Chapter 2

Theory of a-Fractal Function on SG

In this chapter, we deal with FIF and the box dimension of its graph corresponding
to a continuous function defined on SG. This chapter also explores the so-called
fractal operator, which is associated with the a-fractal function. Furthermore, we
also provide some results on constrained approximation by fractal polynomials and
study best approximation properties of fractal polynomials defined on SG. We also
try to estimate bounds for fractal dimensions of the graph of a FIF using the method

of oscillation of functions.

2.1 Fractal Interpolation Function on SG

Let f € C(SG). We construct an IFS whose attractor is the graph of a continuous
function on SG such that |y, = f|v,. Let K = SG x R. Define maps W, : K — K
by

Wilt,2) = (Li(t), Fi(t,2)), i=1,2.3,

35
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where Fi(t,z) : SG x R — R are required to satisfy the following conditions:
|Fi(.,z) — Fi(.,2")| < clx — 2

with ¢ < 1, that is, F} is a contraction map with respect to the second variable and

Fi(pj, f(pj)) = f(Li(pj)). In particular, we take
Fi(t,z) = ai(t)z + f(Li(t)) — cui(t)b(t),

where b : SG — R is a continuous function such that b(p;) = f(p;), j =1,2,3 and
for each i = 1,2, 3, a; : SG — R is a continuous function with ||a;||s < 1. We get an

IFS {K;W,,i=1,2,3}.
Theorem 2.1.1. Let f: SG — R be a given function. Then the IFS {K;W; i =
1,2,3} defined above has a unique attractor Gr(f®).

Gr(f®) = {(t, f*(t) : f* is a continuous function and |y, = fl\,V t € SG}.

Furthermore, we have the following functional equation

F) = fO) + o L7 OV = b) (L)) ¥ t € Li(SG), ie€{1,2,3}. (2.1.1)

Proof. Let C¢(SG) = {g € C(SG) : g(p;) = f(p;), ¥V j € {1,2,3}}. We observe that
the set C;(SG) is a closed set of C(SG). Since (C(SG), ||.||«) is a Banach space, we
get that C;(SG) is a complete metric space. We define a map T': C;(SG) — C;(SG)
by

(Tg)(t) = f(t) + asl(L; (1)) (9 — b)(Li ' (1)
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for all t € L;(SG), where i € {1,2,3}. It is obvious that T is well-defined. Let
g,h € C;(SG). Then

[(Tg)(t) = (Th)(t)] = |au(L7 (1)) (g = O)(Li (1)) — (L (1)) (h = b)(Li (1))
= loa (L7 (1) (g — h)(Li (1))
= loa(L7H ()] (g = I)(Li(1))]

< Ha'LHOOHQ - hHoo

< [lellellg = Alloos

which is true for all ¢ € L;(SG) and for all i € {1,2,3}. Therefore, we obtain

ITg = Thllee < [laflcllg = Plloo- Using [oflec = maxi—iagflaile < 1, we get
that T is a contraction map on C;(SG). With the help of Banach contraction
principle, we get a unique fixed point of T, namely f* € C;(SG). Finally, we
check that Gr(f®) is an attractor of the IFS. We have T(f*) = f¢, that is,
fe@) = F(L7'(@), f*(L7'(t)) V ¢t € Li(SG),i = 1,2,3. Furthermore, we get
F(LA0) = Fift, 12(1)) for i = 1,2,3.

U Wi(Gr(£*)) = US, {Wilt, f(1)) : t € SG)
-y {(Li(t), Fit, fo(t) i t € SG}
— U2, {(Li(t), FAL())  t € SG}
— UL, {(6J°(0) < t € L(SG))

=Gr(f?),

which proves the result. O

Next, we plot the graphs of f* for different values of the parameters, that is, original

function f(z,y), base function b(z,y) and scale vector a. One can easily identify the
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variation in these graphs by changing the values of the parameters. Hence, Gr(f*)

depends on these parameters, see Figures [2.1.1-2.1.4].

Gr(f*) at a =0.6 Gr(f*) at a =0.9

FIGURE 2.1.1: Gr(f®) for the various values of the a, where b(z,y) = § + § —
L3y(z —0.5), f(z,y) =5+ %.
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Gr(f*) at a =0.6 Gr(f*) at « =0.9

FIGURE 2.1.2: Gr(f®) for the various values of the «, where b(z,y) = sin(x +
3.7) + 1.3z — 2%y + 0.86622% + xy — 0.866z, f(z,y) = sin(z + 3.7) + 1.3z.
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Gr(f*) at a =0.1 Gr(f*) at a=10.3

Gr(f*) at « =0.6 Gr(f*) at « =0.9

FIGURE 2.1.3: Gr(f®) for the various values of the «, where b(z,y) = cos(2x +
5) + sin(z + 2.7) — 1.5+ 1.3x — 2%y + 0.86622 + xy — 0.866z, f(x,y) = cos(2z +
5) + sin(z +2.7) — 1.5 + 1.3z.
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Gr(f*) at a =0.6 Gr(f*) at « =0.9

