
Chapter 6

Invariant Measures and Fractal Transformations

on Graphs of FIF

In this chapter, we examine certain characteristics of measures. We focus on the

measures that arise from the iterated function systems generated by Barnsley [9],

whose attractor is the graph of a fractal interpolation function. We also investigate

a fractal transformation between two fractal interpolation functions that satisfy

the same interpolation data. Additionally, we introduce some function spaces and

provide several results that establish conditions for the fractal interpolation function

to be an element of these spaces. By utilizing these spaces, we are able to estimate

the fractal dimension of the fractal interpolation functions.

6.1 Introduction

The measure-theoretic aspects of self-similar IFSs have been the subject of study, as

seen in references such as [31, 63]. However, the IFS system constructed by Barnsley

[9], whose attractor is the graph of FIF, is not self-similar. In this chapter, we have

focused on the measure-theoretic aspects of Barnsley’s IFS system. We have exam-

ined certain properties of an invariant measure supported on the graph of FIF and

compared our findings with previous results. Additionally, we have demonstrated

the existence of a fractal transformation between IFS systems whose attractors are
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the graph of FIF. Furthermore, researchers have investigated the existence of FIF

in various spaces to analyze its properties. For example, Massopust [59] has studied

FIF in the Lp-space with one-dimensional Hausdorff measure, while this chapter

considers a more refined space, specifically the Lp-spaces with any invariant mea-

sure. We have extended the results presented in [59]. In [38], a dimensional space

has been introduced, and in [47], the existence of FIF in that dimensional space has

been explored. In this work, we have defined a more general space and provided

some results regarding the existence of FIF in that space, including an upper bound

on the box dimension of the graph of the m-th differentiation of FIF. Finally, we

have generalized the results given in [29] by introducing a smooth convex-Lipschitz

map.

6.1.1 Delineation

The current chapter is organized as follows. In the following section, we have ex-

amined the measure-theoretic viewpoint of FIF and various outcomes concerning

the invariant measures that are supported on the graph of FIF. In Section 6.3, we

have investigated the fractal transformation that occurs between the graphs of FIFs.

Then, in Section 6.4, we have defined certain function spaces and established their

completeness by assigning norms to them. Subsequently, we have presented certain

conditions under which the FIF can be classified as a member of these function

spaces. We have concluded the chapter in Section 6.5.
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6.2 Measure-Theoretic Aspects of FIFs

In this section, we shall see some measure-theoretic aspects of FIF. The follow-

ing theorem establishes a relation between the invariant measure generated by IFS

{I : u1, . . . , uN} and the invariant measure generated by IFS {I ×R : Ω1, . . . ,ΩN}

(refer Subsection 1.3.1).

Theorem 6.1. [9, Theorem 2] For a given probability vector r = (r1, . . . , rN), let

µr and µ∗
r are the invariant measures generated by the IFSs {I : u1, . . . , uN} and

{I × R : Ω1, . . . ,ΩN}, respectively. Let Φh∗ : I → G(h∗) be the homeomorphism

defined as Φh∗(x) = (x, h∗(x)) for x ∈ I. Then,

µr(B) = µ∗
r(Φh∗(B)) for all Borel subsets B of I.

Proposition 6.2. Let {X; υ1, . . . , υm} be a system of self-similar IFS and satisfy

the OSC. Let r = (r1, . . . , rm) be a probability vector. Then, for any countable subset

C of X, we have µr(C) = 0, where µr is the invariant measure corresponding to r.

Proof. To prove that µr(C) = 0, it is sufficient to prove that µr({x}) = 0 for

singleton set {x}. For this, we take µr as an invariant measure generated by a

self-similar IFS satisfying OSC. Then, using (1.19), we get dimH(µr) > 0. Now,

if possible, µr({x}) > 0, then by the definition of the Hausdorff dimension of a

measure, we have dimH(µr) = 0, which is a contradiction. This completes the

proof.

Example 6.3. In the above proposition, the OSC is necessary. To see this, consider

υ1 : I → R and υ2 : I → R be two maps defined as υ1(x) = x
2

and υ2(x) = x
3
,
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respectively. Then, {I : υ1, υ2} is an IFS whose attractor is {0}. This IFS is self-

similar and does not satisfy the OSC. Then, for any invariant measure µ supported

on the attractor of this IFS, we have µ({0}) = 1.

Lemma 6.4. Let ΘΩ be the overlapping set of IFS {I × R : Ω1, . . . ,ΩN}, then

µ∗
r(ΘΩ) = 0 for all invariant measures µ∗

r generated by the IFS {I×R : Ω1, . . . ,ΩN}.

Proof. Let Φh∗ : I → G(h∗) be the homeomorphism defined in Theorem 6.1 and Θu

be the overlapping set generated by the IFS {I : u1, . . . , uN}. Then, we have

Φh∗(Θu) = Φh∗

(⋃
i ̸=j

ui(I) ∩ uj(I)

)

=
⋃
i ̸=j

Φh∗(ui(I) ∩ uj(I))

=
⋃
i ̸=j

(Φh∗(ui(I)) ∩ Φh∗(uj(I)))

=
⋃
i ̸=j

({(ui(x), h∗(ui(x))) : x ∈ I} ∩ {(uj(x), h∗(uj(x))) : x ∈ I})

=
⋃
i ̸=j

({(ui(x), Fi(x, h
∗(x))) : x ∈ I} ∩ {(uj(x), Fi(x, h

∗(x))) : x ∈ I})

=
⋃
i ̸=j

(Ωi(G(h∗)) ∩ Ωj(G(h∗))) = ΘΩ.

