
CHAPTER 3

FIXED-TIME STABILITY THEOREM AND
ITS APPLICATION TO NEURAL
NETWORKS: AN ECONOMICAL

CONTROL MECHANISM 1

3.1 Introduction

In recent years, extensive research has been focused on exploring the dynamical be-

haviour of neural networks due to their various scientific and engineering applications

that include associative memory, pattern recognition and image processing [115, 116,

117]. Among the various network models, Cohen-Grossberg neural networks (CGNNs)

have emerged as a general network model that can be easily transformed into different

network models like Hopfield neural networks [118], cellular neural networks [119, 120]

and recurrent neural networks [121]. The CGNNs were first proposed by Cohen and

Grossberg in 1983 [13], and have since found widespread applications like pattern recog-

nition, parallel computation, and signal and image processing. It is important to keep

in mind that time delay often arises in numerous real-world situations, which can po-

tentially introduce instability in neural networks. Therefore, incorporating time delay

effects into CGNNs has an intriguing research direction. Notably, many interesting

results have been found in [48, 67, 85, 122, 123] and the associated references cited
1The content of this sub chapter is published in Communications in Nonlinear Science and

Numerical Simulation, 130, 107772 (2023)
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therein.

In 1986, Babcock and Westervelt [124] proposed a model of a neural network known

as inertial neural networks by including an inductor into the neural circuit, based on

a Hopfield neural network with the second-order derivative of the state. If the inertial

nature of the neurons can be incorporated into their connection as shown in [124], the

dynamics could be more complex than the conventional first-order system. The ad-

dition of the inertial term makes the chaotic search for memories in neural networks

more apparent and demonstrates more complex behaviour such as bifurcation [125] and

chaos [125, 126]. Based on the chaotic solution of inertial neural networks, the applica-

tion in image encryption was put forward in [127]. Hence, the study of the dynamical

behaviour and control design of inertial neural networks is found to be of great impor-

tance. Consequently, there is a significant research interest in inertial Cohen-Grossberg

neural networks (ICGNNs) defined as second-order differential systems. The ICGNNs

with delay have been discussed widely by researchers [54, 55, 128]. In [128], the authors

have investigated the exponential stability of ICGNNs with delays; whereas, the au-

thors in [54] have explored the exponential synchronization problem for ICGNNs with

time delay. Moreover, the asymptotic stability of Markovian jump ICGNNs has been

discussed in [55]. However, most of the results in these studies are focused on the

stability and synchronization of ICGNNs based on the classical Lyapunov approach,

and these properties are typically analyzed and established over an infinite time. Due

to factors such as limited machine lifespan and practical application requirements like

communication security, power grid, and voltage regulation, achieving stability and syn-

chronization within a finite-time/fixed-time becomes necessary. This concept is known

as finite-time/fixed-time stability or synchronization. Finite-time/fixed-time stability

or synchronization indeed possesses several desirable properties, including limited con-

vergence time, improved robustness, and enhanced disturbance rejection. Numerous

results related to the finite-time/fixed-time technique have been put forth to explore
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the stability and synchronization of neural networks [65, 67, 82].

This chapter focuses on achieving fixed-time synchronization of ICGNNs in the pres-

ence of time-varying delays and desynchronizing impulsive effects. Firstly, a new lemma

that ensures FxTS in the case of destabilizing impulses in the present context is inves-

tigated. This lemma is designed to involve fewer number of parameters as compared

to Theorem 2.1.3.2 given in subchapter 2.1 and aims to provide a less conservative

stability analysis. Furthermore, a unified controller is developed to achieve fixed-time

synchronization of ICGNNs in the presence of desynchronizing impulsive effects and es-

timate the settling-time based on the proposed new lemma. Also, a sufficient condition

τa >
ln γ
a

is found for desynchronizing impulses and is established to achieve fixed-time

synchronization of ICGNNs.

3.2 Problem Formulation and Preliminaries

The following ICGNNs are considered with delays and impulsive effects defined as the

drive system:


ẍp(t) = −βpẋp(t)− αp(xp(t))(hp(xp(t))−

∑m
q=1 apqfq(xq(t))

−
∑m

q=1 bpqfq(xq(t− τq(t))) + Jp(t)), t 6= tl,

xp(tl) = µxp(t
−
l ), ẋp(tl) = µẋp(t

−
l ), l ∈ N,

(3.2.1)

where p, q = 1, 2, . . . ,m, xp(t) ∈ R is the pth neuron state at time t; ẍp(t) is said to be an

inertial term of system (3.2.1); αp(.) represents the neuron amplification function; hp(.)

denotes an appropriately behaved function; fq(.) represents the activation function;

τq(t) is the time-varying delay satisfies 0 ≤ τq(t) ≤ τ ; βp is a positive constant; Jp(t)

denotes the external input; A , (apq)m×m and B , (bpq)m×m be the connection weights.

The impulsive sequence {t1, t2, . . . , tl, . . .} denotes strictly increasing moments such that
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lim
t→∞

tl =∞ and µ ∈ R+ be the impulsive strength. Assume that the state xp(t) is right

continuous at t = tl, i.e., xp(t+l ) = limt→tl+0 xp(t) = xp(tl) and xp(t−l ) = limt→tl−0 xp(t).

Thus, the system’s solution (3.2.1) is piecewise right continuous at t = tl for all l ∈ N.

