past decades, a number of problems in physics and mechanics of solids have been
studied involving the fields generated due to disturbances of a region whose shape and
material properties are different from the otherwise uniform surrounding. Eshelby
[23,103] provided solution for the stress and strain fields in elastic solids generated due
to the presence of an ellipsoidal inclusion or inhomogeneity. These solutions are termed
as Eshelby’s solution and widely recognized for their elegance and wide-ranging
applicability. The methods and results obtained from the analysis serve as the cornerstone
of many contemporary micromechanics studies involving defects, fracture, and the
behaviour of heterogencous media at various geometric aspect ratios. Eshelby’s solution
provides many useful results including the constraint tensors representing transformed
fields that arise out of constraint from the surrounding matrix and the equivalent inclusion
approach for calculating effective properties of composites. The closed-form expressions
known as Eshelby’s tensor are the most widely-used result of Eshelby’s analyses. These
expressions represent a mathematical formulation to model the fields arising due to
presence of inhomogeneity as a function of the elastic moduli of the matrix and the shape

of the inclusion.

With these tensors in hand, solutions to many complex problems involving
inclusions and inhomogeneities are reduced only to algebraic tensor manipulations. In the
original work of Eshelby, these tensors were obtained only for inclusions in isotropic

solids; it laid the groundwork for the study of inclusions and inhomogeneities in
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anisotropic solids, later. Subsequently, the study was extended by researchers [104—110]
that provided valuable results regarding inclusions and inhomogeneities in anisotropic
solids. For anisotropic solids, no closed form expressions were obtained, hence the
Eshelby tensor had to be computed by numerical integration [111]. The 6mm crystal
symmetry also known as transversely isotropic, is of fundamental importance to study
piezoelectric inclusion problems because the most important class of piezoelectric
materials are poled ceramics exhibiting transverse isotropy with the principal axis aligned
along the poling direction. The closed form expressions for Eshelby’s tensor are derived

for transversely isotropic solids [36,112].

The problem of piezoelectric inclusion and inhomogeneity have been studied by
numerous researchers [22,26,113—115], albeit the expressions for the four constraint
tensor (piezoelectric analogue of Eshelby’s tensor) were not in closed form. Dunn et. al.
[116] derived expressions for these constraint tensors in the form of surface integrals over
a unit sphere which then have been calculated numerically using Gaussian quadrature.
Following the work of Withers [36] involving derivation of constraint tensors due to
presence of an ellipsoidal inclusion in a transversely isotropic elastic medium, Pan et. al.
[117] obtained the piezoelectric constraint tensors or Eshelby tensors for a spheroidal
inclusion. These tensors were obtained by deriving explicit expressions of Green’s
functions for a spheroidal inclusion embedded in a transversely isotropic piezoelectric
materials problem. Mikata [34,118] obtained explicit expressions for piezoelectric
Eshelby tensors for a spheroidal inclusion, but using a different approach. They obtained
these tensors by the transformation of the area element representing the piezoelectric
Eshelby tensor into integrals for a general ellipsoid inclusion in a transversely isotropic

solid.
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In this chapter, Section 2 describes an introduction to basic equations of linear
piezoelectricity followed by a derivation of inclusion and inhomogeneity problem in a
piezoelectric solid. The explicit expressions for the electroelastic Green’s functions
describing coupled fields and electroelastic Eshelby tensors are discussed in Section 3. In
Section 4, an analytical solution is derived to evaluate the effective electroelastic
coefficients of a piezoelectric composite with prescribed boundary conditions of traction-
electric displacement and elastic displacement-electric field. The explicit closed-form
expressions for piezoelectric Eshelby tensors are derived for spheroidal inclusions in
transversely isotropic media. A general solution for evaluating piezoelectric Eshelby
tensors can be trivially simplified to obtain a solution for many other possible inclusion
shapes, e.g., disk-shaped, spherical, and needle-shaped inclusions etc. Up to this point,
our approach proceeds in a direction parallel to Eshelby’s derivation of the elastic
constraint tensors, but there is a departure from Eshelby’s approach for the analyses
involving electroelastic constraint tensors in an anisotropic media. The novelty of the
present approach lies in the use of transformation of variables to yield expressions in the
form of surface integrals summed over a unit sphere. The intent of the present work is not
to study any one particular aspect of piezoelectric inclusion and inhomogeneities
problem; rather the effort is made to make use of these piezoelectric constraint tensors to
study the effects of inclusion shape and aspect ratio on the overall properties of

piezoelectric composites.

3.2 Governing Equations of Piezoelectricity

A fixed rectangular cartesian coordinate system is considered to describe the local

fields at any arbitrary point whose position vector is given by x or x; (j = 1,2,3). For the

analysis, a material that exhibits linear and static coupled-field phenomena has been
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considered. It can mathematically be described by three sets of equations, i.e.,
constitutive, divergence and gradient. Though the inclusion and inhomogeneity problem
in a piezoelectric media is explicitly considered at the beginning, in later parts, more
emphasis has been laid to the development of a micromechanics model that is valid for a
more general coupled-field problem where the basic equations have the same structure.
In full index form, the field equations, i.e., constitutive, divergence and gradients are

described as:

Constitutive equations:

0ij = CijmnEmn — €nijEn (3.1

D; = eimn€Emn + KinEn 3.2)
where Cjjmn, €nij, Kin are the elastic constants measured at a constant electric field, the
piezoelectric coefficients measured at a constant strain or electric field, dielectric
constants measured at a constant strain, respectively. The elastic strain, &, and electric
field, E,, are related to stress, o;; and electric displacement, D; as shown in Eqns. (3.1)

and (3.2).

Divergence equations:
0ij; =0 3.3)
D;;=0 3.4
where g;; and D; are the stress and the electric displacement, respectively.
Gradient equations:
&j = %(ui,j +u;,;) (3.5)

Ei=—9, (3.6)
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In the above equations, u; and ¢ are the elastic displacement and the electric potential,

respectively.

