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A R T I C L E I N F O A B S T R A C T 

Editor: A. Ringwald We propose a KSVZ-type axion framework in which vector-like quarks (VLQ) and colored scalars generate Dirac 
neutrino masses radiatively. The global Peccei-Quinn symmetry (under which the exotic fermions are charged) 
addresses the strong CP problem and ensures the Dirac nature of neutrinos. The axion also accounts for the 
observed cosmological dark matter. We systematically explore all viable VLQ representations. Depending on 
the specific scenario, the framework predicts distinct axion-to-photon couplings, testable through haloscope and 
helioscope experiments, as well as potentially significant flavor-violating quark-axion interactions.

1. Introduction

Since the groundbreaking discovery of neutrino oscillation phenom
ena [1,2], the pursuit of a deeper understanding of neutrino properties 
has paved a well-defined path toward exploring physics beyond the 
Standard Model (SM). Within the framework of the SM, neutrinos are 
massless, and lepton mixing does not occur. Unlike other SM fermions, 
neutrinos have the unique potential to be their own antiparticles [3]. 
Indeed, as the only truly neutral fermions in nature, gauge theories 
suggest that if neutrinos are massive, they should be of the Majorana 
type [4]. This intriguing possibility has inspired a wealth of theoreti
cal models for Majorana neutrino mass generation. These models im
plement the seesaw mechanisms [4--9] and radiative mass generation 
schemes [10--13], all of which serve as ultraviolet (UV) complete real
izations of the effective Weinberg operator [14]. Experimentally, inves
tigations into neutrinoless double beta decay (0𝜈𝛽𝛽) offer a pathway to 
determine the fundamental nature of neutrinos—specifically, whether 
they are Dirac or Majorana particles. According to the black-box the
orem, a positive observation of 0𝜈𝛽𝛽 would confirm that at least one 
neutrino is a Majorana particle [15]. However, so far, 0𝜈𝛽𝛽 decay has 
not been observed [16--18]. This could very well indicate that neutri
nos, like the remaining charged fermions of the SM, are after all Dirac 
fermions. The Dirac approach to neutrino mass generation has also been 
widely explored in recent literature, and typically requires extra symme
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tries to forbid operators that lead to Majorana neutrino masses [19]. This 
is the case for the type-I [20--22] or type-II [23--25] tree-level Dirac see
saw mechanism. Radiative neutrino at the one-loop level has also been 
discussed, e.g. within the context of the scotogenic framework [26--29] 
(for a comprehensive analysis see Ref. [30]).

Another longstanding and profound puzzle in particle physics is the 
apparent conservation of the strong charge-parity (CP) symmetry in 
Quantum Chromodynamics (QCD). Indeed, the phase 𝜃̄ encoding CP vi

olation must be tiny, |||𝜃||| < 10−10 [31,32], a fact that poses the so-called 
strong CP problem: why is CP significantly broken in weak interac
tions, while strong interactions seem to conserve it? One of the most 
popular proposed solutions to this problem is the Peccei-Quinn (PQ) 
mechanism [33,34], where a new global, chiral U(1) symmetry, denoted 
U(1)PQ, is postulated. The spontaneous breaking of U(1)PQ leads to a 
Nambu-Goldstone boson - the axion [35,36]. When the PQ symmetry is 
spontaneously broken, it generates a contribution of the same form as 
the 𝜃-term. The phase 𝜃 is promoted to the dynamical axion field, whose 
vacuum minimum effectively sets 𝜃 = 0, solving the strong CP problem. 
This symmetry is also explicitly broken by the QCD anomaly, giving a 
small mass to the axion.

There are two main invisible axion frameworks, originally proposed 
by Kim-Shifman-Vainshtein-Zakharov (KSVZ) [37,38] and also the Dine
Fischler-Srednicki-Zhitnitsky (DFSZ) axion [39,40]. Both scenarios rely 
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Table 1
Field content and transformation properties under SU(3)𝑐 ⊗SU(2)𝐿⊗U(1)𝑌 and 
U(1)PQ. Here, 𝐧Ψ,𝜂 indicate the SU(2)𝐿 representations of Ψ and 𝜂, while 𝑦Ψ is 
the hypercharge of Ψ and PQ is a PQ charge parameter. Specific assignments 
are given in Table 2.

Fields SU(3)𝑐 ⊗ SU(2)𝐿 ⊗U(1)𝑌 U(1)PQ

Leptons
𝓁𝐿 (𝟏,𝟐,−1∕2) 1∕6
𝑒𝑅 (𝟏,𝟏,−1) 1∕6
𝜈𝑅 (𝟏,𝟏,0) 4∕6

Vector-like quarks Ψ1,2𝐿;Ψ1,2𝑅 (𝟑,𝐧Ψ, 𝑦Ψ) PQ;PQ − 1∕2

Scalars
Φ (𝟏,𝟐,1∕2) 0
𝜎 (𝟏,𝟏,0) 1∕2

Scalar Leptoquarks
𝜂 (𝟑,𝐧𝜂 ≡ 𝐧Ψ ± 𝟏, 𝑦Ψ + 1∕2) PQ − 4∕6
𝜒 (𝟑,𝐧Ψ, 𝑦Ψ) PQ − 4∕6

on the spontaneous breaking of a global PQ symmetry via a complex 
scalar singlet, giving rise to the axion. In the former, exotic fermions are 
introduced, and charged under the PQ symmetry, while in the latter, the 
SM quarks are charged under the PQ symmetry, and no exotic quarks 
are assumed. Axions, initially proposed to solve the strong CP problem, 
are also excellent dark matter (DM) candidates [41--43], thus offering 
another solution to a major challenge of particle physics within the SM, 
namely the absence of a viable DM candidate.