The initial conditions of the system (3.2.1) are taken as xp(s) = φ(s), ẋp(s) = ψ(s),

s∈ [−τ, 0], where φ(s) and ψ(s) are continuous functions defined on [−τ, 0].

Introducing the following variable transformation

yp(t) = ẋp(t) + εpxp(t), p = 1, 2, . . . ,m, (3.2.2)

where εp is the given positive scalar in R, the ICGNNs (3.2.1) can be written as



ẋp(t) = −εpxp(t) + yp(t), t 6= tl,

ẏp(t) = −(βp − εp)yp(t)− (ε2p − βpεp)xp(t)

−αp(xp(t))(hp(xp(t))−
∑m

q=1 apqfq(xq(t))

−
∑m

q=1 bpqfq(xq(t− τq(t))) + Jp(t)), t 6= tl,

xp(tl) = µxp(t
−
l ),

yp(tl) = ηxp(t
−
l ), l ∈ N,

(3.2.3)

where η ∈ R+ be the impulsive strength. The initial conditions are xp(s) = φ(s), yp(s) =

ψ(s) + εpφ(s), s ∈ [−τ, 0]. Furthermore, the corresponding response system without

controller is defined as follows:

z̈p(t) = −βpżp(t)− αp(zp(t))(hp(zp(t))

−
∑m

q=1 apqfq(zq(t))−
∑m

q=1 bpqfq(zq(t− τq(t))) + Jp(t)), t 6= tl,

zp(tl) = µzp(t
−
l ), żp(tl) = µżp(t

−
l ), l ∈ N.

(3.2.4)

The initial conditions are defined as zp(s) = φ̂(s), żp(s) = ψ̂(s), s ∈ [−τ, 0], where φ̂(s)

and ψ̂(s) are continuous functions defined on [−τ, 0]. By introducing similar variable

substitution as defined above, i.e., by taking wp(t) = żp(t)+εpzp(t), the response system
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is depicted as



żp(t) = −εpzp(t) + wp(t) + Up, t 6= tl,

ẇp(t) = −(βp − εp)wp(t)− (ε2p − βpεp)zp(t)

−αp(zp(t))(hp(zp(t))−
∑m

q=1 apqfq(zq(t))

−
∑m

q=1 bpqfq(zq(t− τq(t))) + Jp(t)) + Ũp, t 6= tl,

zp(tl) = µzp(t
−
l ),

wp(tl) = ηwp(t
−
l ), l ∈ N,

(3.2.5)

where Up and Ũp be the controllers which will be designed later on. The initial condi-

tions are given by zp(s) = φ̂(s), wp(s) = ψ̂(s) + εpφ̂(s), s ∈ [−τ, 0].

Let us define the error system as ep(t) = zp(t)−xp(t) and êp(t) = wp(t)−yp(t) , so that

the corresponding error system of (3.2.3) and (3.2.5) can be derived as



ėp(t) = −εpep(t) + êp(t) + Up, t 6= tl,

˙̂ep(t) = −(βp − εp)êp(t)− (ε2p − βpεp)ep(t)− (αp(zp(t))hp(zp(t))

−αp(xp(t))hp(xp(t))) + αp(zp(t))
∑m

q=1 apq(fq(zq(t))− fq(xq(t)))

+(αp(zp(t))− αp(xp(t)))
∑m

q=1 apqfq(xq(t))

+(αp(zp(t))− αp(xp(t)))
∑m

q=1 bpqfq(xq(t− τq(t)))

+αp(zp(t))
∑m

q=1 bpq(fq(zq(t− τq(t)))− fq(xq(t− τq(t))))

−(αp(zp(t))− αp(xp(t)))Jp(t) + Ũp, t 6= tl,

ep(tl) = µep(t
−
l ),

êp(tl) = ηêp(t
−
l ), l ∈ N.

(3.2.6)

Now, for the main results of this chapter, some essential assumptions, lemmas and def-

initions are required for further analysis which are given below.
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Assumption 3.2.1. The amplification function αp(.) is differentiable and satisfies

αp ≤ αp(.) ≤ αp and |α̇p(.)| ≤ α̃p, where αp, αp and α̃p are some positive constants.

Assumption 3.2.2. Let Ψp(.) , αp(.)hp(.), where the function Ψp(.) is differentiable

and there exist positive constants Ψp and Ψp such that Ψp ≤ Ψ̇p(.) ≤ Ψp.

Assumption 3.2.3. The activation function fq(.) satisfies Lipschitz condition, and

there exist positive Lipschitz constants lq, mq such that |fq(n1)− fq(n2)| ≤ lq|n1 − n2|,

|fq(xq)| ≤ mq, where n1, n2, xq∈ R, q = 1, 2, . . . ,m.

Definition 3.2.1. (See [129]) The response system (3.2.5) is called synchronized with

the drive system (3.2.3) in a fixed-time, if for any initial value Φ(0), there exists a

constant settling-time T (Φ(0)) ≥ 0 such that lim
t→T (Φ(0))

||Φ(t)|| = 0, and ||Φ(t)|| = 0 for

all t ≥ T (Φ(0)), where Φ(t) = (e1(t), e2(t), . . . , ep(t), ê1(t), ê2(t), . . . , êp(t))
T .