While deriving the solution for piezoelectric boundary value problems, it is
convenient to treat the elastic and electric variables on equal parameters. To further the
analysis, the notation introduced by Barnett et. al. [119] is employed. This notation is
almost similar to the conventional indicial notation, but with the exception of both the
lowercase and uppercase subscripts being used as indices. Lowercase subscripts are set
to take the range of /, 2, 3, while uppercase subscripts are set to take the range /, 2, 3, 4;
in addition, repeated uppercase subscripts are summed over /—4. Following above

notation, the elastic strain and electric field are expressed as:

, {emn M=123
MiTl—E, M=4 3.7)

where Z,;, is derivable from the generalized potential represented by U, and described

as:

U {um M=123
MTleg M=4 (3.8)

Similarly, the stress and electric displacement can be conveniently represented as:
g J=123
Zi] = {
D; Jj=4 (3.9)
The electroelastic moduli, L;;y, can then be represented in combined form as:
Cijmn ],M = 1,2,3
enij J=123; M=4

eimn ] =4M=123
—Kin LM =4 (3.10)

Li]Mn =
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The inverse of L;jyy, is defined as Lyy;;. The symmetry properties of L;jy;, remain
conserved and are easily derivable from those of Cjmp, €n;j, and k;,. With this shorthand

notation, Eqns. (3.1) and (3.2) can be unified into a single equation:

Zi] = Li]MnZMn (3.11)

or inverting the above equation:

Zap = LapisZy (3.12)
Here, it is important to note that Zy,,, Uy, Zi;, Lijun, and EAbU are not tensors. Thus,
while considering corresponding equations is an alternate coordinate system, each
individual tensor must be transformed first with the laws of tensor transformation. Later,

the resulting tensors can be reunified to the form of Eqns. (3.7) - (3.10).
3.3 Piezoelectric Inclusion and Inhomogeneities

In this section, the coupled electroelastic fields due to an inclusion or
inhomogeneity present in an infinite matrix are derived in a manner analogous to the
classical work of Eshelby’s for studying elastic fields [22]. The Deeg’s approach to study
inclusion problems in a piezoelectric media [22], is used to obtain four constraint tensors
analogous to Eshelby’s tensor for the elasticity problem. The use of these constraint
tensors is pivotal to model the coupled field phenomena, and these constraint tensors are
of primary importance to study numerous inclusion and inhomogeneity problems in

piezoelectric solids.

First, consider an infinite piezoelectric solid containing an inclusion of ellipsoidal

shape, and the geometry of inclusion is defined by

(x1/a1)2 + (xz/az)z + (x3/a3)2 =1 (3.13)
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where a4, a,, and a5 are the lengths of the semi-axes of the ellipsoidal inclusion. The
domain of the inclusion is represented by (), its surface by |€|; and the entire domain by
D. The electroelastic moduli of inclusion is same as of the matrix, L;;py,. The inclusion
is allowed to undergo a uniform stress-free strain, &,,,, and electric displacement-free
electric field, Ej, represented by a combined notation, Z,,. These uniform stress-free
strains and electric displacement-free electric fields do occur due to various physical
phenomena which includes phase transformation, thermal expansion coefficient
mismatch, pyroelectric coefficient mismatch, etc. Now, to calculate the stress, strain,
electric displacement, and electric field developed due to such misfits; an analytical

model based on the imaginary cutting, straining, and welding operations is utilized [23].

Composite D

inclusion Q as

matrix D-Q

X1

X2

Figure 3.1(a) Schematic of an ellipsoidal inclusion in a matrix medium.
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In the beginning, the individual state of inclusion and matrix are free of any stress
and electric displacement, i.c., Zf} = Z{? = 0; the superscripts 1 and m denote the
domains of the inclusion and matrix, respectively. The inclusion is then removed from
the matrix around the surface |Q| by cutting operations. The removed portion is then
allowed to undergo the uniform unconstrained transformations termed as eigen strain and
electric field, Zj;,,. In both the inclusion and matrix, the stress and electric displacement
remains zero, i.€., Z% = 2{7 = (. But now, the inclusion will not fit into the same cavity
either mechanically or electrically on its own. An external force or field must be applied
to the inclusion to make it fit to the same cavity. The inclusion is then deformed back to
its original shape or mechanical and electrical state by applying tractions and electric

displacement normal to the surface of inclusion around |Q|. The external agent required

to deform the inclusion to its original shape can be mathematically described as:

T) = =Ximy (3.14)
In Eqn. (3.14), T; can be considered to be the layers of body force and surface
charge and Xj; be the external stress and electric displacement that is required to cause
eigen fields, Zy,,,. Mathematically this relation can be expressed as, Zf} = LijpnZym-
Now, the inclusion is put back into the cavity and rewelded. The layer considered to be

of body force and surface charge is then nullified by applying a traction and normal

electric displacement or —T) over |(|. A resulting stress and electric displacement field
would now exist in the inclusion and matrix due to the presence of T; = —X;n; over

domain |Q]. To explain these fields, an analytic expression is desired.

Following the transformation of the inclusion, the elastic displacement and electric
potential, Uy, can be expressed in terms of electroelastic Green’s functions, denoted by

Gy (x — x") and mathematically derived as [22,27]:
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Uy(x) = f fl QIszu(x —x) Zyn;dS(x") — f fﬂ f Gy (x — 22} ;dV (x") (3.15)

where n; is the outward normal to |Q|. In all the mathematical expressions, bold face
characters denote vectors. In Eqn. (3.15), the Green’s functions, Gp;(x —x') have
physical interpretations as the field effects generated at a given point due to presence of
unit point charge or stress at a reference point within the inclusion [22], and can be

expressed as:

Gyy(x —x") = Kuz6(z.t) dS(z) (3.16)

87T2|x - x’| |Z|=1
In the above equation, §(x) denotes the Dirac-delta function, |z| denotes the surface of a
unit sphere whose centre is at origin, i.e., z=0 and Ky is the inverse of the following

expressions:

Kir = zizyLijrn (3.17)
In Eqn. (3.16), t is a unit vector in the direction of x — x’, and expressed as: t =
(x—x)/lx—x|.

