
Chapter 4

Active Brownian particles can mimic the
pattern of the substrate

4.1 Introduction

In the previous chapters, we focused on the phase transition in an active polar system
with birth and death processes, and we discussed the ordering in polar flocks within a
one-dimensional system exhibiting inhomogeneity. We now turn our attention to under-
standing how particles respond to substrate information. The self-propelled particles (SPPs)
introduced in the previous chapters interacted through alignment interactions. However,
spherically symmetric SPPs interacting solely through excluded volume interactions also
exhibit interesting properties. One such notable result is the appearance of motility-induced
phase separation (MIPS) at packing densities much lower than those observed in equilib-
rium systems [Bialké et al. (2013); Cates & Tailleur (2013a, 2015a,b); Fily & Marchetti
(2012); Großmann et al. (2014); Saha et al. (2014); Speck et al. (2014); Wensink et al.
(2012); Wysocki et al. (2014); Zöttl & Stark (2014)]. In addition to the extensive study of
these systems in clean environments [Chaté et al. (2007); Chaté et al. (2008); Marchetti
et al. (2013d); Ramaswamy (2010b); Romanczuk et al. (2012b); Toner & Tu (1995, 1998b);
Vicsek et al. (1995)], recently people have started to look for their bulk properties in het-
erogeneous medium [Chepizhko et al. (2013); Das et al. (2018a); Morin et al. (2017a);
Peruani & Aranson (2018); Quint & Gopinathan (2015); Sándor et al. (2017a); Sándor
et al. (2017); Toner et al. (2018a,b)].
Inhomogeneity can exists at all scales of active matter. The active matter community has
only lately concentrated its attention on a detailed examination of typical patterns in local
density and polarisation in the inhomogenoues conditions [Auschra et al. (2021); Sharma
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& Brader (2017)]. In recent study [Hu et al. (2015)] it is shown that the microswimmers
can sense the geometry of the substrate and hence can be used as biosensor.
Also, the recent experiment [Choudhury et al. (2017)] and simulation [Semwal et al.
(2021)], consider the motion of the active Brownian particles moving on the top of two-
dimensional periodic surface. It is found that the ABPs experiences competition between
hindered and enhanced diffusion due the pattern of the surface. In these studies the inhomo-
geneity is introduced as different surface morphology. Here our aim is to exmine whether
the inhomogeneity in activity profile will affect the collective properties of ABPs. In this
work we focus on studying the behaviour of collection of ABP’s moving on inhomogeneous
substarte of various distributions of activity profile. We studied the various distributions
using the coarse-grained as well as microscopic simulations of active Brownian particles
(ABPs) [Wittkowski et al. (2014)].
The response of real microswimmers to the local profile of activity can be experimentally
designed by introducing different thermal gradient, light induced activity profile or field
induced [Abdoli & Sharma (2021); Stenhammar et al. (2016); Vuijk et al. (2020, 2022)].
Light is commonly used external stimulus that can be used to modulate the activity of
microswimmers, particularly those that exhibit photo-responsiveness, such as light-driven
microbots or bacteria like Escherichia coli that can be genetically modified to respond to
light. The photo-activated motility of such particles allows for the creation of spatiotem-
poral activity patterns that can be experimentally controlled with precision. Also it can
be naturally present in the systems where bacteria is moving in the background polymer
network as discussed in review work of [Cates & Tailleur (2015c)]. The above works show
the strong dependence of steady state density of microswimmers in response to the activity
profile. In addition to that in our present work we also show that the current and density of
particles very much depends on the gradient of the activity profile.
In this study, we consider a collection of active Brownian particles (ABPs) [Cates &
Tailleur (2013a); Erdmann et al. (2000); Romanczuk et al. (2012b); Schweitzer (2003);
Solon et al. (2015b)] moving on a two-dimensional inhomogeneous substrate. The sub-
strate is designed such that the particle experiences high activity in some regions and
no or small activity at other places. We have considered varied distributions of activity
for the substrate. They are of type; Step function, Sigmoid, Gaussian, Cone and random
shape distributions. Our main result is that the particle density can mimic the underneath
substrate structure.
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4.2 Model and Numerical Methodology

