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ABSTRACT This article concerns the problem of stability analysis of systems with time-varying delay.
Recent developments in this direction involves approximation of a second order polynomial function of
time-delay. This article proposes a new Lyapunov-Krasovskii Functional that does not introduce the second-
order polynomial and thereby avoid the approximation involved in obtaining the stability criterion. Two
stability criterion are presented, one introduces the second-order polynomial and the other one does not. A
comparison using numerical examples shows that the avoidance of second-order polynomial formulation
leads to improved results.

INDEX TERMS Time-varying delay, Lyapunov-Krasovskii functional, Bessel-Legendre integral inequality,

negative-determination lemma.

I. INTRODUCTION
Consider a Time-delay system as:

x(t) = Ax(t) + Acx(t — 1), ey

where x(7) € R" is the state vector; A, A; € R™" are the con-
stant system matrices with continuously differentiable initial
condition. The time-varying delay t; is otherwise represented
as t(¢) that satisfies the following properties:

O0<t<h pw =<1t =<u )

where %, o and @ are constants. The problem of sta-
bility analysis for time-delay system (1) has been widely
investigated over the years and consistent improvement have
been attained using the Lyapunov-Krasovskii (LK) approach
[1]-[4]. Performance of such stability criteria is assessed
by the maximum permissible upper bound (MPUB) of t;.
The key steps involved in obtaining improved results are
by constructing appropriate LK Functional (LKF) involving
augmentation of several states including state integrals and
delayed states, and to find precise bound of the integral func-
tion in the derivative of LKF. It was shown in [5]-[8] that LKF
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must include the states involved in the integral function such
that interaction among various states are established in the
resulting criterion. Therefore, construction of LKFs depends
on the integral function to be used in the derivation of the
stability criterion.

On the other hand, regarding integral inequalities, Jensen
and Wirtinger inequalities [5], [9] have been widely used to
obtain bound of the integral function. Due to this reason,
stability criteria are obtained as a first-order polynomials
f(tr) = ait; + ag, where q;(i = 0, 1) € R and independent
of 7;. To make f(z;) < O for all 7; € [0, A], two inequalities
are to be satisfied as £ (0) < 0 and f (%) < 0.

Recent developments involve the use of (i) double integral
states to construct the LKF and (ii) higher order inequali-
ties, such as auxiliary-polynomial based inequality [10] and
Bessel Legendre function based inequality (BLBI) [11] to
obtain bound of the integral function. The stability criteria are
then obtained in quadratic form as: f(t;) = azl’tz +ajt +ao
witha;(i = 0, 1, 2) € R. In[12], the above is approximated as
f(0) < O0andf (k) < Otoobtainf(t;) < 0, butitapplies when
ay > 0. The requirement a» > 0 has been relaxed in [13]
by introducing an additional condition —4%ay + f(h) < 0.
Similar works have been reported in [14]-[17], where some
new set of conditions for negativity of a quadratic function
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have been developed. In [15] and [16], tuning parameters are
introduced that lead to solving inequalities that are dependent
on a tuning parameter to obtain less conservative results.
In [14], the entire delay interval [0, /] is divided uniformly
in multiple subintervals and for each of the sub-intervals,
two end points are considered. It has been illustrates that less
conservative results can be obtained by increasing the number
of subintervals. Recently, two lemmas have been introduced
in [17] to ensure the negativity of quadratic polynomial. The
first inequality uses the property of cross-point between two
tangent lines of the end points whereas the other inequality
exploits the condition of finite interval. It should be noted that
such quadratic inequalities also introduce conservativeness,
since one has to approximate the polynomial. Then ques-
tion arises “Can the appearance of quadratic form of t; be
avoided while still using higher-order integral inequalities?”’.
An investigation on the appearance of rlz dependent terms in
the derivative of LKFs reveals that it is due to the combination
of product of delay interval and interval-normalized states.
To this end, a further inspection leads to the fact that these
terms can be avoided by treating integral and its interval-
normalized states as separate individual states. Moreover,
not only this, out of the several possible LKFs, one requires
to choose appropriate LKF that leads to less conservative
result. This motivates the present work, which incorporates
the following.