Using Gauss divergence theorem and the mathematical correlation (due to
symmetry) Gy (x — x')/0x; = —0Gy;(x — x")/0x;, Eqn. (3.15) can be expressed in
form of volume integral over the inclusion with Gy, (x — x")Zj; in the integrand. It is
then further simplified considering the fact that X7} = LijynZpy, is uniform inside €,

Uy n(x) can now be expressed as:

UM,n(x) = _LijAbZ,Zb ff f GM],in (x—x")dV(x") (3.18)
0

Following the works of Deeg, Asaro et. al. and Willis [22,24,120], the Green’s function

Gpyin(x — x") can be written in terms of Dirac delta function and K, L as:

41



62
GM],in(x -x)=—

Zn Kt .
S T ) ki ()01

(3.19a)
—x")]dS(z)

The integration shown in above equation is surface integral over the unit sphere
|z| = 1. To determine Uy, ,,(x) for any point inside the ellipsoidal inclusion, the point of
observation x is taken inside  followed by parameterization of the ellipsoid Q over a
unit sphere. By making use of properties of Dirac delta function, an equilibrium condition

is derived for the coupled electroelastic Green’s function and it is written as follows:

LijnGuain(x —x') + 8,,6(x —x") = 0 (3.19b)

Few mathematical manipulations over Eqn. (3.19a) by using the equilibrium condition of

Eqn. (1.19b); followed by partial derivative with respect x; leads to the following

expression:
a,a,as . 1 1
Unn@ = 228 Ly iy | ZszzaKin} @d02) (3.20)
n lz1=1¢
1
where, { =[a?2? + a3z% + a2z%]2 (3.21)

Because of linearity, the induced strain and electric field due to the uniform

eigenfield can be expressed as linear functions of Zy,,,, and expressed as:

Zyn(X) = SunavZap (3.22)
here x represents a reference point in the interior of the ellipsoid inclusion again. Using
Eqns. (3.5), (3.6), (3.7), and (3.20), the set of electroelastic Eshelby tensors, Sy,45 can

be expressed as:
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SMnAb

a{a,a 1
iLi}Ab _3[Gm]in(z) + Gn]im(z)]ds(z)’ M =123 (323)
_ 8” |Z|=1(
~ | a;ayas 1
ey _ ) , M =4,
A Liab J|-z|=1 € Gyjin(2)dS(2)

where,

GM]in(Z) = ZiZnKI\;]l(Z)- (3.24)
Eqn. (3.23) shows the integral to be applied over surface of a contour |z| = 1. For
evaluating the integrals in Eqn. (3.23), a transformation of the surface element dS(z) to

a new surface element dS(§) is carried out as:

Si=az1/, & =a32,/0, &3 =aszs/( (3.25)
where ¢ is defined by Eqn. (3.21). The transformed surface element, dS(§) is related to

the initial surface element, dS(z) by:

dS(§) = aya,a3/3 dS(z) (3.26)
With the transformations performed in accordance to Eqn. (3.25) and (3.26), Eqn.

(3.23) can now be expressed as:

SMnAb

1 1 2T
acton [ [ [Gmin) + Guin()ds( dodes, M =123, (1)
1 _11 027'[
=i | [ [Gnn@ + Gym@]ds@y dodg, M =4
-170

It should also be noted that, the functions Gy, (2) in Eqn. (3.27) are homogeneous

functions of degree zero, hence the transformations shown in Eqn. (3.25) reduced to:

zy =& /a1, 7z =8 /a;, 23 =¢3/as, (3.28)
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further, &; and &, can easily be manipulated in terms of 5, and the spherical polar angle,

0, as

f1=(1-&icoss, & =(1-Pising, &= (G2
It is seen from the Eqn. (3.27) that the resulting electroelastic Eshelby tensors are
functions of the shape of inclusion and the properties of the surrounding matrix. Also,
Eqn. (3.22) suggests the induced strain and electric field is a linear function of uniform
prescribed eigenstrains Zy,. It may be concluded from the Eqns. (3.22) and (3.27) that
the strain, &,,,, and the electric field, E,,, inside the inclusion is uniform for the coupled

problem, in line with the uncoupled elastic and electric problems [23,30].

The set of electroelastic Eshelby tensors as shown in Eqn. (3.27) can be expressed

explicitly in terms of the electroelastic moduli or constituents’ properties as:

1 1 27
Smnab = @{Cijab f f [Gmjin(2) + Gpjim(2)] dOdE,
-170

(3.30)
1 21
— €iagb j j [Gm4in(z) + Gn4im(z)] dade} ,
-1Jo
1 1 21
Smnab = B_{ebijf f [ijin(z) + anim(z)] dodé,
T -1Jo
3.31
1 21 ( )
i [ | 1main(® + i 2] dedfg}.
-1J0
1 1 21 1 21
Sanap = E{Cijabf f Gajin(2) dOdE; — eiabf f G44in(2) d6d53},
-1J0 -1J0 (3.32)
1 1 2T 1 2T
Sanab = 7= ebijf f Gajin(2) dOdEs +Kibf f Gaain(2)dOdés ¢,
4m -1J0 -1J0 (3.33)
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The electroelastic constraint tensors Sy,4p as defined in Eqn. (3.27) and (3.30) - (3.33)
will represent the stress and electric displacement in the transformed inclusion due to the
constraint of the surrounding medium. These electroelastic constraint tensors are seen to
be functions of the material properties of matrix and the shape of the inclusion. When
piezoelectric coupling is ignored, Eqn. (3.31) and (3.32) vanish and (3.30) and (3.33)
reduce to the well-known Eshelby tensors in elasticity, which suggests that these tensors

are piezoelectric analogue to the Eshelby tensors in elasticity.
3.3.1 Evaluation of Electroelastic Green’s Functions

To be specific, the solution to Eqn. (3.18) will provide the elastic displacement and
electric potential at some observing point x’, when a unit point force or a unit point charge
is applied to the reference point x. Due to the presence of electroelastic coupling, the
electric charge will induce an electric field as well as an elastic displacement. Similarly,
the stress will induce an elastic displacement, and also an electric field. The electroelastic
Green’s functions are represented by Gp;(x — x'), and have these following physical

interpretations:

Gmj(x —x") = the elastic displacement at x in the x,,-direction due to a
unit point force at x” in the x;-direction;

Gma(x — x") = the elastic displacement at x in the x,,,-direction due to a
unit point charge at x’;

G4j(x —x") = the electric potential at x in the x,,-direction due to a unit
point force at x in the x;-direction;

Gua(x —x") = the electric potential at x due to a unit point charge at x'.
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For an infinite heterogeneous piezoelectric solid, these infinite body Green’s
functions, denoted by Gz (x, x") directly depend on the relative position of the point
source at, x', with reference to an observer at, x. It can be represented as Gpgr(x — x")
also, or, Gyr(x, x") = Gyr(x — x"). These electroelastic Green’s functions Gpr(x — x")

must satisfy the following differential equations:

EijmnGurin(x —x') + §jp8(x —x') =0 (3.34)
In the above equation, §(x — x") represents the three-dimensional Dirac delta function
and &g is the generalized Kronecker delta. The essential boundary conditions on
Gur(x — x') are that the first spatial partial derivative and the value of the function itself

must vanish as |x — x'| - oo, and are seen to satisfy the identity given by Eqn. (3.34).