Definition 3.2.2. (See [129]) The response system (3.2.5) is called synchronized with

the drive system (3.2.3) in a fixed-time, if it is synchronized in a finite-time and the

settling-time function is bounded for any initial value Φ(0),i.e., there exists a Tmax > 0

such that T (Φ(0)) ≤ Tmax.

Lemma 3.2.1. (See [112]) Let z1, z2, . . . , zk ≥ 0, 0 < δ ≤ 1 and ϑ > 1, then the

following two inequalities hold:

m∑
k=1

zδk ≥

(
m∑
k=1

zk

)δ

,
m∑
k=1

zϑk ≥ m1−ϑ

(
m∑
k=1

zk

)ϑ

.

Consider the following nonlinear impulsive system
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
u̇(t) = F (u(t)), t 6= tl,

∆u(tl) = G(u(t−l )), l ∈ N,
(3.2.7)

where u(t) ∈ Rn be the state of system (3.2.7). Functions F : Rn → Rn and

G : Rn → Rn are continuous with F (0) = 0 and G(0) = 0.

Definition 3.2.3. (See [50]) A function V (u(t)) defined on Rn is called to belong to

class υ0, if it satisfies

(1) V is continuous on the interval [tl−1, tl), and for u ∈ Rn, l ∈ N and V (u(t−l )) =

lim
t→t−l

V (u(t))

(2) V is positive definite and radially unbounded.

(3) V is locally Lipschitz with respect to u and V (0).

Lemma 3.2.2. For system (3.2.7), if there exists a function V (u(t)) ∈ υ0, a, b > 0,

1 ≤ β < 2 and γ > 1 such that


V̇ (u(t)) ≤ −aV (u(t))− b (V (u(t)))β+sign(V (u(t))−1) , t 6= tl,

V (u(tl)) ≤ γV (u(t−l )), l ∈ N,
(3.2.8)

then the system (3.2.7) is FxTS if

τa >
ln γ

a
. (3.2.9)

The settling-time function is estimated by T =
ln

[
1+

(a− ln γ
τa )

bγ−βN0

]
(a− ln γ

τa
)β

+
ln

[
bγ−(2−β)N0

γ(2−β)N0(a− ln γ
τa )+bγ−(2−β)N0

]
( ln γ
τa
−a)(2−β)

,

where N0 is a positive integer.
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Proof. Consider the comparison system



Ẇ (t) =


−aW (t)− b (W (t))β−1 , 0 ≤ W (t) < 1, t 6= tl,

−aW (t)− b (W (t))β+sign(W (t)−1) , W (t) ≥ 1, t 6= tl,

W (tl) = γW (t−l ), t = tl,

W (0) = W0 ≥ V (u(0)).

(3.2.10)

When compared with Eq. (3.2.10) and Eq. (3.2.8), we have 0 ≤ V (t) ≤ W (t). Then, if

there exists a T > 0 such that lim
t→T

W (t) = 0 andW (t) ≡ 0, ∀t ≥ T , we have lim
t→T

V (t) = 0

and V (t) ≡ 0, ∀t ≥ T . To establish the FxTS for the system (3.2.7), we can proceed to

the corresponding problem of system (3.2.8).

There are two cases that need to be discussed as follows:

Case 1: W (t) ≥ 1.

Take Q(t) = (W (t))−β, then we have Q(t) approaches 0 is similar to the case whenW (t)

approaches +∞ and Q(t) approaches 1 is similar to the case when W (t) approaches 1.

Hence, we can get



Q̇(t) = bβ + aβQ(t), 0 < Q(t) ≤ 1, t 6= tl,

Q(tl) = γ1Q(t−l ), t = tl,

Q(0) = (W (0))−β ,

(3.2.11)

where γ1 = γ−β ∈ (0, 1). Therefore, we can see that W (t) approaches 1 is equivalent to

Q(t) approaches 1.

Case 2: 0 < W (t) < 1.

Take Q(t) = (W (t))2−β, we can get Q(t) approaches 0 is similar to W (t) approaches 0
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and Q(t) approaches 1 is similar to W (t) approaches 1. Then Q(t) becomes:



Q̇(t) = −b(2− β)− a(2− β)Q(t), 0 < Q(t) < 1, t 6= tl,

Q(tl) = γ2Q(t−l ), t = tl,

Q(0) = (W (0))2−β ,

(3.2.12)

where γ2 = γ2−β ∈ (1,∞). Therefore, it can be follows that W (t) approaches 0 is

equivalent to Q(t) approaches 0.

In view of above analysis, the FxTS of Eq. (3.2.10) have been divided into two cases:

(i) the solution of Eq. (3.2.11) reaches 1 at fixed-time T1 and (ii) the solution of Eq.

(3.2.12) reaches 0 from 1 at fixed-time T2. The FxTS of Eq. (3.2.10) is similar to Eq.

(3.2.12) when Eq. (3.2.10) has an initial value smaller than 1. Therefore, the FxTS of

Eq. (3.2.10) is guaranteed within the settling-time function T = T1 + T2. We consider

two cases (i) and (ii) for impulsive strength γ > 1.

