Chapter 6

Invariant Measures and Fractal Transformations

on Graphs of FIF

In this chapter, we examine certain characteristics of measures. We focus on the
measures that arise from the iterated function systems generated by Barnsley [9],
whose attractor is the graph of a fractal interpolation function. We also investigate
a fractal transformation between two fractal interpolation functions that satisfy
the same interpolation data. Additionally, we introduce some function spaces and
provide several results that establish conditions for the fractal interpolation function
to be an element of these spaces. By utilizing these spaces, we are able to estimate

the fractal dimension of the fractal interpolation functions.

6.1 Introduction

The measure-theoretic aspects of self-similar IF'Ss have been the subject of study, as
seen in references such as [31, 63]. However, the IF'S system constructed by Barnsley
[9], whose attractor is the graph of FIF, is not self-similar. In this chapter, we have
focused on the measure-theoretic aspects of Barnsley’s IFS system. We have exam-
ined certain properties of an invariant measure supported on the graph of FIF and
compared our findings with previous results. Additionally, we have demonstrated

the existence of a fractal transformation between IFS systems whose attractors are
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the graph of FIF. Furthermore, researchers have investigated the existence of FIF
in various spaces to analyze its properties. For example, Massopust [59] has studied
FIF in the LP-space with one-dimensional Hausdorff measure, while this chapter
considers a more refined space, specifically the LP-spaces with any invariant mea-
sure. We have extended the results presented in [59]. In [38], a dimensional space
has been introduced, and in [47], the existence of FIF in that dimensional space has
been explored. In this work, we have defined a more general space and provided
some results regarding the existence of FIF in that space, including an upper bound
on the box dimension of the graph of the m-th differentiation of FIF. Finally, we
have generalized the results given in [29] by introducing a smooth convex-Lipschitz

map.

6.1.1 Delineation

The current chapter is organized as follows. In the following section, we have ex-
amined the measure-theoretic viewpoint of FIF and various outcomes concerning
the invariant measures that are supported on the graph of FIF. In Section 6.3, we
have investigated the fractal transformation that occurs between the graphs of FIFs.
Then, in Section 6.4, we have defined certain function spaces and established their
completeness by assigning norms to them. Subsequently, we have presented certain
conditions under which the FIF can be classified as a member of these function

spaces. We have concluded the chapter in Section 6.5.
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6.2 Measure-Theoretic Aspects of FIF's

In this section, we shall see some measure-theoretic aspects of FIF. The follow-
ing theorem establishes a relation between the invariant measure generated by IFS
{I: uy,...,uy} and the invariant measure generated by IFS {I x R: Qy,...,Qx}

(refer Subsection 1.3.1).

Theorem 6.1. [9, Theorem 2| For a given probability vector v = (ry,...,rn), let
fr and pk are the invariant measures generated by the IFSs {I : wuy,...,uy} and
{I xR : Q,....Qn}, respectively. Let Oy« : I — G(h*) be the homeomorphism
defined as ®p+(x) = (x, h*(x)) for x € I. Then,

wr(B) = (P« (B)) for all Borel subsets B of I.

Proposition 6.2. Let {X;vq,...,v,} be a system of self-similar IFS and satisfy
the OSC. Let r = (ry,...,ry) be a probability vector. Then, for any countable subset

C of X, we have p,.(C) = 0, where p, is the invariant measure corresponding to r.

Proof. To prove that u,.(C) = 0, it is sufficient to prove that u,.({x}) = 0 for
singleton set {x}. For this, we take u, as an invariant measure generated by a
self-similar IFS satisfying OSC. Then, using (1.19), we get dimg(u,) > 0. Now,
if possible, p,.({z}) > 0, then by the definition of the Hausdorff dimension of a
measure, we have dimgy(p,) = 0, which is a contradiction. This completes the

proof. ]

Example 6.3. In the above proposition, the OSC is necessary. To see this, consider

vy 0 I = Rand vy : I — R be two maps defined as v(r) = § and va(z) = %,
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respectively. Then, {I : wvy,v9} is an IFS whose attractor is {0}. This IFS is self-
similar and does not satisfy the OSC. Then, for any invariant measure p supported

on the attractor of this IFS, we have u({0}) = 1.

Lemma 6.4. Let ©Oq be the overlapping set of IFS {I x R : Qy,...,Qxn}, then

1i(Oq) = 0 for all invariant measures (1 generated by the IFS {I xR : Qq,...,Qn}.