To simplify the analysis, let us consider transversely isotropic symmetry of the
piezoelectric material specifically. Adopting Voigt two-index notation [5], the

constitutive relation given by Eqn. (3.11) reduces to the following forms:

011 = (11811 + C12855 + (13833 — €31 F3

Oy2 = C12811 + C11895 + (13833 — €313

033 = (13811 + C13652 + (33633 — e33E3

033 = C4q823 — €15E7

013 = Cy4€13 — €55k,

012 = Cop€12

Dy = ey5€13 + Ky, Ey

D, = ey5&z3 + K11E>

D3 = e31(e11 + €22) + €33833 + K33k (3.35)
Following the transversely isotropic symmetry conditions, the matrix Ky z(z) as shown

in Eqn. (3.16) can be expressed as:
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(W1Z12 + w25 + w5z (@) — @y)212, W3Z1Z3 WeZ1Z3
2 2
(@) — @) 212, WyZi + W17 W3Z,73 WeZyZ3
+ZD'5Z§
_ 2, .2 2, .2
Ky (z) = W3Z12Z3 W3Z,23 ws(zi +z7) w,(z{ + z5)
+w,72 +wgz?
223 823
2, .2 2, .2
WeZ1Z3 WeZyZ3 w,(zi + z5) wo(zf + z3)
L +wgz? +w,z2
823 0Z3
(3.36)
where,
@y =Cq w, = (33 @3 = (13 + Cyq
— 1 — —
wy = ;(611 —C2) @5 =0Cyy We = €31 + €15
Wy = €45 wWg = €33 Wyg = —K11
@y = —Ks (3.37)

The terms @, — @5 in the Eqn. (3.37) represent the elastic effects and coincide with those
discussed by the author [105], the additional terms wg — wg and wge — @, represent the
piezoelectric and dielectric effects, respectively. The inverse of the matrix, Kj,;(z) shown

in Eqn. (3.36) can be expressed as:

i1 Tz Tz Tia

1|r T T- T
1 _ 1 |T21 T2z T2z T2
Kuj (2) = D731 T32 733 T34 (3.38)

Ta1 Taz Tz Tyg

where,

1 = M1127 + M11225)¥% + (N11327 + M11423)25Y
+ (M1s527 + M11625)25 + 111725

12 = 212;(M121V? + N122Y 25 + 112325)
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T3 = 2123P (1317 + M13223)

T4 = 2123P(N1a1Y + M14275)

21 = by

T22 = (22127 +M22225)V? + (22327 + N22423)X3Y

+ (N2252% + M22623)25 + 122725

T3 = Z3Z3P (1231 + M23225)
24 = Z323P (2417 + 77242?%)
31 = T3
T32 =123

33 = P(N331Y? + N332V25 + 133323)

T34 = P(341Y? + N342V 25 + 134325)

T41 = T4
T4z = T24
Ty3 = T34
Tas = P(Maa1V? + Maa2¥ 25 + N44373) (3.39)

and,

D(zy,25,23) = —PQ

P(zy,25,23) = (Ci1 — C12)Y + 2C4a23

Q(21,25,23) = Q1y° + 42¥%25 + q3v23 + qu28

y =2z% + 23 (3.40)
The parameters q; (i =1 —4) and 7;j, shown in Eqns. (3.39) and (3.40) seem to be
functions of constituent’s material properties, and are listed in Appendix B. K, ,;]1 shown
in Eqn. (3.16) is a symmetric matrix that leads to the symmetry of the Green’s functions

and represented as:
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GM]in = G]Min (3.41)
3.3.2 Electroelastic Eshelby Tensors for Spheroidal Inclusion

A spheroid inclusion aligned along the x3-axis (see Figure 3.2) can be parametrized

as follows

a=a —=1 —==8 (3.42)

Substituting Eqn. (3.42) into (3.24), the expression of electroelastic Green’s function can

also be written as

= Zy Zy Pz3
Grjin = Guji (—,—,—)ds
M]Jin -[|z|=1 M]jin a’ a a

= f GM]in(Zl'ZZrﬂZ3)
1z]=1

(3.43)

Since, Gy (X) is a homogeneous function of order zero, the integral shown with the
second equality is equivalent to the first one. Substituting Eqn. (3.24) into (3.43), the non-

zero components of Gy, Jin can be expressed as
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Composite D

inclusion Q as

X3 matrix D-Q

X1

X2
Figure 3.1(b) Schematic of a spheroidal inclusion in a matrix medium.

Guj1 = f z{ Ky} (21, 25, B23) dS
|z]=1

GM]ZZ = J ZZZKI\;]l(21'Z2'BZ3) ds
|z|]=1

GM]BS = 522321(15]1(21; Zy,fz3) dS
|z]=1

61212 = JI‘ | lezKﬁ]l(Zl'Zz' pz3) dS
z|=1

Gi313 = Bz123Ky [ (21, 25, B23) dS
|z|=1

Gi314 = f BZ1Z3K1\71]1(Z1122:323) ds
|z]=1

50



62323 = » .322231{1;]1(21'22'323) ds
z|=1

G324 :fll ﬁZZZ3KM]1(Z1'Zz'ﬂZ3) ds (3.44)
z|=1

To solve the surface integral in above expressions, unit sphere must be first

parametrized as follows

z, = sinfcos@, z, = sinBsing, zz; =cosf,0<0<m, 0< ¢ <2m. (3.45)

With above parameters, the area element dS is transformed to

dS = sinfd@d¢p (3.46)
Substituting Eqns. (3.45) and (3.46) into Eqn. (3.44), and integrating the integrand with
respect to ¢, followed by the replacement of variables 8 by t with following

parametrization

t =cosf, dt=—sinfdf, sin’6=1-—t2, (3.47)

the electroelastic Green’s functions Gy, can be finally derived as

19 _ 42

Grizs = = ! t[(3 + )(1—t2)3 + B%(3 + 1—t2)%t?