(1) An augmented-type delay-product LKF has been con-
structed by including single and double integral states along
with their interval-normalized forms to incorporate more ttz
dependent terms in the resulting stability criterion.

(i) Based on this LKF and negative-determination
lemma (NDL) introduced in [13] to obtain negative-
definiteness of the resulting criterion, a stability criteria is
derived leading to quadratic function based LMI conditions.

(iii) Another new stability criterion is derived by avoiding
quadratic function based LMI conditions by treating integral
states and their normalized forms as individual states in the
derivative of the LKF.

Finally, three examples are considered to illustrate the less
conservativeness of the proposed stability criterion that does
not involve the NDL. It is demonstrated that not using the
NDL leads to considerably less conservative results.

Notations:- In this article, 0 and [ represent the zero
and identity matrices respectively. For any square matrix
N, we denoted Sym{N} = N + NT. Also, n-dimensional
Euclidean space and set of all n x m real matrices are rep-
resented by R and R"*™, respectively.

Il. USEFUL LEMMAS
In this section, the following Lemmas are recalled that will be
used to derive the main result. These are useful to deal with
inversely weighted positive convexity parameters, integral
function and second order polynomial conditions.

Lemma 1 [18]: For a real scalar a € (0, 1), symmetric
matrices Ry > 0,Ry > 0 and any matrices Uy and U,,
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the following inequality holds:

1
—Ry 0
¢ 1
0
l—«a
Ri+(0-w)2z (-l +al; 3)
* Ry +azy

R

>

where Zy = Ry — UaRy ' Ul and Z, = R, — UTR; U,
The above is known as the Reciprocity Lemma and it is
used to obtain a bound of quadratic terms involving recip-
rocal parameters. Next, we introduce the second-order BLBI,
which supersede the inequalities proposed in [10] and [19],
respectively.

Lemma 2 [11]: For any constant matrix R > 0, the fol-
lowing inequality holds for all continuously differentiable
Sfunctionw € [a, b] - R"

b
(b —a) f Wl (9)Rw(s)ds > 9T ROy + 39 Ry + 507 Ri;
a
4

where
1 = w(b) — w(a),

2 b
2 = w(b) +w(a) — b—a fa w(s)ds,

b 12 b ps

=0 — / w(s)ds + w(r)drds
b — a), b — a)2 a Ja

The next Lemma is ﬁnown as the NDL and it guarantees the

negative definiteness of a quadratic function in the interval
[0, A] irrespective of its concave or convex nature.

Lemma 3 [13]: The given quadratic function z(u) =
au® + aju + aop, where ag, ay, ar € R, satisfy z(u) < 0 for
all u € [0, h] if the following three inequalities hold:

(@) 2(0) < 0 (b) z(h) < 0 (c) — MPaz +2(0) <0

To simplify matrix and vector representations, the follow-

ing notations are subsequently used:

1—t(t) =7,

T
wo(t) = [+7 (0, 57— 1) |

- et 1 t s T
/ xT(s)ds, — / / xT(r)drdsi|
—1; Tt Ji—1 Ji—1

- =T 1 t—t(t) ps
T T
/ x' (s)ds, / / X (r)drds:|
t—h h—1 Ji—n t—h

wi(@) = [xT (¢ = h), x(t — r,)]T

wi(t) =

T

wa(f) =

T
Yo = [wh@, wi, wio)]

— 1 T
Uit = [wh (@), T—w{(f), w{(t)}

t

Yo (t) =

| T
w (1), mwg(l)s Wg(t)]

B s T
Us(s) = |27 (). 27 (s), / )%T(s)ds:|
-7
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Note that the vectors w;, (i = 1, 2) contain the integral states
for the delay intervals [ — 1;, t] and [t — A, t — T]. Their inter-
val normalized forms are obtained by multiplying reciprocal
of the delay interval with the integral states, for example,
%wl(t) and ﬁwz(t). In this article, both the integral and
their interval normalized states are utilized to define the LKF.