Proof. Let @y« : I — G(h*) be the homeomorphism defined in Theorem 6.1 and ©,

be the overlapping set generated by the IFS {7 : wuy,...,uy}. Then, we have

(Dh* @h* (U UZ ﬂ u] >

i#]

= Uq)h*(ui(f) Nu;(1))

i]
- 9(@,1* (wi(1)) N s (uy(1)))

_ 9 ), ¥ (ui(x))) s @ € I} N {(u;(2), h*(u;(x))) - = € I})

= ‘#'({(uz(w) yEi(r, W () = @ € Ty 0 {(u;(2), Fi(x, hi(2))) : x € T})
= .i,(Qi(g(h*)) NQ(G(h7))) = Oq.

Since the IFS {7 : wy,...,ux} is a self-similar IFS and satisfies the OSC, hence
in view of [63, Theorem 2.1], we have p,.(©,) = 0 for each invariant measure ,
generated by IFS {I : wy,...,uy}. Now, using the fact that every overlapping set

is a Borel set, Theorem 6.1 concludes the required result. O

Remark 6.5. Note that our result here is different from the result given by Moran
and Rey[63] because there they have assumed the IFS should satisfy the self-similarity

condition, but the IFS {I x R : Qy,...,Qy} is not self-similar. So, we observe that
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FIF constructed for a given data set may not satisfy the self-similarity condition but

still holds [63, Theorem 2.1].

Proposition 6.6. For the Graph of FIF G(h*), we get the following:

(i) the overlapping set of the graph of h* is ©q = {(z1,y1), .., (TNn_1,yn_1)}
(ii) the dynamical boundary of the graph of h* is 0G(h*) = {(x0, %), (tn,yn)}

(7ii) the inner boundary Oq of the graph of h* is dense in G(h*).

Proof. Here, the graph of FIF is an attractor of the IFS {I x R: Qy,...,Qy} and
the overlapping set, the dynamical boundary and the inner boundary are defined

with respect to this IFS.

(i) To prove this part, for i = Xy_1, let (z;,v) € {(x1,01),.--, (Tn_1,yn-1)},

then

Qi(zn, yn) = (wi(zn), Filzn,yn)) = (i, vi)

and

Qir1(20,Y0) = (Uir1(Z0, Y0)s Fit1(xo, Y0)) = (i, vi)-

This implies that (x;,y;) € Oq, hence {(z1,v1),...,(xn_1,ynv-1)} C Oq.

Let if possible ©q # {(z1,¥1),..., (¥n-1,yn-1)}, then there exists (z*,y*) €
Ogq such that (z,y) ¢ {(z1,2%1), ..., (xN-1,yn—-1)}. From the definition of Oq,

x € I; N1 for ¢ # j, which is impossible. This completes the proof.

(ii) In view of (i), note that F,'(Oq) = Uf\il Q7 1Oq) = {(w0, %), (N, yn)}
Also for any k € N, Fo*(0q) = {(z0,%), (zx,yn)}, hence Ui, F5"(Oq) =
{(z0,v0), (xn,yn)}, where Fq is the Hutchinson operator. This completes the

proof.
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(iii) Since Og is a compact subset of G(h*), therefore klim FE(©q) = G(h*). Also,
—00

observe that {F%(©q)}x is a sequence of increasing sets. As inner boundary

O, is given by Uiz Fa(©q). We need to prove that 69 = G(h*). For this, we

have

Ha(Oa,G(h")) = Ha(®a, G(h")) = H, (U Fh(04), gm)

k=0

k
= Hy (1}1—>Holo U fg(@ﬂ),g(h*>>

n=0

= lim Hy(FE(Oq),G(h*)) — 0.

k—oo

Hence, 69 = G(h*). This implies that the inner boundary is dense in G(h*).

]

Remark 6.7. In view of Proposition 6.6 and the definition of a nonoverlapping set
(Definition 1.5), the graph of FIF G(h*) is nonoverlapping. Now using [7, Theorem
2.2], we can prove Lemma 6.4, i.e., uf(Ogq) = 0 for all invariant measures p; and
using the same, we can also establish that w*(9G(h*)) = 0, and p*(0g) = 0 for all

invariant measures p on G(h*).

Remark 6.8. In view of Proposition 6.6 and Proposition 6.2, we can further prove

that 1*(0G(h*)) = 0, and *(Og) = 0 for all invariant measures x* on G(h*).

Corollary 6.9. Let r = (r1,...,rN) be a probability vector such that p, and .-
be the invariant measures corresponding to v generated by {I : wq,...,un} and
{IxR: Q,...,Qn}, respectively. Let C be a countable subset of the G(h*). Then,
1y (C) = 0.