FIGURE 2.1.4: Gr(f®) for the various values of the «, where b(z,y) = cos(100x +
5) + sin(x +2.7) — 1.5+ 1.3x — 2%y + 0.86622 + zy — 0.866z, f(x,y) = cos(100x +
5) + sin(z + 2.7) — 1.5 + 1.3z

Theorem 2.1.2. Let f,o; (1 = 1,2,3) and b € H7(SG) such that b(p;) = f(p;) ¥V j €
{1,2,3}. If 293||a|| < 1, then f* € HO(SG), where ||| = ||a]|oo + [0

Proof. Let H(SG) = {g € H(SG) : g(p;) = f(p;), ¥ j € {1,2,3}}. Note that the
set HF(SG) is a closed subset of H7(SG). It follows that H$(SG) is complete. Let
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us define a map T": H(SG) — HF(SG) by

(Tg)(t) = f(t) + as(L (1)) (9 — b)(Li (1))

for all t € L;(SG) and ¢ € {1,2,3}. Next, we find that 7" is well defined. Here

[ Tg(t) — Tg(t')]

Tgl, <3 max sup
] 1€{1,2,3} t£¢ t 1€ L (SG) It — IS
t)— f(t
s mas | KO
1€{1,23} | £t tt/€L;i(SG) ”t —t ”2

o (L )| (9 = DL (®) = (9= (LX)

+3 sup
{4 L €Ly (SC) It — I3
(g = V)L WDl @) = ;@)
+3 sup e
141 4, ELi(SG) 1t =[S

< 3[flo + 273l ([9)o + [Bl) +273]lg = Dllc [,
where [ = max;—1 23 |||l For g, h € HF(SG)
ITg —Th|| = |Tg — Thlle + [Tg — Thl,

< 3llellocllg = hlloe +273|atlloc[g = lo +273]lg — hlls[als

< 273|ellllg = 2ll;

whence, T is a contraction mapping on H$(SG). T has a unique fixed point in view

of the Banach contraction principle, say f* € H(SG). O

Remark 2.1.1. We recall Equation (2.1.1):

Fo) = f() + e LT O)S* = b)(L7(1) YV t€ Li(SG), i€{1,2,3}.
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Now for every t € L;(SG) and i € {1,2,3}, we have

() = F@O)] = loa (L () (f* = b) (L' (1)
= loa (L (@) [(f* = b) (L' (1))
< evilloolLf* = blloo

< lefloo | f* = bfoo-

The above inequality implies that

17 = Flloo < lledllooll £ = bllco- (2.1.2)

Using triangle inequality, we obtain Hf‘” — flloo < ool f* = flloo + |et]looll f — ] oo-

Finally, we have || f* — flloo < ||f —b||s, and

1||

_lalflo

1—Jall

1F% oo = Wl flloe < 1% = Flloo = 17 1 = blleo-

Therefore, we get || f*||oo < || f]loo +

1 Halloo |f — blloo- The above theorem coveys that

Holder constant of the map ¢ depends only on the generating function f and the

parameter maps b and ;.

With a bounded linear operator L : C(SG) — C(SG) satisfying (Lg)(p1) = g(p1).
(Lg)(p2) = g(p2), and (Lg)(p3) = g(ps), let us define a fractal operator F* : C(SG) —
C(SG) by F(f) = f*, where f* is the fractal perturbation of f corresponding to the
base function b = Lf and scale vector a = (ay, az, a3) € (C(SG))3. The upcoming
theorem contains some elementary properties of the fractal operator F*. Fractal
operator associated with univariate and bivariate function can be found in [10, 43].
The proof of the next theorem is similar to that in the previous literature, hence, we

omit.
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Theorem 2.1.3. Let Id be the identity operator on C(SG). Denote ||of =

max{ |||l : @ = 1,2,3}. Then the following statements hold:

1. Let f € C(SG) be arbitrary. Then the perturbation error is of the form.:

1o = Flloe < e e ppy

1=l
Note that, for ||a||ec =0 or L = Id, we have F* = Id.

2. Under the uniform norm on C(SG), the fractal operator F* is a bounded linear

operator. Moreover, the operator norm holds, i.e.,

lellee [1d — L]

1=l

£l <1+

3. For ||a|le < ||L]| 7Y, F* is bounded below. In particular, F* is injective.

4. For ||alleo < (14 ||Id — L||)™Y, the inverse of F* ewists, which is also bounded

and therefore a topological isomorphism. Furthermore,

- 1+ [laflso
I(F) 7 < :
1 — [|afloo[IL]

5. For ||ol|s # 0, the fized points of L and F* are the same.
6. If the point spectrum of L contains 1, then 1 < ||F¢|.

7. The fractal operator F* is not the compact operator in the case of ||| <

ILII~*

8. If |alleo < (L +|[Id — L||)~*, then F* is Fredholm and its index is 0.
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Theorem 2.1.4. For the suitable continuous functions b, a; on SG, let us consider

the germ function f such that

F(8) = O < yllt =213,
b() — b(#)] < Kyt — 15, (2.1.3)

i (t) — i (t)] < Kallt — 1]

for every t,t' € SG,i € {1,2,3}, 0 < 0 <1, and ky, ky, ko > 0. If ||| < 52, then

237
dimp(Gr(f*)) <1+ }ggg — 0.