IIl. MAIN RESULTS

In this section, two stability criteria are derived for system
(1). One leads to a criterion involving the second-order poly-
nomial and the other one does not. The construction of LKF
is discussed next.

A. LYAPUNOV-KRASOVSKII FUNCTIONAL

In [20], a new type of LKF has been introduced in which
single integral states have been used as pivot elements of aug-
mented vectors to construct delay-coefficient based quadratic
terms. The time-derivative of this LKF introduces terms
involving both the delay and its derivative, so that these
terms contribute to reduce conservativeness in the stability
criterion. By extending this idea, in [21] and [22], new delay-
product based LKF have been constructed by using double
integral states. On the basis of these works, a new LKF
is constructed by involving both the integral states and its
interval-normalized forms. Further, appropriate zero equali-
ties are used to exploit the time-dependency of the states. The
following LKF is used in this work.

V(1) = Vo) + Vi(1) + Va(r) &)

where

Vo(t) = ¥& OPYo() + wyr ! (P11 (1)
+(h — YT ()P2Ya(1)

t
Vi) = / W (901¥3(s)ds
-1

-1
+ / xT(5)Qax(s)ds
t

—h

0 t
Va(t) = / f T ()R %(s)dsd0
-1 Jt+60

-1 t
+ / / 1T (9)Rpx(s)dsd0
—h t+6

and ¥, i = 0, 1, 2, 3 are defined in section II. P, Py, P;, Oy,
(0>, Ry and R; are positive definite matrices.

Remark 1: In the functional Vy(t), additional integral
states w1(t) and wo(t) are introduced in the augmented vec-
tors of delay-coefficient based quadratic terms corresponding
to the delay intervals [t — t;,t] and [t — h,t — ©;], such
that more 1, and t; dependent terms appear in the derived
conditions. Note that these terms have not been used in LKFs
defined earlier in [23]-[25]. Also, using these states, delay-
dependent zero-equalities are formulated to exploit the time-
relation of the delayed states.

Remark 2: A new form of single integral functionals have
been proposed in [20], in which the cross terms x(s), x(s) in
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the interval [t — t;,t] and x(s) in [t — ki, t — 1;] have been
introduced. By extending this idea, V1(t) incorporates cross-
terms fts—r, x(s)ds, x(s), x(s) in one interval whereas x(s) in
the other one to avoid the inclusion of x(t — h) in the delay
coefficient based terms and in the Lyapunov-matrix related
term. This also avoids the appearance of additional state in
the form of derivative of x(t — h) in the derivative of the
LKF. By doing so the number of LMI variables and maximum
order of LMI decreases which in turn reduces the compu-
tational burden. Also similar concept has been addressed
in [26] in the construction of new LKF, by not including
the information of delayed states in the augmented vectors.
Hence, the delayed state derivative terms can be eliminated
from the augmented vectors of derivative of LKF to decrease
the dimension of stability criteria in LMI form. In addition,
the work in [27] demonstrated the advantage of using V,(t)
that leads to delay-derivative dependent integral terms.

B. ZERO-EQUALITIES

Zero-equalities are often used to exploit the time relation
of the states [28], [29]. In [30], the integral states and its
interval-normalized forms are utilized to construct new zero-
equalities. The following two zero-equalities with slack vari-
able matrices N;, i = 1, 2, 3, 4, of appropriate dimensions are
used in this work.

~ ~ 1
). 2¢T (N [Elwl(r) — 4 E (T—wl(t))} +2¢7 (1N,
t

- ) | -
x| Eywa(r) — (h — 1)E; <h TWzO)) =0 Q)

L -
~ N 1
an, 2¢7 (N5 [Ezwl(o ) (T—wl(t))} +2¢7(1)Ny

t

x | Eawa(t) — (h — 1)y ( p

-k

) -
wa(t )) =0 N
T -

where £ = [I O], E, = [O I] and ¢ (¢) is a column vector to
be appropriately chosen. Note that the above zero-equalities
(6) and (7) are quadratic forms of interval-normalized states
and involves zero-functions of both wi(z) and wy(¢) in the
sense that the bracketed terms are zero by virtue of their
time-dependency. These inequalities will be augmented in
the derivative of the quadratic LKF so that the time relation
among the integrals can be exploited. The slack variables
introduce some freedom in the interplay of the constraints
imposed on other variables arising from the LKF.