We consider a collection of active Brownian particles (ABPs) moving on a two-dimensional
inhomogeneous substrate. The substrate is designed such that there are regions, where
particle experiences high activity and regions where it behave as passive particle. Hence
particles move on a substrate with inhomogeneous activity profile. The dynamics of ABP’s
is given by the following update equations for the particles position on the two-dimensional
substrate;

∂tx = v(x,y)cosθ +
√

2Dξx (4.1)

∂ty = v(x,y)sinθ +
√

2Dξy (4.2)

∂tθ =
√

2Drξθ (4.3)

The first term on the right hand side of the both Eq.(4.1) and (4.2) incorporates the in-
homogeneous activity with space dependence of self-propulsion speed v(x,y). The ξi’s
are due to the thermal noise (translational and rotational). The transitional and rotational
diffusion coefficients D and Dr, respectively, measure intensities of independent, unit
variance, Gaussian white noises ξx,y,θ (t).
In the following section, we utilize the framework of ref. [Auschra et al. (2021)] to derive
approximate differential equations for the density ρ(r, t) and local polarisation p(r, t) at
position r and time t. The collection of ABPs governed by the Eq.(4.1) to (4.3) is called as
microscopic (MIC) model. Later we also write the coarse-grained coupled equations for
local density ρ(r, t) and polarisation p(r, t).

4.2.1 Moment Equations

The dynamic probability density function f (r, n̂, t) for finding the particle at time t at
position r with the orientation n̂ = (cosθ ,sinθ), corresponding to the system of stochastic
differential Eq.(4.1),(4.2) and (4.3), obeys the Fokker Planck Equation[Cates & Tailleur
(2013b); Golestanian (2012); Solon et al. (2015c)]

∂ f
∂ t

= D∇
2 f +Dr∂

2
θ f −∇.[ f v(r)n̂] (4.4)

here, ∂

∂ t , ∇ and ∂ 2
θ

represents differential operators with respect to time t and space r
and angle θ respectively. The exact moment expansion of f in terms of n̂ [Bertin et al.
(2006b); Cates & Tailleur (2013b); Golestanian (2012)] truncated after the second term
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leads
f (r, n̂, t) =

1
2π

[∇(r, t)+2p(r, t) · n̂] (4.5)

where,
ρ(r, t) =

∫
dn̂ f (r, n̂, t), (4.6)

p(r, t) =
∫

dn̂n̂ f (r, n̂, t) (4.7)

denote density and polarization, respectively. Multiplying Eq.(4.4) by 1 or n̂, integrating
over orientational degrees of freedom, and using the definitions in Eq.(4.6) and (4.7), we
obtain the moment Equations[Cates (2012); Golestanian (2012)]

∂tρ(r, t) =−∇ ·J(r, t), (4.8)

∂tp(r, t) =−Drp(r, t)−∇ ·M(r, t) (4.9)

here, we introduced the (orientation averaged) flux [Auschra & Holubec (2021)]

J(r, t)≡−D∇ρ(r, t)+ v(r)p(r, t) (4.10)

and the matrix flux
M(r, t)≡−D∇p(r, t)+

v(r)
2

ρ(r, t)I (4.11)

with the unit matrix I. The set of equations given by Eq.(4.8)-(4.11) is named as
coarse-grained (CG) model.

Numerical Details : We have performed numerical integration of CG model using
Euler’s numerical integration method to solve Eqs.(4.8, 4.9, 4.10, 4.11). We randomly
initialized density ρ and polarization p and calculated the orientation averaged flux J as
given in Eq.(4.10) and matrix flux M as given in Eq.(4.11). Then the density ρ is updated
by inserting J into Eq.(4.8) and similarly the polarization p is updated by inserting M
into Eq.(4.9). We define the smallest length scale as l = vo