Proof. In the light of Theorem 2.1.2 and |lo|| < 55, we get that f* is Holder

continuous with the same exponent . From the previous result, we get

1) = FWE)] < Ryt = 2113

for some ko > 0. For Gr(f®), we obtain the upper bound for the upper box dimension

1

as follows: For § = 5, let Ns(Gr(f®)) denote the number of d—triangular cubes

intersecting Gr(f®). Then
Ns(Gr(f®) <3"2+2" > 0SC/[L,(SG)]

we{1,2,3}"

<3"242" > Ko (2.1.4)

no

we{1,2,3}n

= 372 + kfa3n2"179),

Finally, we have

—— o log 3
dlmB(GT(f )) <1+ g 2 _
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Theorem 2.1.5. Let f,o;(i =1,2,3) and b € H°(SG) such that b(p;) = f(p;) Vi €
{1,2,3}. If 293||a]| < 1, where ||| = ||a]|o + []s, then

log 3 log 3

< dimg(Gr(f*)) <1+

log 2 log 2 -7

Proof. Given a map T : Gr(f*) — SG defined by T'((t, f*(t))) = t, we get

1T, 2(8))) = T SN2 = 1t = ¢ll2 < [ £2(#) = @ F* )2

Therefore, it can be concluded that 7" is a Lipschitz map. Considering the properties
of Hausdorff dimension, we have dimy (T(Gr(f*))) < dimy(Gr(f*)). We can easily

g 3
g2"

verify that T is a bijective map. Hence, we have dimy(Gr(f®)) > dimy(SG) = ﬁ
We recall a well-known result that relates the Hausdorff dimension and box dimension

in the following sense:
dimp(C) < dimp(C) < dimp(C)

for any bounded set C' C R™. Theorem 2.1.2 and the first part of Theorem 2.1.4

yields the required upper bound of the Hausdorff dimension of graph of f<. O]

In this chapter, we consider w = w!...w", where w' € I = {1,2,3} and N € N. For
w € IV, L, is defined by

Lw:Lwlo"'OLwN.

Consider V, = UC;VOZI V. In this chapter a- fractal function defined on SG is same

as previous chapter.

The Weierstrass Approximation Theorem shows that the continuous real-valued func-

tions on a compact interval can be uniformly approximated by polynomials. Whereas
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the polynomials defined on SG, which are obtained from the class of multi-harmonic

functions, do not follow the Weierstrass Approximation Theorem.

2.2 Associated Fractal Operator on C(SG)

Navascués and her fellow researchers explored the properties of fractal operators on
certain function spaces in [68, 69]. The fractal operator on C(SG) is discussed in

detail in [70].

Let f € C(SG) be arbitrarily chosen. If we choose b = Lf, where L : C(SG) — C(SG)
is a bounded linear operator satisfying (Lf)|v, = fl|v,, while generating the a-
fractal function f¢. Then the following self-referential equation is satisfied by the

corresponding fractal function f¢:
FAO) = F(0) + aw(Ly O)(f* = L)Ly (1), ¥V t€ Lu(SG), well.
Definition 2.2.1. An a-fractal operator F¢ : C(SG) — C(SG) is defined by
Fo(f) =71

Remark 2.2.1. We can see that f* and the operator F* satisfying

F(f)(x) = f(z), VzeVy.

Definition 2.2.2. Corresponding to the aforementioned class #H,(SG) and the
bounded linear operator F* : C(SG) — C(SG). The space F* (H,(SG)) = HX(SG)
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represents the space of all the fractal polynomials on SG, i.e., a continuous function

h*: SG — R is a fractal polynomial on SG if h* = F*(h) for h € H,(SG).

Definition 2.2.3. Corresponding to the aforementioned class S(Hy, V;,,, R). The
space F*(S(Hy, V;n,R)) represents the class of all (real-valued) fractal piecewise

harmonic functions, i.e., a continuous function h* : SG — R is a fractal piecewise

harmonic function if h* = F*(h) for h € S(Hy, Vin, R).

2.3 Constrained Approximation Aspects of the
Constructed Class of Fractal Polynomials and

Best Approximation Property

The following work in this section is motivated by the results provided by Viswanathan

et al. [26] and Chand et al. [64].

It is shown in this section that under the suitable parameter settings, the fractal
polynomial possesses certain properties as the original function f. We also discuss
some approximation results of the fractal polynomials under certain restrictions.
Furthermore, we prove some results related to one-sided approximation. Let us now

present the following notations:

m, =min{b(t) : t € SG}, my, =min{f(t):t € L,(5G), we IV},  (2.3.1)