Proof. We get this result using Theorem 6.1 and Proposition 6.2. [
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Remark 6.10. Notice that we can also prove Lemma 6.4 by using the above corol-

lary.

Definition 6.11. Let pq and po be two Borel measures on R such that for any Borel
set B, p2(B) = 0 implies p1(B) = 0, then p; is said to be absolutely continuous
with respect to us and denoted as p; << po. Further, if p; << ps and ps << pq,

then py and o are said to be equivalent measures.

Theorem 6.12. Let ¢; be Lipschitz map and o;(x) = «; for each i € Yy. Set
Upin := min{a; : 7 € ¥n} and aupay = max{|a;| : i € Xy} If % < 1, then there
exists a probability vector ¥ such that corresponding to this T, the invariant measure
p* generated by the IFS {I x R: Qy,...,Qn} is equivalent to the one-dimensional

Hausdorff measure supported on G(h*), i.e., H|gps

Proof. Since {I : wy,...,un} is a system of self-similar IFS and it satisfies the
OSC, then using [63, Theorem 2.2] and (1.3), we have a probability vector 7 = {a; :
i € ¥n} such that the invariant measure generated by the IFS {I : wuy,...,uy}
corresponding to this probability vector is u = H'|;. Let p* be the invariant

measure corresponding to 7 generated by IFS {I x R: Qy,...,Qn}.

Let B be a Borel set of G(h*) and @+ be the homeomorphism as defined in Theorem

6.1, then using Theorem 6.1, we have

' (B) = (@, (B)) = H'| (2, (B)). (6.1)

Using [47], we get h* as a Lipschitz function. Let Ly« be the Lipschitz constant of

h*. Then, for all x,y € I, we have

[Phe () = Pn= ()2 = [ (2, h7(2)) = (5, A7 (Y)ll2 < (Loe + D)z — y].
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Also |z — y| < [|Pp+(x) — Ppe(2)||2, hence Py« is a bi-Lipschitz map, hence for any
Borel set B of G(h*), we have

H' (®7MB)) < H'(B) < (Ly- + 1) H(3;1(B)). (6.2)

From Equations (6.1) and (6.2),

W' (B) < H'(B) < (L + D' (B). (6.3)

*

This implies that p* is absolutely continuous with respect to H'|gg+) and also

H'|gn+ is absolutely continuous with respect to p*, hence the proof. O]

Note 6.13. Throughout this chapter, ¥ denotes the probability vector {a; : i € ¥y}
such that g and p* denote the invariant measures corresponding to the probability

vector 7 generated by IFS {I : wy,...,uy} and {I xR : Q,...,Qn}, respectively.

Remark 6.14. From 6.3, it is evident that if the given data is linear and FIF
is a constant map, then the invariant measure corresponding to the probability
vector, given in Theorem 6.12, is the same as the one-dimensional Hausdorff measure

supported on the graph of FIF.

Remark 6.15. In view of [63, Theorem 2.2|, corresponding to probability vector
T the invariant measure generated by the IFS {I : wy,...,uy} is one-dimensional
Hausdorff measure supported on I. But the invariant measure generated by the IFS
{I xR : Q,...,Qn} corresponding to the probability vector ¥ may not be equal

to the one-dimensional Hausdorff measure supported on the graph of A*.

To see this, consider a set of data points A = {(0,0),(5,1),(3,1),(1,0)}. Let

uy ¢ [0,1] = [0,1], up ¢ [0,1] — [5,2], and w3 : [0,1] — [2,1] be homeomorphism

2 274
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maps defined as ui(z) = 1z, us(z) = 1o+ 3, and us(z) = Jx+2. Now fori =1,2,3,

take Fj(x,y) = g(u;(x)), where g is the function whose graph is depicted in Fig 6.1.

T T T T
0.00 0.50 0.75 1.00

FiGURE 6.1: Graph of g.

Define Q;(z,y) = (u;(z), Fi(z,y)) for i = 1,2,3. Then, it is clear that FIF associated
with the IF'S {[0, 1] X R: Ql,Qz,Qg} is g.

Now let p* be the invariant measure associated with this IFS corresponding to the

probability vector 7 = (%, i, }L) To show that p* # H'|g,), let Borel set B of G(g)

be the line segment joining from (2,1) to (1,0). Then, we have

' (B) = S (0 B) + (9 (8)) + 1(051(B) = 7' (Gla) = 1.
However,
H'(@B Y

H1|g(g)(8)

_ 1 N .
= HY(G(9)) = M ~ 0.43 #£ 0.25 = p*(B).

