Chapter 5

Anti-synchronization of inertial
neural networks with
quaternion-valued and unbounded
delays: Non-reduction and

non-separation approach

5.1 Introduction

This chapter investigates the anti-synchronization problem for QVINNs with un-
bounded time delays. Using two different types of control strategies (feedback and

adaptive controllers) and Lyapunov theory, various conditions are established to
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guarantee the anti-synchronization of QVINNs. Up to now, there are lots of works
on stability, synchronization, etc., for QVINNs [124, 125, 126, 127, 128, 129, 130].
Most of these research works either adopted the separation approach, i.e., the sys-
tems under consideration are divided into four inertial RVNNs, or the considered
second-order systems were transformed into the first order systems by applying some
suitable variable substitution to reach the desired results. The separation eliminates
the non-commutativity of quaternion multiplication. However, the separation and
order-reduction approaches need many substitution processes, for example, more
formulas and scaling, which may increase the dimensions of considered systems and,
as a result, may cause theoretical complexity. Additionally, the present chapter has
focused on the non-reduction and non-separation approach for QVINNS to preserve

originality and improve computation complexity.

Recently, anti-synchronization results have been used in several areas, including in-
formation systems and communication processing [131, 132, 133]. When the sum of
two signals converges to zero, anti-synchronization is observed. In chaotic systems,
it is an observable phenomenon with significant practical implications. Using anti-
synchronization to lasers, one may generate not only drop-outs in intensity as with
ordinary low-frequency fluctuations but also short pulses of high intensity, which
offer new ways of generating pulses of special shapes. The security and secrecy of
digital signals can be strengthened by continuously transforming between synchro-
nization and anti-synchronization when using anti-synchronization in communica-
tion systems. Most of the results available for QVINNs are based on the variable
substitution approach, which reduces the order of the original second-order system
into the first-order system. Here, the QVINNs have unbounded time-varying de-
lays since neurons’ actions are related to their previous states. Hence, the approach

adopted here is more realistic and easy to deal with the QVINNs with unbounded
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time delays, which no researcher has yet considered. Finally, two numerical exam-
ples are provided to demonstrate the efficiency and effectiveness of the proposed
approach. In the first example, the present theoretical results have been validated,
whereas the second example contains the application of QVNNs related to asso-
ciative memory to demonstrate their capacity to restore true color image patterns

accurately.

5.2 Model Description and Preliminaries

Consider a class of QVINNs with unbounded time-varying delays as

2.
ds;(t) S dq]( — Big;( +ZaﬂFl a(t +Zb Gilat —n(t),  (5.1)

=1

where j € I, q;((t)) represents the state of the jth neurons at a time ¢, the second-

dq

order derivative =7

is called the inertial term, o, 5; € RT, a;,b; € H are weight
connection matrices, Fj(q(t)), Gi(q(t—7(t)) are the activation functions of the [-th
neurons at a time ¢ and ¢t — 7(¢), 7;(¢t) > 0 is the time delay of I-th neuron.

The initial conditions of the proposed model (5.1) are given by ¢;(ty) = <;(t0), ¢;(to) =
w;(ty), to € (—o0,0], where g;(ty) and w;(ty) are continuous V j € I.

Let the system (5.1) be the drive system, and the corresponding response system is

d?v;(t) — dv; ( )

i = Byj( +ZaﬂFl ult +ZblGl u(t —n(t)))

=1

+ U;(t), (5.2)

where u € I, v;((t)) € H represents the state of the u-th neurons at a time ¢, U;(t)

is an appropriate control input of j-th neuron at a time ¢.The other notations viz.,
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a;, B, aji, bj, Fi, G are same as model (5.1).
The initial conditions of model (5.2) are given as v;(ty) = (o), 0j(ty) =

@;(ty), to € (—o0,0], where j € I, (o) and w;(t) are continuous.

Remark 5.2.1. The majority of the available results on synchronization, anti-
synchronization, and stability results for QVINNs are based on the separation ap-
proach [124, 125, 126, 127, 128, 129, 130]. This will lead to an increase in variables
and dimensions as well as an increase in computational complexity. Instead of using
this approach, let us perform the task directly, which preserves the originality of the

addressed systems and better satisfies the demands of practical applications.

Definition 5.2.1. Let there exist positive constants M and A > 0 such that for any

two solutions

Se(to) = (s1(to), 2(t0) -+ Sulto), @i(to), @2(to), .. Walto))" and
’W*(to) = (fl(to), §~2(t0), vy fn(t0)7 ’(ﬁl(to), 7~D2(t0>7 ceey ’Zﬁn(to))T Then the systems (51)
and (5.2) are said to be globally exponential anti-synchronized if the following con-

dition is satisfied.
la(t) + o) < Mjs.(to) + w.(to)lle™, ¥t >0.

