Chapter 3

Multiple p-stability analysis of
time-varying delayed

quaternion-valued neural networks

3.1 Introduction

This chapter investigated the multiple p-stability analysis of n-dimensional quaternion-
valued neural networks (QQVNNs) with unbounded time-varying delays (UTVD) and
two general classes of activation functions (AFs). The time delay is another impor-
tant aspect that needs to be considered for the applications of neural networks (NNs).
In fact, when it comes to the memory functions of neural network models of the hu-
man brain, the current state is often associated with the previous ones. Due to the
finite switching speed and interneuron conduction distance of the amplifiers, time
delays are invariably present in some real applications of artificial NNs. It should

be noted that most researchers have focused on research by assuming bounded time
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delays i.e., 7(t) < 7, where 7 is a fix constant. However, answering the follow-
ing questions is an interesting problem in both theory and application: What will
happen if the delays are unbounded? Can we give a more detailed analysis of the
dynamical behavior for the systems with unbounded delays? If so, how large can
the delay be while the delayed systems still have stable EPs? In chapter paper, we
have given confirmatory answers to all the above questions by introducing a modern
concept of p-stability, which is a generalization of power-stability discussed in [45].
We have pointed out that as the delay increases, the stability of the EPs will change
from exponential-stable to power-stable, log-stable, and log-log-stable. Keeping all
the existing EPs in mind, in this paper we have discussed multiple u-stability concept

with UTVD two general classes of AFs.

3.2 Model Description and Preliminaries

In this chapter, let us consider the following QVNNs with time-varying delays as

@i(t) = —dizi(t) + Z hijgi(x;(t) + Z wijg; (i (t — 755(t))) + ki,

i=1,2,..,n, t>0, (3.1)

where x(t) = (z1(t), x2(t), ..., 2, (1))T € H", ;(t) represents the state variable of i-th
neuron at a time ¢; d; € R with d; > 0 is the sclf-feedback connection strength; h;; €
H and w;; € H are, respectively, the instantaneous and delays synaptic connection
strengths from j-th to i-th neurons of the network; k; € H is an external input to
each neuron; 7;;(t) < 7(t), represents the varying delay with 7(¢) > 0; ¢;(-) : H — H

denotes quaternion-valued activation function.
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Let us use the following assumption throughout this chapter to explore the dynamics

of the system (3.1).

Assumption 3.1. Let z; = 1:(0) + :z:( Vi 4+ :13( )] + :1: U e H, be arbitrary. For all

Jj=1,2,....,n, g;(z;) can be expressed by its real and vector parts with
0), (0 1 2), (2 3), (3
9i(a)) = 9, @") + 0" (1 + ¢ @i + 97 (),

where g( )() with b = 0,1,2,3, are real valued continuous functions on R, which

belong to the following two classes of functions.

Class A: For j = 1,2,...n; b = 0,1,2,3, g](»b)(~) are twice continuously differen-

tiable functions, which agree with the following two properties:

(a) The following limits exist,
lim g”(¢) =w”,  lim g”(¢) =0

£—>ooZ

(b) There exist U ) € R, such that

(@) > @)y >0, (- () <0, foreeR\ o\,

where the superscripts ’ and ”, respectively, indicate the first and second derivative.

Class B: For j = 1,2,....n and b = 0,1,2,3, there exist ugb), Zb), pgb) ql(b) € R,
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such that

/

u, if 2 € (—o0,pf),

9; (&) = 1a"©). ifee” ",

v]('b)a 1f f S (Q§b)7 +OO)7

where g(b)(-) are continuously differentiable and monotonically non-decreasing on

J
b b
P\, q"].

Remark 3.1. From Assumption 3.1, it is seen that Class A consists of bounded

sigmoid functions, for example tanh &, arctan £ and H% Whereas Class B con-

sists of non-decreasing functions with saturation, for example, the piece-wise linear

() (b

functions with two corner points at p; ', ¢, as
) (b)
b b Uy Uy b
(&) = u” + € =),
4, —D;

whose standard form is

o€ = (e +1 e — 1.

Remark 3.2. In [7], the multistability analysis of QVNNs with bounded time-varying
delay was investigated, in which the AFs are chosen as piecewise linear belonging
to Class B. In this chapter, the multistability analysis of NNs is discussed with
both classes of AFs with UTVD. Moreover, by applying some restrictions on delays,
herein, the concept of u-stability is discussed, which is a generalization of power

stability, exponential stability, and log stability.

Based on the multiplication between two quaternions (see equation (1.13)) and by
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the Assumption 3.1, the system (3.1) can be decomposed into following four real-

valued systems as

n

i == dal” + 37 (WP @ 0) = b g @l (1)

j=1

ng o @ (1) = nY g @ (1)) +

L) J

0 O 1 1
09" @ = 7351)) = w9 @t = 7i5(1)
7=1
—w g @P (t = 75(0)) — w9 @ (¢ = 750))] + K,
il == da + 37 g @V 0) + hP g (@ (1) +
j=1
2) (3 3 (3) (2 2
pF g @ (1) = b g (@ (1)) +
0 1 1 (1 0
[0 @0 = 750) + 0 g @ = 750)
Jj=1
2) (3 3 3) (2 2
o (@ = (1) — 0o @ b =g 0)] + K,
#? = _ ga® *Z [h(m O @2 (1)) + h2g® (20 (1))—
M”“kﬁ(»+h?@%@%ﬂﬂ+
092 @P (1 = 750) + 0P g @t - 75(1)))
Jj=1

1 3 3 3 1) 1 2
—wfgP @ (= 7)) + w g @ (¢ = 7)) + K,
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561(3) _ (3) +Z [h(o) (3) )) h(3) (0)<x§0)<t)>+
hg @ (1) = g (1) +
Z (099 @t = 7i50) + w9l @ = 735)))
F g @ -7y (10) — 0 @m0 + kY
The equivalent initial conditions of system (3.1) are given by

2(0) = ¢"(0), 0 € (—00,0],
where ¢{” (6) € C((—o0,0],R), b=0.1,2,3, and i = 1,2,....n

Fori=1,2,....,n and gi(b) (¢) in Class A or Class B, the following real-valued contin-

uous functions can be defined as

G () = — i+ (h) +wi)g”(©), (3.2)
GO(€) = — di + (WY + )9 (&) + 7, (33)
GV = — dig + (0 + w)g” (&) + 1", (3.4)

where £ € R, b=0,1,2,3, and ﬁi(b) and 775”) are real constants which are defined as