Reconciling the axion paradigm with an appealing mechanism of 
neutrino mass generation showcases an interesting idea. With this in 
mind, we consider the possibility of embedding axions in Dirac neutrino 
mass generation schemes, as in Refs. [44--48]. We do this within a novel 
realization of the recent color-mediated neutrino mass framework pro
posed in [49]. In this scenario, the colored particles necessary to solve 
the strong CP problem are directly responsible for mediating non-zero 
neutrino masses radiatively, with the axion as the unique DM candidate. 
Inspired by these ideas, we propose a KSVZ-type axion framework where 
the colored fermions, required to solve the strong CP problem, together 
with scalar leptoquarks, mediate PQ-preserving Dirac neutrino masses 
at the one-loop level. In Refs. [44--48,50], the PQ symmetry ensures 
the Diracness of neutrinos but neutrino mass generation proceeds e.g. 
via a Dirac seesaw mechanism [45]. In contrast, our model unifies the 
origin of Dirac neutrino masses and the axion solution, so that colored 
fermions mediate neutrino mass generation through a loop diagram. In 
Sec. 2, we present the various models, showing how they address the 
strong CP problem (Sec. 2.1) and neutrino mass generation (Sec. 2.2). 
This is arranged in such a way as to allow for the heavy colored states 
to decay into ordinary matter. We also briefly discuss how the QCD ax
ion can account for cosmic DM abundance within a post-inflationary 
scenario (in Sec. 2.3). Our models can be experimentally distinguished 
through their predictions for the axion-to-photon coupling as well as 
flavor-violating axion interactions, as analysed in Sec. 3.1 and 3.2, re
spectively. Finally, our concluding remarks are made in Sec. 4. Details 
regarding the scalar sector and heavy-light quark mixing are presented 
in the appendices.

2. Framework

In Tables 1 and 2, we present the particle content and transformation 
properties of the fields under the SM and PQ symmetries in our color
mediated Dirac neutrino mass models. 

In order to implement massive Dirac neutrinos we add three right
handed (RH) neutrino fields 𝜈𝑅 to the SM particle content. In addition, to 
address the strong CP problem, we add chiral vector-like quarks (VLQ) 
Ψ𝐿,𝑅 charged under a global PQ symmetry U(1)PQ, which is sponta
neously broken by a complex scalar singlet 𝜎. Color-mediated radiative 
Dirac neutrino masses are generated by adding to the scalar sector two 
leptoquark multiplets 𝜂 and 𝜒 . Before proceeding, a few important com
ments on our construction are in order. Namely:

• The PQ symmetry ensures the Dirac nature of neutrinos and for
bids bare Majorana neutrino mass terms. The PQ-breaking scalar 𝜎
may lead to effective Majorana neutrino mass generation operators, 
written generically as,

Maj. =
𝜿Maj.

2Λ𝑛+𝑛′+1
(𝓁𝑐
𝐿
Φ̃∗)(Φ̃†𝓁𝐿) 𝜎𝑛𝜎∗𝑛

′ + H.c. , (1)

with 𝓁𝐿 and Φ being the SM lepton and Higgs doublet, respec
tively, and Φ̃ = 𝑖𝜏2Φ, with 𝜏2 being the complex Pauli matrix. 
Here 𝜿Maj. is a dimensionless Majorana-type coupling matrix and 
Λ parameterizes some high-energy scale (the case 𝑛 = 𝑛′ = 0 corre
sponds to the well-known Weinberg operator [14]). Notice, how
ever, that the lepton PQ assignments in Table 1 were specifically 
chosen such that there is a residual 3 symmetry under which 
(𝓁𝐿, 𝑒𝑅, 𝜈𝑅)→ 𝜔(𝓁𝐿, 𝑒𝑅, 𝜈𝑅) and (𝜂,𝜒)→ 𝜔2(𝜂,𝜒). This forbids all 
the above Majorana type operators. In contrast, the effective Dirac 
neutrino mass operators

Dirac =
𝜿Dirac

Λ𝑛+𝑛′
(𝓁𝐿Φ̃𝜈𝑅) 𝜎𝑛𝜎∗𝑛

′ + H.c. , (2)

are allowed by the 3 symmetry with the lowest dimension oper
ator being the dimension 5 (𝓁𝐿Φ̃𝜈𝑅) 𝜎∗, i.e. for 𝑛 = 0, 𝑛′ = 1. This 
method of residual 𝑁 symmetries forbidding Majorana neutrino 
masses has been previously employed in the context of a U(1)𝐵−𝐿
symmetry in Ref. [27]. The tree-level Yukawa interaction 𝓁𝐿Φ̃𝜈𝑅
is forbidden by the PQ symmetry, which is necessary for radiative 
Dirac neutrino mass generation. In the above, 𝜿Dirac is a dimension
less Dirac-type neutrino coupling matrix. In Sec. 2.2 we will present 
the explicit one-loop realization of this dimension-5 operator.

• All our models feature mixing between the VLQ Ψ and the ordi
nary SM quarks (𝑞𝐿 is the quark doublet, 𝑢𝑅, 𝑑𝑅 up and down-type 
quark singlets). Namely, seven possible VLQ representations mix 
with the SM quarks at tree-level [51--54], as shown in Table 2 (see 
fifth column). In Appendix B, we discuss heavy-light quark mixing 
properties in detail for each model. We will focus on these seven 
color-mediated Dirac neutrino mass models since they allow the 
new exotic colored particles Ψ, 𝜂, 𝜒 to decay into ordinary mat
ter. Otherwise one would have stable baryonic and charged relics 
which may pose cosmological difficulties [55--59]. Thus, our frame
work favors a post-inflationary axion DM cosmology, as discussed 
in Sec. 2.3.1

• There is no proton decay in our models. The scalar leptoquarks 𝜂
and 𝜒 lead to the lepton-quark interaction terms given in the last 
column of Table 2. However, an accidental baryon number sym
metry under which the SM quark fields and the new colored ones 
are equally charged forbids dangerous proton decay operators such 
as the dimension 6 𝑑𝑢𝑢𝑒, 𝑞𝑞𝑢𝑒, 𝑞𝓁𝑑𝑢, 𝑞𝑞𝑞𝑙, etc, with 𝑒𝑅 being the 
SM charged-lepton singlet fields. This distinctive feature of our con
struction ensures that, besides protecting the Diracness of neutrinos, 
the same PQ symmetry necessary to solve the strong CP problem, 
also ensures the stability of the proton.