Lemma 5.2.1. [13}] For any x,y € Q, the two properties hold

(D) x+y=17+7; (1) Ty =yz.

Lemma 5.2.2. [13/] If v,y € Q and € € RT, then

yr +yx < exx + %yﬂ

Lemma 5.2.3. [135] If the function H(t) is uniformly continuous, bounded and

limy o0 fot H(t)dt exists, then limy_,, - H(t) = 0.
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Assumption 5.2.1. The time-varying delays 7(t), | € I are unbounded, differen-

tiable and satisfying 7(t) < T < 1, where T is constant.

Assumption 5.2.2. For any w € 1,Vs1, sy € H, the nonlinear activation functions

are odd, and there exist non-negative constants K; > 0, L; > 0 such that

[fils1) = fils2)| < Kifsy — saf,

l91(51) — @i(s2)| < Lifs1 — 32|e*71(t)’

where 1,(t) are the time delays.

Remark 5.2.2. [t is important to note that Assumption 5.2.1 incorporates vari-
ous types of time delay as a particular case, for example, constant discrete-delays
[127, 128, 11}], proportional delays [136], and discrete-time delays with bounds
[124, 125, 126, 127, 128, 129, 130, 137, 138]. Therefore, the proposed model is more
general and more flexible. On the other hand, studying exponential synchronization
is typically challenging for unbounded discrete time delays. However, a novel the-
ory is presented in this chapter for the activation function g,(), which makes this

challenge simple to resolve.

5.3 Main results

This section focuses on the examination of exponential and adaptive antisynchro-
nizations for the NNs (5.1) and (5.2), as opposed to the traditional reduced order
and separation technique.

Firstly, the following appropriate linear feedback control system has been developed
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to address global exponential anti-synchronization as
Uj(t) = *ch?j(t) — 7]5j(t), ] € I, (53)

where w;, 7; € R are suitable control gains. Let the errors for anti-synchronization
are g;(t) = v;(t) + ¢;(t),j € 1.

Then, the error system becomes

d2e d -
WE; =—( +%‘)% = (Bj + wy)e; () + ;aﬂfl@l(t))

+3 bugila(t —n(t).j € 1, (5.4)

=1

where fi(e(t)) = Fi(ai(t)) + Fi(u(t), gla(t —n(t))) = Gila —n®)) + Gi(u(t —
7i(t)).

This section uses feedback and adaptive controllers to discuss the global antisyn-

chronization of the systems (5.1) and (5.2).

Theorem 5.3.1. Presume that the Assumption 5.2.1-5.2.2 hold, then the systems
(5.1) and (5.2) are anti-synchronized on behalf of feedback controllers (5.3) if the
following conditions hold.

C; <0, A;<0, 2 < A;C,

where /Nlj =2 \+ 2)\#? — QOij (ﬁj +wj) + Z;L:l (610%[(]2 +620'1/LZI(]2 + éajujajﬁjl +

- (e3+ea) L2 (0% +0jp4)
éo'j/ijbjlbjl + 3t€q (1]77_]) g Mg >’

Bj =1+ 2X0505 — o45(c +75) + 1 — 03 (B + wy),
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C = 2/\0 — 20 (aj +75) + 205 + >0, J( @G + b]lb]l)

Proof. In order to prove this Theorem, let us construct the following Lyapunov

function as

+ €4) L3 (02 +
Z (€3 + €4) ( UJMJ)/ El(t)sz(t)ez\ede, (5.5)
o 1-7) "

:ZE +Z (750 + 1m5e5®)) (0355(8) + e (£)) €2
2

where 0, u;, €3, and €, are positive constants.

Taking derivative along (5.4), we have

%it) Z (2X5;()e5 (1) + 5 (1)e; (1) + 55D (D) € + ) <(2A(o—jgj (t)+

185(8)) (056;(8) + pie; (1) €N + (0€;(8) 4 p;€;(1)) (0€5(t) + ng(t))ew>

+ (Ujgj(t + Wi€; t)) o (t) + pe;(t)) e A

Py et Ll % + it) <5l(t)ez(t)e2’\t — &t — m()eit — 7(0))

7=1 [=1 )

x (1 — ﬁ(t))ew—ﬂ@)). (5.6)

= z”: [2)@@)@@) +E5(t)e; (1) +55(1)€5(t) + 2M(03€5(t) + 58, (1)) (05€;(t)

+ e (t ] 2/\t+ZUJ{ (e +j)€(t) — (B + wy)E;(t +Zfz (eu(t))az

+ é?z(é‘z(t - Tl(t)))l_’jl} <Uj€J( )+ pe;(t ) Mo Zu]sj (0;¢5(t

) (50 + s )+z% )+ gz (D)o {-(%Jr%‘)éj(t)