C. STABILITY ANALYSIS
This section presents two stability criteria for system (1)
incorporating LKF (5). The first method leads to terms
involving 72 and thereby leads to a criterion as a second-order
polynomial function of t;. Whereas the second one involves
only a first-order polynomial that does not require further
approximation for a polytopic representation. The first result
is presented next.

Theorem 1: System (1) is asymptotically stable if there
exist positive definite matrices P € ROnx6n p,
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Py e R6nx6n, 0 € R3n><3n’ 0, € Rnxn,Rl’ Ry € R™ " and
matrices Uy, Uy € R satisfying the following LMI.

7, w; ETu, 7
[ o hFe) <O ®
Y (h, wi ETuT 7
RS LI
[—hzgo(lu)-l-T(O, w)  E{Uy ] <0 (10)
* —hJT (i) |
withi =0, 1 and
J (i) > 0, (11)
where
Y (t:, 7)) = Solty, ©) + P1(vr, T) + Doz, T) (12)
Go() = t(A3 P1 Ay — Ay P2 Aar)
+Sym{(A3 P1 Az + AL P2 As))) (13)

Do(tr, ) = Sym{AgP AL}
+% (A2 + T A21) P1( Ao + 1 A21)
+Sym{(Az0 + 7 A21)" P1(Az + 1 A31))
—%(Ago+(h—11) Aa1)" P1(Ago+(h—7,) Aar)
+Sym{(Aso + (h — ) Aar)"

xPy(Aso + (h — 1) Asy)) (14)
(1, 1) = AL Q146 — rzA7 01 A7 + Sym{ A{ 01 Ao}
+5eh Orer — el Orer (15)
®y(ty, 1) = el [tR) + (h — 7)Ra]es
1 - . .
—E[EIT(z —a)J(H)E1 + EX (1 + 0)R Uy
20 (U + (1 — @)U1)Ex] (16)

The A;’s in the above comprises of vectors as the following:
wes. (h—weg]"

~ T T ~ T
Ti€y, €3 — Ty —

T T T T
Ag = [elvez,t[e3srte4v(h_

T ~ T T . T
Ay = [eg, Treg, e — Trey ,

~ T T =~ T T . TqT
Tie, —e7, ey —eq + Treg |

T T )T T T T
A20:[€1,€2,€3,€4,6’0530]

Ay = [eo,eo,eo,eo,eg,eu
Azo = [eb, el er — Tel — el
e3T — f,eg — 2r'teZ, eg, eg]T
Az = [el zel el el el — 3l
e — fes — t}eZ]T
Ay = [elT, eg, eST, eg eg, eg]T
Ag = [eo,eo,eo,eo,eS,e6]T
Asg = [eg, eg, Trep — e7 + t[es ,
fel — el 4216l el el T
Asy = [e] ,
frel — el 4 tel "
Ag = le] e ef —e3]"
A7 = [e2,e7,eO]T

~ T T T T T
Ttegaeo,eo»ftez— 7>

T T-T
Ag = [fte3 , e1 — ez,t,e3 — T |

T

T ~ T1T
A9 = [e()ve()’_rteg]
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The above involves block vectors defined as:
e = [OHX(lfl)’ In» Onx(sz)], i = 17 25 R} 81
es = Aey +Acez, eg = [0]uxsn

Proof 1: By taking the time-derivative of the individual
terms in the LKF (5) and defining &1(t) = [wg(t), %wlT(t),
h (t) w3 TV, one gets

Vo(f) = £ (1)Do(;, T)E1(1) (17)
Vi) = &] )@ (1, 7)E1(2) (18)
Va(r) = eF (el [tR1 4 (B — t)Ra)esér (1) — Z(r)  (19)

where ®o(ty, Ty) and ®1(ty, T;) are defined in (12) and (13)
respectively, and

t
I(t) = f ()T (#)x(s)ds
-1

t—1
+ f T (s)Rax(s)ds
t—h

J() = 4R + 1R

Next, the bound for the integral term ZL(t) is obtained. Using
Lemma 2, one can write

