Chapter 2

Fixed time synchronization of
quaternion-valued neural networks

with mixed time-varying delay

2.1 Introduction

This chapter explores fixed-time synchronization among identical drive-response sys-
tems within QVNNs featuring mixed time-varying delays. The achievement of this
synchronization is facilitated through the application of the fixed-time stability cri-
terion to the error system. Emphasizing the fixed-time stability aspect, the chapter
establishes synchronization within a fixed time frame for drive-response systems.
Specifically, the focus lies on fixed-time synchronization for a category of QVNNs
endowed with mixed time-varying delays. The approach begins by decomposing

QVNNs into four equivalent RVNNs. Subsequently, a novel, well-suited controller
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is crafted to realize fixed-time synchronization in QVNNSs, leveraging the Lyapunov
function. Two distinct expressions for settling time emerge through applying two
different lemmas. Ultimately, the theoretical findings are validated through numer-

ical simulations employing a specific example.
Some significant contributions of this scientific contribution are listed as follows.
1. It is the first time the fixed time synchronization of QVNNs is discussed with
mixed time-varying delays.

2. The controllers are designed so that the settling time is independent of the

delay terms.

3. Converting the QVNN into four real parts and by using some suitable con-
trollers along with the Lyapunov function, the synchronization within a fixed

time is achieved.

2.2 Model Description and Preliminaries

Consider the model of QVNNs with mixed time-varying delays, taking into account

the drive system as
5(t) = — opzp(t) + Z apq fo(Z4(1)) + Z bpa9q(2q(t — T1(¢)))
qg=1 qg=1
t*TQ(t)

+deq/ hy(zg(s))ds + L,(t), (2.1)

where p = 1, 2, ..., n; 2(t) = [21(t), 22(1), ..., z,(t)]" € H" is the state vector of
the neural networks with n neurons at time ¢;C' = diag{cy, c2, ..., ¢,} € R is

the self-feedback connection weights matrix with ¢, > 0 for p =1, 2, ..., n; A =
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(@pg)nxns B = (bpg)nxn and D = (dpg)nxn € H" " forp=1, 2, .., n,q=1, 2, ..., n,
are the connection weight matrices; f,(.), g4(.) and hy(.) are the activation functions
for ¢ = 1, 2, ..., n of suitable dimensions; I,(t) for p = 1, 2. ..., n, denote the

external inputs. 7(t) and 75(¢) are the time varying delays.

The following assumptions are considered to establish the main results of this chap-

ter.

Assumption 2.2.1. Fach of the activation functions can be written as

Fy(z(t)) = F, (1) +iF, (2, (1)) + 5F) (2 (1) + kES (27 (1). (22)

p

where F, = [y, gp, hy forp=1,2, ., n; 2zl € R fory =R, I, J, K;p=

Assumption 2.2.2. Fach of the four components of every activation function sat-
isfies the Lipschitz condition, i.e., for x1, o € R, 3 constants l},, lz, lg € R, such

that

|f)(z1) = f(22)] < Iz — 2o,
|97 (1) — g (x2)] < B]ay — o],

|hY(x1) — ) (22)| < By — 2a].

Remark 2.2.1. The activation functions are absolutely inherent components of the
neural networks that influence the dynamical behavior of the designed neural net-
works. From both the assumptions, the existence and uniqueness of the solution
of model (2.1) can be guaranteed due to continuity and Lipschitz condition of the

activation functions [89].
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The system (2.1) with Assumption 2.2 can be written in four real-valued systems as