Chapter 5. Anti-synchronization of quaternion-valued neural networks 134

BJ +w] €] —i—Zaﬂfl 5[ +Zbﬂql El t—Tl } Z O'JEJ
7j=1

e JFZZ (€3 + €4 l_T)JFUJNJ)( (b)e ’(t)eg)\t

— gt —m(t))ea(t —n(t)1 - T'l(t))e%(t—n(t))) :
%Et) — 2N ; [2)@(15)8]'(?5) +&5(1)e;(t) +E5(1)E;(1) + 2X (af-gjg'j(t) + o8 (D) (1)

+ o8 (1)E;(t) + uigj(t)sj(t)) — 03 (ay +5)E;(0)E;(t) — o3 (B + wj)

x Ej(1)é;(t) + o lzn;ﬁ(sl(t))aﬂej Z o2g (a1t — 7))bué; (t) — opi(a
+9,)€;(t)g; () — 05 (B; + w;)E;()e;(t) + Z o5 f1(E0(1) )5 (1)

+ Z oG, (1t — () bje; (1) + piosé(8)€;(t) + pie;(t)e;(t) — o7 (oy

+ )5 (1)E;(t) — a3 (B +wy)é;(t)e;(t) + lzn; o7g;(t)agfi(e(t))

+ Z o2 (Obugi(ei(t — (1)) — pio(ay +v5)8;(1)E;(2)

x ;05 (6; 4 wi)E;(t)e; (1) + Z 11,058 () az fi(e(t)) + Z 110,55 (t

< et = 1)) + o3 (116, 1) + uja-(t)éj(t)}

#3030 (LD (i) — 5 - o)

=1 1=1

x et — () (1 — T',(t))em—ﬂ(ﬂ)) . (5.7)

Now, by the Assumption 5.2.1, one can write — 1(171 (t)) < —1, and as a result equation

(5.7) reduces to

dv -
= = e Z [ (2X + 202 — 2071585 + w;)) €5 ()5 () + (1 + 2045 — o0y

Jj=1

A
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+ 7+ — ol (B + wj))gj(t)sj(t) + (1 + 22X 15 — 0 (B + w;) — pio;
X (o + ;) + u?) gi(0)E;(t) + (2A07 — 207 (v + ;) + 2p505) € (£)E; (¢)
+ lz]: o? (F(a®)@ng; (t) + & (Hanfiait)) + Z ( it —1(1)))bj
x &(t) + &;(t)bug(a(t — Tz(t)))) + 121: Tjls <fz(6z(t))6jz6j(t) +&(t)aj

x fz(a(t))> n Z O3t (@(a (t = 7(0)))B, (1) + 55 (Dbugi(er(t — n<t>>>)]

=1
(es+ 1) Li (07 + ojp15) " &
+ ZZ - q _T) TR0 =Y D (st e) L
j=1 I1=1 j=1 =1
X (02 + o1 8 (t — 7(t))e(t — (¢ e2A=m(0), 5.8
2 I
av A N 2 =
o =S¢ D | (2322 = 20558 + ;) () (1) + ( 1+ 2A0015 — 0115(a
7=1

+ 5+ — ol (8 + wj)>5j(t)sj(t) + <1 + 2Xojp; — 02 (B + wj)

— wjoj(ay +5) + u?) gi(0)€;(1) + (2X0? = 207 (c; + ;) + 2p505)
)+ Z (Tt ) + 22 O 0)

¥ Z o3t (@fz(éz(t))fz(éz () + Z2iame )

" Z (emlentt = n)ata(e - n) + L5 Onbe0)

3 o (e@;(a(t ()t — () + égj@)bﬂzﬂgj(t)ﬂ

=1
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n n n n

DD (€3 + €4) a _UT)JF U]M])E Dat)e™ =3 D (e +ea)Li(o]

7=1 I=1 j=1 1=1

+ ojp)E(t — T(t))es (= m(t))) e ),

Again by using the Assumption 5.2.2, we have

dv n B n
= < e [Z (2X+ 203 — 2050185 + wy)) &5 (1) (1) + Y (1 + 2X0515 — 01

j=1 j=1

X (o + 5 + u? — U?(Bj + wj))gj(t)sj(t) + Z (1 +2\ojp; — a?(ﬁj

j=1
+wj) — pos(as + ;) +/1]> +Z 2)‘0 2‘7 (aj + )
+ 2p0) €5 (t)E; (¢ —i—ZZelalK gi(t)e;(t —i-zzga g;(t)ajiaj
Jj=11=1 j=1 =1
x €;(t +ZZegalulK gi(t)e;(t -I—ZZ a]ujsj )aia;i;(t)
j=1 I=1 j=1 I=1 €
_or 1 = .
#3030t ottt — mitatt - m(e)e 0+ L2 b0
3
7j=1 [1=1
n n 3 B 1_ _
DD ity <€4L?€z(t —n(t)a(t —n(t)e " + E—ej(t)bjlbjlf‘?j(t)ﬂ
: 4
j—l =1
(e + 1) Li(0F 4+ ojp15) _ "L
+ZZ 1_7) AL )el(t)ez’\t—22(634—64)[/[2(0]
j=1 I=1 j=1 I=1
+ o)t — n(t)et —n(t)e? ), (5.9)