A= 3 max {0+l (1) + w0 } -
J=1,j#i
Z [min{(hg;) (1)) fl) (}Z(;)+w£})) ()}+IIIHI{(h§]2-)+w§?))u§-2),(h£?)+w§]2-))v](.2)}
Jj=1
i {09+ wu® (0D + @0} | +

¥ %]

kL,
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771(0) = Z min {(hfj)) + wf?))uﬁ-o), (hg?) + wg))vﬁo)}—
J=1,4#i

() v

> {max {(h(j) +uwul?, (h) + wg;))v§1)} + max {(h<]2> + @)@, (b2 +u@ ) )}

Jj=1

+ max {(hg’) + w§?>)u§3), (h( ) 4 w(g)) (3)} + k;o),

R 0 0 i 0 0 0
771‘(1) = Z max {(hgj) + wf]))u; )» (th) + ng))’ug» )}+
=17

n
0 1 1)y (0 2 2y (3 2 24 (:
Z |:max {(hgjl) + wz(]l))ug ), (hz(.j) + wl(j))zwj(. )} + max {(hl(-j) + wl(j))ug- ), (th) + ng))vg('d)}

j=1

,min{(hg_?) + )l (n® +w$>)v§z>} ol

f]l(l) Z Inin{(l © 4 (0)) () . (h! (0)+ (0)) ﬁ )}+
J=1,j#t
1 1) (0 1 1)y (0 . 2 2 2 2)\ (3

Z [mm{(h( ) 4 EJ))US )7(h5j) _~_wi(j))vj(' )} —|—rn1n{(h< ) 4 ! )) uf )’(hgj) +w§j))%(- )}
j=1

— max {(hgf) + 11)2(‘?))11,;2) ( (3) + w; J})) ;-2)} + k:gl),

n
i = > max{ (b +w)ul, (b + w4
J=1j#i
Z {mm h(2) " w(z))u(o) (h(z) 4 (2)) J(o)} — min {(h,ﬁj.) + wE}))uf)’ (hﬁ;) + wg;))U](S)}
j=1
—|—max{(h< +w(3)) (1) (h(3) +w(3)) (1)} +k72(2):
(2 . 0 0)\ (2 0 0)\ (2
77@( ) — Z mln{(hz(j) —Q—wl(j))ugv ), (hgj) +wl(j>)v§ )}+
J=T1,j#i
. 2 2)y (0 2 2), (0 1 1)y (3 1y (3
Z {mm {(hl(»j) + wﬁj))ug >, (hl(j) + ng))v;» )} — max {(h,gj) + wl(j))ug. ), (hz(.;) + ng))v]( )}
j=1
3 3 3 3 2
+m1n{(h( ) 4 §j))u§.”,(h§j) +w§j))v§1)} +k£ ),
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il = 3 ma {0 w6+ w e |+
j=1g#i

My, 2) 1) Dy,,(2)
) G () + 0y }

Z [max {(hgf) + wg’))u;o), (hg) + wg?)v(o)} + max {(hg) +tw
j=1

+ 5,

_ min {(hg) " w§j2>),u§_1>7 (hg) n wg))vg_n}

(3 . 0 0)y, (3 0 0)y,.(3
771( ) = Z min {(h,gj) + w(j))u; ), (hgj) + urij))vﬁ )}
J=1,#i

+
j=1

min { (A + w)ul”, (1 + 0ol b+ min { B + w Py, (1) + 0l )

—maxc { (h) + w1 + w0y + k.

The configurations for ng)({f ) and ng) (&) are depicted in Figure 3.1 and Figure 3.2.
Remark 3.3. From the definitions of ﬁ,fb) and ﬁz@, it can be concluded that G’Eb) (&) >
GVZ(-b) (€) forallb=0,1,2,3 and i = 1,2,...,n. Moreover, we can say that ng)(f) and
él(-b) (€) are vertical shifts of é’l(-b) (€). Since ¢; > 0 and by virtue of Assumption 3.1,
we can see that

lim GP(¢) = 400, lim GY(€) = —cc.

§——o0 §—+o0

)2 p® < 6® and

Thus, there exist pgb) < 0 and cjgb) > 0, in such a way that pgb <p,q <gq an

3.3 Main Results

In this section, based on the geometrical behavior of AFs and by using Brouwer’s

fixed point theory, a few sufficient conditions are obtained to ensure the coexistence
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of 81" equilibria, out of which 16™ of those are locally u-stable.

3.3.1 Coexistence of multiple equilibria of the system (3.1)

At first, let us propose some sufficient criteria to ensure the coexistence of multiple
equilibrium points of the system (3.1). Here the first parametric condition for system

(3.1) is proposed with AFs belonging to Class A and Class B, respectively as

A (b) d; _
(Cl ) I?é}l'%xg7 (5) > hg)) 4 wflo) > 07 v ]-7 27 , I
where b =0, 1,2, 3.
/ d;
CH) maxg” (&) > —— >0, i=1,2,...n
( 1) (eR 9; (5) hg}) + U)Z(,LO)

where b =0,1,2, 3.

Lemma 3.1. For i =1,2,...,n, let us assume that gl ?)(-) be in Class A (resp. Class
B) with b = 0,1,2,3. If the parametric condition (Cq') (resp. (C%¥)) holds, then

there exist real constants p ) and q( ) such that

1. G\ (¢) is strictly decreasing on (—oo, pi”].

2. égb) (&) is strictly increasing on [ﬁgb), cjfb)].

3. égb) (&) is strictly decreasing on [dgb), +00).
Proof. Here, the proof for the activation function g in Class A is derived only.
The proof for the Class B can be omitted because in a similar way we can prove
it. Differentiating (3.2), we have égb)/(g) = —d; + (B + wl)g! ®'(¢).  Since

MaXecr gf ),(5) gfb) ( ,(b)), and from the condition (Cf'), we get G ( L(b)) =
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—d; + (B + w4 ® o) > 0. And we also have limg 100 gz.(b)/ (¢€) = 0, hence
we have limg_, 4 o é,(b),(f ) = —d; < 0. Since é,@/ is continuous on R, so by interme-
diate value theorem for continuous functions there exist real constants p ) and q

with 5" < 0" < ¢ such that G (5\") = ng) (@) = 0. Next, we have discussed

the monotonicity parts of this lemma.