M* =max{b(t) : t € SG}, M, =max{f(t):t€ L,(SG), weI¥}. (2.3.2)
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Theorem 2.3.1. Consider a function f € C(SG) such that 0 < f(t) < M for all

t € SG. If a, € C(SG) is chosen such that ||ay||s < 1 and for all w € IV, then

{ —Mey Mw—M}< () < mi {mw M—Mw}
max{ — , <ay(t) <min{ —, ———- 5,
M —m, M+ M*" M —m,

corresponding f* € C(SG) and 0 < f*(t) < M Y t € SG hold.
Proof. Note that the self-referential equation is satisfied by f¢, that is,
o) = Fu(Lo (1), f2(L'(1) Vi€ Lo(SG), welY,  (23.3)

where F,(t,x) = a,(t)r + f(Ly(t)) — au(t)b(t) and it satisfies the interpolatory
condition f®|y, = flvy. We need to show 0 < fo(t) < M for all t € SG. Since
SG =Ugepi 23y Lw(SG), a piecewise harmonic function f¢ is constructed iteratively
through the functional equation given in (2.3.3) and f®|y, = f|vy, this is sufficient

to prove that ¥ w, and (t,z) € SG x [0, M]
0< F,(t,z) < M.

Let (t,z) € SG x [0, M] and

First, we consider 0 < oy, (t) < 1. This assumption with 0 < z < M yields,

dw(t) < Fu(t,z) = ap(t)x + dy(t)
(2.3.4)

< (1) M + dy(t).
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Therefore, 0 < F,(t,z) < M holds if

0 < dy(t) < M(1— ay(t)). (2.3.5)

Keeping in mind the fact that f(L,(t)) > m, and b(t) < M* for all t € SG,

it can be readily verified that () < 5 ensures the first inequality in (2.3.5).
Recall that if M* is zero, then no further conditions on ay,(t) are required to ensure
d,(t) > 0. Similarly, using f(L.(t)) < M, and b(t) > m* V t € SG, we assert that
a,(t) < % guarantees the second inequality in (2.3.5). We thus choose a,, as

— — M

shown below to ensure that (2.3.5) holds,

0, (t) < min {— _—} (2.3.6)

Now we assume —1 < a,(t) < 0. Let 0 < 2 < M, then by using simple steps, one

gets

()T + dt) < au(t) + du(t) < du(t), (2:3.7)
consequently, for 0 < F,(t,z) < M, this is sufficient to show that

—a,(H)M < dy,(t) < M. (2.3.8)

The similar calculations as for (2.3.5) indicate that (2.3.8) is satisfied if

a(t) > ma { M Mo _M}
w = X = , .
M —m, M+

Hence, we have established the assertion. O

Remark 2.3.1. If f € C(SG) with f(t) < 0 for all t € SG, then its fractal

counterpart f* can be constructed and for all t € SG that holds f*(t) < 0. To
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obtain this, Theorem 2.3.1 is applied for the positive function f = —f and associated

function § = —s. We take a,, € SG satisfying ||awlle < 1 and

—M, my,—m < ay(t) < mi M, m —m,
max , S O, = min YT e (0
m — M* My m, m— M*

guarantees m < f(t) <0 for all t € SG.

The subsequent theorems are motivated by the work discussed in [58] and [71].

Theorem 2.3.2. Let f € C(SG) and f be an a-fractal function corresponding to
f. Then f*(t) < f(t) for every t € SG provided o, (t) > 0 and b(t) > f(t) for every
te SG.

Proof. We know that f< satisfies the following self-referential equation

F (Lo () = f(Lu(t)) + aw(®)(f* = b)(?),

for every t € SG and w € IV. The previous theorem showed that in establishing
(f*—=f)(t) <0 forall t € SG. It is sufficient to demonstrate that if (f* — f)(¢) <0
for any level on SG points, then its next level points ensure (f* — f)(Lw(t)) < 0.

We can find that the above condition is equivalent to (f* — f)(L(t)) < 0 for every

w € IV whenever (f* — f)(t) < 0. Therefore, using the above, we have

(f* = NLw(t) = au(®)(f* = b)(#)
= au()(f* = )(t) + au(t)(f = b)(D).

(2.3.9)

If we set up a,, and b as above mentioned theorem then we can determine
(f*—= f)(Lu(t)) <0 by using the assumption (f* — f)(¢) < 0, which completes the

proof. O]
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Remark 2.3.2. Using the same steps, one can verify that if a,(t) > 0 and b(t) < f(t),

then f(t) > f(t) for every t € SG.

Theorem 2.3.3. Suppose f € C(SG) satisfying f(t) > 0 for allt € SG. Let e > 0,
then we can choose a fractal piecewise harmonic function h* such that h* > 0 for

everyt € SG and ||f — h|| < e

Proof. Let e > 0 and f € C(SG) with f(t) > 0. Using Theorem 1.9.5, one can choose

a piecewise harmonic function g such that

€

_ o <
IF = gl < 5

For t € SG, define h(t) = g(t) + §. Then

hi) = g(t) = (O + (1) + 5 2 =If =gl + F(O) + 5 > F(1) 2 0.

A~

Furthermore,
€

1 = Pllso < 1f = glloc +llg = hlloo < 3

Therefore, we obtain a piecewise harmonic function h with h(t) > 0 and || f—h|s < §.
Theorem 2.3.1 yields to get h®, a positive fractal perturbation of h, now we choose

ay, € C(SG) such that ||a|e <

€
oo e get

1f = hloe < If = hllso + [[h = 7|

[lv]loo

< |If = hllee +
1 —fleloo

(2.3.10)

implying the desired conclusion. O]
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Theorem 2.3.4. Let f € C(SG) and € > 0. Then a fractal piecewise harmonic
function h® can be obtained, which always lies above f, i.e., h*(t) > f(t),V t € SG

and || f — h*||c < €.