Theorem 6.16. Let {I : wuy,...,uny} and {I xR : Q,...,Qn} be the IFSs and
r = (r1,...,ry) be a probabaility vector such that p,. and p* be the invariant measures
corresponding to r and generated by IFSs {I : uy,...,uy} and {IxR: Q... Qn},

respectively. Then, we have the following:
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(i) dimp(p,) < dimp(py)

(i) if for all 1 € Yy, q; is a Lipschitz map, o;(x) = «; and 222 < 1 where

Gmin

Umin = min{a; : i € Yx} and .y := max{|a;| : i € Xy }. Then,

dimp (pr) = dimp (y.).

Proof. Note that the homeomorphism map @y« : I — G(h*) satisfies the condition

|z —y| < ||Pps(x) — Pps(y)||2 for all x,y € 1.

(i) We know that

dimpy (u,) = inf{dimg(A) : A is Borel subset of I, pu,.(A) > 0} and 6.4
6.4

dimpy (uy) = inf{dimgy(B) : B is a Borel subset of G(h*), uy(B) > 0}.

r

Now for any B C G(h*), there exists an A C I such that ®,«(A) = B. Then,
using [36], we have dimg(A) < dimg(B). We get the proof of the result using

Theorem 6.1 and Equation (6.4).

(ii) Using [47], we get h* is a Lipschitz map, and hence it is easy to prove that @,

is a bi-Lipschitz map. Then, by [36] and (6.4), we get dimp (u,) = dimg (p}).

6.3 Fractal Transformation Between Two FIF's

Since J* = {1,..., N} is a code space and the space (J*°, d =) is a compact space

with respect to the metric dj~, where dj~ : J* x J* — R such that for (,0 € J*
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with ¢ # 0, we have

dj(C,0) = 27", where n is the least integer such that ¢, # 6,.

Let {I: uy,...,uy}and {I xR: Q,...,Qun} be the IFSs as defined in Subsection
1.3.1 such that I and G(h*) are the attractors of these IFSs, respectively. Then, the
following result is derived by Barnsley [9], which establishes the relation between
the coding maps mq : J* — G(h*) and 7, : J* — I.

Lemma 6.17. [9] Let mq : J>* — G(h*) and m, : J> — I be the coding maps, then

for any 6 € J*, we have

mo(0) = (mu(0), 1" (7u(0))) -

Theorem 6.18. Consider the IFSs {I : wuy,...,un} and {I x R: Q,....Qn}.
Then, the homeomorphism ®p« : I — G(h*) defined by ®p+(x) = (z,h*(z)), is a

fractal transformation.

Proof. Fractal transformation between I and G(h*) is defined as T,q : I — G(h*)
such that T,,q = 7 o 7,. We need to show that T,,o(z) = ®p«(x) for all x € I. For

this, we have

TuQ($) :(WQ o Tu)(‘r)

=mq(f), where § € J* such that 7,(0) =z

=(mu(0), h* (mu(0))) = (z,h*(x)) = Pp- ().

This completes the proof. n

Theorem 6.19. For i € Yy, let {I : wy,...,uy} be the IFS as discussed in

Subsection 1.3.1. Let F;, F! : I x R — R be two continuous maps defined on I x R
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such that for all x € I, y,y* € R and 0 < p;, p; <1

|Fi(z,y) — Fi(x,y*)| <pily — v \F(x,y) — F/(z,y")] < pily — v*]

Fi(zo,v0) = yi—1 and Fi(zn,yn) = Ui F{(z0,y0) = yim1 and F(zn,yn) = y;.

Let Q;,Q : I xR — I x R be maps defined as Q;(z,y) = (ui(z), Fi(x,y)) and
Q(z,y) = (ui(x), F/(z,y)). Let h* be the FIF generated by IFS {I xR : Qq,...,Qn}
and g* be the FIF generated by IFS {I x R: Qf,....Q}. Let Taqo be the fractal
transformation from G(h*) to G(g*). Then, Taq is a homeomorphism.

Further, Too = @4 0 ®, ), where @y« : [ — G(h*) and @y : [ — G(g*) are homeo-

morphism maps defined as Pp-(x) = (x, h*(x)) and @y (v) = (z, g*(x)), respectively.

Proof. Let Py = {mg'(z,h*(z)) : # € I} and Py = {mg/(z,g"(x)) : = € I} be the
partitions of the code space J*°. Then, in view of [7, Proposition 2.3|, to prove Taq
is homeomorphism, it is sufficient to prove that P, = P. For this, let 8 € P, then
using Lemma 6.17, we have mq(0) = (x, h*(x)) = (m,(0), h*(7,(0))). Also we have,
o (0) = (mu(0), g*(mu(0))) = (x,g*(x)), this implies that § € Py, hence Py C Pyy.
Similarly, we can prove that Py C Py. This yields that Tgq is a homeomorphism.