Since the IFS {I : u1, . . . , uN} is a self-similar IFS and satisfies the OSC, hence

in view of [63, Theorem 2.1], we have µr(Θu) = 0 for each invariant measure µr

generated by IFS {I : u1, . . . , uN}. Now, using the fact that every overlapping set

is a Borel set, Theorem 6.1 concludes the required result.

Remark 6.5. Note that our result here is different from the result given by Morán

and Rey[63] because there they have assumed the IFS should satisfy the self-similarity

condition, but the IFS {I ×R : Ω1, . . . ,ΩN} is not self-similar. So, we observe that
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FIF constructed for a given data set may not satisfy the self-similarity condition but

still holds [63, Theorem 2.1].

Proposition 6.6. For the Graph of FIF G(h∗), we get the following:

(i) the overlapping set of the graph of h∗ is ΘΩ = {(x1, y1), . . . , (xN−1, yN−1)}

(ii) the dynamical boundary of the graph of h∗ is ∂G(h∗) = {(x0, y0), (xN , yN)}

(iii) the inner boundary Θ̂Ω of the graph of h∗ is dense in G(h∗).

Proof. Here, the graph of FIF is an attractor of the IFS {I × R : Ω1, . . . ,ΩN} and

the overlapping set, the dynamical boundary and the inner boundary are defined

with respect to this IFS.

(i) To prove this part, for i = ΣN−1, let (xi, yi) ∈ {(x1, y1), . . . , (xN−1, yN−1)},

then

Ωi(xN , yN) = (ui(xN), Fi(xN , yN)) = (xi, yi)

and

Ωi+1(x0, y0) = (ui+1(x0, y0), Fi+1(x0, y0)) = (xi, yi).

This implies that (xi, yi) ∈ ΘΩ, hence {(x1, y1), . . . , (xN−1, yN−1)} ⊆ ΘΩ.

Let if possible ΘΩ ̸= {(x1, y1), . . . , (xN−1, yN−1)}, then there exists (x∗, y∗) ∈

ΘΩ such that (x, y) /∈ {(x1, y1), . . . , (xN−1, yN−1)}. From the definition of ΘΩ,

x ∈ Ii ∩ Ij for i ̸= j, which is impossible. This completes the proof.

(ii) In view of (i), note that F−1
Ω (ΘΩ) =

⋃N
i=1 Ω−1

i (ΘΩ) = {(x0, y0), (xN , yN)}.

Also for any k ∈ N, F−k
Ω (ΘΩ) = {(x0, y0), (xN , yN)}, hence

⋃∞
k=1F

−k
Ω (ΘΩ) =

{(x0, y0), (xN , yN)}, where FΩ is the Hutchinson operator. This completes the

proof.
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(iii) Since ΘΩ is a compact subset of G(h∗), therefore lim
k→∞

Fk
Ω(ΘΩ) = G(h∗). Also,

observe that {Fk
Ω(ΘΩ)}k is a sequence of increasing sets. As inner boundary

Θ̂Ω is given by
⋃∞

k=0Fk
Ω(ΘΩ). We need to prove that Θ̂Ω = G(h∗). For this, we

have

Hd(Θ̂Ω,G(h∗)) = Hd(Θ̂Ω,G(h∗)) = Hd

(
∞⋃
k=0

Fk
Ω(ΘΩ),G(h∗)

)

= Hd

(
lim
k→∞

k⋃
n=0

Fn
Ω(ΘΩ),G(h∗)

)

= lim
k→∞

Hd(Fk
Ω(ΘΩ),G(h∗)) → 0.

Hence, Θ̂Ω = G(h∗). This implies that the inner boundary is dense in G(h∗).

Remark 6.7. In view of Proposition 6.6 and the definition of a nonoverlapping set

(Definition 1.5), the graph of FIF G(h∗) is nonoverlapping. Now using [7, Theorem

2.2], we can prove Lemma 6.4, i.e., µ∗
r(ΘΩ) = 0 for all invariant measures µ∗

r and

using the same, we can also establish that µ∗
r(∂G(h∗)) = 0, and µ∗

r(Θ̂Ω) = 0 for all

invariant measures µ∗
r on G(h∗).

Remark 6.8. In view of Proposition 6.6 and Proposition 6.2, we can further prove

that µ∗
r(∂G(h∗)) = 0, and µ∗

r(Θ̂Ω) = 0 for all invariant measures µ∗
r on G(h∗).

Corollary 6.9. Let r = (r1, . . . , rN) be a probability vector such that µr and µr∗

be the invariant measures corresponding to r generated by {I : u1, . . . , uN} and

{I ×R : Ω1, . . . ,ΩN}, respectively. Let C be a countable subset of the G(h∗). Then,

µ∗
r(C) = 0.

Proof. We get this result using Theorem 6.1 and Proposition 6.2.
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Remark 6.10. Notice that we can also prove Lemma 6.4 by using the above corol-

lary.

Definition 6.11. Let µ1 and µ2 be two Borel measures on R such that for any Borel

set B, µ2(B) = 0 implies µ1(B) = 0, then µ1 is said to be absolutely continuous

with respect to µ2 and denoted as µ1 << µ2. Further, if µ1 << µ2 and µ2 << µ1,

then µ1 and µ2 are said to be equivalent measures.

Theorem 6.12. Let qi be Lipschitz map and αi(x) = αi for each i ∈ ΣN . Set

amin := min{ai : i ∈ ΣN} and αmax := max{|αi| : i ∈ ΣN}. If αmax

amin
< 1, then there

exists a probability vector r such that corresponding to this r, the invariant measure

µ∗ generated by the IFS {I × R : Ω1, . . . ,ΩN} is equivalent to the one-dimensional

Hausdorff measure supported on G(h∗), i.e., H1|G(h∗) .