Proof. For a given f € C(SG) and € > 0, it follows from Theorem 1.9.5 that there

exists a piecewise harmonic function h with h(t) > f(t) for every t € SG and

€
—h =.
If = hll < 5

Now we choose b(t) < h(t) and «, > 0 for every t € SG with ||of|e < par s ol

In light of Theorem 2.3.2, we obtain h*(t) > h(t) for every t € SG. Moreover,
If = h%lee <€
We, therefore, have a fractal polynomial h* satisfying the required conditions. [

We now give some basics of best one-sided approximation [66]. Consider

log3 log3
g e Tog2 doga T 1 and define

C5(SG) = {f € C(SG) : dimp(Gr(f)) < B}

In the light of [72, Proposition 3.4], note that Cs(SG) is a normed linear space (N LS).
Let {g1,...,9x} be a linearly independent subset of Cz(SG). Further, for a bounded

below and Lebesgue integrable function f : SG — R, we define

yj? = {h € span{gi,...,gn} : h(t) < f(t) for all t € SG}.
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In view of [70], the above set is non-empty. A function hy € ))? is said to be a best

one-sided approximation from below to f on SG if

/ hfd,upzsup{/ hdup:heyf}.
SG SG

Similarly, best one-sided approximation from above can be defined, see, for instance,

[66].

Theorem 2.3.5. Let f € B(SG). Then a best one-sided approzimant in Y§ from

below to f on SG exists.

Proof. Define A = sup {fsa h dp, = h e yj?} . Using a basic result of real analysis

[73], there exists a sequence (h,,) € yj? such that
/ Ry dpyy — A as m — 00, (2.3.11)
sG

Now for some positive number Mgq, we obtain

/ || dpty =/ |him — A+ Al dpyy
SG SG

S/ |hm — Al dpy, + A dpy, < M.
SG SG

(2.3.12)

Recall that any A C X in finite dimensional NLS is closed and bounded if and
only if A is compact. Since yjf is compact, we have a subsequence {h,,, } such that
{hm, } converges to h in L'(SG). Recall that on a finite dimensional linear space,
all norms are equivalent. Since H%(S G)( ) yj? ) is finite dimensional, it follows that
the subsequence {h,,, } also converges to h uniformly. Since h,,(x) < f(z) V z € SG

and h,,, — h uniformly, we get h(z) < f(z),Vx € SG. Thus h € yj?. Using (2.3.11),
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we have

h du, = lim B, dpt, = A.
/SG Pk Jog T

This completes the proof.

O
Theorem 2.3.6. Let f € B(SG). Then we can choose fractal piecewise harmonic
function of best one-sided approximant from above to f on SG.
Proof. The proof is omitted as it is similar to the previous proof. m

Definition 2.3.7. The set valued mapping Ps : Y — P(Y) is defined by
Ps(y) = {s € S: d(y,s) = d(y,9)},
where the distance function d(-,S) : Y — [0, 00) is defined by
d(y,S) = inf{d(y,t) : t € S}.

Here the set Pg is called the metric projection of y contained in S. Let us denote
the cardinality of Ps(y) by |Ps(y)|. Then S is said to be proximinal set if |Ps(y)| >
1V y €Y and Chebyshev set if |Ps(y)| =1V y €Y. If t € Ps(y), then the element

t is called a best approximation to y from S.

There are many notions and techniques useful in functional analysis that arise
from the study of best approximation. A substantial amount of research on best
approximation in Banach spaces has been done since 1970, since [74] was published.

Next, we collect some examples showing that proximinal set does not always exist.
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Example 2.3.1. If X = R? with the l;-norm ||(z,v)|| = |z| + |y| and K = {(z,y)
:y = £22}. Then for z = (1,1) € R% we get Px(z) = {(3, 1)}, and for
z=(0,1) € R?, we get Px(x) ={(—3, 1), (3, 1)}. Hence, K is not Chebyshev.

-

Example 2.3.2. Let M = {(z,y) € R* : x > 0}. If c € R*\M, then the nearest
point in M to c is the unique foot of the perpendicular that is drawn from c to the

y-axis. Thus M is a Chebyshev set.

Example 2.3.3. Assume that M = R*\ B0, 1], R? endowed with the Euclidean norm.
Since M is open, no point v € B[0,1] = R*\M has a nearest point. Therefore, M is

not proziminal.

Example 2.3.4. Let M = R?\B(0,1) C R? endowed with the Euclidean norm. It is

straightforward to verify that for each ¢ € B(0,1)\{0},

Pa(c) = {c/ell}
and Py (0) = {t € R?: ||t|| = 1}. Therefore, M is proziminal but not Chebysheuv set.

The following theorem discusses several essential aspects of the approximation class
HE(SG). We refer the reader to the book [75] for a detailed description of various

definitions that are used in Theorem 2.3.9.