SO +§j@¢ﬁ )~ al F1A () — al, £ (2 (1)
— PR R () + DR R (= m() — BLogl (21t — ma(t)
b (2t — () — b g (2 (¢ — (1))
dt t hE (2 (s))ds — df t KL (s))ds
Y B CIE o HED)
) /t Y B (22 (5))ds — d< /t_w) BE (5 (s))ds + I (t)),
(1) = — ol +Z(Wﬁ )+ al £ (0) — ok £ (0 (1)
a0 4 BL R R — () + gl (21t — 7 (1))
BRI (2t — ma(8))) + g (2K — (1))
d! t hE(2B(s))ds + dB t hi(ZL(s))ds
Y BRCHCIERY HEHD)
_dpq/t o hq(zq (s))ds+dpq /th(t) hy, (zq (s))ds—i—Ip(t)),
() =—cpz) +Z ( JITEEEW) + ab fE2H) + ol (2 (1))

— o f (24 () + b (24" (t = 71(1))) + bpegy (25 (t = 71(1)))
+ by (2 (t = 71(8))) = bpegy (75 (t = 7a(2)))

J ! R/_R K ! I/ I
+ dpq /t_Tz(t) hq (zq (s))ds + dpq /t_m(t) hq(zq(s))ds
dr h!(27(s))ds — d. RE (K (s))ds + 1”7 ,
+mjmmqu<» L s )

(1) = +§j@¢ﬁ ) — al, f1L () + al, £ (= (1)
ol FR () + DR GR (= 7a(8) — gl (21t — (1))

+ 0,97 (2] (t — 1(1))) + bhogn (20 (£ — 71(t)))



Chapter 2. Fized time synchronization of quaternion-valued neural networks 65

t t
+ df)g / hf(zf(s))ds — d;q / hé(z;(s))ds
tiTQ(t) flfTQ(t)
¢ ¢
+dy, /t o hy (2] (s))ds + dj, /t . hE (2K (s))ds + 1K (t)). (2.3)
. 772

The corresponding response system with identical parameters as (2.3) is presented

by

S

R (1) = — R (t) + Z ( o FR(s(1)) — al f1(sE (1) — a £ (s21))
— alf FR(s(4) + 0F gB(sB(t — (1)) — bLogl (sh(t — mi(t))
— b9l (s1(t = u(t))) — bEgK (sK (t — (1))
d t hE(sB(s))ds — d* t hi(st(s))ds
ety [ i ens—d, [ Asi0o)
—d’ h!(s?(s))ds — d¥ hE(s5(s))ds + IE(t UR(t),
pq/tw ep(oas [ (e + 0 ) + U
5,(t) = — +Z(quR )+ afk f1(sh(t)) — ape £ (s (1))
+al fE(sK () + 0L g (sB(t — (1) + b gl (sh(t — (1))
bpng( (t —7(1)) + bpng (s f(t —71(1)))

+d! t hE(s2(s))ds + d t hi(st(s))ds
. /w(t) R(sP(s))ds + d” /w@ (s (%))
—ax / B (s3(s))ds + &, / M) + 150 + 010,
t—72(t) t—7a(t)
5t = - +Z(quR A 1(s1(0) + al £(s (1)

— ey (5 (1) + g0, (55 (t = 71(1))) + by (5 (t — 7a(1)))
+ gy (57 (t = 71(8))) = by (55 (t = m1(1)))

¢ ¢
+ dzq/ hf(sf(s))ds + dg / hé(sé(s))ds
t—72(t) t—7o(t)

t t
R J(od I KK J J
+ dpq/t o by (s, (s))ds — dm/t o hy (s4 (s))ds + I (t)> + U, (1),
—T2 T2
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() = — s +Z( af PR () — al £(s1(0)) + b, 12 (s2(0)

+ o fy (8¢ (1)) 4 pagq’ (s (8 = Tu(t))) = by (sy(t = 7(1)))
+ by (57 (¢ = 7a(t))) + by (54" (¢ = 7(t)))

¢ t
+ d[{g/ th(qu(s))ds — dgq/ h;(sé(s))ds
t—72(t) t—7o(t)
t t
+dl, /t . hl(s)(s))ds + d2, /t Y hE (sl (s))ds + 1K (t)) +UK(t).
-T2 —T2