111 =5 D N111 T N112 B°(31n113 + M114)( )
0

+ B*(3n115 + N116) (1 — t2)t* + 4B5ny4,t8]dt

_ T (11 —t?
Gi122 = E_[ D [(3N221 + M222) (1 = t2)3 + B?(31223 + N224) (1 — t2)?t2
0

+ B* (31225 + N226) (1 — t2)t* 4 4B%ny,,t0]dt

Gi133 = —Zﬂf (331 (1 = t2)% + B33, (1 — t)%t? + Bnaast?]dt

0

Gi14a = —27Tf [M441 (1 = t2)% + B 1442 (1 — t2)?t? + BHn4qat*]dt

0
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1 t2

Gi13s = _Zﬂf [M341(1 = t3)% + B?N342(1 — t2)%t% + BHaast™*]dt

0

_ 1¢2
G3311 = 2”32f 5[(71111 +1112) (1 = t2)3 + B2 (113 + N114) (1 — t2)%t2
0

+ B*(31115 + N116) (1 — t2)t* + 28144, t8]dt

142

_ t

G3333 = —47Tﬂzf 6[’7331(1 — t%)? + B?n33,(1 — t2)%t% + B3a3t*]dt
0

- Le2

G3344 = _47fﬁzf 6[77441(1 — %)% + B?1442(1 — t2)%t? + B14ast™]dt
0

_ 1¢2
G3334 = _4”.32f 6[77341(1 — t2)% + B 3an (1 — t2)2t% + B*naaat™]dt
0

[M121(1 = t2)% 4+ B2N152(1 — t2)%t% + BHyqpat*]dt

G_ _T[j-l(l_tZ)Z
1212_2 o D

_ 1t2(1—t¢?)
Gi313 = —Zﬂﬁzf ———— 131 (1 — %) + B*ny3,t2]dt

0 Q

_ 1t2(1-1¢t?)
Gi314 = —27'[32_[ ————[N141(1 = t?) + B?n14,t%]dt

0 Q
02222 = 611111 62211 = GllZZr G2233 = Gll33r 6224-4- = 61144

52234 = 51134; 53322 = 53311/ 6_2323 = G_1313' 52324 = 51314 (3.48)

In the above expressions other terms are as follows,

D =-PQ
P = (Cyy — C12)(1 — t2) + 204, p%t?
Q = q:(1—t*)* + B%q,(1 — t*)?*t* + B*qs (1 — tH)t*

(3.49)
+ BOqut®

In Eqn. (3.48), n; jx depends on the material properties, i.e., electroelastic constants of the

constituents and are listed in detail in Appendix B.
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Putting value of the electroelastic Green’s function, Gy, jin 0 Eqn. (3.27),
piezoelectric Eshelby tensor, Sy,4p for a spheroidal inclusion aligned along the x;-axis,

can now be obtained as follows:

S1111 = 2202 = . [C11Gi111 + C12Giz12 + C13Gi313 + €31Gy314]

1 _ - _ _
S1122 = S2211 = . [C12G1111 + C11G1212 + C13G1313 + €31G1314]

1 _ _ _ _
S1133 = S2233 = . [C13(G1111 + Gi212) + C33G1313 + €33G1314]

S1143 = So043 = . [31(Gr111 + Gi212) + €33Gy313 — K33Gy314]

1 _ _
S1212 = S1221 = S2112 = S2121 = g(cn - Clz)[anz + G1212]
S1313 = S1331 = S3113 = S3131 = S2323 = S2332 = S3223 = S3232
1 _ _ -
=8 [C44(G1133 + G3311 + 2Gy313)
T
+ €15(G1134 + G1314)]

S1341 = S3141 = S2342 = S3242 =

1 _ — _
=8 le15(G1133 + Gaz11 + 2Gy313)

— K11(G1134 + G1314)]

1 _ _ _ _
S3311 = S3322 = p [C11G1313 + C12G2323 + C13G3333 + €31G3334]
1 — _ _ _
S3333 = E[C13(G1313 + Ga323) + C33G3333 + €330G3334]
S3343 = 5[331(51313 + Go323) + €33G3333 — K33G3334]

S4113 = Sa131 = Saz23 = Sa232 = I [C44(G1134 + G1314) + €15G1144]
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S4141 = Sazaz = E [915(51134 + 51314) - K11G_1144]

S4311 = Sazzz = e [C11Gi314 + C12Gazp4 + C13Ga334 + €33G3344]
1 _ _ _ _
Sazzz = E[C13(G1314 + G2324) + C33G3334 + €33G3344]

S4z43 = 5[631(51314 + Gp324) + 3363334 — K33G3344]

Sunap = 0, otherwise. (3.50)

3.4 Effective Electroelastic Moduli

Now, consider a sufficiently large two-phase piezoelectric composite of domain D
consists n number of spatially oriented ellipsoid inhomogeneities denoted by
Q(=Qq +Qy + -+ + Q) with electroelastic constant Lj;,,. The surrounding matrix is
denoted by D — ), having electroeleastic constant Ejjy,. The electroelastic constants are
measured in the direction coincident with crystalline directions (x, X, x3) of the matrix
medium. The Mori-Tanaka mean field theory is employed for predicting effective
electroelastic constants of such a piezoelectric composite with randomly oriented
inclusions. An inherent advantage of this theory over other theories is of being self-
consistent and hence it is being used for the current analysis. The effective properties are
being estimated based on two sets of boundary conditions, i.e., a traction-electric

displacement prescribed and an elastic displacement-electric field prescribed.
3.4.1 Traction-electric displacement prescribed

Suppose a piezocomposite be subjected to a far-field traction and electric-

displacement, Z?]ni, at the boundary with outward unit normal vector n;. In the absence

of any piezoelectric inhomogeneity, the strain and electric field, Zy,,, would distribute
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uniformly throughout the composite. The presence of any random inhomogeneity €
would cause the disturbance in the local fields of both the matrix as well as kth
inhomogeneity in the form of eigen stress and electric displacement. The averages of
these distributed disturbances are quantified and represented as, (Xj7) and (23). The
superscripts m and Q corresponds to the values measured for the matrix and the kth
inhomogeneity, respectively. The angled bracket ( ) around any local field variable
denotes the quantities obtained by volume averaging of the field over the entire composite

domain, D.