By utilizing the formula of variation of parameters, when 0 < Q(t) < 1,the solution of

Eq. (3.2.11) becomes

Q(t) = eaβtγ
Nζ(t,0)
1 Q(0) + bβ

ˆ t

0
eaβ(t−s)γ

Nζ(t,s)
1 ds. (3.2.13)

From Definition 2.1.2.4 and Eq. (3.2.13) with Q(0) < 1, we find that Q(t) is increasing

and lim
t→∞

Q(t) =∞, when 0 < γ1 < 1. There exists T1 > 0, such that lim
t→T1

Q(t) = 1 and

0 < Q(t) < 1 ∀ 0 < t < T1, that is

eaβt
[
γ
Nζ(t,0)
1 Q(0) + bβ

ˆ t

0
e−aβsγ

Nζ(t,s)
1 ds

]
= 1.
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Furthermore, we have

bβeaβt
ˆ t

0
e−aβsγ

Nζ(t,s)
1 ds ≤ 1,

i.e., bβeaβt
ˆ t

0
e−aβsγ

t−s
τa

+N0

1 ds ≤ 1,

i.e.,
e

[
aβ+

ln γ1
τa

]
t[

aβ + ln γ1

τa

] ≤ 1

γN0
1 bβ

+
1[

aβ + ln γ1

τa

] ,
i.e.,

[
aβ +

ln γ1

τa

]
t ≤ ln

1 +

[
aβ + ln γ1

τa

]
γN0

1 bβ

 ,

i.e., t ≤
ln

[
1 +

[
aβ+

ln γ1
τa

]
γ
N0
1 bβ

]
[
aβ + ln γ1

τa

] = T1.

Then substituting γ1 = γ−β, one can find

T1 =

ln

[
1 +

(
a− ln γ

τa

)
bγ−βN0

]
(
a− ln γ

τa

)
β

. (3.2.14)

Similarly, Eq. (3.2.12) becomes

Q(t) = e−a(2−β)tγ
Nζ(t,0)
2 Q(0)− b(2− β)

ˆ t

0

e−a(2−β)(t−s)γ
Nζ(t,s)
2 ds. (3.2.15)

From Definition 2.1.2.4, and using 1 < γ2 <∞ and Q(0) = 1, we have

Q(t) = e−a(2−β)tγ
Nζ(t,0)
2 Q(0)− b(2− β)

ˆ t

0
e−a(2−β)(t−s)γ

Nζ(t,s)
2 ds

≤ e−a(2−β)tγ
t
τa

+N0

2 − b(2− β)

ˆ t

0
e−a(2−β)(t−s)γ

t−s
τa
−N0

2 ds

=

γN0
2 +

b(2− β)γ−N0
2(

a(2− β)− ln γ2

τa

)
 e−(a(2−β)− ln γ2

τa

)
t − b(2− β)γ−N0

2(
a(2− β)− ln γ2

τa

) . (3.2.16)
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Assume that R(t) =

[
γN0

2 +
b(2−β)γ

−N0
2

(a(2−β)− ln γ2
τa

)

]
e−(a(2−β)− ln γ2

τa
)t− b(2−β)γ

−N0
2

(a(2−β)− ln γ2
τa

)
, then we have

R(0) = γN0
2 > 0, R(+∞) = − b(2−β)γ

−N0
2

(a(2−β)− ln γ2
τa

)
< 0, and Ṙ(t) < 0. Therefore, based on the

fundamental calculus, there exists a unique T2 > 0 such that R(T2) = 0, which means

that R(t) is decreasing. Therefore, Q(t) ≤ R(t) and Q(t) > 0 then Q(t) tends to 0 as t

tends to T2. From Eq. (3.2.16), we have

T2 =

ln

[
b(2−β)γ

−N0
2

γ
N0
2 (a(2−β)− ln γ2

τa
)+b(2−β)γ

−N0
2

]
(

ln γ2

τa
− a(2− β)

) .

Substituting γ2 = γ2−β in above inequality, we have

T2 =

ln

[
bγ−(2−β)N0

γ(2−β)N0(a− ln γ
τa

)+bγ−(2−β)N0

]
(

ln γ
τa
− a
)

(2− β)
. (3.2.17)

From Eq. (3.2.14) and Eq. (3.2.17), Q(t) converges to 1 in fixed-time T1 in case (i) and

tends to 0 from 1 in fixed-time T2 in case (ii). Therefore, we may observe that Q(t) = 0

for all t ≥ T1 + T2. We found that for any initial value W0 > 0, a fixed-time T1 + T2

exists which is independent of V0 > 0, such that lim
t→T1+T2

W (t) = 0 and W (t) ≡ 0 for

t ≥ T1 +T2. Hence, the system (3.2.7) is FxTS and the settling-time function is defined

by T = T1 + T2 =
ln

[
1+

(a− ln γ
τa )

bγ−βN0

]
(a− ln γ

τa
)β

+
ln

[
bγ−(2−β)N0

γ(2−β)N0(a− ln γ
τa )+bγ−(2−β)N0

]
( ln γ
τa
−a)(2−β)

. Therefore the proof of

Lemma 3.2.2 is completed.

Remark 3.2.1. A new Lyapunov inequality has been presented in Lemma 3.2.2, which

is different from Theorem 2.1.3.2 as given in subchapter 2.1. The Lyapunov inequality

provides a sufficient condition for the system (3.2.7) to be FxTS in the case of desta-

bilizing impulses. A linear term is added to the Lyapunov inequality to counter the
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destabilizing impulses. To achieve FxTS under the effect of destabilizing impulses cor-

responding to the system (3.2.7), we have found the condition a > ln γ
τa

for a > 0.