(2.4)

Let us define the error term as e,(t) = s,(t) — z,(¢). Then from equations (2.3) and

(2.4), we get

(1) = — cyel(t) + ( (R(™(0)) — FRER)) — ol (1 (1 (0)

q=1

L) — al (£ (s2(0) — £ ) — ak (£ (K 8))
PREE )+ 0 (R (R~ (1)) — gR (- 7 (1))
B (g (st — T (8))) — g2t — (1)) — b (02 (52t — (1))
g2 (= () — B (55— 71 (1)) — g (5 (= (1))
df t hE(sB(s)) — hE (2R (s)))ds — dt t h(st(s)) — hl(2L(s)))ds
Y RGO HER O DT SR CACTRIRHEE))
—d’ h!(s?(s)) = h(z)(s)))ds
) =R )
_ / ) <s>>>ds)+Up (t),
(1) = +Z( o (F1(sH(0) — FIL (1)) + al (£ (s (1))
PRGRW)) +al (PR @) — FR @) — k(7 (1)
P ) 4B (gl (51— () — gl (2L (t — 7 (1))
B (R — (1)) — TR — () + b (g (st — 7 (1))
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p

=95 (24 (= 71(1)))) = bye(gy (55 (t = 7a(1))) = g/ (=] (t = 1a(1))))
dt t hl(si(s)) — hi(z1(s)))ds
et [ Bl e )

S

+d,1q/t » (hiH(sii(s)) — hiH(zE(s)))ds

+d];’q/t » (hX (s — hi (25 (s)))ds
%ZMJHSSJM@WQ+WM

e} +Z(me ) = £ 0 - b (FE (5 ()

PRGER()) + al (FRR) — FRER)) + k(s (0)
CFIGEL)) R (g (2 — () — g2 (2 — m(8))
B (g (5 (= ma(8))) — g (K (= i (0))) + b (g (R — ()
R — () + B (g (1 — ma(6)) — gLz — ()

ar t h'(s7(s)) — h?(27(s)))ds
[ 6D = W)
—d! K (s5(s)) — hE (25 (5)))ds

m[mﬁqu<» k(K (5)))

d’ ' hR sRs —hR st ds
+mlmw 1)~ WL 6)

/tw) (hg(s4(s)) = P (2 (s )))ds> + U (1),

K@=—%%m+§:Gmﬁ@ﬁm—ﬁ@ﬁmwwyﬁ@m»

— 3 (2] () = apy(fg (s(8)) = £3 (25()) + apy (f37 (55 (1)
— [ (= (1)) + by (g (g (L = 71(1))) — g (257 (t = (1))

+ by (g5 (57 (t = 7a(t))) — g7 (2 (t = 7a(t)))) = bpg(gq (54t — 71(1)))

= g4 (2 (t = 71(8)))) + by (9" (s (¢ = (1)) — g5 (2" (t = (1))
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el [ ) — )

—T2 (f)

+ df,q/t (h;;(sg(s)) — hq‘](z;(s)))ds

—Ty (t)

—d’, / (B (s1(s)) — B (=L (s)))ds

—T (t)

+dX /t (W (sP(s)) — hf(zf(s)))ds) + UK(1), (2.5)

—T9 (t)

Define the controllers as

Uy (1) = = Eipep (1) — sign(e (1)) (Gplel(t —n(t)| + £§p/t lej(s)lds

—72(t)

el + 55prez<t)|ﬁ), (2.6)

where &y > 0, &5, > 0,0 < a <1, 8> 1. &,, &, and &, are the parameters those

are to be defined later.

Remark 2.2.2. The controller in the present chapter is designed in such a way that
it contains linear and nonlinear terms. Nonlinear terms play a significant role in
the rate of synchronization. Also, the settling time obtained is independent of the

delays.

Some definitions and lemmas used in this chapter are described below.