For further equality, let (z, h*(z)) € G(h*), then we have

Tow (z, h*(2)) = (e 0 70) (z, h*(2)) = 1 (0) = (2, 9" (2)) = Py 0 B, (w, h*(2)),

where 6 € J* such that 7,(0) = x and 7w (0) = (m,(0), h*(7,(0))). This completes

the proof of the theorem. O
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6.4 Fractal Functions in Different Spaces

In this section, we shall define some spaces and present some results that give con-

ditions for a FIF to be an element of those spaces.

6.4.1 LP(I)-Space with Respect to Invariant Measures

Let » = (r1,...,7n) be a probability vector and pu, be the invariant measure cor-
responding to this probability vector generated by the IFS {I : wy,...,ux} such

that

Hr = Z riuroui’l.

IEXN
For 1 < p < oo, we denote the space of all p-integrable functions on I associated to

fr by LP(I, 1), where

vt = {215 R [lf@pan ) <o

Since the space (LP(I, ), ||-|l,) is a complete normed space with respect to ||-||,,

i = ([ If(x)l”dur(x))l/p.

For p = 0o, we define essential sup norm ||-||o, with respect to measure 4, such that

where

llgllc = esssupl|g|. Then, the space L>(1,||"||) ={g: 1 — R: esssup|g| < oo} is

a complete space.

Note 6.20. If py # po, then LP(I, 1) may not be equal to LP(1, us). For instance,
let v : I — R and vy : I — R be two maps defined as vi(z) = £ and vs(z) = £ + 3,

respectively. Then, note that the IFS {I : vy, v9} is self-similar and satisfies the

OSC. Let 7y = (1,1) be a probability vector. Then, using [63, Theorem 2.2],
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invariant measure pq corresponding to ry is pu; = H 1] 1 (one dimensional Hausdorff
measure supported on /) and let ry = (i, %) be another probability vector such that
k2 is the invariant measure corresponding to the probability vector ro. We know
that dimpg (p;) = dimgy () = 1 and

—log(@)+ 3 log(3/4)  3log(3)-210g(2

dimpy (p2) = —1

)
~ 0.8112781245 < 1.
1 10g(2)—% log(2) —log(2) 0.8 78 h <

Therefore, for dimpy (us) < v < 1 there exists a set D, C I such that dimy D, =~

and po(D,) > 0 but py(D,) = 0. Now define a map

oo, ifxeD,
fr(x) =

0, otherwise.

It is simple to prove that f* € LP(I, uy) but not in LP(I, o).

Now consider the map ¢* : I — R U {oo} such that

%, ifx#0
9 (x) =
0, ifx=0.

Claim: g* ¢ L'(I, ;) but g* € LI, o)

We know that the

/g*d,ul = sup {/sd,ul . s is a simple function such that 0 < s < g*} :
I I
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Define s, (z) = > ,_, k xu,(z), where J, = (k—il, ﬂ and x, is the characteristic

function on Jy. Since 0 < s,, < g*, then

/ g du > / Sndjt
1 I

v
o
H‘ 3
R
> =
|
-
T~
—_
N——
I
S
o
T~
—_
1
3

This implies that [, g*duy = oo, hence g* ¢ L'(I,p1). We will show that g* €

LY(I,p2). Define s,(z) = > p_, Kk, xu.(z), where Ji, = (5=, 5] and yy, is the

1

characteristic function on Ji, and k!, = T
K

is the number obtained by dividing
the subinterval Jj, containing x into n equi-length subintervals Ji; such that z €
Jei = (i, dii]. Since 0 < s, (x) < spp1(2) and f(x) = lim, 00 Sy (), the monotone

convergence theorem dictates

/ g dpz = lim / Sndfiz
I

= lim anug Ji)

n—oo
“. 3 3
<su Qk+1 — =,
neg Z 4k+1 - Eg ; 2k+1 2

This completes our task.
Theorem 6.21. If a; € L¥(I,|||o) and ¢; € LP(I, ) for all i € Xy, then the

associated FIF h* € LP(I, pi,), provided ;s (||ail[Br:) < 1.