Remark 3.2.2. In [97], authors have considered the Lyapunov inequality as V̇ (u(t)) ≤

−aV (u(t))α − b (V (u(t)))β+sign(V (u(t))−1) where a, b > 0, β > 1, 0 < α < 1, in which

two nonlinear terms are involved. But in [100], the Lyapunov inequality is considered

as V̇ (u(t)) ≤ −a (V (u(t)))β+sign(V (u(t))−1) where a > 0, 1 ≤ β < 2, in which only one

nonlinear term are involved. In the above two Lyapunov inequalities, the authors have

achieved the FxTS for the system (3.2.7) corresponding to stabilizing impulses. How-

ever, the FxTS for a system (3.2.7) with destabilizing impulses has not been explored

in the aforementioned literatures. The present research is focused on filling this gap

and investigating in this direction.

Remark 3.2.3. Lemma 3.2.2 shows that there is only one exponent of the Lyapunov

inequality, which serves to explicitly explain the two cases, i.e., the case when V > 1

and the case when 0 < V < 1. This suggests that the Lyapunov inequality’s exponent

is crucial to the Lyapunov inequality itself and can add the two terms, one of which

is greater than one and another of which is between 0 and 1. Therefore, Lemma 3.2.2

is the extension of the existing FxTS theorems and lemmas containing two terms in

Theorem 2.1.3.2 as given in subchapter 2.1 and [97].

Remark 3.2.4. To realize FxTS, two nonlinear terms are required one is −aV (u(t))α

where a > 0, 0 < α < 1 and the second one is −bV (u(t))β where b > 0, β > 1. The

FxTS achieved with two nonlinear terms may consume more energy. As a result, it

may become less useful in practical. On the contrary, this study takes into account one

nonlinear term, which simplifies the condition and reduces the number of parameters.
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3.3 Fixed-Time Synchronization

In this section, a sufficient condition is proposed to achieve the fixed-time synchro-

nization for ICGNNs (3.2.1) with desynchronizing impulses. The following controller

(3.2.8), based on the Lyapunov inequality, is taken into consideration to control the

system:


Up = −k1ep(t)− λsign(ep(t))|ep(t)|β+sign(V (ep(t))−1),

Ũp = −k2êp(t)− λsign(êp(t))|êp(t)|β+sign(V (êp(t))−1) − sign(êp(t))
∑m

q=1 δq|eq(t− τq(t))|,
(3.3.1)

where λ is a positive number and 1 ≤ β < 2 be a positive number, the other control

parameters k1, k2 and δq are positive constants to be found out later on.

Theorem 3.3.1. Based on Assumptions 3.2.1-3.2.3 and if the control gains satisfy



k1 ≥ −εp + βpεp − ε2p −Ψp +
∑m

q=1 αq|aqp|lp + α̃p
∑m

q=1 |apq|mq

+α̃p
∑m

q=1 |bpq|mq + α̃p|J+
p (t)|,

k2 ≥ εp − βp + 1,

δq ≥ αp|bpq|lq,

(3.3.2)

where p, q = 1, 2, . . . ,m, then the drive system (3.2.3) and response system (3.2.5) can

be fixed-time synchronized under the controller (3.3.1) if

τa >
ln$

Γmin
. (3.3.3)

The settling-time is evaluated by T =
ln

[
1+

(Γmin−
ln$
τa )

λ(2m)−β$−βN0

]
(Γmin− ln$

τa
)β

+
ln

[
λ$−(2−β)N0

$(2−β)N0(Γmin−
ln$
τa )+λ$−(2−β)N0

]
( ln$
τa
−Γmin)(2−β)

.
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Proof. Consider the Lyapunov function as

V (t) = V1(t) + V2(t) =
m∑
p=1

|ep(t)|+
m∑
p=1

|êp(t)|. (3.3.4)

Since the function αp(.) and hp(.) are differentiable, by utilizing the mean value theorem,

we can get

αp(zp(t))− αp(xp(t)) = α̇p(ιp)ep(t),

(αp(zp(t))hp(zp(t))−αp(xp(t))hp(xp(t))) = Ψp(zp(t))−Ψp(xp(t)) = Ψ̇p(ι̃p)ep(t),

where ιp and ι̃p lie between zp(t) and xp(t). From Eq. (3.3.4), differentiating V1(t) along

the system’s solution (3.2.6) for t 6= tl, we obtain

V1(t) =
m∑
p=1

sign(ep(t))ėp(t)

=
m∑
p=1

sign(ep(t)){−εpep(t) + êp(t)− k1ep(t)

≤
m∑
p=1

{(−εp − k1)|ep(t)|+ êp(t)

− λ|ep(t)|β+sign(V (ep(t))−1)}. (3.3.5)

Similarly, differentiating V2(t) along the system’s solution (3.2.6) for t 6= tl, we get

V2(t) =
m∑
p=1

sign(êp(t)) ˙̂ep(t)

=
m∑
p=1

sign(êp(t)){−(βp − εp)êp(t)− (ε2p − βpεp)ep(t)

− Ψ̇p(ι̃p)ep(t) + αp(zp(t))
m∑
q=1

apq(fq(zq(t))− fq(xq(t)))
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+ α̇p(ιp)ep(t)
m∑
q=1

apqfq(xq(t))