O K .
I = == E1 J(#)E1 + EjRyEy ) 61(1)
(h—1)
(20)
where
E; = [el — eg,elT—i—ez 2e3,e1 el —6e3T+ 1207
E, = [ez —67,62 +e7 —265,62 —e7T —665T+ IZeg]T

J = diag{J (1), 3T (&), 5T (i)}
Ry = diag{R>, 3R>, 5R>}

The RHS of (20) involves inverse of 1;. It is taken care of by
using Lemma 1. This step yields

1 ~ . .
I0) 2 2600712 = E{ T@E1 + (1 + F; R
H2E {aU1 + (1 —a)Ua}Es — A1]J61() (1)
where
Ar = (1 —ET R 'UTE) + «ET UT T (3 UL E,

By replacing (21) into (19), one obtains

. T . Ay

Va(t) < & O[Pa(ts, ) + 7]&‘10) (22)
where ®y(ty, Ty) is defined in (11). Now, one obtains V(1)

by collecting the derivatives of individual terms in the LKFs
(17), (18) and (22) as

. T . Aj
V() <& O (v, o) + 7)&1(0 (23)
where Y (1, Ty) is defined in (13).
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The matrix d>0(r,, ) of T (i, ;) contains 12 terms,
so Y (%, T;) + AL can be expressed in quadratic form of t;
as

T, w) + A1 = t2Go(8) + uG1(4) + Ga(dr)  (24)

where Go(1;) is defined in (13), G1(t;) and G»(;) are symmet-
ric matrices and all are independent of t;. Therefore, using
Lemma 3, the matrix Y (%;, 71) + A1 < 0 holds for t; € [0, A]
and t; € [1o, w1] if the following inequalities, for i = 0, 1,
hold:

70, ui) + 410, ni) <0

YA, wi) + A, pni) <0

—*Go(ui) + (0, ) + A1(0, i) < 0

Using Schur complement, one can transform the above
inequalities into LMIs (8)-(10). Hence, if LMIs (8)-(11) are
satisfied, then V(t) < 0, which ensures the asymptotic stabil-
ity of system (1). This completes the proof.

In Theorem 1, Vo(z) yields th terms because the integral
states wq(¢) and wy(¢t) are considered as product of delay-
interval and their interval-normalized form. Hence, the stabil-
ity criterion is in the form of quadratic function of 7;, and this
enforces using Lemma 3. However, Lemma 3 has inherent
conservatism that make the stability result conservative.

To deal with this issue, an improved criteria is proposed
in the next theorem by treating wi(t) and wy(¢) and their
interval-normalized forms ti’w 1(¢) and h%ﬁwz(t) are consid-
ered as separate individual states. This leads to no t/ term in
the derivative of the LKF and thereby not introducing con-
servativeness invited by the use of Lemma 3. Note that, this
step invokes more decision variables in the resulting criterion,
which is a trade-off with the reduction in conservativeness.

Theorem 2: System (1) is asymptotically stable if
there exist positive-definite matrices, P € ROmx6n_p 1
Py € R6n><6n7 Ql e R3n><3n7 Q2 e Rnxn’ RI,Ry € Rnxn’
any matrices Uy, Uy € R¥3" and Ny, N> of appropriate
dimensions, satisfying the following LMI conditions.