Proposition 2.3.8. Let us note the following:

1. ([75], P. 440). LetY be a NLS and W be a non-empty approximately compact
subset of Y, then the metric projection Py 1Y — W is upper semicontinuous

(u.s.c), with compact values.

2. ([15], P. 434). Let Z, W be topological spaces and W be Hausdorff. If the set

valued map S : Z — W is u.s.c with compact values, then S is closed, that
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is, for each net z\ in Z, zx — zo, wy € S(zy), and wy — wy. It follows that

Wy € S (Zo)

Theorem 2.3.9. Let H3(SG) be the space of all the fractal polynomials. Then

(i) HE(SG) is a proziminal subset of C(SG). In fact, HE(SG) is strongly proxim-

nal.

(ii) For each f € C(SG), the set of best approximants Pya(sc)(f) is convexr and

closed. In particular, Pye(sa)(f) is weakly closed.

(iii) The metric projection Pyq(sa) : C(SG) — Hy(SG) is upper semicontinuous,

closed, and locally bounded.

(i) Pya(sqy has a first Baire class selector J : C(SG) — HY(SG), whose set of

points of norm discontinuity is an F,-set of the first category in SG.

Proof. Firstly from H2(SG) = F*(H,(SG)) and F* is a linear map. It is clear
that H%(SG) is finite dimensional. Further every subspace whose dimension is finite
of a NLS are proximinal (see, for instance, [75]). This leads to the conclusion
that HY(SG) is proximinal. It is possible to demonstrate that every subspace of
NLS, which is of finite dimension, is strongly proximinal by applying the notion of
compactness given in [76], and thus H%(SG) is strongly proximinal.

Note that H¢ (SG) is finite dimensional and proximinal, therefore Pya (s (f) is closed.
Since He(SG) is convex, it follows that Pya(se)(f) is convex for each f. Using the
fact that Pya(se)(f) is closed and convex subset of a NLS, we get Pya(sq)(f) is
weakly closed (see [75]). Proceeding to the next step, we show that H%(SG) is
approximately compact. Let f € C(SG) and h%, € H2(SG), we shall call the
sequence {h%} a minimizing sequence for f, that is, ||h%, — fllee = d(f, HE(SG)) as

m — 00. Then one gets M € N such that for m > M,
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1Pnllse < Mo = Flloo + 1 llec <1+ d(f, HR(SG)) + [ flloo == A1

Since HS(SG) is finite-dimensional, from the above-mentioned inequality, it follows
that A% is the member of compact set defined by the inequality

9]l < Az == max {|h¢]| . 1hS ]l . -- - || 2% A1}, Hence, with the help of

il
compact argument, one can choose a subsequence {hj, } such that hj, — h® for
some h* € HE(SG) and hence HE(SG) approximately compact. Therefore, item 1 of
Proposition 2.3.8 allows us to deduce that the metric projection Pya(sq) is u.s.c with
Pyase(f) compact for each f. Since H3(SG) is Hausdorff, item 2 of Proposition
2.3.8 yields that the multifunction Pya (s : C(SG) — HG(SG) is closed. It is simple
to verify that a metric projection is locally bounded. For the completeness, we shall

give some explanation. Let f* € C(SG). Consider the ball B (f*,r) centred at f*,

where f € B(f*,r) and the radius r > 0, and h* € Pya(sc)(f). Then

18 oo < 118" = Flloo + I1f = F¥I+ 11 llox
= d(f. H(SG) +If = f I+ 1f [l
<d(f* Hy(SG)) + 20 = N+ 1l (2.3.13)
< d(f*, Hy(SG)) + 27 + || f ]|
= A,

demonstrating the local boundedness of Pya(sa).

Note that every NLS of finite dimension is reflexive, and the Radon-Nikodym
property holds for every reflexive space. Furthermore, by a result of Jayne-Rogers
([77], Theorem 7), it implies that Pya(se) has a first Baire class selector J. In fact,

its set of discontinuities is an F,- set of first category in C(SG). O
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2.4 Some Remarks on the Class of Polynomials

on SG

In this section, we will point out that several distinct properties exist between the

polynomials defined on any interval of the real line and polynomials defined on SG.
Let p; : D C R — R be the polynomials of degree < n;. Then dim(p;) = dim(D).

In ( [33], Theorem 3.5), the following theorem contradicts the above result on the

space of the polynomials defined on SG also known as multi-harmonic space.

Theorem 2.4.1. If f € C(SG) and E(f) < oo, then

log 3 log(108/5)

2log?2

o2 = dimp (Gr(f)) < dimp(Gr(f) <

The polynomial of degree n defined on the interval has at most n zeros. In the
multi-harmonic spaces, also known as polynomials defined on SG may have infinite
zeros. Every polynomial defined on the compact interval is of bounded variation.
But this property does not hold in the case of polynomials defined on SG. This
follows from the two interesting notions of bounded variation. One is demonstrated
by Verma et al. in ([33], Remark 4.13), and the other one is proposed by Ruiz et
al. in ([78], Theorem 5.2). Recall that on SG any non-constant piecewise harmonic

function is not of bounded variation.