1. When ¢ € (—o0 pgb)], it follows from (£ — afb))g§b)//(£) < 0 that é@”(g) > 0.
Hence C;’Eb (€) is strictly increasing function on the interval (—oo p7 ] There-

fore, for £ € (—oo,ﬁgb)], we have égb)/(f) < G(b) (p( ) = 0, this implies G(b) is

strictly decreasing on (—oo, ﬁgb)].

2. When ¢ € [pZ ,qz(b)] it follows from (¢ — (b))gZ Y (&) < 0 that éﬁ”)"(g) > (0 for

cep (b), ; ) and é(b),,(ﬁ) < 0 when 5 € (o (b),ql( )] Therefore égb), is strictly

increasing on the closed interval [ 5 )] and strictly decreasing on the closed

interval [&i 4 (jl-(b)]. So for any ¢ € (pl(b), z(b)} we have ng (&) > G(b) (~- ) =0
and similarly for any ¢ € [& Z(b), qf )) we can see that @Eb),(g) > Gl (b)’ G (b)) 0.

So it can be concluded that G O > 0 on (ﬁgb)7 (jgb)) and hence Gg ) is strictly

increasing on the interval [p; ), q,(b)]

3. When ¢ € [~Z(.b),+oo), as (£ — Ui(b))gi(b)ﬂ(ﬁ) < 0 one can obtain G(b)”(f) <
0. Hence égb), (€) is strictly decreasing function on the interval [ql( )7+oo)
Therefore, for ¢ € [, +0c), we have G(b (€) < C;’Z(-b)/(cji(b)) = 0, which clearly

implies that G,L. is strictly decreasing on []32( ), +00).

O

Remark 3.4. Tt is noted that for the activation function in Class B, we have p( = pgb)

and ¢, = q”.
Remark 3.5. Since G‘Eb) and ng) are vertical shifts of ng), then G®, @Eh) and G‘Eb)

have same monotonic intervals.
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Now, for both classes of AFs, here the second parametric conditions are given which

are used to derive the coexistence of multiple equilibrium points for the system (3.1):

(Cy) Foreachi=1,2,,...,n,
GO <0, > 0,6=0,1,2,3.

Lemma 3.2. Fori=1,2,...,n, let gl-(b) in Class A (resp. Class B) with b= 0,1, 2, 3.
If both parametric conditions (Cf) (resp. (CH)) and (Cy) hold, then there exist real
constants a( (b) b(b) b(b) ¢ ) and éz(-b), with agb) < ng) < égb) and af’) < @Eb) < égb)
such that

GPa" =@y = GV M) = GV EM) = ¢P(E) = ¢y = o.

Proof. Here, the proof for Class A is only discussed. In a similar manner, the proof

for Class B can be derived. Since égb), GAZ(-b) and ng) have same monotonic intervals,

therefore CAJ,(b) and é,(b) are strictly decreasing on (—oo,[)gb)]. Clearly, we have the

following inequalities, GX”(5”) < GP(;") < 0 and GV ") > GV E) > o.

2

Then by using the intermediate value theorem on continuous functions, there exist
a§”> and dgb) such that ng)(aEb)) = 0 and é§”>(a§b)) = 0. In a similar manner, the

remaining constants can be obtained. This completes the proof. O

Next, let us denote the intervals I = [a{, a{™], 1™ = 5§ 1O — [ &®),
where b = 0,1,2,3. Herein, the superscripts “I”, “m”, and “r”, respectively repre-

sent “left”, “middle”, and “right”. Then for each index o = (o, g, ..
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feil

e

F1cURE 3.1: Configurations for C;*l(b) and va'gb) for the function in Class A

aw

a®

FicURE 3.2: Configurations for G‘l(»b) and G’Eb) for the function in Class B
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. Qup), Where o is “I”, “m” or “r”, we denote

Qa::{(xhag,“wmnfﬂelﬂﬂxp)GAﬁmaﬂxS)EAéUa””,x?)GAﬁma%+ﬂ

1:55) e Ii(3)613n+727 for Z = ]_7 2, ..,TL},

and Q) = {Q“|a = (o1, gy .oy (ugyy) With o is “U7, “m”, or © ”} It can be seen that,
there are 3*" elements of the type Q% in Q, which are disjoint regions in H". Now,
let us introduce some more real-valued continuous functions to make the proof of
the following lemmas in an easier way. For any given x = (11,22, ..., 1,)T € H", let

us define the functions ng) :R— R as
G () = ~di& + (h + g (&) + 1", (3.5)
where b =0,1,2,3, 1 =1,2,...n, and

= 3 (Y +w)g” @) - Z[(h“w“)) ) + () + w)g? @)

J=Lj#i j=1

+m”+w))®($ﬂ+ﬂ)

V= 3 () +wl) §”<x,§”>+§:[(h&_}’+w£}>>g§°><x,§°>>+<h§?+w§_?’>g§3><x§3>>
J=1,#i j=1
- ) P ]

n n
i = 50 0+l 4 30 [0+ el - 0 + w7

j=L,j#i J=1

+mm+wm)m(pﬂ+éq



Chapter 3. Multiple p-stability analysis of time-varying delayed quaternion-valued
neural networks 78

o= 3 0+l <”<?+§2[*”“” )9 7@”) + (0 + ) @)

=L

(b2 +u®)g ()] + 5D,

From the definitions of ng) (€), ng)(f) and ng) (€), we can say that ng)(f) and
C;',Eb) (€) are also vertical shifts of G,gb) (€). Moreover, we also have the following

inequality

~

G <P < @), veeR (3.6)

Lemma 3.3. Under the Assumption 3.1, if the parametric conditions (Cs') (resp.
(C%)) and (Cy) hold, then there exist 3*" equilibrium points for the network (3.1)

with AFs of Class A ( resp. Class B ).