• It must be noted that our setup relies on a global PQ symmetry 
which is susceptible to Planck-scale violations leading to the well
known ``PQ quality problem'' [60--65]. This is analogous to issues 
in neutrino mass models based on global U(1)𝐿/U(1)𝐵−𝐿 symme
tries, which give rise to the Majoron -- see e.g. Ref. [66] and ref
erences therein. Addressing this theoretical challenge lies beyond 
the scope of our present work. Nevertheless, it has been shown 
that high-quality PQ symmetries can emerge as accidental rem
nants of discrete gauge symmetries [67--71], Abelian gauge sym
metries [72--74], or non-Abelian gauge symmetries [75--78], being 
promising avenues to explore in future studies.

1 A pre-inflationary scenario can also be envisaged and the charges of the new 
fields under the SM gauge group can be more general, as shown in Ref. [49]. 
Axion DM cosmology is discussed in Sec. 2.3.
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Table 2
Charge assignments for the new colored fields given in terms of the 𝐧Ψ, 𝑦Ψ, PQ

and 𝐧𝜂 parameters (column 1-4) of Table 1. Allowed VLQ and leptoquark Yukawa 
interactions leading to exotic particle decays are given in columns 5 and 6, re
spectively. See text for details.

𝑛Ψ 𝑦Ψ PQ 𝑛𝜂 Heavy-light quark mixing terms Other decay terms 

𝟏
−1∕3 1∕2

𝟐

𝑞𝐿ΦΨ𝑅,Ψ𝐿𝜎𝑑𝑅 𝓁𝐿𝜂̃𝑑𝑅
0 Ψ𝐿𝑑𝑅 𝑞𝐿𝜂𝜈𝑅

2∕3 1∕2 𝑞𝐿Φ̃Ψ𝑅,Ψ𝐿𝜎𝑢𝑅 𝓁𝐿𝜂̃𝑢𝑅, 𝑞𝐿𝜂𝑒𝑅
0 Ψ𝐿𝑢𝑅 -

𝟐
1∕6 1∕2

𝟏,𝟑

𝑞𝐿Ψ𝑅 𝓁𝐿𝜒
∗𝑑𝑅

0 𝑞𝐿𝜎Ψ𝑅,Ψ𝐿Φ𝑑𝑅,Ψ𝐿Φ̃𝑢𝑅 -

−5∕6 0 Ψ𝐿Φ̃𝑑𝑅 -

7∕6 Ψ𝐿Φ𝑢𝑅 -

𝟑
−1∕3

0

𝟐
𝑞𝐿ΦΨ𝑅

𝓁𝐿𝜂̃𝑑𝑅
𝟒 -

2∕3 𝟐
𝑞𝐿Φ̃Ψ𝑅

𝓁𝐿𝜂̃𝑢𝑅, 𝑞𝐿𝜂𝑒𝑅
𝟒 -

We now explain how our unified framework solves the strong CP 
problem, neutrino mass generation as well as the cosmological DM prob
lem.

2.1. Strong CP problem

The PQ scalar field can be written as 𝜎 = (𝑣𝜎 + 𝜌) exp(𝑖𝑎∕𝑣𝜎)∕
√
2, 

where 𝑎 is the axion and 𝜌 the radial mode. Once 𝜎 develops a non-zero 
vacuum expectation value (VEV), the PQ symmetry is spontaneously 
broken at a scale 𝑓PQ = ⟨𝜎⟩. The axion decay constant 𝑓𝑎 is related to 
𝑓PQ as follows,

𝑓𝑎 =
𝑓PQ

𝑁
=

𝑣𝜎√
2𝑁

, (3)

with 𝑁 being the color anomaly factor. The up-to-date next-to-leading 
order (NLO) calculation of the axion mass yields [79],

𝑚𝑎 = 5.70(7)
(
1012 GeV
𝑓𝑎

)
μeV . (4)

This relation between 𝑚𝑎 and 𝑓𝑎 is a model-independent prediction of 
the QCD axion when the PQ symmetry is broken only by the QCD instan
tons generating the 𝐺𝐺̃ term. In order to have a viable axion solution 
to the strong CP problem, the color anomaly factor 𝑁 must be non
vanishing, so that the axion couples to gluons via 𝐺𝐺̃. For the class of 
models given in Table 1, we have:

𝑁 = 2
∑
𝑓

(
𝜔
𝑓

𝐿
−𝜔𝑓

𝑅

)
𝑇 (𝑅𝑓 ) , (5)

where 𝑓 is a fermion Ψ𝑓 with PQ charge 𝜔𝑓 and representation 𝑅𝑓
under QCD with associated Dynkin index 𝑇 (𝑅𝑓 ). The PQ charge assign
ments given in Table 1 lead to 𝑁 = 1,2,3 for the cases where the VLQ 
Ψ are iso-singlet, doublets, and triplets, respectively.

2.2. Radiative Dirac neutrino masses

The Yukawa interactions responsible for neutrino mass generation 
are:

−𝜈Yuk. =𝐘𝜂𝓁𝐿 𝜂̃Ψ𝑅 +𝐘𝜒Ψ𝐿𝜒𝜈𝑅 +𝐘ΨΨ𝐿Ψ𝑅𝜎 + H.c. , (6)

while the relevant scalar-potential term is (see Appendix A for the most 
general scalar potential),

𝑉 ⊃ 𝜅 (𝜂†Φ)𝜒 + H.c. . (7)

The above terms trigger one-loop color-mediated Dirac neutrino masses 
via the diagram shown in Fig. 1. In order to determine the neutrino mass 

Fig. 1. One-loop color-mediated Dirac neutrino masses (see Tables 1 and 2). 

matrix we must define couplings in the mass-eigenstate basis. Besides 
the VLQ Ψ, necessary to solve the strong CP problem, neutrino masses 
involve the states 𝜁1,2 arising from the 𝜂-𝜒 scalar leptoquark mixing 
encoded in the 𝐑 matrix. This, in turn, is controlled by the 𝜅 scalar
potential parameter and the colored scalar masses 𝑚𝜁1.2 -- see Eq. (A.3). 
The Yukawa matrices in Eq. (6) are given in the mass-eigenstate basis 
as