Dr
and time scale τ = Dr

−1. All
the lengths and times are measured in multiple of them. The step size we considered
are dx = dy = 1.0l and dt = 0.01τ . All the results are also checked for smaller step size
dx = dy = 0.5 and we found the same results. Hence there is no ambiguity with respect to
step size of integration and discontinuity of the inhomogeneous profile. We started with
mean value of density ρ0 = 0.5 and it remains constant throughout the simulation. The
system is studied in two-dimensions. We first give the details of parameter for CG model.
We considered the length of the system L = 512l. The total simulation time is 2×105τ .
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The periodic boundary conditions (PBC) is used in both directions. The inhomogeneous
activity on the substrate is introduced through following four symmetric shapes of activity
on the substrate with the maximum intensity, vo of the distribution:
(i) Step Function Shape: We first introduced the step function distribution of activity on
the substrate such that

v(x,y) =

vo
√
((x−µ)2 +(y−µ)2)≤ ro

0
√

((x−µ)2 +(y−µ)2)> ro
(4.12)

We have a constant value for activity inside the circular region of radius ro = 1
4L

and discontinuous at the boundary between the active and inactive regions in the step
distribution.

(ii) Sigmoid Shape: The two-dimensional sigmoid function is defined as:

v(x,y) = v0 × (1− 1

1+ e−k·
√

(x−µ)2+(y−µ)2
) (4.13)

where µ is the center parameter and k is the steepness parameter that controls the shape of
the sigmoid function. We fix k = 50 throughout the simulation. This is same as the step
distribution. The only difference is rapid, continuous fall in activity at the boundary.

(iii) Gaussian Shape: Gaussian distribution with parameters µ,σ ,v0 4.14 [Genz &
Bretz (2009)].

v(x,y) = vo ×
1

2πσ2 exp(−1
2
[(

x−µ

σ
)2 +(

y−µ

σ
)2]) (4.14)

µ is the center of the system. σ = 1
4L represents variance in both directions. x and y in

Eq.(4.14), represents x and y coordinates in the system.

(iv) Cone Shape: We introduce the cone shape distribution of activity on the substrate
such that

v(x,y) = v0 × (1−
√
(x−µ)2 +(y−µ)2) (4.15)

where µ = L/2 is at the center of the box. In Eq.(4.15), the activity falls linearly away
from the center of substrate and finally becomes zero.
Further we also perform microscopic simulation of Eq.(4.1) to (4.3) for the step and
Gaussian profile of activity on a two dimensional substrate of size L = 128l with the



60 Active Brownian particles can mimic the pattern of the substrate

number of active Brownian particles N = 8692 and their radii R = 0.6l . The dynamics of
the ABPs are governed by a discrete time step, dt, set to 0.01τ units. At each time step, the
particles undergo self-propulsion with a speed denoted by vo. The total simulation time
set to 5×104τ units. The repulsive force acting between two particles is modeled using a
soft-core spring potential

Frep(ri j) =−K · (2R− ri j) · r̂i j (4.16)

where ri j is the distance between particles i and j, K is a positive constant that determines
the strength of the repulsive force and it is taken as unit in the simulation and r̂i j is the
vector pointing from particle i to j. The force is zero when the distance between particles
exceeds the sum of their radii, and it increases as particles get closer. The last term in
Eq.(4.1) and (4.2) is the translational noise which is present due to thermal fluctuations.
The angular noise in Eq.(4.3) affects the rotational diffusion of particles and is responsible
for the random changes in their orientations. The strengths of translations and rotational
diffusion constants are fixed to 1.0 for both.

The system is studied for vo = 1.0 in both CG grained and MIC simulations and rest of
other parameters are given in each activity profiles. The dimensionless maximum Peclet
number Pe = l

R = 1.33.

4.3 Results

In this section we discuss our results in detail. We divide our study in two parts. In first
part we show the results of four different shapes of activity profile given in previous section
using the CG simulations of Eq.(4.8) to (4.11). We also discuss the time evolution of
system towards the steady state for one shape of activity profile: i.e. Gaussian shape
function. In the second part we show the time evolution of the system studied using the
MIC model introduced in Eq.(4.1)-(4.3).