Proof. For any arbitrary x = (xy, o, ..., z,,) € H", we can define the functions Gl(b)(~)
on R in the form of (3.5). Since G’Eb) (€) and égb) (&) are vertical shift of ng) (&), then
by using Remark 3.5 and Lemma 3.1, it is be casy to say that G,(b) (&) is strictly

decreasing on (—oo pl ] and [q( ) ,+00), and strictly increasing on [pg ), ql( )]

. From
the inequalities G( ( ) > 0 and given in (3.6), we have G( (]UZ ) > (. Again from
the inequalities G ( p )) < 0 and also in (3.6), we get G ( (b)) < 0. Similarly by

using the inequalities G\ (¢”) > 0, G”(3”) < 0 and in (3.6), we obtain G\” (5") >
0 and G(b (qzb)) < 0. So there exist exactly three points :E(b)l I(b)l (b)m Il-(b)m

and 2" € I such that GV (2" = G (") = G (") = 0.

Now, for a given Q% in Q, suppose the index o = (ay, o, ..., aq,) where, «; is
“", “m”, or “r”. By taking z = (z1,29,...,x,) € Q% arbitrarily and putting it
into (3.5), we get the corresponding functions Gl(-b) (¢), and exactly one point z =

(2,29, z,)" € O where g, = 2\ 4 gVt 4 gPoeeij 4 g @i quch

that G(b (z b)ab”“) =0 with b =0,1,2,3 and i = 1,2,...,n. Then we can define
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a mapping V : Q* — Q% by V(z) = z = (2,2, ...,x,). It is easy to check that
mapping V' is a continuous function. By Brouwer’s fixed point theorem, V' has at
least one fixed point z = z € Q% which is also an equilibrium point of the system

(3.1). Consequently, there exist 3" equilibrium points of the system (3.1) and each

of those lies in one of the 37" regions Q%. O

113 ”

Next, for each index oo = (ay, ag, ..., ayp,), Where «; is “I,” or “r,” we denote

0o = {(II,'l,.IQ, )T € HY2” € [0 41 g [omsi ) g [@Poznti

./131(3) e ji(3)(13'rb+i7 for Z e 17 2’ ..7n}7

and
O = {Qa\a = (1,9, ..., ) With oy is “I7, or “7’”}, where fi(b)l = (—oo,lgz(b)),

ii(b)r _ (556)7 +00) and b=0,1,2,3.

Here, 2% elements of the type Q% in Q can be obtained, which are disjoint regions
in H".

Lemma 3.4. Under the Assumption 3.1, if the parametric conditions (C1') (resp.
(CH)), (Cy) and wg)) >0,4=1,2,...,n hold, then each region Q® € Q is positively
invariant with respect to the state trajectory of the system (3.1) having AF's of Class
A (resp. Class B).

Proof. Consider any one region Q® € . Without loss of generality, assume the
index « = (1,1, ...,1). Then we may take the initial condition for the system (3.1) as
2(0) = ¢;(0), 0 € (—00,0] with 2(0) = ¢(0) € (—00.b”), where b =
0,1,2,3 and ¢ = 1,2,...,n. We claim that for all ¢ > 0, the solution z(t) =
(x1(t), xo(t), ..., x,(t)) with initial condition satisfies —oo < xl(b)(t) < 135”, where

b=0,1,2,3 and i = 1,2,...,n. If possible, let us assume that it is not true, then
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there exists a time to at which z(t) first escapes from Q. For convenience let us
suppose that the real part of the i,-th component z;, of z is the first (or one of
the first ones) that escapes from (—oo, ng)) at time ty. That is for all i = 1,2,...,n
and b = 0,1,2,3, there exist a ¢y > 0 such that 2\”(t) < b — ¢o,t € (=00, %),
:1;53) (to) = EE ) — ¢y and x( >(t0) > 0. Due to wz( 20 > 0, the monotonicity of g( ) and

the parametric condition (Cy), we can obtain

i1y (o) = —digayy (1) k(°)+Z[wg§°) 0(t0)) = b gy (@8 (t0)) -

Bl @ o)) — ) o¥ (2 (to)) |

tngJ J
+ 37 [0l @0t = g (t0))) — wiy) g (@ (b0 — 7iog (1))~
j=1

w29 @ (to — i (t0)))) — i) g (257 (t0 — 7y (t0))]

7(0 0 0) 0 0 0
< a0 - )+ (10, + )OO — )+ > max {1 +

— 1010 1070
J=Lj#io
(0) wulM | (A 4Dyt
(loj ZOJ)U } Z [mln{ Z()] 10]) (hl()3+ ZO] j }+

min{( @ 4 @D () 1w ()}+min{( ONRCINE

0] J N\ 07 0] J 107 103 J ?
p3) (3)y,,(3) (0)
( "10] + wlo]) } + kio

A b A~ ~
=GP0 ) < G0 =0,

which is a contradiction. So the considered hypothesis is wrong. Hence, each Q“ is
a positively invariant under the state trajectory of the system (3.1). This completes

the proof. O

Theorem 3.1. Under the Assumption 3.1, if the parametric conditions (C1!), (Cy)
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and wg] ) > 0,7 =1,2,...,n hold, Furthermore, let us consider there exists a non-

decreasing function pu(t) > 0 with

lim wu(t) = +oo0, lim @ =qp, lim ()

L SA— )
t—+o00 t—+o0 [ t) t——+o00 M(t — T(t)) + 60) (3 7)

where «g, [y are non-negative constants. Moreover, if there exist positive constants

§i(b) for b=0,1,2,3 and ¢ = 1,2, ..., n such that
(i + 006 + 3 AW + 3 Al +Z In e +pr>|h<3’|s<3>+
j=1 7j=1

(1+ o) {Zﬂﬁo)lwu & +Zp wl) £“>+Zp w? s<2>+2p§3>|w }

(3.8)

(—d; + o) 5()"‘2/7;1)“7 |£(1)+ZP(O h(1)|§ +Z (3) h(2)|§(3 +Zp]2)|h(3)|£(2)+

J=1 s
(1+ Bo) {Zpgl)h% 5(1 —|—Zp (1 5(O)+Zp (2 6(3)+Zp§2)|w(3) }

(3.9)

(—d; + a) 5(2) + ZPEQ)VL |€(2) + Zpgo)lh@)lg(o) + Zpg (1)|§(3) + Zp71)|h(3)|§‘(1)+
J=1 J=1

(14 o) {ZP(2)|% €2 + Zp(O) (2)|€(0> n Zp(s) D1e® 4 Zp(l)|w(3)|§‘(l)} <0,

(3.10)
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(=di + g 6(3)+Zp§3)|h |€3)+Zpgo)|h g +Zp(2 h(1)|€(2)+Zp71)|h(2)|€(1)+