< 2N {Z <2)\ + 2)\@ — 20,1 (B + w;) + Z <€10'12Kj2 + ezal/thf
j=1 =1
2(e3 + ) L3 (07 + 2X0505) \ \
e ECEC

1 1 _
+ 620.7M.7 jiaj1 640.7:“] 51051 +

+ Z (]_ + 2>\0ij - O'j,uj(Oéj + ’YJ) + ,uf - UJQ(BJ +wj)>gj(t)5j(t)

j=1
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+ Z (1 + 2o — a?(ﬁj + wj)pio(a; + ;) + %)) (t)E;(t)

7=1

1
+ Z (2)‘0 - 2‘7 (o + ;) + 2p505 + Z o aﬂaﬂ + _bﬂbﬂ))

j=1

X Ej(t)é'j(t)] . (511)

Finally, we get

—5igj(t)€j(t) <0, (512)

where 0 = 15161}1 (121 — B—Q)
Thus, igj(t)aj(t)ew <V(t) <V(0), for t >0, (5.13)

where
0) = Z%(O)«%‘(O) + Z (Ujéj(o) + Mﬁj(o)) (05€;(0) + ;g;5(0))
(€3 + €4) LIQ(U + o) _ 220

£1(0)e(0)e**do, 5.14
+ZZ T [ e (.10
(2 + Y DI )+ 1) | + 271 ) + ()

(5.15)
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with [|(S(to) + <(t))II” = sup (.0 3271 ([1(G (o) + (1)) ") and
(& (to) + @ (to)) I = sup(_goq) 2 (11(25 (ko) + 2 (o)1),

are followed from equations (5.13), (5.15).

Now > &(t)e;(t)e™ < M*[|(S(to) + s(ta))]I*, (5.16)
j=1
. _ n [ (estea) L3T(7+1) —[|(&(to)+w(to))||”
where M* = (1+27)+ >, (—(1_T) ) + 2nﬁll(€(to)+c(to))\l > 0.

Then from equation (5.16), we get
D 16 + @D < N1(E (o) + <(to)lle™, ¢ > 0.
Jj=1

Hence by Definition 5.2.1, the systems (5.1), (5.2) are globally anti-synchronized. [

Assumption 5.3.1. The time-varying delays 7,(t), | € I are bounded, differentiable

and satisfying 7,(t) < 7 < 1, where T is constant.

Assumption 5.3.2. For any j € I,Vsy, s € H, the nonlinear activation functions
are odd, and there exist constants K; > 0, L; > 0 such that
[ fi(s1) = fi(s2)| < Kifsy — sa,

91(51) — gi(s2)| < Lifsy — 2.

Corollary 5.3.1. Presume the Assumption 5.8 and 5.3.2 and C'j <0, flj <
0, and B? < A;C; are satisfied. Then the systems (5.1) and (5.2) are globally
exponentially anti-synchronized with bounded time-varying delay under the control

scheme (5.3), where flj, Bj, C~'j are already stated in Theorem 5.3.
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Corollary 5.3.2. Presume the Assumptions 5.2.1 and 5.3 hold, then the systems
(5.1) and (5.2) are globally asymplotic anti-synchronized via controllers given in

(5.3), under the conditions C‘j <0, flj <0, NJZ < /~1jC~'J-7

where Aj = =201 (Bj+w;)+3 1, (elangz"'@UlﬂlKgg‘f'%Qaj/l’jaﬂajl‘Fiaj/ijbjlaﬂ‘f'

(estea) L3 (05 +0115)
(1-7) ’

Bj =1- O‘jﬂj(a]‘ +'\/j) + ,UJ? - 0]2(6], +Wj),

éj = 2Mj0'j — 20’12-(0@' + ’}/j) + Zlnzl a?(%lajlﬁjl + %gbjl(;jl)-

Remark 5.3.1. The asymptotic synchronization of real-valued INNs was first dis-
cussed using a non-reduced order technique in [116]. This chapter analyzes a class
of more general QVINN systems, and a quicker convergent error system called
exponential-type anti-synchronization, which is handled using a non-reduced order

approach.