Let p,q : [a,b] — R be two polynomials with degree < n, defined on the compact
interval [a, b], then the degree of pg is < n?, whereas, every non-constant polynomial
p defined on SG, i.e., p is a harmonic function in the domain of A, then p? is not in
the domain of A, see, for instance, ([79], Corollary 3.3). Regardless of this significant

disadvantage, we can overcome it by defining a distinct Laplacian with a distinct
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measure. Kusuoka [80, 81| defined a measure for which the domain of its Laplacian
is closed under multiplication. However, the Kusuoka measure is not a self-similar

measure and that makes it significantly more difficult to study.

2.5 Dimensional Results

In [5, 25, 38, 55, 82], there are various approaches available for estimating and
computing the fractal dimension of a set. In this section, we provide some bounds
for the dimension of the graph of an a-fractal function. Bounds on box dimension of
graph of univariate a-fractal function is estimated by Navascués and her collaborators
in [25, 82]. Their research inspired us for the following results presented in this

chapter. .

In this chapter, we use method of variation/oscillation to estimate some bounds
on fractal dimension of graph of - fractal function at N-th level on SG with « as

variable scaling vector. Therefore, we denote

D, = L,(SG), where w = w'...w" and w' € I,
Deyio..won, = Lisyws..n, (SG), where wy = w,i .. .w,iv and w,i el,

Lw1w2---w7n = Lwl ©---0 Lw'm'

Now we define

G ={(t, f*(t) : t € L,(SG) and w € I} and
A = max{||aw|loo : t € Lu(SG) and w € IV},
Qmax = Max{ ||y |l : w € IV},

Qin = Min{ || ||oo : w € IV}
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For k € N, we define a,, = max{||aw,||oo : t € L, (SG) and wy, € IV}

Remark 2.5.1. Let 7y =Y ;v 0. Form € N, one gets

“m _ _
"= E Oy - o - Oy, -

wreIN

Lemma 2.5.1. Let f* be the FIF constructed using the functions f, a., b as above.
If the functions f, au,, b are Holder continuous with exponents oy, 04,0, and Holder

constants Ky, K., K respectively, then

0SCr,, (Gurwnoms) <|[0wn ||, OSCro(Liywg..con_, (SG))

Koo || + Ko ([Pl +11/°) | &
+ ONo(m—1) + 2N{r’

(2.5.1)

where 0 = min{oy, 04, 03}
Proof. Note that

Fo,(t,2) = o, (t)x + f(Le, (1)) — s, (1)0(2).
Taking ¢t,u € SG, one obtains

| o (8, £(1)) = Fooy (u, £ (u))] = [, (£)F () + f (Lo (£)) — 0, (£)b(2)
— sy () £ (w) = f (L (1) + 0 (w)b(u)|
< Jaw, (O] [£2(8) = f*(@)| + |aw, ()] [b(t) — b(u)]
+ ([b()] + £ ()]) | (0w, () = aw, (u))]
+ [ (L (1) = f (L (w))]
< Jwnll |77 = F @) + Kool 1 = wll,’

+ K¢|| Loy (t) = Luoy (w) |-
(2.5.2)
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Therefore, we have
|Fos (8, f(1) = Fuy (u, f*(w)] < ||ty || LOSCa(SG) + || || b + Ko (][B]|
K
7ol + o
(2.5.3)
Performing iteration, we have
OSCrp,,, (Gwm.__wm_l) §Hawm HOO OSCja (me_._wm_l(SG)) _
L Boflow |+ Ko (Pll + 1) |, K
INo(m—1) INo*
This completes the proof. O

Theorem 2.5.2. The following properties hold for f:

2_

(1). If apin > 2%, then iggg’ < dimy(Gr(f*)) < dimg(Gr(f®))

< dimp(Gr(f*)) < 1+ 290

(2). If 355 < Qae < 1, then (&5 < dimy (Gr(f*)) < dimp(Gr(f))

2_

_— a o log(omax
< dmp(Gr(fo)) < 1+ 183 4 loslams),

Proof. Note that f“ satisfies the following equation:

Ft) = Fu(LH(#), f*(t)) VtE€ Ly(SG) and w € IV,
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Let t,u € L,,(SG). Then we have

() = )] = [Fay (L) (8), £7(8) — Fu (L5, (w), f*(w))]

< osup [F (LG (1), 7)) — Fuy (Lo, (@), f*(@)] (2.5.5)

1,4€ Lo, (SG)

= OSCp,, [Gr(f*)].