Proof. Since {I : u1, . . . , uN} is a system of self-similar IFS and it satisfies the

OSC, then using [63, Theorem 2.2] and (1.3), we have a probability vector r = {ai :

i ∈ ΣN} such that the invariant measure generated by the IFS {I : u1, . . . , uN}

corresponding to this probability vector is µ = H1|I . Let µ∗ be the invariant

measure corresponding to r generated by IFS {I × R : Ω1, . . . ,ΩN}.

Let B be a Borel set of G(h∗) and Φh∗ be the homeomorphism as defined in Theorem

6.1, then using Theorem 6.1, we have

µ∗(B) = µ(Φ−1
h∗ (B)) = H1|I(Φ−1

h∗ (B)). (6.1)

Using [47], we get h∗ as a Lipschitz function. Let Lh∗ be the Lipschitz constant of

h∗. Then, for all x, y ∈ I, we have

∥Φh∗(x) − Φh∗(y)∥2 = ∥(x, h∗(x)) − (y, h∗(y))∥2 ≤ (Lh∗ + 1)|x− y|.
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Also |x − y| ≤ ∥Φh∗(x) − Φh∗(x)∥2, hence Φh∗ is a bi-Lipschitz map, hence for any

Borel set B of G(h∗), we have

H1(Φ−1
h∗ (B)) ≤ H1(B) ≤ (Lh∗ + 1)H1(Φ−1

h∗ (B)). (6.2)

From Equations (6.1) and (6.2),

µ∗(B) ≤ H1(B) ≤ (Lh∗ + 1)µ∗(B). (6.3)

This implies that µ∗ is absolutely continuous with respect to H1|G(h∗) and also

H1|G(h∗) is absolutely continuous with respect to µ∗, hence the proof.

Note 6.13. Throughout this chapter, r denotes the probability vector {ai : i ∈ ΣN}

such that µ and µ∗ denote the invariant measures corresponding to the probability

vector r generated by IFS {I : u1, . . . , uN} and {I ×R : Ω1, . . . ,ΩN}, respectively.

Remark 6.14. From 6.3, it is evident that if the given data is linear and FIF

is a constant map, then the invariant measure corresponding to the probability

vector, given in Theorem 6.12, is the same as the one-dimensional Hausdorff measure

supported on the graph of FIF.

Remark 6.15. In view of [63, Theorem 2.2], corresponding to probability vector

r the invariant measure generated by the IFS {I : u1, . . . , uN} is one-dimensional

Hausdorff measure supported on I. But the invariant measure generated by the IFS

{I × R : Ω1, . . . ,ΩN} corresponding to the probability vector r may not be equal

to the one-dimensional Hausdorff measure supported on the graph of h∗.

To see this, consider a set of data points ∆ = {(0, 0), (1
2
, 1), (3

4
, 1), (1, 0)}. Let

u1 : [0, 1] → [0, 1
2
], u2 : [0, 1] → [1

2
, 3
4
], and u3 : [0, 1] → [3

4
, 1] be homeomorphism
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maps defined as u1(x) = 1
2
x, u2(x) = 1

4
x+ 1

2
, and u3(x) = 1

4
x+ 3

4
. Now for i = 1, 2, 3,

take Fi(x, y) = g(ui(x)), where g is the function whose graph is depicted in Fig 6.1.

0.00 0.50 0.75 1.00

0

1

Figure 6.1: Graph of g.

Define Ωi(x, y) = (ui(x), Fi(x, y)) for i = 1, 2, 3. Then, it is clear that FIF associated

with the IFS {[0, 1] × R : Ω1,Ω2,Ω3} is g.

Now let µ∗ be the invariant measure associated with this IFS corresponding to the

probability vector r =
(
1
2
, 1
4
, 1
4

)
. To show that µ∗ ̸= H1|G(g), let Borel set B of G(g)

be the line segment joining from (3
4
, 1) to (1, 0). Then, we have

µ∗(B) =
1

2
µ∗(Ω−1

1 (B)) +
1

4
µ∗(Ω−1

2 (B)) +
1

4
µ∗(Ω−1

3 (B)) =
1

4
µ∗(G(g)) =

1

4
.

However,

H1|G(g)(B) =
H1(B)

H1(G(g))
=

√
17
4√

20+1+
√
17

4

≈ 0.43 ̸= 0.25 = µ∗(B).

Theorem 6.16. Let {I : u1, . . . , uN} and {I × R : Ω1, . . . ,ΩN} be the IFSs and

r = (r1, . . . , rN) be a probabaility vector such that µr and µ∗
r be the invariant measures

corresponding to r and generated by IFSs {I : u1, . . . , uN} and {I×R : Ω1, . . . ,ΩN},

respectively. Then, we have the following:
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(i) dimH(µr) ≤ dimH(µ∗
r)

(ii) if for all i ∈ ΣN , qi is a Lipschitz map, αi(x) = αi and αmax

amin
< 1, where

amin := min{ai : i ∈ ΣN} and αmax := max{|αi| : i ∈ ΣN}. Then,

dimH(µr) = dimH(µ∗
r).

Proof. Note that the homeomorphism map Φh∗ : I → G(h∗) satisfies the condition

|x− y| ≤ ∥Φh∗(x) − Φh∗(y)∥2 for all x, y ∈ I.

(i) We know that

dimH(µr) = inf{dimH(A) : A is Borel subset of I, µr(A) > 0} and

dimH(µ∗
r) = inf{dimH(B) : B is a Borel subset of G(h∗), µ∗

r(B) > 0}.
(6.4)

Now for any B ⊆ G(h∗), there exists an A ⊆ I such that Φh∗(A) = B. Then,

using [36], we have dimH(A) ≤ dimH(B). We get the proof of the result using

Theorem 6.1 and Equation (6.4).