Definition 2.2.1. ([31]) The origin of the system (2.5) is said to achieve finite-time
stability if there exists a function T : R™ — R, U {0} called settling time function
such that limy_, 7, |le(t)|| = 0 and e(t) = 0 for all t > T(ey). Here, eg is the initial

value of the system (2.5).

Definition 2.2.2. (/31]) The origin of the system (2.5) is called fized time stable if
it 1s finite time stable and the settling time function is bounded, i.e., there exists a

positive constant Tiax such that T(eg) < Thmax for all eq € H™.
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Remark 2.2.3. From the definitions of finite-time and fixed-time stabilities, it can
be seen that in finite-time stability, the settling time depends on initial conditions,
i.e., for every change in initial conditions, we will have different settling time ex-
pressions. In fized-time stability, the settling time is invariant of initial conditions,

i.e., the settling time expression is independent of initial conditions.

Lemma 2.2.1. [90] Let V(.) : R — R, U{0} is a continuous and radially unbounded
Junction. If e(t) is any solution of expression (2.5), then the origin of the system
(2.5) is fized time stable provided

(1) V(e(t)) =0 iff e(t) = 0;

(ii) for some ki, ko, k3 >0,
V(t) < =k Ve(e(t)) — kaVP(e(t)) — ksV(e(t), 0 <a <1 and 8 > 1.

The settling time expression is given by T, = mmu + Z—f) + mln(l + Z—z)

Lemma 2.2.2. [31] If V() : R* — Ry is a continuous and radially unbounded
function and e(t) is any solution of (2.5), then the origin of the system (2.5) is fived

time stable provided

(i) V(e(t)) =0 iff e(t) =0;

(ii) for some ky, ko >0,

V(t) < —kiVe(e(t)) — ko VB(e(t), 0 <a <1 and 8> 1.

The settling time expression is given by T2, = kl(ll_a) + kz(g_l).
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Lemma 2.2.3. [91] Let z, > 0 forp=1, 2, ..., n; 0<r <1 ands > 1. Then, the

following inequality holds.

n n n

2)", Z zZp 2> nl_s(z zp)°
p=1

p=1

n
r>
>4
p=1

p=1

2.3 Main results

Theorem 2.3.1. The system (2.5) with the Assumption 2.2.2 and the controllers

(2.6) gains fived time stability if it satisfies the following conditions:

n

e+ &= Y (lal]+lal,| + lag,| + k] >0,

q=1
&, — Y (IBE]+ (bl + b2, + b)) 12 > 0,
q=1
&, — > (ldE] +|dl| + |d2,| + |5 )12 > 0.
q=1

Here, the expression of settling time is

1 — 17
Tt = =y In (1 + mmp@p)) + (1 t mim )T >

wherec-minp(cp—l—flp—z L (] + lal,| + laz,| + [ak])1 )

Proof. Consider the Lyapunov functional as
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>oieileX (t)|. Taking the Dini derivative of V;(t) along the trajectories of the con-

sidered system, we get

- Z sign(ef(t))e(t)

—Zszgn (—cp R(t) + S @k (FR(E () — FREE (D))

= (f (53(1)) = £ (2 (1)) — ag (£ (57 (1)) — £ (23 (1))

— g (fg (55 (1) = £3" (25 (1)) + by (g5 (59 (t — 71 (2)))

— 94 (24" (t = 71(1))) = by (g (5¢(t = 71(1))) — g5 (2 (t — 71(#))))

= byg(g; (s (t = (1)) — g7 (2 (t = 1a(1)))) = by (g, (5¢ (t = 7(1)))

t

=94 (2 (t =7a(1)))) + dpy (g (55 (5)) = hg'(z4'(5)))ds

t—‘l‘g(t)

_ ! t Lol (V) — B (2 (s\))ds — d” ! TsT(s)) — B (27 ()))ds
dpq /tTQ(t)(hq( q( )) hq( q( )))d dpq/t (hq( q( )) hq( q( )))d