Remark 5.3.2. If the control gains are extremely large in the feedback controller,
the control cost may be very high, and therefore, the control cost is expensive. A
more affordable controller should be designed from a practical standpoint. Therefore,
in the remaining part, the following adaptive controllers are used, which are designed

as

Uj(t) = —aj(t)e;(t) — B€;(), (5.17)



Chapter 5. Anti-synchronization of quaternion-valued neural networks 140

where  &(t) = p; (2§j(t)5j(t) + &;(t)e;(t) +§j(t)€j(t)), 5]*@) =T (QEj(t)éj(t) +
£;(t)e;(t) + gj(t)éj(t)> ;

aj(t), 35 (t) € R, and pj,r; are the positive constants.

Theorem 5.3.2. Presume the Assumption5.2.1 and 5.3.2, then the QVINNs (5.4)

are asymptotically anti-synchronized on behalf of adaptive controller (5.17).

Proof. Let us construct the Lyapunov functional as

n

t)zzaﬁj@)eﬂ +Z gj(t) + et (t)+6j(t))+2%

t 1 ) )
) /t_nu) Deat)dd + Z 2pj & — i)+ 5 =5 ()% (5.18)

=1

where (5j,0~tj,Bj,63, €4 and n are positive constants. Taking derivative along the
equation (5.4),

Zée] )e;(t +255] )é;(t Z@j(t)+Ej<t>><e'j<t>+ej<t>>
(€3 + €s)nL?

+Zsj )+t <t>+s'j<t>>+zﬁ(a<t>el<t>
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eyt +Zs] )42, { (a + B2(1))25(8) — (8, + o +Zaﬂ

< et + S bttt =m0} + DG+ 200+ %

=1

< (a(tm(t) Ca(t - mle)es(t— m()(1 - ﬁ(ﬂ)) =3 a5 (255 (1) (1)

+25(t)e; () +5(t) +Za (285(t)e;(t) + &;(t)e; () +5;(1); (1))
- i 5; (257(t)57(t> +€5(H)e;(t) +&5(t) + & (t)57(t)) + i B; (t) (2E7 (t);(¢)

" Z (Tueunmse, )+ Eahiao)

¥ Z (Fertonme o + 5 0usta )

+ Z Gzt — m(E)bug (1) + &g (=it — (L))

+ 3 @t = e 0) + 250t — (o)

+ 26 (1)E;(1) + £;(L)e; (1) + gj(t)éj(t)]

" Z {68 LRI (= 0)210) 2t = mlo)es (¢ = m(0)(1 — 70

- z": a; (28;(t)e;(t) + €5(t)e;(t) +5;(t)€; (1))

=D B(255(0;(1) + &0z () + 75 (0)%5()- (5.19)
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Now using Assumptions 5.2.1, 5.3.2 and Lemma 5.2.2,

AV (t) -
%§2(5j+1)é( +Z(5 + 1)g;(t)e;(t 22@ )E;(t
7=1

Jj=1

—Zaj (25] )E;(t) + E(t)e (t)+€j(t)€'j(t))

- Z 8 (aj<t>e'j<t> CE (e (0) + zsxt)eju))

1 n n
+ ZZ (elKl gi(t)e(t) + - 5]( aja;é;(t > + ZZ e K& (t)e(t
j=1 I=1 j=1 I=1
1 n n 1 _
+ ; SJ ajlajlsj —|— 21; <€3Ll El t — T ))gl(t — Tl<t)) -+ 23€j(t)bjl
J
_ n n 1 B
bié;(t LiE(t — n(t))ei(t — () + = Z;(t)bjibje; (¢
<0y 1)) D) (ctate = n(e)ale = ale) + 2 2i0ibe, )
+Z (o + cnli ey —i(e FenL2E(t — (t)e; (t — ()
1_7_ l - 3 4 1€l 1 g l
—Z@j(%j(t)ﬁj(t)Jr i(t)e;(t) +&5(t) ZBJ 2¢;(t);(t
j=1

+ &;(t)e;(t) + 55 (1)E;(1)),
S Z <((5J + 1) — Oéj — ﬁj — dj — BJ) (gj<t)<€j(t) + Ej(t)Ej(t)) + : (2 — QOZj

—2@+Z( ol + 2 ) )2 <>g<t>+i(“j%i‘_§”—2ﬁj

—2a7+2(61+62)K + = |b7,] 1= |a,;|)) z;(t)e;(t). (5.20)

=1

Now for each j € I, we get

n(es + €4) L 2L
M_wﬁrz:(eﬁ@)ff + = [bal’ + Jail” +ﬁ)’