(ii) Using [47], we get h∗ is a Lipschitz map, and hence it is easy to prove that Φh∗

is a bi-Lipschitz map. Then, by [36] and (6.4), we get dimH(µr) = dimH(µ∗
r).

6.3 Fractal Transformation Between Two FIFs

Since J∞ = {1, . . . , N}∞ is a code space and the space (J∞, dJ∞) is a compact space

with respect to the metric dJ∞ , where dJ∞ : J∞ × J∞ → R such that for ζ, θ ∈ J∞
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with ζ ̸= θ, we have

dJ∞(ζ, θ) = 2−n,where n is the least integer such that ζn ̸= θn.

Let {I : u1, . . . , uN} and {I×R : Ω1, . . . ,ΩN} be the IFSs as defined in Subsection

1.3.1 such that I and G(h∗) are the attractors of these IFSs, respectively. Then, the

following result is derived by Barnsley [9], which establishes the relation between

the coding maps πΩ : J∞ → G(h∗) and πu : J∞ → I.

Lemma 6.17. [9] Let πΩ : J∞ → G(h∗) and πu : J∞ → I be the coding maps, then

for any θ ∈ J∞, we have

πΩ(θ) = (πu(θ), h∗(πu(θ))) .

Theorem 6.18. Consider the IFSs {I : u1, . . . , uN} and {I × R : Ω1, . . . ,ΩN}.

Then, the homeomorphism Φh∗ : I → G(h∗) defined by Φh∗(x) = (x, h∗(x)), is a

fractal transformation.

Proof. Fractal transformation between I and G(h∗) is defined as TuΩ : I → G(h∗)

such that TuΩ = πΩ ◦ τu. We need to show that TuΩ(x) = Φh∗(x) for all x ∈ I. For

this, we have

TuΩ(x) =(πΩ ◦ τu)(x)

=πΩ(θ), where θ ∈ J∞ such that πu(θ) = x

=(πu(θ), h∗(πu(θ))) = (x, h∗(x)) = Φh∗(x).

This completes the proof.

Theorem 6.19. For i ∈ ΣN , let {I : u1, . . . , uN} be the IFS as discussed in

Subsection 1.3.1. Let Fi, F
′
i : I × R → R be two continuous maps defined on I × R
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such that for all x ∈ I, y, y∗ ∈ R and 0 ≤ ρi, ρ′i < 1

|Fi(x, y) − Fi(x, y
∗)| ≤ρi|y − y∗| |F ′

i (x, y) − F ′
i (x, y

∗)| ≤ ρ′i|y − y∗|

Fi(x0, y0) = yi−1 and Fi(xN , yN) = yi F ′
i (x0, y0) = yi−1 and F ′

i (xN , yN) = yi.

Let Ωi,Ω
′
i : I × R → I × R be maps defined as Ωi(x, y) = (ui(x), Fi(x, y)) and

Ω′
i(x, y) = (ui(x), F ′

i (x, y)). Let h∗ be the FIF generated by IFS {I×R : Ω1, . . . ,ΩN}

and g∗ be the FIF generated by IFS {I × R : Ω′
1, . . . ,Ω

′
N}. Let TΩΩ′ be the fractal

transformation from G(h∗) to G(g∗). Then, TΩΩ′ is a homeomorphism.

Further, TΩΩ′ = Φg∗ ◦ Φ−1
h∗ , where Φh∗ : I → G(h∗) and Φg∗ : I → G(g∗) are homeo-

morphism maps defined as Φh∗(x) = (x, h∗(x)) and Φg∗(x) = (x, g∗(x)), respectively.

Proof. Let PΩ =
{
π−1
Ω (x, h∗(x)) : x ∈ I

}
and PΩ′ =

{
π−1
Ω′ (x, g∗(x)) : x ∈ I

}
be the

partitions of the code space J∞. Then, in view of [7, Proposition 2.3], to prove TΩΩ′

is homeomorphism, it is sufficient to prove that PΩ = PΩ′ . For this, let θ ∈ PΩ, then

using Lemma 6.17, we have πΩ(θ) = (x, h∗(x)) = (πu(θ), h∗(πu(θ))). Also we have,

πΩ′(θ) = (πu(θ), g∗(πu(θ))) = (x, g∗(x)), this implies that θ ∈ PΩ′ , hence PΩ ⊆ PΩ′ .

Similarly, we can prove that PΩ′ ⊆ PΩ. This yields that TΩΩ′ is a homeomorphism.

For further equality, let (x, h∗(x)) ∈ G(h∗), then we have

TΩΩ′(x, h∗(x)) = (πΩ′ ◦ τΩ)(x, h∗(x)) = πΩ′(θ) = (x, g∗(x)) = Φg∗ ◦ Φ−1
h∗ (x, h∗(x)),

where θ ∈ J∞ such that πu(θ) = x and πΩ′(θ) = (πu(θ), h∗(πu(θ))). This completes

the proof of the theorem.
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6.4 Fractal Functions in Different Spaces

In this section, we shall define some spaces and present some results that give con-

ditions for a FIF to be an element of those spaces.

6.4.1 Lp(I)-Space with Respect to Invariant Measures

Let r = (r1, . . . , rN) be a probability vector and µr be the invariant measure cor-

responding to this probability vector generated by the IFS {I : u1, . . . , uN} such

that

µr =
∑
i∈ΣN

riµr ◦ u−1
i .

For 1 ≤ p < ∞, we denote the space of all p-integrable functions on I associated to

µr by Lp(I, µr), where

Lp(I, µr) =

{
f : I → R :

∫
I

|f(x)|pdµr(x) < ∞
}
.