J=1 j=1
(1+ﬂo>{Zp.§-3)lw£?)553)+Zp§~°) i £(O>+Zp wll)| §<2>+Zp§”|w<2>|§-(”} <o,
Jj=1 j=1
(3.11)
where max{g)” (a"), {" (")} < pi" < min{g{”" (5{"), g;” (&)} Then the sys-

tem (3.1) with the AFs of Class A and UTVD has 16™ locally u-stable equilibrium

points located in [0

Proof. For AFs gi(b) in class A (b =0,1,2,3; i = 1,2, ...,n), we introduce §Z(.b), §§b)

such that
b . by by — b (b
st = min{¢]g” (€) = p”}, 517 = max{€lg” (€) = "},
where s € (a”,"), 5" e (B",é"). From Lemma 3.4 each Q" of the 16"

elements in (2 is positive invariant set for the system (3.1), where

[19e%)]

: Win
a = (ag, g, ..., 04), o is “U", or “r”,

Q" = {(:cl, Ty, ... tn)! € H”|xl(-0) € TZ(»O)M., xl(-l) € Tgl)a”“, x?) € 752)%"“,

(3) € 1(3)%"“ fori=1,2, ..,n},

and

Q= {ﬁam = (1,9, ..., aq,) with o is “I”, or ¢ ”} where I() (—oo7§§b)],
751’"" = [E,Eb), +o0) and b = 0,1,2,3. By using Lemma 3.3, the system (3.1) has unique
equilibrium point z* = (27,23, ...,2) lying in Q. Now by using the translation

Z(t) = x(t) — x*, the system (3.1) can be transformed to

Ti(t) = —d;T(t Zhng z;(t Z wi;g;(T;(t — 75(1))), (3.12)
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where §;(Z;(t)) = gi(x:(t)) — gi(x}). Again by using the multiplication rule between

quaternions, the equation (3.12) can be decomposed into four real-valued systems

of equations as

7 (t) =

>
() = —d
w70 = -

22[3#>“’» PTG )~
nPgd @ (0) - h @ )]+

[0 @t — 75(0) = w7 @ (¢ - 7(1))-

w g @ - 7(0) — w7 @ - 75(0)].

1)+Z [h(o) (1) (1) ))+h1) 0)(—(0)( )+

7@ ) - ngP @ )]+

> [5G~ 7))+ 50 G ¢~ 70+

w g @t = 75(0) = w0 7P @ - 7))

dz‘fgz) Z [h(o) —=(2) —(2) ))+h$2)§§0)(_€-0)(t))—

J

g 8 @0 0) + 17 @ (0)]+

§j@9¢2%m (1) + w70 @ (¢ = 7 (6) -

w70 @ 0 =7 (0) + 0TV E (= 7y (0))],
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~(3 |
77 (t) = —d ”+Z{3& (1) + P70 @ (1) +

PgP @ W) - nPg @ )]+

 [0l08 @~ 7y(0) + T @~ 7y () +

Jj=1

wl g @D (- 7y (0) — wPg @V - 7))

where T(b)(t) =z (t)— *(b and g(b)( (b)( ) = gz(b)( Eb)(t)) (b)( ) By virtue of

Mean Value Theorem, there exist ’y( ) between :E( )( t) and z; *®) , and also gi( ) between
(b) (t —7;(t)) and a:~ ) such that

#@WM—&N®>W&

3@t = 7;(1) = g () (¢ = 75(1))-

Let X“(1) = u(0)z"(t) (b = 0,1,2,3) and for our convenience we set

XO() = (X7 (), X (1), ..., X (), XD (1) = (XU (1), XSV (1), .., X3V (1)), X (¢) =
(XP), X2 @), .., X2 (1) and X (1) = (XP (1), xP 1), .., xP (1)),

X(t) = (X0, X000 X", xO 1)),

From the equation (3.7) and inequalities (3.8)-(3.11), we can find a sufficiently large
time T > 0, such that for all ¢ > T, t — 7;;(t) > ¢t — 7(¢t) > 0 and the limiting

expressions of (3.7) attain their limiting values V ¢ > T.

Next, we define

Z(t) = sup || X (s)|e, t>T. (3.13)

s<t

where || X (s)[le = max{[| XO @)l cor, | XD @) [l 12X @)l || X ()| }
with [| X O (1) ce) = max; <<, { (€)X @)}, b=10,1,2,3.
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It is claimed that Z(t) is bounded, which implies || X (¢)||¢ is bounded too. From
eqn. (3.13), definitely we have || X (s)||¢ < Z(t), V t > T. If possible there exists a

special time ¢ such that || X (¢)||¢ = Z(t), then there are following four possible cases:

Case 3.1. An index i) = i(”(¢) depending on t exists such that

IX(@)lle = 12X ) lewr = (€)X (1) (3.14)

Case 3.2. An index i) = i(Y)(¢) depending on t exists such that

IX(@)lle = 1XD0)lew = (€)X ()] (3.15)

Case 3.3. An index i® = i®(t) depending on ¢ exists such that

IX(@)lle = 1X2(0)lew = (€)X G ()] (3.16)

Case 3.4. An index i®® = i®(t) depending on t exists such that

IX(®)lle = XD @) e = (€)X E 1)) (3.17)

Here we discuss only Case 3.1, similarly, we can prove the remaining cases.
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From (3.14), we have ffg%”X(t)Hg = |XZ.(3))) (t)|. Now

d|x ) (1)

e = sign{ X0 (0} X0 (1)
= 979”{7“ (0)( )}ll(f)T,m)( )+ 979”{7" (0)( )}H(?‘ﬁi?o)) (t)

= sign{z0) () H®)T 0 (1) + sign{z, m)()}u(t){ di T (1) +§nj[ Wi, 3, @ (1)