+ α̇p(ιp)ep(t)
m∑
q=1

bpqfq(xq(t− τq(t)))

+ αp(zp(t))
m∑
q=1

bpq(fq(zq(t− τq(t)))− fq(xq(t− τq(t))))

− α̇p(ιp)ep(t)Jp(t)− k2êp(t)− λsign(êp(t))|êp(t)|β+sign(V (êp(t))−1)

− sign(êp(t))
m∑
q=1

δq|eq(t− τq(t))|},

i.e., V2(t) ≤
m∑
p=1

{−(βp − εp + k2)|êp(t)|+ (βpεp − ε2p −Ψp)|ep(t)|}

+ αp

m∑
q=1

|apq|lq|eq(t)|+ α̃p|ep(t)|
m∑
q=1

|apq|mq + α̃p|ep(t)|
m∑
q=1

|bpq|mq

+ α̃p|ep(t)||J+
p (t)|+ αp

m∑
q=1

|bpq|lq|eq(t− τq(t))| − λ|êp(t)|β+sign(V (êp(t))−1)

−
m∑
q=1

δq|eq(t− τq(t))|}. (3.3.6)

From Eq. (3.3.5) and Eq. (3.3.6), we have

V̇ (t) ≤
m∑
p=1

(−εp + βpεp − ε2p −Ψp − k1 +
m∑
q=1

αq|aqp|lp + α̃p

m∑
q=1

|apq|mq

+ α̃p

m∑
q=1

|bpq|mq + α̃p|J+
p (t)|)|ep(t)|+

m∑
p=1

(εp − βp − k2 + 1)|êp(t)|

+
m∑
p=1

m∑
q=1

(αp|bpq|lq − δq)|eq(t− τq(t))| − λ|ep(t)|β+sign(V (ep(t))−1) − λ|êp(t)|β+sign(V (êp(t))−1).

If k1 ≥ −εp + βpεp − ε2p − Ψp +
∑m

q=1 αq|aqp|lp + α̃p
∑m

q=1 |apq|mq + α̃p
∑m

q=1 |bpq|mq +
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α̃p|J+
p (t)|, k2 ≥ εp − βp + 1, δq ≥ αp|bpq|lq, p, q = 1, 2, . . . ,m, one can obtain that

V̇ (t) ≤ −Γmin

m∑
p=1

(|ep(t)|+|êp(t)|)−λ
m∑
p=1

(|ep(t)|β+sign(V (ep(t))−1) +|êp(t)|β+sign(V (êp(t))−1)),

(3.3.7)

where Γ1 = εp−βpεp+ε2p+Ψp+k1−αp
∑m

q=1 αq|aqp|lp−α̃p
∑m

q=1 |apq|mq−α̃p
∑m

q=1 |bpq|mq−

α̃p|J+
p (t)| > 0, Γ2 = −εp + βp + k2 − 1 > 0 and Γmin = min{minΓ1,minΓ2}. When

V (t) ≥ 1, β + sign(V (t)− 1) =β + 1 > 1, then following inequality holds according to

Lemma 3.2.1

m∑
p=1

|ep(t)|β+1 +
m∑
p=1

|êp(t)|β+1 ≥ m−β

( m∑
p=1

|ep(t)|

)β+1

+

(
m∑
p=1

|êp(t)|

)β+1


≥ (2m)−β

(
m∑
p=1

|ep(t)|+
m∑
p=1

|êp(t)|

)β+1

. (3.3.8)

When 0 < V (t) < 1, 0 < β + sign(V (t)− 1) = β − 1 < 1, then it follows from Lemma

3.2.1 that

m∑
p=1

|ep(t)|β−1 +
m∑
p=1

|êp(t)|β−1 ≥

(
m∑
p=1

|ep(t)|

)β−1

+

(
m∑
p=1

|êp(t)|

)β−1

≥

(
m∑
p=1

|ep(t)|+
m∑
p=1

|êp(t)|

)β−1

. (3.3.9)

From inequalities (3.3.7), (3.3.8) and (3.3.9), we find that when t 6= tl,

V̇ (t) ≤


−ΓminV (t)− λ(2m)−βV (t)β+1, V (t) ≥ 1,

−ΓminV (t)− λV (t)β−1, 0 < V (t) < 1.

(3.3.10)
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Additionally, when t = tl we have

V (tl) = V1(tl) + V2(tl)

=
m∑
p=1

|ep(tl)|+
m∑
p=1

|êp(tl)|

=
m∑
p=1

µ|ep(t−l )|+
m∑
p=1

η|êp(t−l )|

≤ max{µ, η}V (t−l ) = $V (t−l ), (3.3.11)

where $ = max{µ, η} and we have $ > 1. Hence, based on Lemma 3.2.2, the drive

system (3.2.3) and response system (3.2.5) can be fixed-time synchronized and the

settling-time T is estimated by

T =

ln

[
1 +

(Γmin− ln$
τa

)
λ(2m)−β$−βN0

]
(

Γmin − ln$
τa

)
β

+

ln

[
λ$−(2−β)N0

$(2−β)N0(Γmin− ln$
τa

)+λ$−(2−β)N0

]
(

ln$
τa
− Γmin

)
(2− β)

. (3.3.12)

Therefore, the proof of the present theorem is completed.