4.3.1 Coarse-grained model (CG)

We analyze the density ρ , polarization p, and flux J (as given in Eq.(4.8), (4.9) and (4.10)
respectively) of the particles observed for various shapes of speed distribution (activity
profile) including step, sigmoid, Gaussian and cone shape in Fig.[4.1].

For the time at t = 200000 and for system size L = 512, we find that the density is
least in the highly active region, reaches its maximum at the interface between the high
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and low active regions. We can see in the Fig.[4.1], distribution of density depends on the
local gradient of activity profile. Since the shape of step distribution of speed has very
high gradient at the interface of active and passive region but zero gradient in the rest of
the area, we find that there is a sharp change from low density inside the active region
to high density at the interface. When we introduce other activity profiles in the model
we observe that there is a region of intermediate density between high and low density.
This intermediate density is equal to the average density taken in the system. As we go
from sharp to gradual (smooth) decay of gradient of activity profiles such as sigmoid to
Gaussian and finally to cone shape, the size of the intermediate region with high density
is increasing. The differences in the density profiles for different shapes highlight the
influence of the activity profile on the system’s behavior. Three dimensional representation
of activity profile and corresponding density distribution is shown in Fig.[4.2]. We observe
depletion of the particle density from the active region and the area of the depleted region
is approximately equals the area of region where velocity is non-zero.
The corresponding polarization p in Eq.(4.9) and current/flux J in Eq.(4.10) in the steady
state is shown in third and fourth row in Fig.[4.1] indicate the magnitude and direction
represented by color map and stream of arrows respectively . These two observables p and
J are essential in understanding the overall dynamics in the system and how particles move
and interact within the active region. The polarization is symmetric and points away from
the centre of the substrate. Magnitude of polarization is maximum at the interface but the
maximum value decreases for smooth activity profiles as shown in Fig.[4.1] (Polarisation).

The current J is plotted in Fig.[4.1] (Current). We observe particles flow from high
density (maximum current) region at interface to the low density regions both inward
(high activity region) and outward (low activity region) but due to high activity they leave
the active region in opposite directions. The value of maximum current at the interface
decreases for smooth activity profiles as represented by color bars. The presence of angular
dependence of current is solely due to the PBC in the system.

We show time evolution of density, polarisation and current for Gaussian shape of
activity profile in Fig.[4.3]. We plot the color snapshots of particle density at different time
steps from left to right t1=1, t2=1000, t3=40000 and t4=200000. Density pattern evolves
with time and we observed the depletion of particle density inside the active region. In the
middle i.e., the area where the activity of the particles is maximum, we observe the lowest
density of the particles and going from center to the boundary of the active and passive
regions, we observe the density of the particles gradually increase. At the initial times, we
observe the depletion of the particles getting bigger, but the depletion reaches a saturation
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Fig. 4.1 The figure shows the activity profiles in the first row for different shapes of
distributions of activity of Active Brownian Particles (ABPs). Each subplot in the columns
represents a different shape of distribution: Step function shape, Sigmoid function shape,
Gaussian function shape, and Cone shape from left to right respectively. The activity
profiles are represented by color intensity, with warmer colors indicating higher activity
levels and cooler colors indicating lower activity levels. In the second, third, and fourth
rows, the density ρ(r, t), polarization p(r, t), and flux/current J(r, t) of the ABPs are
displayed from top to bottom, respectively. The color intensity in the second row represents
the density levels, with red indicating higher densities and blue indicating lower densities.
In the third and fourth rows, the color intensity represents the magnitude of polarization
and flux, with warmer colors indicating higher magnitudes and cooler colors indicating
lower magnitudes. The stream of arrows in the third and fourth columns illustrate the
direction of polarization and flux, respectively. The rest of the system parameters are given
in the main text.
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Fig. 4.2 This figure shows the three dimensional representation of step, sigmoid, Gaussian
and cone shapes of activity profile in the first row. Activity profile is represented by speed
of the particles on the z-axis on two dimensional xy plane The density corresponding
to different shapes of activity profiles is shown on the z-axis in second row. These 3d
snapshots are shown for system size, L=128 at time, t=10000. Note: that the density profile
in the steady state exactly opposite to that of activity profile.
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Fig. 4.3 Time evolution snapshots of the model with Gaussian shape distribution of speed
at time steps t1=1, t2=1000, t3=40000 and t4=200000 is shown from left to right. Density,
polarisation and flux is shown in first, second and third row of the figure, respectively at
the given times. The color bars represent the value of the density, polarisation and flux of
the particles from low at bottom to high at the top. The stream of arrows represent the
direction of polarisation and flux in the model.