In the absence of any piezoelectric inhomogeneity, the volume average of the
disturbance portion of the stress and electric displacement vanishes and is mathematically
expressed as

fD Z;;dx=0, (3.51)
also,

(1=HEH + fE) =0, (3.52)

where f is the volume fraction of the inhomogeneities, and

ol" J <3
=1l 3.53
tJ {Dlm ] =4, ( )
Q
o J <3
2 =1"Y 3.54
v {DP J =4 59

In the presence of any inhomogeneity, the average disturbed stress and electric

displacement in the matrix and the kth inhomogeneity, respectively be written as

() = Lijun{Zifn) in D —Q (3.59)

(ng) = Lijyn ((Zagn) + (Zyn)) in Q. (3.56)
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In the above equations, (Zpj;,) represent the average strain and electric field in the matrix,
and (Zp,) represent the average disturbance of the uniform strain and electric field in
Q. Since, the geometric shape and the material constants remains same for all

inhomogeneities, the average value of any field variable over () is identical with that of

measured over all Qs, i.e., (23") = (Zf}).

The average stress and electric displacement in the inhomogeneities, when the
piezocomposite is subjected to the boundary condition of uniform far-field mechanical

load and electric displacement, E?], can be expressed as

20+ B = Ly o + (Z3) + Zum), (3.57)

where Z?] and Z3),, represent the following field variables:
o <3
)= { v / B (3.58)

’ (3.59)

In Eqn. (3.57), (Zyn) = Zyn in Q as, for the ellipsoidal inhomogeneities, the applied

electromechanical load is uniform.

The theory of equivalent inclusion method [23] suggests that the stress and electric
displacement in any inhomogeneity can be simulated with an equivalent inclusion with
the material properties of the surrounding matrix medium and having a fictitious
eigenstrain and eigen electric field, Zy;,. With the help of this theory, Eqn. (3.57) may

also be expressed as

le] + <23) = L;]Mn(zz?/m +Zitn) + Zun) = LijnnZiin + 23 + Zyn — Zign)

(3.60)
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where, Z,,,, represents the disturbed field and it is related to the fictitious eigen strain

and eigen electric field, Zy, by

Zyn = SunavZap (3.61)

Sunap 18 the electroelastic Eshelby tensor, same as those derived in Eqn. (3.50).

By substituting Eqn. (3.61) into (3.59), the average disturbance of stress and

electric displacement in the inhomogeneity can also be written as

<23) = Li]Mn(ZITVInn> + Li]Mn(SMnAb - IMnAb)Z,Zb s (3‘62)

where, Iy, 4p 18 a set of fourth-order and second-order identity tensors, represented as

(ama(?nb + 5mb6na)/2 M:A < 3
Ivnab = 6np M,A=4
0 Otherwise. (3.63)

Eqns. (3.52), (3.56) and (3.62) are combined together and rearranged to get the

following expression

(Zyin) = —f Smnav — Imnan) Zap- (3.64)
Substitution of Eqn. (3.64) into (3.55) and (3.62), respectively, yields the average
disturbed stress and electric displacement for the matrix and inhomogeneity,

respectively as follows

) = ~fLijunSmnap = Iunav)Zap (3.65)
(Z{}) =(1- f)Li]Mn(SMnAb - IMnAb)Z:lb- (3.66)
By substituting Eqn. (3.64) into the equivalency Eqn. (3.60), the equivalent eigenstrain

and eigen electric field, Z,;, are derived as

Zyp = _UA_bli](L*lf]Mn — Lijun)Zin » (3.67)

where Uk ; 18 the inverse of U;j4p and it is written as
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Uijab = (Lijan = Ligyn) X [(X = )Sunab + flunav] + Lijan (3.68)

The overall strain and electric field, (Zy,,), of the piezoelectric composite is

obtained by taking a weighted average of these parameters over each phase as

1 (3.69)
i = | [+ it + | (B + )i
D-0Q Q
where V denotes the overall volume of the composite.
Now, substituting Eqns. (3.61) and (3.64) into (3.69), leads to the equation
(Zin) = Zyn + fZatn- (3.70)

With the equivalent eigenstrain and eigen electric field, Zj,,, obtained from Eqn. (3.67),

the overall strain and electric field (Z};,,) follows the following expression

(Zim) = Enni 20 (3.71)
In the above equation, Ep; ; is the effective electroelastic compliance of the

piezoelectric composite and it is given by
Eniy = [Imnav — fUiingr(Lyrap — Larav) | Labi - (3.72)
3.4.2 Elastic displacement-electric field prescribed

When the piezocomposite is subjected to a far-field applied elastic displacement
and electric field, ZY,, on the boundary; due to the presence of piezoelectric
inhomogeneities, it results into a disturbed strain and electric field in each phase. The
volume average of the disturbed strain and electric field distributed over the entire

composite must vanish that gives the following expression:
(1= FUZia) + f{Zitn) = 0, (3.72)
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where (ZI%) and (Z3},,) represent the average value of strain and electric field present in
the matrix and the inhomogeneities, respectively. Using equivalent inclusion method, the

average stress and electric displacement in the inhomogeneities can be obtained as

(Zin) = —fSunavZap » (3.73)
(ZI\QIn> = (erlflnn) + Zyn (3.74)
To solve for the equivalent eigen fields, (i.e., eigen strain and eigen electric field), Zy,,

Eqns. (3.73) and (3.74) are substituted into the equivalency equation (1.60) and yields

Zyp = _VA_llli](L?]Mn - Li]Mn)Zzem ) (3.75)

where V1, is the inverse of V;j,p

Vijap = (1- f)(L?]Mn - Li]Mn)SMnAb + Lijap - (3.76)
The overall stress and electric displacement, (X{;), of the piezoelectric composite

holds the same definition as used while deriving Eqn. (3.69) and can be written as

1
(Zf) = V[ Q(z?] + (7)) dx + fn(z?, + <z§}))dx]

3.77
= Li]Mn[ZI(\)/In + (1 - f)(erl/?n) + f((ZIT/rIln) + ZMn - ZIT/In)] .
Now, substituting of Eqns. (3.61) and (3.74) into (3.77) leads to:
(Zicj) = Li]Mn(ZI\(iIn - fZIT/In) . (3.78)
Further, substitution of Eqn. (3.74) into (3.78) followed by few straightforward
manipulations result in:
(Zf]) = Ei]MnZI(\ZIn . (3.79)