Remark 3.3.1. Theorem 3.3.1 introduces a new sufficient condition for fixed-time syn-

chronization in ICGNNs with desynchronizing impulses. The estimated settling-time

is dependent on the impulsive sequence class and the continuous-time subsystem pa-

rameters with the condition τa > ln$
Γmin

. Furthermore, the condition is needed to ensure

fixed-time synchronization for the drive system (3.2.3) and response system (3.2.5).

However, if the condition τa >
ln$
Γmin

is not satisfied, then the impulsive perturbation

may destroy the stability of the system which is demonstrated in the numerical section.

Remark 3.3.2. As discussed in subchapter 4.1 and also in the article by [84], the

designed controller for achieving fixed-time synchronization typically comprises three

terms, namely up(t) = −ηsign(ep(t))− µsign(ep(t))|ep(t)|α − θsign(ep(t))|ep(t)|β, where
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η, µ, θ > 0, 0 < α < 1 and β > 1. The last two terms aim to facilitate fixed-time

synchronization and the settling-time estimation. The term β can help to reach the

state to 1 and the term α can help to turn state 1 to 0. However, these terms with α and

β are too conservative. It would be more advantageous to introduce a new condition on

the Lyapunov inequality, which combines these two processes into a unified framework.

Hence, Lemma 3.2.2 of the present study gives a superior approach. Theorem 3.3.1

provides a new sufficient condition for achieving fixed-time synchronization in ICGNNs

subject to desynchronizing impulses.

3.4 Numerical Simulations and Discussions

This section presents two numerical examples which are provided to illustrate the ef-

fectiveness of the proposed theoretical results.

Example 3.4.1. Consider the following nonlinear impulsive system
u̇p(t) = −apup(t)− bpsign(up(t))|up(t)|β+sign(|up(t)|−1), t 6= tl, t ≥ 0,

up(tl) = γpup(t
−
l ), l ∈ N, p = 1, 2, 3,

(3.4.1)

where u(t) = (u1(t), u2(t), u3(t)) ∈ Rn, 1 ≤ β < 2, ap > 0, bp > 0, γp ∈ (1,∞). Con-

structing the Lyapunov function V (u(t)) =
∑3

p=1 |up(t)|. After the simple calculation,

we can get the condition of Lemma 3.2.2 for u(t) ∈ Rn \ {0} such that


V̇ (u(t)) ≤ −aV (u(t))− b(V (u(t)))β+sign(V (u(t))−1), t 6= tl, t ≥ 0,

V (u(tl)) ≤ γV (u(t−l ), l ∈ N,

where b = 3−β min{bp, p = 1, 2, 3}, a = min{ap, p = 1, 2, 3}, γ = max{γp, p = 1, 2, 3}.

Let us choose a1 = 0.3, a2 = 0.5 a3 = 0.7, b1 = b2 = 2.4, b3 = 2.3, γ1 = 1.1, γ2 = 1.1

and γ3 = 1.2 and β = 1.3. Considering the impulse sequences {tl}l∈N from [106] which
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is defined by

tl − tl−1 =


θ, if mod(l, N0) 6= 0,

N0(τa − θ) + θ, if mod(l, N0) = 0,

(3.4.2)

where θ and N0 are positive numbers satisfying θ ≤ τa and N0 ∈ N, then τa and N0 are

the average impulsive interval and elasticity number of {tl}l∈N. Choose an impulsive

sequence N0 = 2, θ = 0.5 and the strength of impulses becomes γ = 1.2. Then we have
ln γ
a

= 0.60 and choose τa = 0.8 such that τa > ln γ
a
, therefore, sufficient condition of

Lemma 3.2.2 is satiefied. Hence, FxTS of the system (3.4.1) is guaranteed within the

estimated settling-time as given by T = 7.59.

Remark 3.4.1. The key contribution is the establishment of condition τa > ln γ
a
. This

condition ensures that the impulsive system will achieve FxTS when the perturbation

occurs at the impulsive moments separated by at least ln γ
τa

. However, if the condition is

not satisfied, then the system may lose stability due to the presence of disturbance at

the impulsive moments. To support this claim, the numerical verification is provided

in the form of Figure 3.4.1(a) and Figure 3.4.1(b).

Example 3.4.2. Consider the parameters for the model of system (3.2.1) as

β1 = β2 = 1.3, ε1 = ε2 = 1.1, αp(xp) = 0.3 +
0.1

1 + x2
p

, αp(yp) = 0.3 +
0.1

1 + y2
p

,

hp(xp) = 0.4xp, hp(yp) = 0.4yp, τq(t) = 0.5 + 0.25 cos(t), Jp(t) = 0.5 sin(t).