Proof. Let LE(I,p.) = {g€ LP(I,p): g(x1) =1, glxn) =yn} be a subset of

LP(I, p,). Tt is easy to note that Lh(I, u,) is a closed subset of LP(I, u,) and hence
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complete subspace with respect to the metric induced by |-||,. Define a Read-

Bajraktarevic (RB) operator T : L5(1, i) — L5(I, p,) such that

(Tg)(x) = a;(u; (2)g(u; 1 (7)) + gi(u; *(z)) for all z € I;, where i € . (6.5)

(2

With assumptions on ¢; and wu;, it is easy to find that 7T is well-defined. Now let

f,g € LE(I, i), then we have

7 = Tolg = [ITN@ - To)e)Pdnta)
= 3 [l @ 0) = g ()P0

= 3 [l @0 = 9 )P
< 3 sl / (F = ) @) P ()
- 3l 1= \pd<k§ Y )
P J 107 = i @ (7 ()
- 3 sl /|f D) = 3l ol

This implies that [|Tf —Tg[[b <> .5 (lleillBri)|[f —gllh, which further implies that
T is a contraction map and hence there exists a unique fixed point h* of T such that
for all z € I;, where i € Yy, we have h*(x) = a;(u; ' (2))h* (u; *(2)) + qi(u;*(z)).

This completes the proof. O

Remark 6.22. In [59], Massopust has discussed local FIFs in L” spaces. There
the measure is the one-dimensional Lebesgue measure. Here, we have proved the
result for all invariant measures generated by IFS, so our result may be treated as

a generalization of the previous result.
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Now we shall define subsets of C™(I), which will help to find the dimension of
FIF and will provide a more appropriate dimensional bound of the graph of fractal
functions. It is well known that the space (C™(I),|-||m) is a Banach space with
respect to the norm |[lm, where [lgllm = llgllso + g ]loc + -+ [lg"™]|oc for g €

C™(I) with ¢ as the k*" derivative of g.

6.4.2 Smooth Dimensional Space

Before defining the smooth dimensional space, let us define the following space
and provide some required results to define the main space. For § € [1,2] and
m € NU {0}, let us define a set V(1) = {g € C™(I) : [|glls,, < oo}, where

9l = gl 4+ sup = Fo ()
g Bm — g m ilelg Qn(ﬁ—l) )

where Rym)(U) = sup, ,ep|g™ (x) — g™ (y)| for U C I. It is elementary to see

that (U3*(1), ||[|s,,) is a normed space.

Lemma 6.23. The space (U3*(1), ||-||s,,) is a Banach space.

Proof. Let {gn}nen be a Cauchy sequence in (U3*(1),]|-ls,,). This implies that
{gn}nen is Cauchy sequence in (C™(I), ||||m). Therefore, {g,}nen converges uni-
formly to some g* € C™([I), hence we have

2jyj=2—n Bgrom (U)

||g*||m + Slelg on(B-1) < lim Sup||g*||5m-

n—oo

This implies g* € VF*(I). Further,

90 — 9" || g < limsupl|gn — gxll s,
n—oo
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Hence, {g, }nen converges to ¢* in ||-||,.. This completes the proof. ]

Remark 6.24. If we choose m = 0, this space will coincide with the space defined

in [47]. Hence, this result generalizes the result in [47].

Lemma 6.25. Let f € [1,2]. Forallt € N and g € C™(I), we have

> .
ol = lgl, s

Hence, {%gll(f)} is a decreasing sequence of Banach spaces.
t teN

Proof. For t € N and g € C™(I), we have

Z|U\:2—" Rg<7n>(U)

g 1 =||g||m +sup
ol 1 =Nl + sup =220
Z|U\:2—" Rg<m> ()
<[|gllm + sup T = llgll,, 1
neN on(Btpg—1 1
This completes the proof. O

Lemma 6.26. [47, Remark 3.7] If |I;| = 5= for some n; € N such that ), =

€SN 27

1, then for m > maxes, {n;}, we have

S R)=Y Y R

|U|=2—" 1EXN |U|=2""
Ucl;

Theorem 6.27. Let g; € U5(I) and a;(xz) = o for alli € Sy and let |I;| = 5 for

some n; € N such that Y, .y 5= = 1. Then, h* € B3*(I), given that ZieEﬂ% <

1.

Proof. Let us define ¢U3*(I) = {g € VF*(I) : g(x0) = yo and g(ry) = yn}. It is an

elementary thing to observe that Oﬁg‘(l ) is a complete metric space with respect to
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the metric induced by the norm ||-||g,,. Denote aumax = max{|a;|: 7 € Xn}.

Now define an RB operator 7 : (U3 (I) — o7 (/) such that
(Tg)(w) = qi(u; (7)) + asg(u; () for all x € I; with i € By.