Since the space (Lp(I, µr), ∥·∥p) is a complete normed space with respect to ∥·∥p,

where

∥f∥p =

(∫
I

|f(x)|pdµr(x)

)1/p

.

For p = ∞, we define essential sup norm ∥·∥∞ with respect to measure µr such that

∥g∥∞ = ess sup|g|. Then, the space L∞(I, ∥·∥∞) = {g : I → R : ess sup|g| < ∞} is

a complete space.

Note 6.20. If µ1 ̸= µ2, then Lp(I, µ1) may not be equal to Lp(I, µ2). For instance,

let υ1 : I → R and υ2 : I → R be two maps defined as υ1(x) = x
2

and υ2(x) = x
2

+ 1
2
,

respectively. Then, note that the IFS {I : υ1, υ2} is self-similar and satisfies the

OSC. Let r1 = (1
2
, 1
2
) be a probability vector. Then, using [63, Theorem 2.2],
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invariant measure µ1 corresponding to r1 is µ1 = H1|I (one dimensional Hausdorff

measure supported on I) and let r2 = (1
4
, 3
4
) be another probability vector such that

µ2 is the invariant measure corresponding to the probability vector r2. We know

that dimH(µ1) = dimH(I) = 1 and

dimH(µ2) =
−1
4
log(4)+

3
4
log(3/4)

−1
4
log(2)−3

4
log(2)

=
3
4
log(3)−2 log(2)

− log(2)
≈ 0.8112781245 < 1.

Therefore, for dimH(µ2) < γ < 1 there exists a set Dγ ⊂ I such that dimH Dγ = γ

and µ2(Dγ) > 0 but µ1(Dγ) = 0. Now define a map

f ∗(x) =


∞, if x ∈ Dγ

0, otherwise.

It is simple to prove that f ∗ ∈ Lp(I, µ1) but not in Lp(I, µ2).

Now consider the map g∗ : I → R ∪ {∞} such that

g∗(x) =


1
x
, if x ̸= 0

0, if x = 0.

Claim: g∗ /∈ L1(I, µ1) but g∗ ∈ L1(I, µ2)

We know that the

∫
I

g∗dµ1 = sup

{∫
I

sdµ1 : s is a simple function such that 0 ≤ s ≤ g∗
}
.
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Define sn(x) =
∑n

k=1 k χJk(x), where Jk =
(

1
k+1

, 1
k

]
and χJk is the characteristic

function on Jk. Since 0 ≤ sn ≤ g∗, then

∫
I

g∗dµ1 ≥
∫
I

sndµ1

≥
n∑

k=1

kµ1(Jk)

≥
n∑

k=1

k

(
1

k
− 1

k + 1

)
=

n∑
k=1

1

k + 1
→ ∞.

This implies that
∫
I
g∗dµ1 = ∞, hence g∗ /∈ L1(I, µ1). We will show that g∗ ∈

L1(I, µ2). Define sn(x) =
∑n

k=1 k
′
n χJk(x), where Jk =

(
1

2k+1 ,
1
2k

]
and χJk is the

characteristic function on Jk, and k′
n = 1

dk,i
is the number obtained by dividing

the subinterval Jk containing x into n equi-length subintervals Jk,i such that x ∈

Jk,i = (ck,i, dk,i]. Since 0 ≤ sn(x) ≤ sn+1(x) and f(x) = limn→∞ sn(x), the monotone

convergence theorem dictates

∫
I

g∗dµ2 = lim
n→∞

∫
I

sndµ2

= lim
n→∞

n∑
k=1

k′
nµ2(Jk)

≤ sup
n∈N

n∑
k=1

2k+1 3

4k+1
≤ sup

n∈N

n∑
k=1

3

2k+1
=

3

2
.

This completes our task.

Theorem 6.21. If αi ∈ L∞(I, ∥·∥∞) and qi ∈ Lp(I, µr) for all i ∈ ΣN , then the

associated FIF h∗ ∈ Lp(I, µr), provided
∑

i∈ΣN
(∥αi∥p∞ri) < 1.

Proof. Let Lp
0(I, µr) = {g ∈ Lp(I, µr) : g(x1) = y1, g(xN) = yN} be a subset of

Lp(I, µr). It is easy to note that Lp
0(I, µr) is a closed subset of Lp(I, µr) and hence
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complete subspace with respect to the metric induced by ∥·∥p. Define a Read-

Bajraktarevic (RB) operator T : Lp
0(I, µr) → Lp

0(I, µr) such that

(Tg)(x) = αi(u
−1
i (x))g(u−1

i (x)) + qi(u
−1
i (x)) for all x ∈ Ii, where i ∈ ΣN . (6.5)

With assumptions on qi and ui, it is easy to find that T is well-defined. Now let

f, g ∈ Lp
0(I, µr), then we have

∥Tf − Tg∥pp =

∫
I

|(Tf)(x) − (Tg)(x)|pdµr(x)

=
∑
i∈ΣN

∫
Ii

|αi(u
−1
i (x))f(u−1

i (x)) − αig(u−1
i (x))|pdµr(x)

=
∑
i∈ΣN

∫
Ii

|αi(u
−1
i (x))(f − g)(u−1

i (x))|pdµr(x)

≤
∑
i∈ΣN

∥αi∥p∞
∫
Ii

|(f − g)(u−1
i (x))|pdµr(x)

=
∑
i∈ΣN

∥αi∥p∞
∫
Ii

|(f − g)(u−1
i (x))|pd

(∑
k∈ΣN

rkµr(u
−1
k (x))

)

=
∑
i∈ΣN

∥αi∥p∞
∫
Ii

|(f − g)(u−1
i (x))|prid(µr(u

−1
i (x)))

=
∑
i∈ΣN

∥αi∥p∞ri

∫
I

|(f − g)(x)|pdµr(x) =
∑
i∈ΣN

∥αi∥p∞ri∥f − g∥pp.