—T2 (t)

—a [ ) - M ) + 1))

Zcple |+ZZ(I%qll leq (0] + laggllgleq (D] + lap,ligle; (1)]

p=1 p=1 gq=1

+ lapgllyleq (0)] + [bpg 15]eq (¢ = o ()] + [yl leg (t — 7(t))]

+ (b2 N21el (8 — ()] + DS 21l (8 — 71 (1))
t t

IR [t + g [ Jetolas
t=m2(t) t—7a(t)

t ¢
+ \d;fqlli’f e (s)|ds + |df,§l§’/ |e{f<s>|ds)
t—72(t) t—T2(t)

+ > sign(ef (1)) ( = &upey (t) — sign(e; (t)) (ﬁﬁ,lef(t —ni(1))]

v [ s+ el + &l )

< Z(cp Z\aqp|z1+§1p)|e r+ZZ(|a;p|z;|e,€<t>

p=1 p=1 g=1
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+lagyllpley (O] + lagy|lpley (0] + [bg | ey (t — 7a())]

+ bh |2 len(t — T ()| + [byy|2len (t — 11(8))] + |bgy|lalen (¢ — 7 (2)]
-|—|d |l3/ |e§(s)|d5—0—|dép|lg/ |e£(s)|ds
t—7o(t) t—To(t)

y yz3/ €2 (s)\ds + dX yz3/ \e;f(s)us)
t Tg(t) t Tg(t)
— SRR (t — (1)) - ngp / R(s)ds
p=1

t—T7o f)

— 3 (EnleR @)1 + EsleR D)), (2.8)

Similarly,

Th(t) < - Z(cp Z|a 34 ) ef()

p=1
n n

+ZZ(|%U ey (O] + lag Lley (D] + lagy |l e (t)]

p=1 g=1

+ by llplen(t — ()] + by llpley (t = Ta(8))] + [bpg T3 ley (£ = 7a(2)]

BRI (- m(0))] + |t / el(s)ds

t—To (t)

t t
sl [ Jef(slds + a2, / 8 ()l ds
t—72(t) t—72(t)
vy [ |ds) Zwe ol

t—TQ

Zfsp/ 2($)ds = (Eaplep ()] + Esplep(t)]7).

2(t) p=1
w0 <=3 (o Z\aqpul +6, )0
p=1
+ZZ (laqp\l e ()] + lag,liplen(t)] + lag, |l len (1)]
p=1 g=1

+ [bgpllep (t = ()] + [0yl Tple, (t = ()] + by |3 len(t = 7a(1)))]
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t
+ [bgplplep (t = m()] + |dy; |l3/ e, (s)lds
t Tg(f)

il [ emlas + s / eh(s)lds
t—72(t) t—Ta(t)
t

il [ Ols) =S elel-n o)
t—1o(t

n

Z@p / 1 )ds = 3 (Enlef (01" + &plef )

Tg(t p= 1
Vat) < — Z(cp Zm |z;+ap)|e;f<t>|+22(|a§p|z;|ez<t>|
p=1 p=1 ¢=1

+lagyllley (O] + lag, 1Ll (O] + by |le (¢ — 7(1)]

+ bgyllpley (t = T ()] + [bg, | 1ley (t — m1(0)))]

+ |b |12|c (t—m(0)|+ |d |l3/ \eff(sﬂds

t*TQ(t)

t

T |déplz/ le; (s)]ds + |dg, l3/ el (s)|ds
t=T2(t) t—T2(t)

+ |dy, 13/ e ds) Z§2p|e X0)]
t—T1o

n

253,, [ s - Y @l OF s @r). @)

t—72 (t) p:l

Merging these four inequalities, we have

V() =V3(0) + Va(t) + V(1) + V(0
<> ( S AP ARPA |a;;;|>z;) 5 (D)
—Z(Ezp )+ 6+ 8]+ 1512 ) et = )