7 . s
[T(O; i) _b};ljl(]ﬁi)} <0 (25)
= i =T 71T
[T(’Z i) —%7[&[)} <0 (26)
with
J(ui) =0, fori=0,1 27
where
T (u, &) = Po(t, 7)) + @1(11, @) + Py, 1) (28)

®do(ty, 1) = Sym{ALPA} + 1, AL Py Ay
+Sym{AYP1 A3} — 1, AT Py A4
+Sym{ AL P, As) (29)
®1(1ry, %) = Af Q1 As — T AT Q1 A7 + Sym{ A§ Q1 Ao}
+5123 0r8r — &) 0re7
+Sym{N1(e9 — tre3) + Na(e1o — (i — 11)es)}
+Sym{N3(e11 — tres4) + Na(ern — (h — 11)ee)}
(30
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o1y, &) = &l [(t)R) + (i — 7)R2]es
1 - ~ _ _ -
—E[E]T Q2 —a)J(1)E1 + EX (1 + @)R2E»
—2ET (@S) + (1 — a)$1)Ex] (31)

The A related quadratic term in the above consists of the
following vectors:

n -T =T =T _ =T =T -TT
A0:[6’116’2189,1'1@4,611,(77_Tt)%]

n T ~-T -T _~=-T -T _~-T _.-T
Ay = [eg, Treg, e] — Trey, e3 — Trey — Trey,
~=T =T ~=-T =T , -=TqT

Tie, —ey, i85 —eq + Treg |

A -T -T -T - T =T 4T
A2=[€1,@2ae3»34»€9,€10] s
=T = T T
A4=[€1’€2a€5’36»€11’@12]
T

A3 = [neg, T

T  ~-T . _T - ~ - \T
ey — ey —21ey, 14(e1 — Ti€2)

=T - =T
'CIT[eg . 81 — Ttez — Tte3,

1(e3 — Ter — tea) 1T

As = [(h—7)el, (h—
fel —el y2¢el, (h—v)(Fe, —er),
(h— 1)(Tres — &7 + tée) 17

n -T -T =T =TT
A6=[el,es,e1 e ]

~-T ~=-T T , +=T
)Teg, e, — e7 + ey,

A ST - T
A7 = [62568160]

1 T -T =T =T ~T+T
Ag =leg,e; —ey,eq — 1165
1 T -T _ ~-TqT
Ag = [30 , €05 _Ttgg]
The above expression involves block vectors ey, ..., e12

defined as:
e; = [Opxi=1)s In, Onxi2—pl, i=1,2,...,12,
es = Aey +Acez, e = [Olnx12n
Proof 2: Similar to Theorem 1, consider the LKF (5). Next,
by taking the derivative of Vo(t) and by treating the integral

and its normalized version as individual states to reformu-
late second order polynomial into first order, one obtains

Vo(t) = & (1)®o(1, T)&(t) (32)

where <I>0(r,, T;) is defined in (29) and &(t) = [wg(t),
W] (@), 2= wh (0, wh (0), w] (0), wh )]

In the zero equalities of (6) and (7), the integral states
w1 (1) and wo(ry and their normalized version are considered
as separate individual states then one obtains

28] ([N1(89 — 7;23) + Na(@10 — (h — 1,)25)1E2(1) = 0

(33)

267 (1H[N3(e11 — Treq) + Na(e12 — (h — 1,)é6)162(t) = 0

(34)

Next, by including (33) and (34) in the derivatives of Vi(t),
we have

Vi(t) = & ()P 1 (11, 71)E2(1) (35)

where @ (1, T;) is defined in (10). Similarly, the derivative
of Va(t) can be expressed as:

Va(t) = &1 (el [t Ry + (B — t)R2]eséa(t) — Z(t) (36)
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where
t
() = / (9T (E)i(s)ds
-1

1—1
+ / 1T ()R (s)ds (37)
t—h

J (1) = [TR + T Ro]

By bounding the integral function Z(t) using Lemma 1 and 2,
and invoking (34), one obtains

g T . I
Va(r) < & (O Doz, T) + 7]52(0, (33)
where Oy (1, 1y) is defined in (31) and
M = (1 —)ET R, ' STE + «EX ST T~V (1,)S1 Ex

where

Ei =] —eb, el +el —2ef el —el —6ef + 128117
By =1e] —el &b +eb —2¢l, 2] —el —e6el + 122"
J = diag{J (t1), 3T (8), 57 (i1)}

Ry = diag{R>, 3R>, 5R»}

Finally, one can write V(t) using (32)-(34) as

. T . Hl
V() <& O (4, 7)) + 7)520) (39)

where Y (14, Ty) is defined in (28).