state with time.
In the second row of the Fig.[4.3], we observe the polarization snapshots of p with its
magnitude represented by color map and direction with stream arrows. We observe at
early times the particles are at random motion and orientation. Along with the time, we
observe the polarization of particles increases in the active region. Except at the center
of the system, we observe lower polarization. At later time there is not much change in
the profile with time. At early stages, there is no ordering of the polarization i.e., random
direction of the polarization. With time we observe the formation of high polarization
regions near the interface inside the high activity region. At the center of the box, where
the activity is the highest, we observe low polarization.

From the current plot in third row of Fig.[4.3], we can see the current snapshots in the
model. The color map represents the magnitude of the current and direction shown by
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stream arrows. In this model, at early times, we observe the particles are at random motion
and orientation. With time, we see high current in the activity region. At later times as the
system evolves, i.e., we don’t observe major change in the density, polarisation and current
profiles with time.

4.3.2 Microscopic model (MIC)

Now we discuss the results of microscopic model introduced by Eq.(4.1)-(4.3). We focus
on the time evolution of local density of particles ρ(r, t), where ρ(r, t) is obtained by
counting number of particles in unit square box, such that the whole system is divided in L2

boxes of unit size. Here we only focus on the density profile of particles in the system for
two activity profiles (i) step function and (ii) Gaussian. Fig.[4.4] shows the time evolution
of local density at times t1 = 15000, t2 = 30000, t3 = 40000, and t4 = 50000. The system
is started with random position and orientation of particles in whole substrate. With time
density ρ(r, t) evolves such that inside the activity region less number of particles hence
the lower density and outside or in the passive region almost mean density. At the interface
we observe highest density of particles. The color bar in Fig.[4.4] shows the magnitude of
local density and note that at the interface region density is high. For step distribution the
width of the high density interface is much sharper than that of the Gaussian case as shown
in Fig.[4.4].
We demonstrate the remarkable capability of the Microscopic (MIC) model in capturing
essential features of the system’s behavior when compared to the Coarse-Grained (CG)
model. In Fig.[4.5], we present radial density profiles as a functions of radial distance
from the center, with a specific focus on the activity profile of the step function. The radial
density profile ρ(r) is calculated by averaging of local density over all directions. The
main plot illustrates the behavior of the density profile in the CG model, with a system
size of L = 512l and its center located at coordinates (256,256). In this configuration, the
interface of the activity profile is positioned at a radius r = 32. Furthermore, the inset plot
in Fig.[4.5] highlights the corresponding density profile in the MIC model, configured
with a system size of L = 128l, and a center at coordinates (64l,64l). In this scenario,
the interface of the activity profile also lies at radius r = 32. This representation reveals
the striking similarity in the radial variation of density between the CG and MIC models,
particularly with respect to the step function activity profile. We observe for both cases that
density profile shows a jump at interface and gradually decreases to global mean density of
the system. For MIC model packing fraction is 0.6 and for CG model mean density is 0.5.
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Fig. 4.4 The figure illustrates the time-evolution of particle densities on substrates for the
microscopic model (MIC) for two different types of activity profiles i.e. step and Gaussian
shape, represented in the top and bottom rows, respectively. Each column corresponds to
a specific time point (t1 = 15000, t2 = 30000, t3 = 40000, and t4 = 50000). The particle
density is visualized using color maps, with colors ranging from red to blue, indicating
low to high density, respectively.