'VL n

(5,, Z o+ Ly 3] + ) )/() efi(s)lds
—i<

- (\a 4 lal] + la | + o )z;)\e,iu)r
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—Z(fgp—z B b b+ [ |)z§)|e,5<t—n<t>>r
n t
(@w 07| || || 4 | ) )/ | ldtelas
t—7a(t
(cpmp = (el + ey + o + 1o )z;)\e;u)\
(fp S (B ]+ I+ |)zz)|e;<t—ﬁ<t>>r
q=1
n n t
(gp S (B 1dE | 4[|+ 1) )/ e/(5)]ds
—1 g=1 t—7a(t)
(cp+slp = (el + ey + oy + 1 )z;)\eff(t)\
(szp B L | + (b2 + b |)zz)\e;<<t—ﬁ<t>>r
=1
t
—Z(sgp Z 51+ 103+ 145+ 1508) [ et (s)as
q=1 t—Tg(t)
- Z£4p<|eff<f> DI + el DI + X (D))
_255,, EOF + el + |20 + K@), (2.10)

By using Lemma 2.2.1 and Lemma 2.2.3, we obtain

(o) <~ min (4 6~ 3 (o) + ot + |+ la§is )V (0

- XG0 + O SO+ o)
=S (O + 0+ O+ 01
g—ngn(cpm,,—z(a [+ Lol + e+ a1)13) V)

q=1

—Z@m e (D] + lep (D] + lep (0] + ey (D))"
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3 (B (0)] + 4]+ [eL(0)] + el (1))

Y GRS (R TA RN A RN A L 10
q=1

—min(6y) (3 (01 + 1) + ef(0)] + ef ()"

p=1

- rrgn<§5p><4n>”(2 (IR + L] + e (8)] + \e{f<t>|>5)

p=1

= — min(&,)V*(6) = min(,) (4n) V(1)

~ min (cp +&p = (lalb] + lal,| + lag,| + |ak )z;) V(). (2.11)

q=1
O

Corollary 2.3.1. The system (2.5) with the Assumption 2.2.2 and the controllers
(2.6) achieves fized time synchronization with the same sufficient conditions as in

Theorem 2.3.1. The settling time obtained in this case is given by

2 ! !
Teet - IIliIlp(£4p)(]. - ()l) + IIliIlp(§5p)(4TL)1—ﬂ(6 - ].)

(2.12)

Proof. Define the Lyapunov function as

n

V(e) =D (lefO] +lep] + lep (0)] + le ().
p=1
Calculating the Dini derivative of V (¢) along the trajectories of a given system as
calculated in Theorem 2.3.1 in equation (2.7), and using Lemma 2.2.2 and Lemma

2.2.3, we obtain

V(£) < = min(§) V() — min(gs,) (4n) ~VE(2),

p
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and the corresponding settling time is given by expression (2.12). O

Remark 2.3.1. Our considered model is more general and complex than the existing
models to achieve the fized-time synchronization of QVNNs. By taking the connec-
tion weights matriz D = 0 in the model (2.1), we will get the model used in [92]
without distributed delay. Again, by taking the connection weight matrices B = 0
and D =0 in (2.1), we get the model of [91] without delay term. However, the delay

1s inescapable in the actual tmplementation of neural networks.

2.4 Numerical Example

In this section, a drive is made to validate the efficiency and effectiveness of the pro-
posed method while applying it during the synchronization of two identical QVNNs

with mixed time delays.