This implies that ∥Tf−Tg∥pp ≤
∑

i∈ΣN
(∥αi∥p∞ri)∥f−g∥pp, which further implies that

T is a contraction map and hence there exists a unique fixed point h∗ of T such that

for all x ∈ Ii, where i ∈ ΣN , we have h∗(x) = αi(u
−1
i (x))h∗(u−1

i (x)) + qi(u
−1
i (x)).

This completes the proof.

Remark 6.22. In [59], Massopust has discussed local FIFs in Lp spaces. There

the measure is the one-dimensional Lebesgue measure. Here, we have proved the

result for all invariant measures generated by IFS, so our result may be treated as

a generalization of the previous result.



Chapter 6. Measures and Transformations on Graphs of FIF 141

Now we shall define subsets of Cm(I), which will help to find the dimension of

FIF and will provide a more appropriate dimensional bound of the graph of fractal

functions. It is well known that the space (Cm(I), ∥·∥m) is a Banach space with

respect to the norm ∥·∥m, where ∥g∥m = ∥g∥∞ + ∥g(1)∥∞ + · · · + ∥g(m)∥∞ for g ∈

Cm(I) with g(k) as the kth derivative of g.

6.4.2 Smooth Dimensional Space

Before defining the smooth dimensional space, let us define the following space

and provide some required results to define the main space. For β ∈ [1, 2] and

m ∈ N ∪ {0}, let us define a set Vm
β (I) = {g ∈ Cm(I) : ∥g∥βm < ∞}, where

∥g∥βm = ∥g∥m + sup
n∈N

∑
|U |=2−n Rg(m)(U)

2n(β−1)
,

where Rg(m)(U) = supx,y∈U |g(m)(x) − g(m)(y)| for U ⊆ I. It is elementary to see

that (Vm
β (I), ∥·∥βm) is a normed space.

Lemma 6.23. The space (Vm
β (I), ∥·∥βm) is a Banach space.

Proof. Let {gn}n∈N be a Cauchy sequence in (Vm
β (I), ∥·∥βm). This implies that

{gn}n∈N is Cauchy sequence in (Cm(I), ∥·∥m). Therefore, {gn}n∈N converges uni-

formly to some g∗ ∈ Cm(I), hence we have

∥g∗∥m + sup
n∈N

∑
|U |=2−n Rg∗(m)(U)

2n(β−1)
≤ lim sup

n→∞
∥g∗∥βm .

This implies g∗ ∈ Vm
β (I). Further,

∥gn − g∗∥βm ≤ lim sup
n→∞

∥gn − gk∥βm .
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Hence, {gn}n∈N converges to g∗ in ∥·∥βm . This completes the proof.

Remark 6.24. If we choose m = 0, this space will coincide with the space defined

in [47]. Hence, this result generalizes the result in [47].

Lemma 6.25. Let β ∈ [1, 2]. For all t ∈ N and g ∈ Cm(I), we have

∥g∥
βm+

1
t+1

≥ ∥g∥
βm+

1
t
.

Hence,

{
Vm

β+
1
t

(I)

}
t∈N

is a decreasing sequence of Banach spaces.

Proof. For t ∈ N and g ∈ Cm(I), we have

∥g∥
βm+

1
t

=∥g∥m + sup
n∈N

∑
|U |=2−n Rg(m)(U)

2n(β+
1
t
−1)

≤∥g∥m + sup
n∈N

∑
|U |=2−n Rg(m)(U)

2
n(β+

1
t+1

−1)
= ∥g∥

βm+
1

t+1
.

This completes the proof.

Lemma 6.26. [47, Remark 3.7] If |Ii| = 1
2ni

for some ni ∈ N such that
∑

i∈ΣN

1
2ni

=

1, then for m ≥ maxi∈ΣN
{ni}, we have

∑
|U |=2−n

Rg(U) =
∑
i∈ΣN

∑
|U |=2−n

U⊂Ii

Rg(U).

Theorem 6.27. Let qi ∈ Vm
β (I) and αi(x) = αi for all i ∈ ΣN and let |Ii| = 1

2ni
for

some ni ∈ N such that
∑

i∈ΣN

1
2ni

= 1. Then, h∗ ∈ Vm
β (I), given that

∑
i∈ΣN

|Nαi

ami
| <

1.

Proof. Let us define 0V
m
β (I) = {g ∈ Vm

β (I) : g(x0) = y0 and g(xN) = yN}. It is an

elementary thing to observe that 0V
m
β (I) is a complete metric space with respect to
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the metric induced by the norm ∥·∥βm . Denote αmax = max{|αi| : i ∈ ΣN}.

Now define an RB operator T : 0V
m
β (I) → 0V

m
β (I) such that

(T g)(x) = qi(u
−1
i (x)) + αig(u−1

i (x)) for all x ∈ Ii with i ∈ ΣN .