(𝐘̃𝜂)𝛼𝑗 =
2 ∑
𝑘=1

(𝐘𝜂)𝛼𝑘(
𝑞

𝑅
)(3+𝑘)𝑗 , (𝐘̃𝜒 )𝑖𝛽 =

2 ∑
𝑘=1

(𝑞∗
𝐿
)(3+𝑘)𝑖(𝐘𝜒 )𝑘𝛽 , (8)

where 𝛼, 𝛽 are flavor indices, 𝑗, 𝑘 run from 1 to 5, with the first three 
indices referring to the SM quarks and the remaining two correspond
ing to the heavy VLQ. 𝑞

𝐿,𝑅
describe the mixing between Ψ and SM 

quarks as seen in Eqs. (B.6) and (B.9), with 𝑞 representing the up/down 
sector, depending on the VLQ representation, see Appendix B. Without 
loss of generality, we assume charged-leptons are in their mass basis, 
and also that 𝐌Ψ ≡ 𝑣𝜎𝐘Ψ∕

√
2 = diag(𝑀Ψ1

,𝑀Ψ2
). Namely, their masses 

are given by 𝐦̃ = (𝑚𝑞1 ,𝑚𝑞2 ,𝑚𝑞3 , 𝑀̃Ψ1
, 𝑀̃Ψ2

) where 𝑞1,2,3 denote the SM 
quarks. From the above, the neutrino mass matrix is given by [30],

(𝐌𝜈)𝛼𝛽 =
𝑁𝑐

16𝜋2
√
2

5 ∑
𝑗,𝑘=1

(𝐘̃𝜂)𝛼𝑗 (𝐘̃𝜒 )𝑗𝛽 𝐑1𝑘𝐑2𝑘 𝑚̃𝑗

𝑚2
𝜁𝑘

𝑚̃2
𝑗
−𝑚2

𝜁𝑘

ln
⎛⎜⎜⎝
𝑚̃2
𝑗

𝑚2
𝜁𝑘

⎞⎟⎟⎠ ,
(9)

where the color factor 𝑁𝑐 = 3.
From this, we can estimate the neutrino masses as

(𝑀𝜈 )𝛼𝛽 ∼ 0.1 eV

(
(𝑌𝜂)𝛼𝑗 (𝑌𝜒 )𝑗𝛽

10−2

)(
𝜅

102 GeV

) (
𝑀̃Ψ𝑗

1012 GeV

) (
1010 GeV
𝑚𝜁𝑘

)2

,

(10)
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where we took typical values for the VLQ and colored leptoquark masses 
which are given by the PQ scale 𝑓PQ = 𝑣𝜎∕

√
2. As we will see in Sec. 2.3, 

𝑓𝑎 ∼ (1012) GeV is the typical scale required for the axion particle to 
account for the observed DM abundance.

Notice that the parameter 𝜅 can be naturally small in the t’ Hooft 
sense [80], as in the limit 𝜅→ 0, the theory exhibits a larger symmetry. 
It follows that the smallness of Dirac neutrino masses is naturally con
trolled by the smallness of the 𝜁1,2 mass splitting. Moreover, the minimal 
number of Ψ species to successfully generate the two observed neutrino 
mass splittings and lepton mixing is 2, which we choose here for simplic
ity. Hence, these minimal color-mediated Dirac neutrino mass models 
predict a massless light neutrino. However, adding an extra Ψ species 
would result in three non-zero light neutrino masses. As already men
tioned, the underlying PQ symmetry in our construction enforces the 
Diracness of neutrinos.

2.3. Axion dark matter and cosmology

The attractiveness of the axion is further increased since it provides 
an excellent cold DM (CDM) candidate, solving yet another unresolved 
puzzle of the SM. Axions are naturally light, weakly coupled with or
dinary matter, nearly stable, and can be non-thermally produced (cold 
axions) in the early Universe.

Axion DM can arise from two distinct scenarios: the pre-inflationary 
and post-inflationary cases, which we briefly outline here. In the pre
inflationary scenario, the PQ symmetry is broken before inflation and is 
never restored. In this case, axion DM is generated entirely through the 
misalignment mechanism [41--43]. Before inflation, different regions of 
the Universe have varying values for the axion field. Inflation subse
quently expands one of these regions into our observable Universe. This 
implies that the axion field is constant over the observable Universe 
𝑎(𝑥⃗, 𝑡) = 𝑎(𝑡) = 𝜃0𝑓𝑎, where |𝜃0| ∈ [0, 𝜋) denotes the initial misalignment 
angle. When the QCD phase transition occurs at temperature 𝑇 ∼ ΛQCD, 
the axion field is driven from its initial misalignment towards the vac
uum minimum which preserves CP, solving the strong CP problem. The 
relic axion abundance generated through the misalignment mechanism 
can be approximately written as [81]

Ω𝑎ℎ2 ≃ ΩCDMℎ
2
𝜃20

2.152

(
𝑓𝑎

2 × 1011 GeV

) 7
6
, (11)

where the observed CDM relic abundance, obtained by Planck satellite 
data is ΩCDMℎ

2 = 0.1200 ± 0.0012 [82]. From the above, one sees that 
for 𝜃0 ∼ (1) we need 𝑓𝑎 ∼ 5 × 1011 GeV for axions to account for the 
full CDM abundance. This parameter region is currently being probed 
by haloscope experiments as will be discussed in Sec. 3.1 -- see Fig. 2.