Example 2.4.1. Consider QVNNs given in (2.1) for n = 2 as drive system as

#(t) = —Cxz(t) + Af(2(t)) + Bg(z(t — m1(t))) + D h(z(s))ds + 1(t).

t—Tz(t)

and a similar equation for the corresponding response system. For this, the para-

metric values are given below.

where z = 2% + 21i + 275 + 2Kk,
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0.9 1
08t - -
07
= o6t 2

R
108

o

o
I
Py
(P
z1(l) S

sl /
/
o2l
0.1 1 .
0 005 01 015 02 025 03 035 04 0 005 01 015 02 025 03 035 04
t t
02 . . . . . . . 05

— 05p

0 0.65 0.‘1 0.‘15 012 0.‘25 013 0.235 0.4 0 0.65 0‘.1 0.‘15 012 0.é5 013 0.\135 0.4
t t
FIGURE 2.1: Plots of trajectories of 2 (¢) and s¥(t), 2{(¢) and si(t), 2{(¢) and
s{(t), 2f(t) and sf(t) for the drive-response systems (2.3) and (2.4) without
controllers.

A 1+22+2j—1k —2—-35i+25j — 3k
—2415i+17+ 1.5k 05—1.5i+055 — 1k
5 0.5—1.50+2j+—2k 14 1i—2j— 1.5k

3—i+1j—2k 0.5—1+3j —2k

03+2i+1j+.5k —1—-03i+2j—1k

—1-020+3j—1k 14+0.5i— 17+ 1.5k
C = diag[1.5, 1.4], I = (1.2 —1.2i + 1.35 + 1.4k, 1.4+ 1.3 + 1.45 — 1.3k)T
71 (t) = 12(t) = cos*(t),
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FIGURE 2.2: Plots of the trajectories of elt(t), el (t), e (t), el (t) and el¥(t), ek(t),

ey (1), e (t) error systems (2.5).

and let us take the activation functions as
1,(23) = tanh(2]), g,(}) = tanh(]), hy(=]) = tanh(z]),

forg=1 2andy=R, I, J, K.

Let us consider the initial conditions as

21(0) = 80+ 70i + 605 + 50k, 25(0) = 40 + 307 + 205 + 10k, s1(0) = 10+ 20i + 305 +
40k, s2(0) = 50 + 607 + 705 + 80k.

For this case, the trajectories of the system without controllers are shown in Figure
2.1, which clearly shows its non-synchronization. Again, Assumption 2.2.2 with the

above-considered activation functions holds for lll, =1= lg = Zg. Now, considering

fn = 12, 512 = 14, o = 05, ﬁ = 15, 521 = 20, 522 = 20, 531 = 20, £32 = 20, f4p =

10, &p =20 forp =1, 2, the controller functions become

UL (t) = — 12¢] (t) — sign(e] (t))[20¢] (t — cos*(t)) + 20 /f ” le] (s)|ds
+10[e7 (1) + 20[e] (1)] ],
Uj(t) = — 14e}(t) — sign(ey(t))[20e3 (t — cos*(t)) + 20/ les(s)|ds

t—cos2(t)
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+10[e3(£)[** + 20[e3 (¢)|].

The synchronization of the trajectories of the systems with control functions is

depicted in Figure 2.2. The settling times are calculated as T., = 0.4464 and

set

70

set

= 0.6656. Therefore, the settling time obtained by Lemma 2.2.1 gives a more

accurate result than that of Lemma 2.2.2.

Remark 2.4.1. The settling time using Lemma 2.2.1 is less than that obtained
using Lemma 2. The two settling time expressions are generally compared in [92].
Lemma 2.2.2 is used to prove synchronization results in [91, 93], which gives more

conservative results.

2.5 Conclusion

In this chapter, a drive is made to investigate the fixed time synchronization of
QVNNs with mixed time-varying delays. To overcome the non-commutativity of
quaternions, QVNNs have been decomposed into four equivalent RVNNs, which
have supported the opening of a good scope of research in QVNNs as in RVNNs. To
achieve the desired synchronization, a set of sufficient conditions is derived through
designing a new controller and a proper choice of Lyapunov function. Two different
lemmas have been used to get two different settling time expressions. The theoretical

results are validated through a given numerical example.

Kokokokok sk ok kokok ok