Because of the assumptions, note that T is well-defined. Now let g, h ∈ 0V
m
β (I),

then in view of Lemma 6.26, we have

∥(T g) − (T h)∥βm

=∥(T g) − (T h)∥m + sup
n∈N

∑
|U |=2−n R(T g−T h)(m)(U)

2n(β−1)

=∥(T g) − (T h)∥∞ + · · · + ∥(T g)(m) − (T h)(m)∥∞ + sup
n∈N

∑
|U |=2−n R(T g−T h)(m)(U)

2n(β−1)

≤max
i∈ΣN

|αi|∥g − h∥∞ + · · · + max
i∈ΣN

| αi

ami
|∥g(m) − h(m)∥∞

+
∑
i∈ΣN

|Nαi

ami
| sup
n∈N

∑
|U |=2−n R(g−h)(m)(U)

2n(β−1)

≤
∑
i∈ΣN

|Nαi

ami
|

(
∥g − h∥∞ + · · · + ∥g(m) − h(m)∥∞ + sup

n∈N

∑
|U |=2−n R(g−h)(m)(U)

2n(β−1)

)

=
∑
i∈ΣN

|Nαi

ami
|∥g − h∥βm .

This implies that T is a contraction map. This completes the proof.

Let us define a set Cm
β (I) such that

Cm
β (I) = {g ∈ Cm(I) : dimB(G(g(m))) ≤ β} for β ∈ [1, 2]. (6.6)

Proposition 6.28. If Cm
β (I) is defined as in (6.6), then we have

Cm
β (I) =

⋂
n∈N

Vm

β+
1
n

(I).
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Moreover, (Cm
β (I), dβm) is a complete metric space, where

dβm(g, h) =
∑
n∈N

min

{
2−n, ∥g − h∥

βm+
1
n

}
.

Proof. Using Lemma 6.23, Lemma 6.25 and [38, Lemma 3.2], we get

(⋂
n∈NV

m

β+
1
n

(I), dβm

)
is a complete metric space.

Let g ∈ Cm
β , then dimB(G(g(m))) ≤ β. Using [36, Proposition 11.1], for each n ∈ N,

one can prove that ∥g∥
βm+

1
n
< ∞, hence g ∈

⋂
n∈N V

m

β+
1
n

(I).

Conversely, suppose g ∈
⋂

n∈NV
m

β+
1
n

(I), then for all n ∈ N, we have

sup
k∈N

∑
|U |=2−k Rg(m)(U)

2k(β+
1
n
−1)

< ∞.

This implies that

∑
|U |=2−k Rg(m)(U)

2k
≤ Cn2−β− 1

n , where Cn depends only on g(m) and n.

By [36, Proposition 11.1], we get dimB(Gg(m)) ≤ β+ 1
n

for all n, hence dimBG(g(m)) ≤

β. This completes the proof.

Remark 6.29. The utility of the space Cm
β (I) can be seen as it gives a more ap-

propriate bound for the dimension of the graph of some functions.

To see this, let g : I → R be a map defined as g(x) = 2
3
x3/2. Then, it is clear that

g ∈ C1(I) such that g(1)(x) =
√
x.

It is easy to observe that g(1)(x) =
√
x is a Hölder map with Hölder exponent 1

2
,

hence we get an upper bound of dimB(G(g(1))) ≤ 2 − 1
2

= 1.5. Now it is trivial to

prove that g ∈ Vm

1+
1
n

(I) for each n ∈ N, hence in return g ∈ C1
1(I). This implies

that dimB(G(g(1))) ≤ 1, hence dimB(G(g(1))) = 1.

Here we witnessed that the space Cm
β (I) gives the exact dimension of the graph of
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the function
√
x while the classical result due to Hölder space [36] only provides an

upper bound 1.5. Hence, our result refines the previously established results.

Corollary 6.30. For all i ∈ ΣN , let qi ∈ Cm
β (I) and αi(x) = αi. Let |Ii| = 1

2ni

for some ni ∈ N such that
∑

i∈ΣN

1
2ni

= 1. Then, dimB(G(h∗(m))) ≤ β, provided∑
i∈ΣN

|αi| < 1.

6.4.3 Smooth Convex-Lipschitz Space

Definition 6.31. [60] Let g : [a, b] → R be a map defined on interval [a, b] ⊆ R and

ω : R+ → R+ be a map defined on R+. If there exists a constant Lω such that for

a ≤ x ≤ x + y ≤ b and 0 ≤ δ ≤ 1, we have

|D(x, y, δ)| := |g(x + δy) − (δg(x + y) + (1 − δ)g(x))| ≤ Lωω(y).

Then, the map g is considered convex-Lipschitz of order ω.

For ω : R+ → R+ and m ∈ N ∪ {0}, let us define a set

Cm
ω (I) = {g ∈ Cm(I) : g(m) is convex-Lipschitz of order ω}.

Define a norm ∥g∥ω = ∥g∥m + [g(m)]∗ on Cm
ω (I), where

[g(m)]∗ = sup
0≤x<x+y≤1

|g(m)(x + δy) − (δg(m)(x + y) + (1 − δ)g(m)(x))|
ω(y)

.

Then, it is easy to notice that (Cm
ω (I), ∥g∥ω) is a normed space.

Lemma 6.32. The space (Cm
ω (I), ∥·∥ω) is a Banach space.
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Proof. Let {gn}n∈N be a Cauchy sequence in (Cm
ω (I), ∥g∥ω). Then, for a given ϵ > 0,

we have n0 ∈ N such that

∥gn − gl∥ω < ϵ for all n, l ≥ n0,

i.e., ∥gn − gl∥m < ϵ for all n, l ≥ n0,

since (Cm(I), ∥·∥m) is a complete space, there exists a g∗ ∈ Cm(I) such that gn → g∗

and g
(m)
n → g

(m)
∗ as n → ∞ uniformly, then using [29, Lemma 2.2], we have

∥gn − g∗∥ω = ∥gn − g∗∥m + [(gn − g∗)
(m)]∗ ≤ lim inf

l→∞

{
∥gn − gl∥m + [(gn − gl)

(m)]∗
}

≤ sup
l≥n0

∥gn − gl∥ω < ϵ.