A =

 1.5 2.5

1 1.3

 , B =

 1 1.3

1.5 1

 ,
The activation function can be defined as fq(.) = tanh(.) (q = 1, 2). Evidently J+

1 = 0.5,

J+
2 = 0.5, lq = 1, mq = 1, 0.3 ≤ αp(.) ≤ 0.4, αp = 0.3, αp = 0.4, Ψp(.) = αp(.)hp(.),
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0.12 ≤ Ψ̇p(.) ≤ 0.16, Ψp = 0.12, Ψp = 0.16, |α̇p(.)| ≤ 0.05, α̃p = 0.05. The

time evolution and the phase trajectory of the system (3.2.3) with initial conditions

x1(0) = 2.5, x2(0) = −2.5, y1(0) = 1.5, y2(0) = −1.5 and without impulsive effects are

respectively shown through Figure 3.4.2 and Figure 3.4.3.
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Figure 3.4.1: (a) The state trajectories to achieved fixed-time stability of the system
(3.4.1) with the sufficient condition τa = 0.80 > 0.60 (b) The state trajectories of the
system (3.4.1) with the sufficient condition τa = 0.06 < 0.6.
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Figure 3.4.2: The phase plot of inertial Cohen-Grossberg neural networks (3.2.3) with-
out impulsive effects.
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Figure 3.4.3: Time evolution of state trajectories of inertial Cohen-Grossberg neural
networks (3.2.3) without impulsive effects.

By simple computations, the control gains given in Theorem 3.3.1 should satisfy

k1 ≥ −ε1 + β1ε1 − ε21 −Ψ1 +
2∑
q=1

αq|aq1|l1 + α̃1

2∑
q=1

|a1q|mq

+ α̃1

2∑
q=1

|b1q|mq + α̃1|J+
1 (t)| = 0.34,
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k1 ≥ −ε2 + β2ε2 − ε22 −Ψ2 +
2∑
q=1

αq|aq2|l2 + α̃2

m∑
q=1

|a2q|mq

+ α̃2

m∑
q=1

|b2q|mq + α̃2|J+
2 (t)| = 0.785,
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Figure 3.4.4: The time evolution of drive system (3.2.3) and response system (3.2.5)
with controller (3.3.1).
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Figure 3.4.5: The time evolution of drive system (3.2.3) and response system (3.2.5)
with controller (3.3.1).
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k2 ≥ ε1 − β1 + 1 = 0.8, k2 ≥ ε2 − β2 + 1 = 0.8,

δ1α1|b11|l1 = 0.4, δ1 ≥ α1|b12|l2 = 0.52, δ2 ≥ α2|b21|l1 = 0.6, δ2 ≥ α2|b22|l2 = 0.4.

Then the control gains of controller (3.3.1) are chosen such that k1 = 0.5, k2 = 0.9,

δ1 = 0.55, δ2 = 0.65. Therefore, all the conditions (3.3.2) given in Theorem 3.3.1

are satisfied. Further the other parameters are chosen as λ = 1.2, β = 1.5 so that

we get Γmin = 0.11. The impulsive strength is taken as µ = 1.1 and η = 1.3, then

we have $ = 1.3. Now, calculating ln$
Γmin

= 2.39 and choosing τa = 2.5, N0 = 2 and

θ = 0.2 from the impulsive sequence {tl}l∈N which is taken from [106]. This implies that

the sufficient condition τa >
ln$
Γmin

in Theorem 3.3.1 holds good and the drive system

(3.2.3) and response system (3.2.5) with impulsive effects under the designed controller

(3.3.1) is fixed-time synchronization and the estimated settling-time is bounded by

T = 10.39. The evolutions of state trajectories of the drive system (3.2.3) and response

system (3.2.5) under the controller (3.3.1) are depicted in Figure 3.4.4 and Figure 3.4.5.

Further, the evolutions of the synchronization error state (3.2.6) under the controller

(3.3.1) are described in Figure 3.4.6(a), which indicates that the synchronization can

be achieved in fixed time. If the sufficient condition τa >
ln$
Γmin

does not hold, then

we find τa for that the system (3.2.6) may not be synchronized in fixed-time, which is

demonstrated in Figure 3.4.6(b) for τa = 0.09, N0 = 2 and θ = 0.1. Therefore, the

effectiveness of proposed sufficient condition for achieving fixed-time synchronization of

the ICGNNs with desynchronizing impulses is numerically verified.
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Figure 3.4.6: (a) The time evolution of error system (3.2.6) with controller (3.3.1) and
τa = 2.5 > 2.39 (b) The time evolution of error system (3.2.6) with controller (3.3.1)
and τa = 0.09 < 2.39.

3.5 Conclusion

This chapter investigates the fixed-time synchronization of ICGNNs under the effects

of desynchronizing impulses. To address this problem, a new lemma is presented,

demonstrating that the impulsive system is FxTS. A novel Lyapunov inequality has
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been employed to establish a sufficient condition for achieving FxTS to the systems

subject to destabilizing impulses. In this scientific contribution, the results are de-

rived through the use of the comparison principle and the concept of average impulsive

interval. From the sufficient condition, it can be obtained that if the impulsive distur-

bances to the system activate at the impulsive times that are separated by a certain

length, then FxTS of impulsive system is possible to obtain. Based on this lemma, a

unified controller is designed, and sufficient conditions are established to achieve the

fixed-time synchronization of ICGNNs with desynchronizing impulses. Moreover, this

chapter establishes the conditions required for achieving fixed-time synchronization in

the presence of desynchronizing impulses. The settling-time function is shown to be

influenced by the parameters of the impulsive sequences. Finally, the effectiveness of

the proposed theoretical results are illustrated through the presentation of two numer-

ical examples. Predefined-time synchronization, as well as the impact of randomly

distributed impulses and stochastic impulse strength on fixed-time synchronization will

be carried out in future.
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