Fig. 4.5 Radial density as a function of distance from the center for the activity profile of
step function, illustrating the behaviour of density profile in CG model (main plot) and the
MIC model (inset plot).
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Fig. 4.6 This figure shows the various distributions we have considered. a) E shaped
potential b) VA (Hindi) shaped potential c) LA (Telugu) shaped potential d) Flower shaped
potential.

4.4 Miscellaneous shapes

In previous two cases we have learnt that the particles deplete from the active region.
The particles density can mimic the distributions underneath them. We ask the question;
whether the above mechanism be recreated for some miscellaneous shapes without any
symmetry. This is the motivation to consider miscellaneous shapes. The aim is to check
whether the particles follow the pattern of the substrate as we had observed with various
activity profiles such as step, sigmoid, Gaussian and cone shape distribution.All the results
of miscellaneous shapes are performed with step size dx= dy= 1.0, since we have checked
the results for dx = dy = 0.5 for step profile, we believe that results of miscellaneous
shapes will also remain unchanged for small step size. The various other distributions we
looked are:

1. English Alphabets

2. Hindi Alphabets

3. Telugu Alphabets
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Fig. 4.7 Steady state snapshot of the particles density distribution for different potentials. a)
English Alphabet ’E’ b) English Alphabet ’T’ c) English Alphabet ’U’ d) English Alphabet
’J’ e) Telugu Alphabet [Rao & Ajitha (1995)] ’la’ f) random shape ’flower’ g) Hindi
Alphabet ’pa’ h) Hindi Alphabet ’na’ i) Hindi Alphabet ’va’. The red region represents low
density and blue region represents high density of particles. All the snapshots are taken at
an activity of 2.0 and at the time t=50000. The box size is 128 × 128.
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4. Flower Shape

In the Fig4.6, we observe four different shaped potentials. We actually had considered
various other type potentials in these categories. In English Alphabets, we have considered
Alphabets E, (A, M, J, P (data not shown)) Fig.[4.6](a). In Hindi Alphabets [Jayadevan
et al. (2011)], we have considered Alphabets VA, (PA, NA (data not shown) Fig.[4.6](b). In
Telugu Alphabets [Rao & Ajitha (1995)], we have considered LA Fig.[4.6](c) and flower
shape Fig.[4.6](d). In these figures, the yellow color part is the active region and purple
color part is the passive region. In the following section, we are attaching the steady state
snapshots at time t = 100000 of particles density distribution for different distributions.

We find that the steady state snapshots of particle density Fig.[4.7] looks very much
similar to the original velocity distribution we started with. Hence we say that the collection
of active Brownian particles can mimic the substrate information.

4.5 Conclusion

In this work we studied the collection of active Brownian particles using coarse-grained
and microscopic simulation on a two dimensional inhomogeneous substrate. The inhomo-
geneity is introduced as different pattern of activity particle experiences on the substrate.
We looked for different activity profiles: (i) Step function; (ii) Sigmoid; (iii) Gaussian; (iv)
cone and finally we also studied the system with various asymmetric profiles: we studied
the system with shapes of different alphabets. We observed the patterns of local density,
polarisation and current along the activity profile. We find that for all four distributions, the
whole interface is symmetrically divided in four different quadrants. Steady state is defined
by such pattern of current. The conclusion is same for all four shapes. Interestingly density
distributions are the mirror image of the activity profile. Starting from homogeneous
density, in the steady state density achieves the lowest value in the high active region
and then follow the pattern of the activity with sign reversed. We also performed the
microscopic study and found that steady state density profile matches from the same as
obtained by coarse-grained model. To check the same we replicate many miscellaneous
shapes of activity for different alphabets of English, Hindi and Telugu. We find for all the
cases in the steady state density follows the pattern of the activity.
Hence our results show the response of active Brownian particles on the substrate with
inhomogeneous activity. Our results can be checked by the similar experiments as sug-
gested in recent study of [Pellicciotta et al. (2023)]. The results can be used to detect the
pattern of the substrate as well as have applications in printing using biological species or
synthetic active particles.
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