This implies that g∗ = g∗ − gn0 + gn0 ∈ Cm
ω (I) and ∥gn − g∗∥ω < ϵ for all n ≥ n0.

This completes the proof of the lemma.

Corollary 6.33. Let g ∈ Cm
ω (I) and y ∈ R+, then under the assumptions of [60,

Theorem 3], we have

(i) if ω(y) = yβ, then dimH(G(g(m))) ≤ dimB(G(g(m))) ≤ 2 − β

(ii) if ω(y) = y ln 1
y
, then dimH(G(g(m))) = dimB(G(g(m))) = 1.

Theorem 6.34. Let qi ∈ Cm
ω (I) and αi(x) = α for all i ∈ ΣN . If

max

{
max
i∈ΣN

| α
ami

|,max
i∈ΣN

|Nα

ami
| sup
0<y≤1

ω( y
ai

)

ω(y)

}
< 1.

Then, we have the following:

(i) h∗ ∈ Cm
ω (I)
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(ii) if ω(y) = yβ, then dimH(G(h∗(m))) ≤ dimB(G(h∗(m))) ≤ 2 − β and

if ω(y) = y ln 1
y
, then dimH(G(h∗(m))) = dimB(G(h∗(m))) = 1.

Proof. (i). Define a set Cm
ω∗(I) = {g ∈ Cm

ω (I) : g(x0) = y0 and g(xN) = yN}. It is

elementary to observe that Cm
ω∗(I) is a closed subset of Cm

ω (I), hence complete

with respect to norm ∥·∥ω. Now define an RB operator T : Cm
ω∗(I) → Cm

ω∗(I)

such that

(Tg)(x) = qi(u
−1
i (x)) + αig(u−1

i (x)) for all x ∈ Ii with i ∈ ΣN .

Under the assumptions, T is well defined. Now for g, h ∈ Cm
ω∗(I), we have

∥Tg − Th∥ω

=∥Tg − Th∥m + [(Tg)(m) − (Th)(m)]∗

=sup
x∈I

(
|(Tg)(x)− (Th)(x)|+ |(Tg)(1)(x)− (Th)(1)(x)|+ · · ·+ |(Tg)(m)(x)− (Th)(m)(x)|

)
+ sup

0≤x<x+y≤1

1

ω(y)

∣∣∣((Tg)(m) − (Th)(m))(x+ δy)− (δ((Tg)(m) − (Th)(m))(x+ y)

+(1− δ)((Tg)(m) − (Th)(m))(x))
∣∣∣

≤ max
i∈ΣN

sup
x∈Ii

(
|α||(g − h)(u−1

i (x))|+ · · ·+ | α

ami
||(g(m) − h(m))(u−1

i (x))|
)
+ max

i∈ΣN

sup
xi−1≤x<x+y≤xi

ω( y
ai
)

ω(y)

(
1

ω( y
ai
)

∣∣∣∣ α

ami

∣∣∣∣ (∣∣∣(g(m) − h(m))(u−1
i (x+ δy))−

(
δ(g(m) − h(m))

(u−1
i (x+ y)) + (1− δ)(g(m) − h(m))(u−1

i (x))
)∣∣)

≤ max
i∈ΣN

| α

ami
|
[
sup
x∈I

(
|(g − h)(x)|+ · · ·+ |(g(m) − h(m))(x)|

)]
+N max

i∈ΣN

| α

ami
| sup
0<y≤1

ω( y
ai
)

ω(y)

sup
0≤x′<x′+y′≤1

1

ω(y′)

(∣∣∣∣ α

ami

∣∣∣∣ [∣∣∣(g(m) − h(m))(x′ + δy′)−
(
δ(g(m) − h(m))(x′ + y′)

+(1− δ)(g(m) − h(m))(x′)
)∣∣∣]

≤ max
i∈ΣN

| α

ami
|∥g − h∥m + max

i∈ΣN

|Nα

ami
| sup
0<y≤1

ω( y
ai
)

ω(y)
[g(m) − h(m)]∗

≤max

{
max
i∈ΣN

| α

ami
|, max

i∈ΣN

|Nα

ami
| sup
0<y≤1

ω( y
ai
)

ω(y)

}
∥g − h∥ω,
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where x′ = x−bi
ai

and y′ = y
ai

such that ui(x
′) = x, ui(x

′ + y′) = x + y

and ui(x
′ + δy′) = x + δy. Hence, in view of the given assumptions, T is a

contraction map on Cm
ω∗(I). Using the Banach contraction principle, we get

the proof.

(ii). The proof will follow by using (i) and Corollary 6.33.

Remark 6.35. If we choose m = 0, this space will be the same as defined in [29].

Hence, Theorem 6.34 generalizes the [29, Theorem 2.7]. It should also be noted that

these spaces are very useful in computing the Hausdorff dimension of Weierstarss-

type functions, see, for instance, [60].

6.5 Conclusion

In this chapter, we have studied a few properties of invariant measures associated

with the IFS whose attractor is the graph of a FIF satisfying a given set of data points

(Lemma 6.4, Proposition 6.6, Corollary 6.9, Theorem 6.12, Theorem 6.16). Further,

we have given a fractal transformation between the unit interval I and graph of FIF

G(h∗) (Theorem 6.18). Also, we have defined a fractal transformation between the

graphs of two different FIFs satisfying a given set of data points (Theorem 6.19).

Later, in Section 6.4, we have defined function spaces (Subsections 6.4.1, 6.4.2, and

6.4.3). Further, we have provided some results that give conditions under which a

FIF becomes an element of those spaces (Theorem 6.21, Corollary 6.30, Theorem

6.34).

***********
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