In the post-inflationary scenario, the PQ symmetry is broken after in
flation. This leads to an observable Universe divided into patches with 
different values of the axion field. The initial misalignment angle 𝜃0 is 
no longer a free variable and by performing a statistical average one 
obtains 

⟨
𝜃20
⟩
≃ 2.152 [81]. Thus, if Ω𝑎ℎ2 = ΩCDMℎ

2, a prediction for 
𝑓𝑎 (or equivalently 𝑚𝑎) can be made [see Eq. (11)]. Indeed, if only the 
misalignment mechanism is at play, the upper bound of 𝑓𝑎 ≲ 2 × 1011
GeV ensures that DM is not overproduced. However, the picture is much 
more complicated since topological defects will also contribute to the to
tal axion relic abundance Ω𝑎ℎ2 [83--86]. The resulting network of strings 
and domain walls (DWs) is complex, leading to non-linear dynamics that 
must be tackled through numerical simulations. Knowing their contribu
tion to the relic abundance is still an unresolved problem. This analysis 
is beyond the scope of this work. Note, however, that a way to avoid the 
cosmological domain wall problem would be to have 𝑁DW ≡𝑁 = 1 [see 
Eq. (5)], where 𝑁DW corresponds to the vacuum degeneracy resulting 
from the residual 𝑁 symmetry left unbroken from non-perturbative 
QCD instanton effects that anomalously break U(1)PQ. This feature oc
curs for the models of Tables 1 and 2 containing an isosinglet VLQ [see 
Eq. (5)]. However, for the cases with an isodoublet and isotriplet exotic 

quark, we have 𝑁DW = 2 and 𝑁DW = 3, respectively, unavoidably lead
ing to DWs in the early Universe [87]. Note that for 𝑁DW = 1, although 
there are no DWs, string networks can still form, with current numer
ical simulations predicting the axion decay constant 𝑓𝑎 to lie around 
(5 × 109 − 3 × 1011) GeV, such that Ω𝑎ℎ2 = ΩCDMℎ

2 [88--91].
In contrast, in the pre-inflationary scenario, since U(1)PQ breaking 

occurs before inflation all topological defects, strings, and DWs, will be 
washed away. It follows that, even in the iso-doublet and triplet mod
els, one may introduce a bias term in the scalar potential which slightly 
breaks the residual 𝑁 symmetry. This would lift the vacuum degen
eracy and render the DW-string network unstable [92]. The subsequent 
decay of cosmic strings and DWs can lead to very interesting stochastic 
gravitational wave signatures [93--95].

3. Axion phenomenology

The experimental axion program encompasses a wide array of se
tups designed to search for this elusive particle, with helioscopes and 
haloscopes standing out as prominent examples. Alongside indirect as
trophysical and cosmological observations, these methods collectively 
constrain the axion parameter space by probing its couplings to pho
tons, electrons, and nucleons. For detailed reviews see Refs. [81,96] and 
the references therein. We also refer the reader to the repository [97] 
which collects up-to-date searches for axions from a broad range of ex
periments. We begin this section by examining the various predictions 
for axion-to-photon couplings. In Sec. 3.2 we identify a few models fea
turing sizable axion-to-quark flavor violating couplings which are also 
constrained by quark flavor processes [98,99].

3.1. Axion-to-photon coupling

The models of Tables 1 and 2 will provide a distinct prediction for the 
axion-to-photon coupling 𝑔𝑎𝛾𝛾 . Using NLO chiral Lagrangian techniques, 
we have [79]

𝑔𝑎𝛾𝛾 =
𝛼𝑒

2𝜋𝑓𝑎

[
𝐸

𝑁
− 1.92(4)

]
. (12)

The ratio 𝐸∕𝑁 is the model-dependent contribution, with 𝐸 being the 
electromagnetic anomaly factor, given by

𝐸 = 2
∑
𝑓

(
𝜔
𝑓

𝐿
−𝜔𝑓

𝑅

)
𝑞2
𝑓
, (13)

where 𝑞𝑓 is the electric charge of a fermion Ψ𝑓 transforming under 
U(1)PQ. In Fig. 2, we display |𝑔𝑎𝛾𝛾 | in terms of the axion mass 𝑚𝑎 (bot
tom axis) and decay constant 𝑓𝑎 (top axis), showing current bounds 
and future sensitivities from helioscope and haloscope experiments. 
The colored oblique lines indicate the |𝑔𝑎𝛾𝛾 | predictions for the sce
narios presented in Tables 1 and 2. Note that, the isosinglet up- (pink 
line) and down-type (purple line) VLQ predictions are identical to the 
popular DFSZ-I and DFSZ-II schemes [39,40], respectively. The upper 
and lower limits of |𝑔𝑎𝛾𝛾 | correspond to the exotic fermion representa
tions Ψ ∼ (𝟑,𝟐,7∕6) (orange line) and Ψ ∼ (𝟑,𝟐,1∕6) (dark blue line), 
respectively. Helioscope experiments aim at detecting the solar axion 
flux, with the CERN Solar Axion Experiment (CAST) [100] excluding |𝑔𝑎𝛾𝛾 | ≥ 0.66 × 10−10 GeV−1 for masses 𝑚𝑎 ≤ 20 meV (bordeau-shaded 
region). The forthcoming International Axion Observatory (IAXO) [107] 
is expected to probe the axion-to-photon coupling 𝑔𝑎𝛾𝛾 down to (10−12 −
10−11) GeV−1 for 𝑚𝑎 ∼ 0.1 eV (bordeau-dashed contour), which scruti
nizes all our models except for Ψ∼ (𝟑,𝟐,1∕6) (dark blue line). The most 
promising experiments are the haloscopes, which aim at detecting non
relativistic axions with the assumption that they make up the totality of 
the observed DM in the Universe (see Sec. 2.3). These experiments in
clude ADMX [101--103], RBF [104], CAPP [105] and HAYSTAC [106], 
which exclude the black shaded region.

As discussed in Sec. 2.3, the QCD axion can account for the ob
served DM relic abundance via the misalignment mechanism. In the 
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Fig. 2. Axion-to-photon coupling |𝑔𝑎𝛾𝛾 | versus the axion mass 𝑚𝑎 (bottom axis) 
and decay constant 𝑓𝑎 (top axis). The colored solid lines give the 𝐸∕𝑁 values 
of various Dirac color-mediated neutrino mass models (see Tables 1 and 2). 
The yellow shaded region encloses the usual QCD axion window [54]. Cur
rent constraints from the helioscope experiment like CAST [100] exclude the 
bordeau-shaded region, while haloscope experiments like ADMX [101--103], 
RBF [104], CAPP [105] and HAYSTAC [106], rule out the black region. The 
projected sensitivities of IAXO [107], ADMX [108] and MADMAX [109] are in
dicated by the dashed bordeau, black contours and dark-gray shaded region, 
respectively. While the projected sensitivities of ABRACADABRA [110] and AL
PHA [111] are shown by the dashed gray contours and light-gray shaded region, 
respectively. In the gray band, axion DM is under-abundant. In the middle green 
band Ωℎ2