2, =1+
(1—1) —

(5.21)
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N n 1 1
26; =2 — 205+ ) (;1\%‘112 + ;3’bjl!2>> (5.22)
=1 N ‘
§; =a; + fB; + &; + B; — 1, which reduce the equation (5.20) as (5.23)

o) (5.24)

Therefore,
lim gj(t)e;(t) < V(0) < oo. (5.25)

In addition, from (5.24), V(t) < V(0), V t € [0,00). This means that both ¢;(t)
and its derivative are bounded V ¢ > 0, j € I, hence )7 &;(t)¢;(¢) has bounded
derivative and > 7, €(¢) €;(¢) uniformly continuous. Using Lemma 5.2.3, we get

limt%oo Z?:l gj (t)fj (t) =0.

Hence, the proposed systems (5.1) and (5.2) are globally anti-synchronized. O

Corollary 5.3.3. Based on Assumptions 5.1 and 5.3, the QVINN model (5.4) with
bounded discrete delays realize asymptotic anti-synchronization under the adaptive

controller (5.17).

Remark 5.3.3. [t is the first time a non-reduced-order approach has been inves-
tigated for the adaptive anti-synchronization for QVINNs. In particular, if the
QVINNs (5.1) and (5.2) are transformed to RVINNSs, then equation (5.17) is re-

duced to the following form

Uj(t) = —aj(t)e;(t) — Big;(t), (5.26)
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where & (t) = p; (s?(t) + éj(t)sj(t)), ﬁ;‘(t) =7 (sf(t) + éj(t)sj(t)),
which has been already discussed in [116] for asymptotic synchronization of RVNNS.

Thus, the adaptive controller designed in equation (5.18) belongs to the larger domain

and is more general and flexible.

Remark 5.3.4. Because the direct method was used, it is clear that the proofs for
Theorems 5.3 and 5.3.2 are relatively straightforward. Only two inequalities and
several common real number operations have been used in this method. Additionally,
the direct method avoids splitting the quaternion system into four RVSs, significantly

reducing the computing complexity as compared to the separation methodology.

Remark 5.3.5. In [139], the authors have investigaled the adaptive synchronization
for QVNNs. The quaternion-valued systems were split into four RVSs, and each of
the four sub-systems is constructed with four real-valued adaptive controllers. How-
ever, in [127], the synchronization for Cohen-Grossberg QVINNs has been examined
via o direct quaternion approach, and the original second-order system is transformed
into a first-order system by using the variable substitution approach. Unlike these
works, the present study is concerned with a class of second-order QVINNs without
utilizing the separation method. A quaternion-valued adaptive controller (5.15) is
developed to analyze the asymptotic anti-synchronization. Thus, it is clatmed that

the proposed method is easier to use and more effective.

Remark 5.3.6. Up to now, wvarious kinds of INNs have been studied related to
anti-synchronization results on the real or complex domain, [1/0, 141, 1/2]. But
all these results are based on the variable substitution approach to reduce the second-
order system into the first-order systems. Only a few anti-synchronization results for
RVINNs by non-reduction order technique are available [143, 1/4], but there have

been no related results for QVINNs till now. Different from the existing research
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work, a class of QVINNs with unbounded delays is introduced in the present chap-
ter, and the global exponential and asymptotic anti-synchronization are discussed by
introducing an innovative Lyapunov functional rather than the variable substitution
technique. This demonstrates how well the present suggested results complement and

advance the earlier ones.

5.4 Numerical Examples

Example 5.4.1. Consider the two-dimensional QVINNs with unbounded delays as
the master system as
d?q; dq] 2 .
e Yy — Bg;(t) + Zayzfz @)+ bug(a(t —7(1), j=1,2.
=1
(5.27)

The corresponding response system is

d?v; dv; .
aw = gy +Zajzfzvz +;bﬂgzwt—n<>>>+@<t>,J=1,2,

(5.28)

where the parametric values are A = 0.1, a1 =10, ap =11, f1 =11, 85=9, 7 =
87 V2 = 97 w1 = 85 W2 :97 Ej =1 fOTj = 1,2,...,5.
fi = 3(tanh(q¢f*) + itanh(g/) + jtanh(g/) + k tanh(g/)),

g = l(tanh(qu) + itanh(ql[) +jtanh(ql‘]) + ktanh(qlK))e*”(t),

no

7(t) =1n(2 4+ 2t), forl=1,2.