Because of the assumptions, note that 7 is well-defined. Now let g,h € (U3 (1),

then in view of Lemma 6.26, we have

I(T9) = (Th)ll

on R vy (U
=|(Tg) = (Th)]||m + sup 2 =2 Birg-rmyem (U)

neN 2n(B-1)
s Ry ra (U)
=Tg) = (Tl + -+ I(Tg)™ = (Th)™ o -+ sup S22 0T
a.
< g = hllo + - g™ — pm)
< maxjaiflg = hlloe + -+~ + max| g I

Noy 2 ivj=a-n gy (U)
—|—Z‘ Oéls [U|=2 (g—h)

u
€SN azT'n neN on(B-1)
Vo Y=z Rg—nyem (U)
< STIE g = Blloo + -+ g™ =A™ + sup ==
‘ " neN 2n(6-1)
1EXN ?
NOéi
= I llg = hls..
iesy
This implies that 7 is a contraction map. This completes the proof. O

Let us define a set Cj*(I) such that
Co(I) ={gecC™I): dimp(G(g"™)) < B} for B € [1,2]. (6.6)
Proposition 6.28. If Cj*(I) is defined as in (6.6), then we have

e 1) = (2L (D)

neN
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Moreover, (C5*(I),dgs,,) is a complete metric space, where

o) = S min {2 lg =, 1 |

neN

Proof. Using Lemma 6.23, Lemma 6.25 and [38, Lemma 3.2], we get (ﬂneN %;n L (D), d5m>
L1

n
is a complete metric space.

Let g € Cg*, then dimp(G(g™)) < B. Using [36, Proposition 11.1], for each n € N,

one can prove that ||g||6 1 <00, hence g € Mhen %;’11 (I).
m n -

n

Conversely, suppose ¢ € (),cn ‘BZ: 1 (1), then for all n € N, we have

n

2jj=2+ fgem (U)
sup

keN Qk(ﬁ+%—1)

< OQ.

This implies that

Z\U|:2*k Rg<m> (U)
ok

1
< C,27°7 %, where C, depends only on ¢/ and n.

By [36, Proposition 11.1], we get dimp(Gg™) < 5+% for all n, hence dimpG(g(™) <

(. This completes the proof. O

Remark 6.29. The utility of the space Cg‘([ ) can be seen as it gives a more ap-
propriate bound for the dimension of the graph of some functions.

To see this, let g : I — R be a map defined as g(x) = §x3/2. Then, it is clear that
g € C*(I) such that ¢ (z) = \/z.

It is easy to observe that ¢\V)(z) = y/z is a Holder map with Hélder exponent %,
hence we get an upper bound of dimp(G(g™")) <2 — 1 = 1.5. Now it is trivial to
prove that g € ‘Bﬁ % (I) for each n € N, hence in return g € C{(I). This implies

that dimp(G(g™)) < 1, hence dimp(G(g™M)) = 1.

Here we witnessed that the space Cf*(I) gives the exact dimension of the graph of



Chapter 6. Measures and Transformations on Graphs of FIF 145

the function y/z while the classical result due to Holder space [36] only provides an

upper bound 1.5. Hence, our result refines the previously established results.

Corollary 6.30. For all i € Xy, let ¢; € CJ*(I) and a;(z) = ;. Let |I| = 5

Fn7
for some n; € N such that 3, 5= = 1. Then, dimp(G(h*™)) < B, provided
ZiEEN|ai| <1

6.4.3 Smooth Convex-Lipschitz Space

Definition 6.31. [60] Let ¢ : [a,b] — R be a map defined on interval [a,b] C R and
w:RT — R be a map defined on RT. If there exists a constant L, such that for

a<zr<zr+4+y<band 0 <) <1, we have
[ D(z,y,0)| := |g(z + dy) — (dg(z +y) + (1 = 0)g(x))| < Luw(y).
Then, the map ¢ is considered convex-Lipschitz of order w.
For w:R" — Rt and m € NU {0}, let us define a set
¢™(I) ={g e C™(I): ¢'™ is convex-Lipschitz of order w}.

w

Define a norm ||g|l. = ||g|lm + [¢"™]* on €™(I), where

G = sup 9™ (& + by) — (69" (z +y) + (1 — 8)g"™ (x))]
0<z<z+y<l w(y) .

Then, it is easy to notice that (€*(I), ||¢||.) is a normed space.

Lemma 6.32. The space (€7(1), ||-||,) is a Banach space.
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Proof. Let {gn}nen be a Cauchy sequence in (€7(1), ||g||.). Then, for a given € > 0,

we have ng € N such that

llgn — gill < € for all n, 1 > nq,

ie., ||gn — gillm < € for all n,l > ny,

since (C™(I), ||-|lm) is a complete space, there exists a g, € C™([) such that g, — g.