If the matrix T (z;, ©;) + % is negative definite for all t; €
[0, Al and T, € [wo, (1], then V(t) < 0. Now, using Schur
complement one can transform Y (t;, 1) + % < O into LMIs
(25) and (26). This completes the proof.

Remark 3: In Theorem 2, the integral and their interval-
normalized forms are treated as separate individual states,
to avoid the use of Lemma 3. Therefore, in Theorem 2,
additional states wi(t) and wy(t) are considered as com-
pared to Theorem 1. Two zero equalities are also modified
to take these states into account. In doing so, the maximum
order of the LMI criterion and number of LMI variables
are increased. This results in computational burden and
convergence time. In general, the potential to yield better
result using Theorem 2 in comparison to Theorem 1 is at the
price of more computational burden and convergence time.
This yet again provides the trade-off between complexity and
conservativeness.

IV. NUMERICAL EXAMPLES

In order to demonstrate the less conservativeness of
Theorem 2, following three examples are considered and
comparisons are constructed in terms of MPUB of 7% and
number of LMI variables (NLVs).

A. SYSTEM PARAMETERS

Consider system (1) with the following three sets of system
matrices:
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FIGURE 1. State responses of Example 1.

(1) Example 1:
-2 0 -1 0
A:[O _0‘9:|, At:[_l _1:| (40)
(2) Example 2:

0 1 0 o
A= |:_1 _21|, A = [_1 1] 41
(3) Example 3:
0 o0
o] e

0 1
A= [_1 _J Al

B. COMPARATIVE RESULTS

(a) Delay upper-bound (%): The MPUB of delay for various
values of u obtained using different approaches are tabulated
in Tables 1, 2 and 3 for example 1, 2 and 3, respectively. It can
be seen that the MPUBs obtained using Theorem 2 is larger
than Theorem 1. This shows that use of Lemma 3 due to the
involvement of 72 terms introduces considerably conserva-
tiveness. This can be avoided if the states are appropriately
augmented.

For a comparison among the proposed results and the
existing ones in literature, one can observe that Theorem 1 in
example 1 is more conservative than all the approaches
except Theorem 1 and 2 of [14] and [27], respectively.
However, Theorem 2 yields better results as compared to
all other approaches consistently. In case of example 2,
Theorem 1 mostly provides conservative result except Propo-
sition of [30] and Theorem 2(N = 2) of [35]. Further, for
example 3, Theorem 1 yields better results among all that are
listed in table 3 except Theorem 1 of [27].

(b) Complexity computation: The computational complex-
ity depends on the maximum order of LMIs (MOL) involved
in the stability criteria and also on the number of scalar LMI
variables (NLV) used. Due to the use of extra states and zero
equalities in the stability analysis of Theorem 2, the MOL is
increased by four as compared to Theorem 1. Also the NLVs
used in Theorem 2 are larger than that of Theorem 1. So,
the computational burden and convergence time is more in
Theorem 2 as compared to Theorem 1. Further, for compari-
son with the existing methods, the NLVs are listed in all the
Tables. One can observe that the NLVs required in proposed
Theorem 2 are less as compared to the other approaches
except in Theorem 1 (C3) of [14], Theorem 2(C1) of [27]
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TABLE 1. For Example 1 the MPUB of Delay h for Various Values of y.