[ ] —0.25+0.10¢ — 0.55 + 0.15k  0.15 — 0.2 + 0.6 — 0.10k
Alox2 = )
—0.15+0.5¢ — 0.2 — 0.17k  —0.3 — 0.15¢ — 0.55 + 0.19%
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0.1 —0.2¢0 — 0455 + 0.2k —0.1 — 0.1+ 0.205 — 0.3k
[b]2><2 =

—0.240.2¢ 4+ 0.255 — 0.15k  —0.25 — 0.2¢ — 0.255 — 0.15k
Then, by simple computations, one can get K; = 0.25,L; = 0.5, where w = 1,2.
01 =09 =0.5, 41 = o = 0.5, 7 =0.5.
The values Ay = —8.660,Cy = —8.3757, B; = —7.95  satisfy B> < A,Cy, Also
Ay = —8.1846, By = —8.2,Cy = —9.4178  satisfy B2 < AyC,.
The dynamical behaviors of master system (5.27) with the above-mentioned pa-
rameters are depicted through Figures 5.1 and 5.2 with the initial conditions ¢ =
0.140.9¢0—0.1540.4k, w; = 0.340.6¢+0.2j+0.1k, ¢ = 0.440.8i+0.3j4+0.4k, ws =
0.340.2i + 0.5 + 0.1k, t5 € (—o0,0].
Firstly, the exponential anti-synchronization between the systems (5.27) and (5.28)
via feedback controllers (5.3) are depicted through Figures 5.3-5.6.
The anti-synchronization errors £1(t),ea2(t) for the systems (5.27) and (5.28) under
the feedback controllers (5.3) are depicted through the Figures 5.7 and 5.8.
Below, the anti-synchronization between the systems (5.27) and (5.28) via adaptive
controller (5.18) has been discussed. Selecting py = 0.6,ps =11 =0.57ry =1 in
the controllers (5.18), and using Theorem 5.3.2, the asymptotic anti-synchronization
between the systems (5.27) and (5.28) are reached, which are depicted through the
Figures 5.9-5.12. The anti-synchronization errors £1(t), e2(t) between the master
system (5.27) and response system (5.28) are depicted through the Figures 5.13 and
5.14, and the control gains aj, 87 for j = 1,2 of the adaptive controllers (5.18) are

depicted through the Figures 5.15.

Example 5.4.2. In order to show the application of QVNNs, let us consider the

traditional NNs rather than INNs for convenience.

Consider the size of 12 x 12 pizels image pattern ”S,” whose color image pattern is
)

depicted in Figure 5.16. For this, QVNNs in the form of (5.29) are designed with 144
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neurons, which have 144-dimensional equilibrium points for storing colored patterns

of 758.7 Let us consider the traditional QVNNs

W - i)+ Y apfla(®) + Y bagalt — (@) + . GET, (5.29)

where 3; > 0, aj;, bj; are weight connection matrices and J; is the external input of

the system. The parametric values of QVNNs (5.29) are considered as

Bi =1, (5.30)

40+4.0x107% —3.0x 1075 +5.0x 107k, j=1
aj = (5.31)

4.0x 1071 = 5.0 x 1074 +5.0 x 10715 — 3.0 x 10"k, j #1,

—2.0x 1071 +2.0x 1075 — 5.0 x 107 + 4.0 x 107k, j <1
bp=19 2+30x107%+20x10"1j—3.0x 107k, j=1 (5.32)

—1.0x 1071 +2.0x 1075 +3.0x 107 — 5.0 x 107k, j > 1,

fi’(g) = tanh(q), (5.33)

where 5,1 = 1,2,...,144 and © = 0,1,2,3. The equilibrium point of the proposed
QVNNs must be q = (q1, Ga, ..., 144)T € H'™ o recall the image pattern ”S”, where
¢ =0+15.0x 1072+ 3.0 x 10715 +15.0 x 1072k, g = 0+ 15.0 x 10725 + 3.0 x
10715 4+ 14.0 x 1072k, ..., 144 = 0 + 15.0 x 1072i + 0j + Ok, which correspond to the
color (15.0 x 1072,3.0 x 1071, 0.150), (15.0 x 1072,3.0 x 1071, 14.0 x 1072), ..., (15.0 x

7
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1072,0,0) of pizels of pattern 7S”. Figure 5.17 shows a simulation with random
initial values. Now for above q the external input J is calculated as

J=(J1, Jo, ..., Jiua) € H¥,

where J; = —628.0 x 1071 4 2275.0 x 1072 — 905.0 x 10715 — 725.0 x 1072k, J, =
—63 +2095.0 x 107% — 905.0 x 1015 — 566.0 x 102k, ..., Jiue = —914.0 x 10~ —
2346.0 x 1071 — 908.0 x 10715 4 2214.0 x 10~ k. Due to space limitation, only three
members of ¢ and J have been written. The simulation part with arbitrary initial
data is depicted in Figure 5.17. Parameters from equations (5.30)-(5.33) show that

the considered system (5.29) has the ability to retrieve the above pattern ”S” reliably.