_p® —(1)(—/1)( t)) — h(2) —(2)( ,(~2>(t)) 13 —(3)(—{3)( ))}-ﬁ-

i©;9 HOY ;9

[ o _(0 (0) (t = T0;(1))) — z((lu)u?gl)(_(l)(t = 7w, (1)) =

’L(O)j J
Jj=1

w®) 77 @ (t - 70, (1) — w77 @ (¢~ T, ()] }

. —(0 0 0 1 1 1
Su()x(«?)()lw(t){ z<o>|xbm>|+2[mj O N0 @) + 1 o8 (5

1 2 2 2)\ |=(2 3 3 3 _3 0
< [0 (0)] + 1,95 () O+ [ lof™ ()1 (¢ }+Zﬂw§«%7

0 0 0 1 1 —(1 2
x g8 (SNN@ (¢ = 70 O] + w108 (SN E (8 = 700, ON] + [ |

2)’ 2 3 3 —(3
x gy (@ (= o (D) + ) 0¥ () (=S ’(t—wj(t))n]}
—(0) —(0 0) (0)=(0 1 1 —(1
<u<>T<<0><>|+u<t>{—diw>|m£(3>|+2[h&%lm)Im.i-’(w+|h§<3 105 x 7 1)1+
=1

|h(2)

z(o)]

P2 O+ 1051V O] + 3 [l 10871@ (¢ = 7o ()] +
j=1

it ;105 1@ (8 = o, OD]+ w1057 1@ (¢ = 0,5 (0)) 1+

@) 108 1@ (¢ = 7y, (0)) ] }

(1) 0 - 0 0 1
< (- d;<n>+m|x<@1 )+ 3 (IR 1IX D @) + 1150, 10871 XD (8)]+
j=1

B2 1021 XD 1))+ [hE) 1p 1 x (1 }+§:W$Q(WXWU—WMUW+

i(0) (0

1 (1 1 2 (2 2
) o5 1X (= 7o ()] + w1057 1 X5 (8 = 7 ()4

(05
p(t)
p(t — 70 4(t))

(t)
< (- d,<o>+%>ém)nx<°>< \|g<o>+z[|h‘mj AV EDNXO @) e + [RGo),10ED

X IXDO @l + 1 107D IX D @)l + B 105767 1X O @)l |+

107 1K) (¢ = 7o ()]

0 0 0 0 (1
> [0l 1 IX O E = 7o () o + ol 1SV NXD (8 = 70, () ew+

Jj=1
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pu(t)

(2) (2) (2)) v(2) (3) 1,(3)¢#(3) (3)
lwiior ;105 & I XG7 (= T j (D) e + |wica) ;105 &7 1 X (t—7i<3>j(t))||5<3>}m

t 0 0 (0 0) 1 (1 1) 2 (2 2) 3 (3 3
< {( d;) + t 7((0)) + Z |:h7((U))J‘ID7 )5( + |h7((u))J‘P7 )fl( + |h7(<u))J|P7 )fl( + |hf(u)>j‘P7 )ES )}"‘

n

p(t)
2696+ 15, 0+ 01+ 0] 0
(t Tv(o)j(t))

j=1

{( dicw + a0)EL) +Z [R50 105765% + 1150 1o + 110 10D el + 10 10D el] +

0 (0 0 1 2 (2 2 3 (3 3
1+ 60 3 [1002, A0 + oD + 10, Ve + ol 1606 }zm
j=1

<0.

Hence, it can be concluded that || X (¢)|¢ will be non-increasing and hence Z(t) and
| X (t)[|¢ are bounded. Consequently, for b= 0,1,2,3, each || X®)(¢t)]|cw is bounded.
Therefore, for : = 1,2,...,n and b =0, 1,2, 3, each |XZ-(b)(t)\ is bounded, hence there

exist real constants )\gb) > 0 such that |.X; .(b)( )\ < /\(b) V¢ > T. Hence, we must have

()
b A

pEF 0 <AV VST = 0] <35 V> T = [20(1) - oL

V ¢t > T. Therefore, z* is locally p-stable in Q. Since Q" is arbitrary, therefore the
system (3.1) with AFs of Class A and UTVD can have 81" equilibrium points, out

of which 16™ are locally p-stable. This completes the proof. O

Theorem 3.2. Under the Assumption 3.1, if the parametric conditions (C¥), (Cy)
and wg) ) >0,7=1,2,....,n hold. Furthermore, let us consider there exists a non-
decreasing function p(t) > 0 such that the conditions in equation (3.7) hold. More-
over, if there exist positive constants 51(6) forb =0,1,2,3,72=1,2,...,n such that in-
equalities (3.8)-(3.11) hold. Then there exist 16™ locally p-stable equilibrium points
located in 2 for the system (3.1) having UTVD and the AFs given in Class 5.
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Proof. For AFs ggb)(-) in Class B, let us define Q and Q“, where @ = (avy, g, ...y gy )

[A9eeh)

a; is “l, or “r” as

v

Qo — {(le,x%m’xn)T e |2 € [0 11 ¢ [Wanti ) ¢ [f@aanss

.7:53) c I“i(3)0z3n+i7 fori=1,2, ..,n},

and

O = {Q“!a = (o, 9, ..., ) With oy is “I7, or “r”}, where Iui(b)l = (—oo,ﬁgb)],
IUZ-(b)'" = [(jgb), +o00) and b =0, 1,2,3. From Lemma 3.4, any region Qo is positively in-
variant for QVNNs (3.1). By Lemma 3.3, the system (3.1) has an unique equilibrium
point 2* = (z}, 23, ..., 2%) lying in Q. Now by using the translation Z(¢) = z(t) — 2,
system (3.1) can be transformed to (3.12). Next we decompose (3.12) into four real-
valued system of equations il@, b=0,1,2,3, which are discussed in the Theorem

3.1. For any arbitrary given region ()~ and for the AFs in Class B, we can derive

PP =0(j =1,2,..,n;0=0,1,2,3). From (3.8)-(3.11), it follows that
(—d; + o) < 0 (3.18)
and

—(b) (=(b b b b))/ *(b
9@ 1) = 6”@ (1) = g7 @) =0,

K K3 2

3" @t —7;0)) = 9”@t = () — 0" (@7 P) = 0. (3.19)

7 (2

Here, we also consider the function Z(t) which is defined in (3.13) in the proof of
Theorem 3.1. Using the similar way as in the proof of Theorem 3.1, we can easily
prove that Z(t) is bounded and hence || X (¢)]| is bounded too. From eqn. (3.13),
definitely we have || X (s)||¢ < Z(t), V t > T. If possible there exist a special time ¢

such that ||X(¢)||¢ = Z(¢), then there are four possible cases, viz., Case 3.1 - Case
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3.4 which are already discussed in the proof of Theorem 3.1. Here we discuss only

Case 3.1, the rest of the cases will be similar.