In the above equation, Ejjy, is the effective electroelastic moduli and obtained as

follows:
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Eijun = Lijav[Lavmn + fVavgr (Lyrmn — Larmn)] - (3.80)

The effective electroelastic stiffness, Ejjuy,, and compliance, E [yt J» given by Eqn.
(3.80) and Eqn. (3.72), respectively, are reciprocal to each other; or holds the identity of
Epe; 1Eijab = Iunap- The numerical results calculated on the present model verifies this
correlation and hence the self-consistency of the model is validated. With the above
derivations, it would be interesting to examine the accuracy of the present model for
predicting the effective properties of two-phase piezoelectric composite at the low (dilute)
and high concentration limits. An interesting observation is made that as the fiber volume
fraction, f — 0, Eyy,;; reduces to the value of Ly, while as f — 1, Ey;; attains the
value of Ly, ;- In a similar manner, Ejj;, tends to approach the value of Ly, and Ljjpp,,

as the fiber volume fraction, f — 0 and f — 1, respectively.
3.5 Results and Discussion

The electroelastic Green’s function can be represented in two indices notation by

utilizing the following mapping of adjacent indices:

11—-1, 22—2, 3353, 23—4, 31-5, 12-6,
(3.51)

41-7, 42—1, 43-9.
With the help of a MATLAB programme the electroelastic Green’s function Gy, is
plotted in a three dimensional space co-ordinate system by plotting shape variables of
ellipsoidal inclusion in the x and y-axis while the value of Green’s function in the z-axis.
From the expression of Green’s function shown in Eqn. (3.49), the surface integral is
evaluated using a MATLAB programme and results are plotted. The material constants
used in the calculation of the electroelastic Green’s function are listed in Table 1. To
demonstrate our solutions, we present a numerical result of Green’s functions as shown
in Figures 3.2-3.11.
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Table 3.1 Electroelastic constants of the constituent materials

Material Constants BaTiOs (fiber) PZT-5H (matrix)
Cy1 (GPa) 166 126
C1, (GPa) 77 55
C13 (GPa) 78 53
C33 (GPa) 162 117
C44 (GPa) 43 35.3
e31 (C/m?) -4.4 -6.5
e33 (C/m?) 18.6 23.3
e;s (C/m?) 11.6 17.0

K11 (C*/Nm?) 11.2x107 15.1x10%
K33 (C2/Nm?) 12.6x107 13.0x10”

Electroelastic Green's Function

%, (m) r (m)

Figure 3.2 The distribution of the Green’s function G4, in space.
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Electroelastic Green's Function

0.4

z, (m) r (m)

Figure 3.3 The distribution of the Green’s function G;, in space.

Electroelastic Green's Function

x 10

0.4

2, () r (m)

Figure 3.4 The distribution of the Green’s function G;3 in space.
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Electroelastic Green's Function

x 10

Gy (m)

0.4

z, (m) r (m)

Figure 3.5 The distribution of the Green’s function G, in space.

Electroelastic Green's Function

x 10

0.4

2, (m) r (m)

Figure 3.6 The distribution of the Green’s function G, in space.
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Electroelastic Green's Function

x 10

0.4

2, (m) r (m)

Figure 3.7 The distribution of the Green’s function G5 in space.

Electroelastic Green's Function

x 10

0.4

2, () r (m)

Figure 3.8 The distribution of the Green’s function G,, in space.
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Electroelastic Green's Function

x 10

0.4

z, (m) r (m)

Figure 3.9 The distribution of the Green’s function G35 in space.

Electroelastic Green's Function

0.4

2, (m) r (m)

Figure 3.10 The distribution of the Green’s function Gz, in space.
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Electroelastic Green's Function

G, (V)

0.4

2, (m) r (m)

Figure 3.11 The distribution of the Green’s function G4, in space.

Because all the Green’s functions have axial-symmetry along z5, a surface plot has
been generated using two-dimensional cylindrical coordinates r and z5. Figures 3.2-3.11
demonstrate the distribution of Green’s function in whole space and details about Green’s
functions near the source point. From these figures, it is quite clear that the distributions
of different Green’s functions are almost similar, while magnitudes vary significantly.
The distributions of Green’s function Gy, Gy, G55, G33, G34 are showing similar nature
but the order of magnitudes of Green’s function are slightly different from each other.
The other set of Green’s functions, i.e., G13, G14, G353, G24 shows similarity in distribution
in space while G5 and G, in pair having same order of magnitudes and G, and G,, in

another pair having the same order of magnitude.

Eshelby tensors shown in Eqn. (3.50) serve as the cornerstone for the solution of
many inclusion problems. The elegance and success of Eshelby tensors for elastic

inclusion problems have encouraged authors to explore its utility for simulating
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electroelastic response of piezoelectric inclusion. For an ellipsoidal inclusion embedded
in a transversely isotropic (6mm symmetry) piezoelectric medium, these tensors can be
divided into three categories. The first category consists of those that determines the
elastic response under eigenstrains, i.€., S1111, S1122> 91133> 93311 93333> 91313 and S1212.
The second category of these tensors are associated with the piezoelectric response due
to initial piezoelectric fields of the same kind; these are S;q4; and S,343. The third
category of these tensors are associated with elastic and electric responsive terms S;q43,
S3343> S1341> S4113> S4311> and Sy333. It should be noted that the tensors in the first and
second categories are dimensionless, while interactive terms in the third category relating

dissimilar physical quantities have dimensions.

Electroelastic Eshelby Tensors
- — |

0.7 T T T

= S]11]

1 2 4 10 20 40 100
alfa3

Figure 3.12 Vanishing Eshelby tensors at infinite aspect ratio.
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Electroelastic Eshelby Tensor
—_———TT -

10 20 40 100

31/33

Figure 3.13 Non-vanishing Eshelby tensors at infinite aspect ratio.

w107 Electroelastic Eshelby Tensors w10

15 T T T T T
—a—5,143] 115
-o '53343
oS50 171

{10 o S
=%

- @ =8353] 105

BT Vo el § il S S e
UF = = — = & % |
1 2 B 10 20 40 100

al"'“_a

Figure 3.14 Eshelby tensors involving interaction between elastic and electric fields.