𝑎
= 0.12 in the post-inflationary scenario for 𝑁DW = 1 [88--91], while 

in the left green band Ωℎ2
𝑎
= 0.12 is still allowed in the pre-inflationary case.

post-inflationary scenario, for 𝑁DW = 1, numerical simulations of axion 
strings restrict the axion decay constant to the range 𝑓𝑎 ∈ [5 × 109,3 ×
1011] GeV [88--91,96] (middle green band). In contrast, the grey-shaded 
region on the right indicates under-abundant axion DM while in the dark 
green region Ωℎ2𝑎 = 0.12 is still possible for the pre-inflationary scenario. 
Out of all haloscopes, the most impressive is the Axion Dark Matter 
eXperiment (ADMX). In fact ADMX has already excluded a consider
able part of the parameter space of our scenarios. A notable exception 
occurs for Ψ ∼ (𝟑,𝟐,1∕6) (dark blue line), for masses 𝑚𝑎 ∼ 3 μeV cor
responding to 𝑓𝑎 ∼ 1012 GeV. Future ADMX generations (dash-dotted 
black contour) are expected to probe all our models for masses 1 μeV≲
𝑚𝑎 ≲ 20 μeV or equivalently for scales 5 × 1011 GeV ≲ 𝑓𝑎 ≲ 1013 GeV. 
ALPHA [111--113] (plasma haloscope) and MADMAX [109] are pro
jected to probe the mass region [20,200] μeV (light-gray region) and 
[50,200] μeV (dark-gray region), respectively, covering all our frame
works except for Ψ∼ (𝟑,𝟏,2∕3) (pink line) and Ψ∼ (𝟑,𝟐,1∕6) (dark blue 
line). Lastly, ABRACADABRA [110], is expected to probe the mass re
gion below ∼ 1 μeV and reach the yellow QCD axion band (dash gray 
contour), being an important complementary probe of axion DM com
pared to ``traditional'' haloscope setups like ADMX. These experiments 
provide a sensitive probe of our models, complementary to other new 
physics searches at colliders or rare processes in the flavor sector.

3.2. Flavor-violating axion couplings

As in the conventional KSVZ scenarios [37,38], in our framework 
the SM quarks are not charged under the PQ-symmetry, resulting in 
no direct model-dependent couplings with the axion. Nonetheless, all 
color-mediated Dirac neutrino mass models in Tables 1 and 2 exhibit 
mixing between the heavy VLQ Ψ and the ordinary SM quarks. This will 

induce flavor-violating axion-quark couplings. The heavy-light quark 
mixing properties of the various models are studied in detail in Ap
pendix B. They are described in terms of the 3 × 2 𝚯𝑞

𝑋
mixing matrices 

of Eqs. (B.10), (B.15), (B.22) and (B.25), with 𝑋 = 𝐿,𝑅 and 𝑞 = 𝑑, 𝑢
depending on the specific model. Without loss of generality, we can 
take PQ = 0 for all models, except for Ψ ∼ (𝟑,𝟐,1∕6) where we take 
PQ = 1∕2 (see Table 2). These have the least number of mixing terms 
and hence simpler quark mass matrices. The results, summarized in Ta
ble 3, can be easily generalized to the other cases. 

Among the seven potential models, three exhibit significant heavy
light quark mixing, resulting in substantial axionflavor violating cou
plings. Specifically, VLQ Ψ representations (𝟑,𝟏,−1∕3), (𝟑,𝟏,2∕3) and 
(𝟑,𝟐,1∕6), are the only ones with sizable heavy-light quark mixing, in 
the RH-down-quark, RH-up-quark and left-handed-(LH)-up- and down
quark sectors, respectively. This is highlighted in the table with boxes 
around the relevant sizable 𝚯𝑞

𝑋
parameters. For the isosinglet model 

with Ψ ∼ (𝟑,𝟏,−1∕3), we have a sizable 𝚯𝑑
𝑅

. In fact, since 𝐌Ψ𝑑 is 
an arbitrary bare mass term we can take its scale 𝑀Ψ𝑑 close to the 
𝑀Ψ ∼ (𝑓PQ) scale, implying a sizable Θ𝑑

𝑅
∼𝑀Ψ𝑑∕𝑀Ψ. In contrast, 

𝚯𝑑
𝐿
∼ (𝑣∕𝑓PQ)𝚯𝑑𝑅 ∼ (10−10)𝚯𝑑

𝑅
, is completely negligible. The same 

holds for Ψ∼ (𝟑,𝟏,2∕3), with the substitution 𝑑→ 𝑢. On the other hand, 
the isodoublet case with Ψ ∼ (𝟑,𝟐,1∕6) will feature sizable heavy-light 
mixing 𝚯𝑑,𝑢

𝐿
with 𝚯𝑑,𝑢

𝑅
being completely negligible. As for the rest of the 

models, the heavy-light quark mixing is not controlled by an arbitrary 
bare mass parameter, but instead by a Yukawa coupling with the Higgs 
doublet, resulting in further 𝑣∕𝑓PQ ∼ (10−10) suppression making the 
mixing negligible. Sizable mixing translates into sizable flavor-violating 
quark-axion couplings, as discussed below.

The heavy-light quark mixing induces flavor-changing neutral cur
rents in the quark sector, involving the SM 𝑍 boson and Higgs field ℎ, 
as well as flavor-changing couplings of the axion field 𝑎. The VLQ Ψ
are chirally charged under the PQ symmetry with their LH and RH PQ 
charge difference matching 𝐿 −𝑅 = 𝜎 = 1∕2, where 𝜎 is the PQ 
charge of 𝜎. Depending on the specific model, either the LH or RH chiral 
component of Ψ will be charged under PQ (see the PQ charge values in 
Tables 1 and 2). Generically, Ψ𝑗𝑋 transforms under the PQ symmetry as 
Ψ𝑗𝑋 → exp(𝑖𝑋𝑎∕𝑣𝜎)Ψ𝑗𝑋 . By rotating the axion field, we can remove it 
from the Yukawa Lagrangian and it will appear in the kinetic term for 
Ψ𝑗𝑋 .2 Since Ψ𝑗𝑋 mixes with the SM quarks through 𝚯𝑞