Remark 5.4.1. It is observed from the Example 5.2 that the proposed system (5.29),
whose parametric values are mentioned by equations (5.30)-(5.32), require 144.00
neurons to store 12 x 12 pizels image pattern. However, this article [145] suggested
that the storage capacity of the QVNNs is larger as compared with the CVINNs because
storing 12 x 12 pizel color image requires 432 neurons in CVNNs, which is much
larger as mentioned in [145]. However, in the present chapter, the QVNNs with
"tanh’ activation functions are considered, and one can retrieve the image "S” in

approzimated time t = 2.5.

Remark 5.4.2. The work can be extended in the near future following the research
works given in [146, 147] for QVINNs. These works demonstrate that image encryp-
tion can be achieved through the synchronization of NNs. It is a technique that uti-
lizes the complex dynamics of NNs to encrypt and decrypt digital images effectively.
By utilizing the computational strength and complexity of NNs, this approach ensures
robust security for image data. Anti-synchronization, as a result, image encryption
based on NNs’ synchronization holds significant promise for various practical appli-

cations, including secure communication, image authentication, privacy protection,
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cloud security, and many more. These potential applications have inspired me to

extend the work to the applications for QQVINNSs.

5.5 Conclusion

The anti-synchronization problem of QVINNs with unbounded time-varying delays
has been solved in the present chapter. Unlike the traditional variable substitution
for the reduced-order approach for the second-order neural systems and the sepa-
ration approach in which QVNNs are separated into four equivalent RVSs, some
innovative Lyapunov functionals have been constructed to deal with the global
exponential and adaptive anti-synchronization of QVINNs directly. Particularly,
in Theorem 5.3, the multi-parameter conditions have been derived by Lyapunov
functional and linear quaternion feedback controller to ensure the global exponen-
tial anti-synchronization for QVINNs. Additionally, an AC has been developed on
the quaternion domain to attain asymptotic anti-synchronization given in Theorem
5.3.2, which is direct and simpler as compared to the four real-valued adaptive con-
trollers designed for separated real-valued sub-systems given in [139]. The results
of this chapter are more compact and less calculative due to the non-separation,
non-reduction approach as compared to the results given in [124, 125, 126, 127,
128, 129, 130]. The unbounded time-varying delays have never been taken for the
QVINNs. However, in the present chapter, unbounded time delays have been con-
sidered in this chapter, which makes it more reliable as compared to the existing
research [136, 134, 148, 145, 149, 124, 125, 126, 127, 128, 129, 130, 137, 138]. Lastly,
two examples demonstrate the accuracy and advantage of the proposed results and

the applications of QVNNs that can retrieve true color images.
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The proposed approach is totally different from the separation approach as well as
the order-reduction method with bounded time delays. Therefore, it is concise and

more effective.
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FIGURE 5.1: Time behaviour of state variables qﬁ,qf and q{,qé of the system
(5.27)

Plot 1

ay(t), a5 (t),

F1GURE 5.2: Time behaviour of state variables Qi] , q‘2] and q{( , qg( of the system
(5.27)
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FIGURE 5.3: Anti-synchronization of ¢ff,vf and ¢ff, v with control(5.3)
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FIGURE 5.4: Anti-synchronization of ¢f*,vf and ¢, v with control (5.3)
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FIGURE 5.5: Anti-synchronization of ¢f,v! and ¢f, v with control (5.3)

05 @ —

ar(t)
. vi(t)
*
i
= 0 ]
*
M=
_0.5 Il Il Il Il Il Il Il Il Il
0 5 10 15 20 25 30 35 40 45 50

FIGURE 5.6: Anti-synchronization of ¢{,v{ and g¢j, vy with control (5.3)
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FIGURE 5.7: Error eff, el and ], el with the control (5.3)
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FIGURE 5.8: Error £f,&4 and e, X with the control (5.3)
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FIGURE 5.9: Anti-synchronization of ¢ff,vf* and ¢ff, v¥ with control (5.17)
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FIGURE 5.10: Anti-synchronization of ¢f,v! and ¢4, v with control (5.17)
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FIGURE 5.11: Anti-synchronization of q; ,v{ and ¢ ,1)2‘] with control (5.17)
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FIGURE 5.12: Anti-synchronization of ¢, v¥ and ¢f*, v¥ with control (5.17)
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FIGURE 5.13: Error ef, el and !, el with the control (5.17)
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FIGURE 5.14: Error £f,e4 and ef¥, eX with the control (5.17)
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FIGURE 5.15: Time response of control gains aq, ag, B1, f2 (5.17)

FIGURE 5.16: Original color image of pattern ”S”.
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FIGURE 5.17: Simulation of retrieving image ”S” with random initial values of
time t.