p=—po = p1

Methods NLVs
0.1 0.2 0.5 0.8
Theorem 1 (C3) [14] 4.939 - 3.298 2.869 104n2 + 15n
Theorem 2(C1) [27] 4.940 4.262 3.304 2.877 69n2 + 12n
Theorem 3 [31] 4.944 4274 3.305 2850  221.5n% 4+ 12.5n
Theorem 1 [32] 4.942 - 3.309 2.882 108n2 + 12n
Theorem 8(N=4) [33] 5.01 4.29 3.19 2.70 146.5n2 + 9.5n
Theorem 2 [16] 5.041 - 3.431 2980  162.5n2 + 16.5n
Theorem 3 [17] 5.026 - 3.428 2.977 252.5n2 4+ 0.5n
Corollary 2 [34] 5.044 - 3.443 2.983 235n2 + 34n
Theorem 1 49438 42673 33104  2.8880 76n2 + 11n
Theorem 2 5.0588 44317 3.4606 2.9981 124n? + 11n
TABLE 2. For Example 2 the MPUB of Delay h for Various Values of u.
Methods K= "HO= M1 NLVs
0.1 0.2 0.5 0.8
Proposition 1 [30] 7.230 4.556 2.509 1.940 54.5n2 + 6.5n
Theorem 2(N=2) [35]  7.263 4.591 2.575 2.011 65n2 + 8n
Theorem 1 [32] 7.400 4.795 2.717 2.089 108n2 + 12n
Theorem 1 (C3) [14] 7.401 4.765 2.709 2.094 104n2 + 15n
Theorem 3 [31] 7.550 4.902 2.714 2.054 221.5n2 + 12.5n
Theorem 2 [16] 7.616 4.949 2.798 2.142 162.5n2 + 16.5n
Theorem 3 [17] 7.651 4.936 2.764 2.114 252.5n2 + 0.5n
Theorem 1 7.3083  4.6622  2.6401  2.0585 76n% + 11n
Theorem 2 7.6657 49675 27948  2.1335 124n? + 11n
TABLE 3. For Example 3 the MPUB of Delay h for Various Values of p.
Methods rZTHOT M NLVs
0.05 0.1 0.5
Theorem 3 [36] 2.5903  2.4382  2.0260 70n% 4 12n
Proposition 1 [30] 2.6370 24742 2.0424 54.5m2 + 6.5n
Theorem 2(N=2) [35] 2.6387 24770  2.0447 6512 + 8n
Theorem 1 [27] 2.646 2.498 2.113 100.5n2 + 8.5n
Theorem 1 2.6435 24905  2.0962 76n% 4 11n
Theorem 2 2.6692  2.5300 2.1370 124n2 + 11n
! i —
_XZU)
A J
4 | | | | | | | 4 I |
0 50 100 150 200 250 300 350 400 0 50 100 150

Time

FIGURE 2. State responses of Example 2.

and Theorem 1 of [32]. Similarly, for example 2, the NLVs
used in proposed Theorem 2 are more in comparison to the
other methods listed in Table 2 except Theorem 3 of [31]
and Theorem 2 of [16]. Further solving in example 3 requires
large number of LMI variables in comparison to all the cri-
terion listed in Table 3. Therefore, on the basis of the above
comparisons, it can observed that Theorem 2 requires more
convergence time and computational burden than the some of
the existing approaches.
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Time

FIGURE 3. State responses of Example 3.

C. SIMULATION VERIFICATION
From Table 1, one can observed that proposed Theo-
rem 2 guarantees the stability of system (1) for example 1
until # = 5.0588 for © = 0.1. Similarly from Table 2, for
example 2 until 4 7.6657 for p 0.1. Further from
Table 3 for example 3 until i = 2.6692 for © = 0.05.

For verification of proposed results, we consider the
following parameters.
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Example 1: x(0) = [1, —1]7 and 7; = 4.9588 + 0.1 sint
Example 2: x(0) = [0.5, —1.5]7 and t; = 7.5657+0.1 sint
Example 3: x(0) = [1, —1.5]” and 7; = 2.619240.05 sint
The state responses of all the three examples are shown
in Figs. 1-3. In all the cases, the systems are seen to be
asymptotically stable that corroborates the obtained results.

V. CONCLUSION

Two new criteria in the form of second and first-order polyno-
mial functions of t; have been proposed. Both the criteria are
obtained using same LKF for the stability analysis of systems
with time-varying delay. Using comparative studies, it is
observed that the conservativeness in the stability criterion
due to use of NDL is considerable and it can be removed by
avoiding appearence of the quadratic term of t;,. However,
zero-equalities are used with additional states which leads
to more number of LMI variables and complexities as well.
The effectiveness of the proposed LMI conditions are demon-
strated by considering three examples, which shows that the
proposed Theorem 2 consistently yields improved results.
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