Hence, for any t,u € L, (SG),

OSCa [Lurws..com (SG)] < OSCh,, [Guness..com -

Using the previous lemma, one obtains

OSCye [Lisriogon (SG)]

< o ool Qw1 oo - - - [t HOOOSCf‘x [SG]

| ol o el o el o
+ Ky [leNa + 2”52“”5”5'; + ”O‘W’"Q”(ij“g“;;‘l =

oy bl Pl

T e = e

+oeee (||awm|‘00||awm—1||00 T ||aw2||°°):| '
(2.5.6)

Now we are well-equipped to estimate the fractal dimension of Gr(f®).
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(1). If apmin > 2%, then we get

OSC e [Loriss.. o (SG)]
< lawn llooll @ oo - - - |0ty [[0OSCra [SG]

1 1
+—B%HaakamH&wm1wn---Hawﬁkw[l%—-———1v;-+-~~%-————————}

min 2 OﬁQON"
KfHO‘meoonawmAHOOH-HawzHoo 1
INo L+ amin2NU +oe azi;lQ(mfl)Na
o 1
+ Ko ([10lloo =+ 1100 ) [ty oo [0, 4 oo - - [t [loo {1 T oNe T
1
+ azi;12(m—1)Na

< ||awm||00||awmf1 ||<><> e Hawl ”oo [Oscf" [SG]

(o K Bl Uy (L)

amiHQNU O'min

Finally, we have

OSCya [LW1W2~~-UJm (SG)] < Ry, llooll @i oo - - - [l [loo

where Ry = OSCy«[SG]+ (Kb—l— amf’;% + Ka(”b”:’mifa”"")) (1_ L - ) Now
2 o

Lemma 1.6.2 yields

Ns(Gr(f)) <23 4+ 2" N " 0SCje [Luywy..aon, (SG)]

wellN

< 2.3Nm 4 gNm Z R, [loo 10w, 1 lloo - - - 1ot [ (2.5.7)

welN
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where 7 = ) ;v &. Furthermore, we derive that

—  log(N;(Gr(f®)) _ — log(2.3Nm 4 2Nm R, 7m)
1 < limpyye0
o0 —log(0) = Him— Nmlog(2)
g2V i) + 1o (1+ i
= lim .
HiHlm o0 Nmlog?2
(2.5.8)

Using ¥ = > o/~ O, We get 5 > 3 amin. Combining inequality 7 > 3™ amin
and N > No with the above inequality (i.c. Qpin > 535). It gives %—NN < 1.

Therefore,

= log(Ns(Gr(f)) _, , log(7)
0 Tlog(6) T Nlog2'

2). If 1= < amax < 1, then we get
2

OSCa [Luywsn..com (SG)]

< a1, 08C,a [5G
CEan i — ]
a - Ce - -
bYmax O-/maXQNU agaXQmNJ
Kfag;} 1
INa amaXQNO' +oee Tt ag};{l2(m—l)Nc’
1 1
o m—1
bR+ 1 )it |1 o+ b
K K, (1bloo + || f*lco 1
< [osenises (s oy Kallblo +1570) 1
max2 O'max ]- - max 2N

Hence,

OSC fa [ Lunwn.om (SG)] < Ro?

max?
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maszG Qmax

where Ry = OSCfa[SG] + (Kb + _ Ky + Ka(bHooJr”fa”w)) <111)

Further, Lemma 1.6.2 yields

Ns(Gr(f)) <23"+2" Y OSCja L. o (SG)]
weln (259)

< 2.3Nm 4 oNm gNmp m

max*

Now it follows that

— 1og(Ns(Gr(f®))) _ ——  log(2.3Nm 4 oNm gNmp. qm
ims o g(—él(og((g D < 1l oo el Nmlog(2) 2 )

log(2V™ 3N™ Rya™ ) + log (1 + 2870

2Nm'3NmR2agax

Nmlog?2
(2.5.10)

Plugging inequality 2% > 27 with the aforementioned inequality (i.e. zr5 < Qmax <

1)), we get
— log(Ns(Gr(f®)))

lims_,0

<14 log 3 log(amax)‘
—log(0) log 2 N log 2

Hence, we complete the proof. O

Remark 2.5.2. Theorem 2.5.2 can be compared with Theorem 4.3 in the cited article
[83]. In the aforementioned Theorem 2.5.2, we consider « as a variable scaling vector
and provide a proof for the Nth level of SG. Howewver, in the following theorem of

[83], « is a constant scaling vector and is proven for the 1st level of SG.

Theorem 2.5.3 ([83], Theorem 4.3). Let f and b be Hélder continuous functions
on SG with exponent o and oy, respectively, and the interpolation points are not
coplanar. Let f be the a-fractal function corresponding to f. Let ¢ = Zii’ || and

¢ = min{oy, op}. Then the box dimension of Gr(f®) has following bounds:

(1) If 2 <1, then 123 < dimp(Gr(f*)) <16 + 122,

)
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(2) If 2 > 1, then 123 < dimp(Gr(f*)) < 1+ 122,

2.6 Conclusions

We have constructed a-fractal function f* € C(SG) corresponding to f € C(SG)
through suitable IFS. Some properties of the fractal operator F* : C(SG) — C(SG)
that maps a continuous function f to its fractal analogue f® are also highlighted.
Furthermore, graphs of f* are plotted for different values of parameters to observe
the continuous dependence of the graph of f¢ on parameters. This chapter also
provides estimates of the box dimension of the graph of a-fractal functions on SG
by considering appropriate parameters. We have also demonstrated that a-fractal
functions preserve certain properties of the original function. Furthermore, we have
proven the existence of a fractal harmonic function, the best one-sided approximant

from below to the original function on SG.

Kokokokokoskook sk kkok
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