From (3.14), we have €0 | X (¢)]l¢ = [X©) (?)].
Now,

d|x Q) (t)]

d—jf = szgn{X (0)( )}Xl(o)( )

= sign{@0) (0) }ia()T' (£) + sign{@'D) (1) bt Ty ()

= sign{T0) ()} ()T (£) — sign{T oy () }u(t)dior Ty (1)
A O ()] — dyo | X9 1)

o)
( d, +(0) + %)f((o) |X(O)(t)||5(o)

< (~dyo +%>5‘@ (1

< 0.

Using the similar logic given in Theorem 3.1, we can say that the QVNNs (3.1)
with Class B AFs and UTVD have 16™ equilibrium points which are locally u-stable

located in Q. This completes the proof. O

Corollary 3.1. (Multiple Exponential Stability) : Under the Assumption 3.1, if the
parametric conditions (C{'), (Cy) and w@ > 0,7 =1,2,...,n hold, Moreover, if

there exist positive constants 5 ") for b = 0,1,2,3,7=1,2,...,n such that
0 0)(7,(0) [ (0 1 1 (2)17.(2);£(2) 3
W+Zé%W@+Zé%|w+Z@%W5+Zé% €7+

0 0 0) 1 1 (2 2)
{zpw% I WIS S E S o <3>|53>}<o

(3.20)
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1 1 0 1 @ (3 3) 2 2)
=&+ oI + > A G “rzpj)lh e +Zp§)lh €7+
=1 i=1

j=1 j=1
{zp;. o +zp<0>|wm " 0>+zp] 0] +zp el 2>} <q
=1

(3.21)

d§(2)+2/)(2) |£2)+Zp(0)‘h |§0)+Zp]3)|h |§(3 +Zp(1)|h |£(1

j=1
{Zp§2)!w {38 +Zp§O)Iw(2)I€(O)+Zp§3)Iw [ +Zp (3)I£“)}

(3.22)

di§§3)+zp§3)!’(°)!£ “)’)+Zp§°)\h(“)’)|§(°)+Zp§2)|/ e +Zp§1)\f e+
{Zﬂ e +Zp§0)lw(3)|§(°) +Zp§2)lw I3% +Zp el 1)} <0,
(3.23)

where max{ ( b)) gJ (Vg»b))} < p;b) < min{g](-b)/( ) g] ( )} Then the QVNNs
(3.1) with time-varying delays 7;;(¢t) < 7, have 16" locally exponential stable equi-

librium points located in [

Proof. Now from the inequalities (3.20)-(3.23), we can pick a small real constant

€ > 0 such that
(~di + )¢ +Z oy g € +pr)|h“>|§ ) +Zp§2)|hw &7 +Zp§3)|h<3)|5<3>+

PET{ Zp§0)|w 5(0) + Zp§1)|w(1)|£(1) + Zp§2)|w(2)|§ 2) + ij w(3)|§(3)} <0,
=1

Jj=1 Jj=1 Jj=1
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(s + e + 3 oDl ”+pr”|h“>|f 0+ 3 O] +Zp§2>|h(‘”|£?2)+

Jj=1 7=1

eer{ Zp{gl) 5(1) + Z (())|w(1)|€(0) + Z (3)|w(2)|§ 3) 4 207 w(g)|§(2)} <0,
7j=1

(—d; +éf(2 +Z (2)|h(0)|§ 2)+ij0)|h(2)|§ 0)+Zp§3)|h(1 5(3)+ZP§1)|71(3)|5-(1)+

7=1

er{ Zp§_2)| (0) 5(2) + Zp§0)|w(2)|€(0) + Z p§3)|w(1)|§ 3) + ij w(3)|§(1)} <0,
j=1

Jj=1 Jj=1

(—d; +6§(3 +Z (3)|h(0)|§(3)+ij0)|h(3)|f 0)+Zp§2)|h(1 5(2)+Zp§1)|h(2)|€(1)+

Jj=1 j=1 j=1

n
er{ Zp |,w(0 5(3) + Zp§0)|w(3)|€(0) + ZP§2)|U}(1)|§ 2) + ij w(2)|€(1)} <0,
j=1
hold. Let u(t) = e, then

lim M =¢ lim L =e".
t=oo u(t) t=oo pu(t — 7(t))

Corollary 3.1 is a direct consequence of Theorem 3.1. O

Corollary 3.2. (Multiple Power Stability) : Under the Assumption 3.1, if the con-
ditions (C#), (C,), (3.20)-(3.23) and w” > 0, i = 1,2,...,n hold. Then, QVNNs
(3.1) with 7;;(t) < dt (0 < 0 < 1) have 81" equilibria, out of which 16™ are locally

power stable located in Q.

Proof. The proof of this corollary is very similar to the proof of Corollary 3.1. Be-

cause of space limitations, we focused only on the inequality (3.20). Pick a constant
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€ > 0 sufficiently small such that
—d 6(0) + Z (0)‘}1(0)‘5(0) + Zp 1)|h(1)|£(1) + Zp 2)|h(2)|£(2) + Zp (’3)|£(2)+

{ZP(O)“’(O)5(0)+ZP§1)|W(1)|5<1)+2952)w(2>|5(2)+Zf)53)|w(3)|5(3)}

It is noted that here the remaining three inequalities have been skipped to write due

to page limitations. Considering pu(t) = t¢, we obtain

(t t
im 2 o g 2O g
SReat) T e ult—7(0)
Thus the corollary 3.2 is a direct consequence of Theorem 3.1. O

Corollary 3.3. (Multiple log Stability) : Under the Assumption 3.1, if the conditions
(C2), (Cs), (3.20)-(3.23) and w” >0, i = 1,2, ...,n hold. Then QVNNSs (3.1) with

7;i() <t — have 81" equilibria, out of which 16™ are locally log stable.

lt’

Here, we can pick p(t) = In (1 +¢). Then we can derive oy = 0 and [y = 0.