𝑋
, one obtains 

the following flavor-violating axion interactions,

𝑎FV =
𝜕𝜇𝑎

𝑣𝜎
𝑞𝛼𝑋 𝛾

𝜇𝑋 (𝚯̃
𝑞

𝑋
)𝛼𝛽 𝑞𝛽𝑋

=
𝜕𝜇𝑎

𝑓𝑎
𝑞𝛼 𝛾

𝜇
[
(𝑐𝑞
𝑉
)𝛼𝛽 + (𝑐𝑞

𝐴
)𝛼𝛽𝛾5

]
𝑞𝛽𝑋 ,

(𝑐𝑞
𝑉
)𝛼𝛽 = (𝑐𝑞

𝐴
)𝛼𝛽 = 𝑐

𝑞

𝛼𝛽
= 1

2
𝑋 (𝚯̃

𝑞

𝑋
)𝛼𝛽 , 𝚯̃

𝑞

𝑋
=𝐕𝑞

𝑋

†𝚯𝑞
𝑋
𝚯𝑞
𝑋

†𝐕𝑞
𝑋
, (14)

where 𝑐𝛼𝛽
𝑉 ,𝐴

represent the vector and axial couplings, which are Hermi
tian matrices in flavor space.

In Refs. [98,99], a detailed study of flavor-violating axion couplings 
to quarks resulted in an exhaustive list of constraints stemming from 
rare processes, Higgs physics, meson oscillations, among others have 
been discussed. These constraints were applied to the color-mediated 
Majorana neutrino mass framework [49,115]. The goal in [115] was 
to account for an enhanced 𝐵+ → 𝐾+ + 𝐸miss rate at Belle-II with 
a model featuring heavy-light mixing in the down-quark sector. The 
heavy-colored scalars mediating neutrino mass generation had masses 
around the TeV scale in order to explain the aforementioned flavor 
anomaly. Here, we consider more natural values for the masses of the 
heavy-colored scalars arising from the leptoquarks 𝜂 and 𝜒 , and their 

2 Axion couplings can also be expressed in Cartesian -- as opposed to polar 
– form. The general method has been extensively used in describing Majoron 
couplings [114].
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Table 3
Heavy-light quark mixing terms and 𝚯𝑞

𝑋
parameter for the various models in Tables 1 and 2

characterized by the VLQ Ψ representation. We highlight via a box the heavy-light quark mixing 
parameters that can be sizable (see text for details).

𝑛Ψ 𝑦Ψ PQ Heavy-light quark mixing terms Θ𝑞
𝑋

mixing parameter 

𝟏 −1∕3 0 𝐌Ψ𝑑Ψ𝐿𝑑𝑅 Θ𝑑
𝑅
∼𝑀Ψ𝑑∕𝑀𝜓 , Θ𝑑

𝐿
∼ (𝑣∕𝑀Ψ)𝑌𝑑Θ𝑑𝑅

2∕3 𝐌Ψ𝑢Ψ𝐿𝑢𝑅 Θ𝑢
𝑅
∼𝑀Ψ𝑢∕𝑀𝜓 , Θ𝑢

𝐿
∼ (𝑣∕𝑀Ψ)𝑌𝑢Θ𝑢𝑅

𝟐
1∕6 1∕2 𝐌𝑞Ψ𝑞𝐿Ψ𝑅 Θ𝑑,𝑢

𝐿
∼𝑀𝑞Ψ∕𝑀𝜓 , Θ𝑑,𝑢

𝑅
∼ (𝑣∕𝑀Ψ)𝑌𝑑,𝑢Θ

𝑑,𝑢
𝐿

−5∕6 0 𝐘Ψ𝑑Ψ𝐿Φ̃𝑑𝑅 Θ𝑑
𝑅
∼ (𝑣∕𝑀𝜓 )𝑌Ψ𝑑 , Θ𝑑𝐿 ∼ (𝑣∕𝑀Ψ)𝑌𝑑Θ𝑑𝑅

7∕6 𝐘Ψ𝑢Ψ𝐿Φ𝑢𝑅 Θ𝑢
𝑅
∼ (𝑣∕𝑀𝜓 )𝑌Ψ𝑢 , Θ𝑢𝐿 ∼ (𝑣∕𝑀Ψ)𝑌𝑢Θ𝑢𝑅

𝟑 −1∕3 0 𝐘𝑞Ψ𝑞𝐿ΦΨ𝑅 Θ𝑑
𝑅
∼ (𝑣∕𝑀𝜓 )𝑌𝑞Ψ , Θ𝑑𝐿 ∼ (𝑣∕𝑀Ψ)𝑌𝑑Θ𝑑𝑅

2∕3 𝐘𝑞Ψ𝑞𝐿Φ̃Ψ𝑅 Θ𝑢
𝑅
∼ (𝑣∕𝑀𝜓 )𝑌𝑞Ψ , Θ𝑢𝐿 ∼ (𝑣∕𝑀Ψ)𝑌𝑢Θ𝑢𝑅

Fig. 3. Flavor-violating axion to up-quark coupling, encoded in |Θ̃𝑢
𝛼𝛽
|, versus 𝑚𝑎

(bottom axis) and 𝑓𝑎 (top axis). Constraints in blue (pink) [red], only apply to 
the case where 𝛼𝛽 ≡ 𝑢𝑐 (tu) [tc] [98,99] (see text for details). Our benchmarks 
are indicated by black-dashed lines with 𝑀B ∈ [106 − 1011] GeV. The orange
shaded region is excluded by SN1987a [50]. Shaded bands follow the same color 
code as in Fig. 2.

mixing. Since these scalars couple to 𝜎 via a quartic interaction in the 
scalar potential (see Appendix A), their masses should be close to the PQ 
breaking scale 𝑓PQ ∼(1012) GeV, if one assumes (1) scalar potential 
couplings (see discussion in Sec. 2.2).