(m)

and g,(lm) — gs ~ as n — oo uniformly, then using [29, Lemma 2.2], we have

lgn = g1l = l9n = gillim + (92 — 9.)"™]* <liminf {|lgn — gillm + (92 — 9)"™]"}

<supl|gn — gflw < €
I>ng

This implies that g. = g« — Gng + Iy € €7(I) and ||g, — gillw < € for all n > ny.

This completes the proof of the lemma. O
Corollary 6.33. Let g € €™ (I) and y € R, then under the assumptions of [60
Theorem 3], we have

(i) if w(y) =47, then dimp(G(9"™)) < dimp(G(g"™)) <2 -8

(i1) if w(y) = yln 3, then dimp(G(g"™)) = dimp(G(g"™)) = 1.

Theorem 6.34. Let ¢; € € (1) and () = « for alli € Xy. If

Na W(al)
max max] — |, max| | sup i < 1.
i€Xy af iesy af o<y<1 W(Yy)

Then, we have the following:

(i) h e € (I)
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(i) if w(y) = y°, then dimy(G(h*™)) < dimp(G(h*™)) < 2 — B and
ifw(y) =yln i, then dimg (G(h*™)) = dimp(G(h* ™)) = 1.

Proof.  (i). Define a set €7 (1) = {g € €7*(I) : g(xo) = yo and g(zn) = yn}. It is
elementary to observe that €77 (1) is a closed subset of €77*(/), hence complete
with respect to norm ||-||,. Now define an RB operator ¥ : €*(I) — €7 (1)

such that

(Tg)(z) = qi(u; 1 (2)) + aug(u; ' () for all z € I; with i € By.
Under the assumptions, ¥ is well defined. Now for g, h € €7 (1), we have

1Tg — T
=[|Tg — Th|m + [(Tg)™ — (Th)™)]*

(T9)(2) — (Th) (@) + |(Tg) V(@) — (T (@) + -+ |(Tg) "™ () — (Th)™) (w)l)

=sup (
zel

b s (T - (SR + dy) — (B((Tg) ™~ (TH) ™) +)
0<a<aty<1 W(Y)

(1= ) (T)™ — (Th) ™) (@)

(g™ - h<m>><ui1<w>>) + max

IEXN

< max sup <|a||(g — h)(ufl(x))| S ‘a%

i€EXN z€l; :

o
m
a;

- N

(w7 (@ + ) + (1= 8)(g™ =A™ (2))) ‘)

< max|— [sup (1(g = A)(@)| + -+ + (g™ = h™)(@)|) | + N max| - p Az
1€EXN CL zel 1EXN a 0<y<1 w(y)
1
sup /( Ojn H(g(m) R (2! 4 5y') (5 m) _ pm)) (2 + )
o</ <ai+y <1 w(y') \|a]

+(1=8)(g™ — ™) @)
(&)

a Na
< = ag—=h == ZhaiZro(m) o (m)yx
< max| o llg =l + max| T sup 20l ]

(a%)
< max maX| — |, ma: |7| g — Rl

i€Xn al™ iENy w(y)




Chapter 6. Measures and Transformations on Graphs of FIF 148

where 7/ = % and y' = X such that u;(z') = 2, wi(z' +y) = v +y

and u; (2’ + 0y') = = + dy. Hence, in view of the given assumptions, T is a
contraction map on €7 (/). Using the Banach contraction principle, we get

the proof.
(ii). The proof will follow by using (i) and Corollary 6.33.
[

Remark 6.35. If we choose m = 0, this space will be the same as defined in [29].
Hence, Theorem 6.34 generalizes the [29, Theorem 2.7]. It should also be noted that
these spaces are very useful in computing the Hausdorff dimension of Weierstarss-

type functions, see, for instance, [60].

6.5 Conclusion

In this chapter, we have studied a few properties of invariant measures associated
with the IFS whose attractor is the graph of a FIF satisfying a given set of data points
(Lemma 6.4, Proposition 6.6, Corollary 6.9, Theorem 6.12, Theorem 6.16). Further,
we have given a fractal transformation between the unit interval I and graph of FIF
G(h*) (Theorem 6.18). Also, we have defined a fractal transformation between the
graphs of two different FIFs satisfying a given set of data points (Theorem 6.19).
Later, in Section 6.4, we have defined function spaces (Subsections 6.4.1, 6.4.2, and
6.4.3). Further, we have provided some results that give conditions under which a
FIF becomes an element of those spaces (Theorem 6.21, Corollary 6.30, Theorem

6.34).

kR kR okokokok kook >k
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