Remark 3.6. Here we analyze several verities of stability in the p-stability framework.
The stability becomes exponential if 7,; < 7. It is noted that by increasing the
delays we can observe that the equilibrium points are still stable but the convergence
becomes slower. More precisely, the equilibrium points become power stable, if
7i; < 0t (0 < 6 < 1), and becomes log-stability, if 7;; < ¢t — L.
Remark 3.7. The main goal in this chapter is to increase the storage capacity, which
can be done by increasing the number of stable equilibrium points. Through this
chapter, it is tried to show that QVNNs will have a more stable number of equilibria
as compared CVNNs. In [46], the authors have showed that real-valued NNs can
have 2" stable equilibrium points while in [47], the authors showed that CVNNs
can have 4™ stable equilibrium points, but u-stability is not discussed in both of

these two articles. Extending the results of these two articles, we have shown that
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QVNNs (3.1) can have 2" p-stable equilibrium points, which are much more than
the stable points shown in [46, 47]. Hence, QVNNs (3.1) have more storage capacity
than CVNNs. Apart from this, through this chapter, the different types of stability

are mentioned, which are based on delays.

3.4 Numerical Examples

In this section, the numerical examples demonstrate the usefulness and superiority
of our theoretical results. In Example3.1, the dynamical behavior of QVNNs (3.1)
is discussed with two different types of delays, the first one is constant delays and
another is time-varying unbounded delays. It should be noted that to avoid lengthy

calculations, Example 3.1 is presented with the activation function in Class B.

Example 3.1. For n =2, let us take the parameters of QVNNs (3.1) as

dy =1, dy =3,
hip =3 — 0.4i + 0.4 + k, his = 1+0.5i — 0.85 — 0.2k,
hat =14 0.5i 4 0.7 + 0.5k, has = 4+ 0.4i — 0.8 — 0.5k,
wyy =4 — 0.3i — j — 0.2k, wya = 0.5 — 0.4i + 0.55 — 0.8k,
Wy =—0.640.2i —j — k, Wap = 4 + 0.4i + 0.6 + 0.5k,
ky =0, ky=0,

and the AFs gj(-b) (&) which belong to Class B as

, £€(—0,—1)

BRIl ey P = {6 e . 620

a”(€)
1, £€(1,400)
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where b = 0,1,2,3 and j = 1,2. Obuviously, we have ug) 1, j =1 p(b) = -1
and q(b) 1.

1stpart of x, 2nd part of x;

2nd part of x, ||

Tstpart of x,

1st part of x
2nd part of x

4th part of x,
4th part of x,,

3rd part of x,

— 3rd part of x,

3rd part of x
4th part of x

FIGURE 3.3: Figures (a)-(d) demonstrate the state trajectories of the 1st part-4th
part of the system (3.1) with 7;; =1 (4,5 = 1,2), respectively.

For alli=1,2 and b = 0,1,2,3, the condition (C¥) holds. Also we have wy > 0.
Next for b=10,1,2,3, we have

GV =~ +79"© +0",  GPE) =-+T70"() + .

Gy(6) = =3¢ + 8g<”><5> iy, Gy () = =36+ 8g(6) +7,

where 1) 77 =35, = -5, ﬁéb) =29 and 7721)) =-29.

Now GV =—1<0, GPEY)=-21<0,

GG =1>0 &V =21>0,
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which clearly shows that the condition (Cy) is satisfied. For the multiple exponential,
stability we take 1;; = 1 (i,j = 1,2). Neat, for the AFs in Class B, we must have
pgb) =0( =1,2b =0,1,2,3). Consequently, all the conditions (3.20)-(3.23)
are satisfied. Hence from corollary 3.1, the system (3.1) has 812 equilibria, out of
which 16 are locally exponentially stable. Now, we perform numerical simulation of
the QVNNs (3.1) by using the Quaternion Toolbox for Matlab. By tracking twenty
thousand random initial conditions, we get twenty thousand numerical solutions and
these solutions converge exponentially to the 256 stable equilibrium points. We may
approzimate the values of these 256 stable equilibrium points, three of which are listed

below:

—9.8000 + 7.6000z — 2.00005 + 6.8000k
—2.6333 — 3.2333¢ 4 2.56675 — 2.3000k

—6.2000 + 8.2000¢ — 3.60005 — 4.2000k
—2.9667 — 3.1667 + 2.50005 + 2.7667k

4.4000 — 6.60007 — 6.20005 — 6.8000k

—2.2333 — 2.8333¢ 4 3.16675 — 3.1000k

Due to page limitation, here only three equilibrium points have been listed. Figures
3.3(a)-3.5(d) demonstrate the dynamical behavior of the system (3.1) with constant
delays 7;; = 1 (i,j = 1.2), where 100 random constant quaternion valued-vectors
are chosen as initial conditions. From Figures 3.3(a)-3.3(d), it is observed that each

state meuron converges to a stable state.

In the same example, multiple power stability of QVINNs is discussed for activation
function in Class B. Here we choose the time-varying delays 7;; = 0.8t (i,j = 1,2).

Clearly, all the sufficient conditions for Corollary 3.2 are satisfied. Therefore the
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FIGURE 3.4: Figures (a)-(d) demonstrate the state trajectories of the 1st part-4th
part of the system (3.1) with 7;; = 0.8t (4,5 = 1,2), respectively.
system (3.1) has 81™ equilibrium points, out of which 16" are locally power stable.
Clearly Figures 3.4 (a)-3.4(d) demonstrate the dynamical behavior of the system (3.1)
with time-varying delays 7,; = 0.8t (.7 = 1,2), where one hundred random initial

conditions are considered.

Through Figures 3.3(a)-3.3(d) and Figures 3.4(a)-3.4(d), it is seen that on increas-
ing the delay, the equilibrium points are still stable, but the convergence speed s

decreased. Hence, we can say that exponential stability is faster than power stability.
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3.5 Conclusions

In this chapter, the multiple p-stability problem of QVNNs given in equation (3.1)
with UTVD has been investigated with two general classes of AFs. For avoiding the
non-commutativity of quaternions, the QVNNs are decomposed into four equivalent
real-valued systems, and then the state space H" is decomposed into 3*" disjoint
regions. Based on the geometrical behaviors of the AFs and by the inequality tech-
nique, several sufficient criteria have been achieved to guarantee the coexistence of
34" equilibria of the QVNNSs, out of which 2" are locally u-stable. Next, by im-
posing appropriate restrictions on the delay term 7;;(¢) and selecting appropriate
functions of x(t), multiple power stability, multiple exponential stability, and mul-
tiple log stability of the QVNN (3.1) have been obtained. The effectiveness of our

proposed theory is validated through an example.
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