Based upon the materials constants given in Table 3.1, the Eshelby tensor elements

shown in Eqn. (3.50) has been numerically calculated with the help of MATLAB for
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various inclusion aspect ratios, i.e., a;/az (or af). It can be observed from Eqn. (3.50)
that there are 15 independent Eshelby tensors. Figure 3.11 shows the group of Eshelby
tensors that vanishes at infinite aspect ratio. The tensor elements S;111, S1212> S4141 are
found to decrease significantly with the ratio while S;1,,, S1133 decreases slightly with
the aspect ratio Sy,1, and S;q43 till it reaches the asymptotic value at ay = 10. Figure
3.13 shows the nonzero elements that vanish at infinite aspect ratio. The tensor elements
S1313> 53333, S3343 and Sua4 increases slightly with the aspect ratio till it reaches
asymptotic value at &y = 10 as it can be observed from the figure. It is noted that in figure
3.12-3.14, S;jax and S, iy, are of the dimension C/GN and GN /C (G = 10°), respectively,
and the other Eshelby tensor elements are nondimensional. It is found that S;1411, S1122,
S1133> S1212> Sa141> Sa113> S1143 approach zero when the aspect ratio of the inclusion
becomes infinite, i.e., continuous fibers. Thus, it can be concluded that for the
piezoelectric composites with continuous fibers as inclusions and piezoelectric materials

as the matrix, there are only eight nonzero independent Eshelby tensors.

The numerical predictions of the effective electroelastic coefficients for PZT-5H
material reinforced by BaTiOs fibers are calculated using the proposed method. Both the
matrix and inhomogeneities are considered to be transversely isotropic (6mm symmetry).
The electroelastic material properties of the constituents used in computation have been
taken from Table 3.1. The rule-of-mixture that is commonly used in estimating effective
elastic properties of composites has a shortcoming that it is modelled on the assumption
that strains within a composite are constants. As a result, this rule is a linear combination
of constituent’s properties weighted by their volume fractions and the geometric shape of
the fiber is irrelevant to the results. The method proposed in this section enables the study

of influence of the geometric shape of the fiber, i.e., aspect ratio as on the overall effective

coefficients of the piezoelectric composites.
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Figure 3.15 The composite normal modulus E;4, against fiber volume fraction for
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Figure 3.16 The composite normal modulus E;,, against fiber volume fraction for

various aspect ratios, o.
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Figure 3.17 The composite normal modulus E;,33 against fiber volume fraction for
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Figure 3.19 The composite shear modulus E,;,; against fiber volume fraction for

various aspect ratios, os.
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Figure 3.20 The composite shear modulus E;,;, against fiber volume fraction for

various aspect ratios, o.
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Figure 3.21 The composite piezoelectric constant E,3;4 against fiber volume fraction

for various aspect ratios, ag.

]
(V]

W
—

W
—]

[
o

[ [ [S¥] [l
h =) ~ =)

o
S

Effective piezoelectric coefficient E4333 (C/mz)

L ] 1 L L 1 ] 1 L

N
W

(]

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Fiber volume fraction
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Figures 3.15-3.18 illustrates the effects of the fiber aspect ratio, ar on the normal
elastic moduli (longitudinal as well as transverse) E;111, E1122, E1133 and E3333 of the
piezoelectric composites. It clearly suggests that similar to the results of the Eshelby
tensors at ay = 10; the change in effective elastic moduli with fiber volume fractions
attains a limiting value, i.e., the curve traces the same path for the aspect ratios of values
greater than 10. Figures 3.19 and 3.20 shows the shear moduli E,3,5 and E;,,, have less
susceptibility to the change in fiber aspect ratio and the curve traces almost same path
against the fiber volume fraction for the range of fiber aspect ratio, ay = 1 to 100. Since,
there is not much difference in the values for shear elastic moduli of the constituents, i.e.,
for both fiber as well as matrix phases, the effects of the fiber geometry or inclusion shape

are minimal on the overall value of shear moduli of the piezoelectric composite.

The variation of effective piezoelectric constants of composite with change in fiber
volume fraction for various aspect ratios ay is shown in figures 3.21 and 3.22. Both the
figure illustrates that the slopes of piezoelectric constants E,31; and E,335 against fiber
volume fraction constantly decreases when plotted for fiber aspect ratio ay ranging 1 to
100. It should be noted that the value of E,3;; is negative hence its absolute value
increases with increase in fiber aspect ratio. The effects of aspect ratio on dielectric
constants of the piezoelectric composite against fiber volume fraction is indicated in
figures 3.23 and 3.24. Figure 3.23 clearly suggests that the effects of change in fiber
aspect ratio has minimal effect on the dielectric constant E,;,, when plotted against fiber

volume fraction of the piezoelectric composites.

However, it is observed from figure 3.24 that the dielectric constant E3,5 is highly

sensitive to the change in aspect ratio (as=1 to 100) though its absolute value is decreasing

with increasing fiber aspect ratio. The curves trace similar paths for the aspect ratio a5 of
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value equal to or greater than 10 suggests that the reinforcing effects due to fiber length
are saturated at this value for all moduli of the piezoelectric composites. In other ways, it
can be said that a; = 10 is a limiting value, i.e., geometry of fiber with aspect ratio greater
than ten doesn’t put any substantial effect on the outcome while estimating overall

properties of piezoelectric composites.
3.6 Summary

The most significant work to follow the investigation presented in this chapter, is
the development of an analytical model for estimating effective electroelastic moduli of
a piezoelectric composite. The anisotropic inclusion method has been extended to derive
electro-elastic fields due to presence of a piezoelectric inclusion embedded in an infinitely
extended piezoelectric matrix. The electro-elastic Eshelby tensors that represent the
induction of the strain and electric fields in an inclusion due to the constraint of the
surrounding matrix have been obtained. It has been shown that the electro-elastic Eshelby
tensors are functions of the shape of inclusion and the properties of the surrounding

matrix.

With the explicit expressions for electro-elastic fields in hand, a micromechanics
model based on Mori-Tanaka mean-field theory has been derived to predict the effective
electro-elastic moduli of the piezoelectric composites. The effect of inclusion-inclusion
interaction at finite concentrations has been taken into account while modeling the
problem. The effective electro-elastic properties of the composite and the effects of
inclusion geometry on the effective properties have been estimated numerically for the

BaTiOs/PZT-5H composite (both fiber and matrix phases are piezoelectrically active).
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