We also wish to mention that our Dirac color-mediated models, with 
Ψ ∼ (𝟑,𝟏,−1∕3) and Ψ ∼ (𝟑,𝟐,1∕6), could in principle explain such 
quark flavor anomalies, thanks to the new colored scalars and sizable 
interactions in the down-quark sector controlled by 𝑐𝛼𝛽

𝑉 ,𝐴
(see boxed 

expressions in Table 3). We do not pursue such a detailed analysis 
here, and will instead focus on axion flavor-violating couplings. More
over, since a detailed study of the flavor violating axion to down-quark 
coupling was performed in Ref. [115], here we wish to discuss the up
quark sector. Among all the Dirac color-mediated neutrino mass models 
only two can have sizable axion-to-up-quark flavor violating couplings. 
Namely, the models with Ψ ∼ (𝟑,𝟏,2∕3) and Ψ ∼ (𝟑,𝟏,1∕6), with the 
mixing encoded in 𝚯𝑢

𝑅
and 𝚯𝑢

𝐿
, respectively (see Table 3). Following 

Eqs. (B.10), replacing 𝑑 by 𝑢, and (B.15), we express the mixing param
eter of Eq. (14) as,

𝚯̃𝑢
𝛼𝛽

=
2 ∑
𝑘=1

(𝐌B)𝑘𝛼(𝐌B)𝑘𝛽
𝐌2

Ψ𝑘

=
2 ∑
𝑘=1

(𝐌B)𝑘𝛼(𝐌B)𝑘𝛽
(𝑁𝑓𝑎𝐘Ψ𝑘)2

, (15)

where the bare mass matrices 𝐌Ψ𝑢 and 𝐌𝑞Ψ are given by 𝐌B. Note 
that, without loss of generality, we assume that 𝐌Ψ is in the diagonal 
basis and, for simplicity, neglect CKM mixing. In Fig. 3, we present the 
axion-to-up-quark flavor-violating couplings via |Θ̃𝑢

𝛼𝛽
| [see Eq. (14)], 

in terms of the axion mass 𝑚𝑎 [or equivalently 𝑓𝑎 -- see Eq. (3)]. We 
took six benchmarks for the bare mass parameter 𝑀B, setting the scale 
between 106 − 1011 GeV, taking 𝐌Ψ =𝑁𝑓𝑎. These cases are indicated 
by black-dashed lines. Moreover, the model-independent axion-nucleon 
couplings, induced by the axion-gluon interactions, are 𝐶𝑎𝑛 = −0.02 and 
𝐶𝑎𝑝 = −0.47, for the neutron and proton, respectively [50,81]. The main 
constraint on these couplings comes from supernova SN1987a, namely, 
0.29 𝑔2𝑎𝑝 < 3.25 × 10−18, where 𝑔𝑎𝑝 ∼ 𝑚𝑝𝐶𝑎𝑝∕𝑓𝑎 with 𝑚𝑝 being the mass 
of proton. This translates into a lower bound on 𝑓𝑎 > 1.4×108 GeV [50], 
see the orange dashed region in the figure. As seen in Fig. 2 the QCD 
axion can account for the observed DM relic abundance, in the post
inflationary scenario for 𝑁DW = 1, the axion decay constant is restricted 
to the range 𝑓𝑎 ∈ [5 × 109,3 × 1011] GeV [88--91,96] (middle green 
band).

The constraints in blue (pink) [red], thoroughly studied and summa
rized in Refs. [98,99], only apply to the case where 𝛼𝛽 ≡ 𝑢𝑐 (𝑡𝑢) [𝑡𝑐]. 
For the up-type mixing, the constraints imposed by rare quark flavor 
processes 𝐷+ → 𝜋+ + 𝑎 are shown by solid and dashed blue lines to 
indicate current and future sensitivity. For top decays, 𝑡→ 𝑢 + 𝑎 and 
𝑡→ 𝑐 + 𝑎 are presented using the pink and red lines, respectively. These 
constraints lie within the orange shaded region already excluded by 
SN1987a. However, since heavy-light quark mixing also leads to fla
vor changing neutral currents (𝑍 boson) and couplings (Higgs boson 
ℎ), 𝐷0 − 𝐷

0
meson mixing (horizontal blue line) and top decays into 

the Higgs 𝑡→ ℎ + 𝑢 (horizontal pink line) and 𝑡→ ℎ + 𝑐 (horizontal red 
line), can constrain |Θ̃𝑢

𝛼𝛽
| independently of the axion scale 𝑓𝑎. In sum

mary, taking into the account the DM requirement and all the above 
complementary constraints, the bare mass parameter of our models is 
restricted to lie within the range 𝑀𝐵 ∈ [108 − 1010] GeV, where for 
𝛼𝛽 = 𝑢𝑐 the mixing is bounded as |Θ̃𝑢

𝛼𝛽
| ≲ 10−3, while for 𝛼𝛽 = 𝑡𝑢, 𝑡𝑐 we 

have |Θ̃𝑢𝑡𝑢,𝑡𝑐 | ≲ 10−1.

4. Concluding remarks

In this work we have proposed a theoretical framework where neu
trino masses are generated at the one-loop level by the exchange of 
colored particles comprising of vector-like quarks Ψ and two scalar lep
toquarks 𝜂 and 𝜒 , as shown in Fig. 1. A PQ symmetry under which 
the exotic fermions Ψ are chirally charged leads to a KSVZ-type axion, 
solving the strong CP problem. By construction, the PQ symmetry en
sures the Dirac nature of light neutrinos and forbids unwanted terms 
that could lead to proton decay.

We examined all possible scenarios resulting in heavy-light quark 
mixing, specifically the mixing between Ψ and the SM quarks. These 
enable us to consider the more predictive post-inflationary axion DM 
picture. In this framework, numerical simulations of axion strings, for 
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𝑁DW = 1, restrict the axion scale to the range 5 × 109 GeV to 3 × 1011
GeV, in order to account for the full CDM budget. As depicted in Fig. 2
this axion mass region is already partially probed by haloscopes which, 
together with helioscopes, can scrutinize our various models through 
their distinctive axion-to-photon coupling predictions. These provide a 
way to differentiate our various models in future experiments such as 
IAXO, ADMX, and MADMAX. Moreover, due to the heavy-light quark 
mixing, some of our models allow for complementary phenomenological 
features associated to sizable axion-to-quark flavor-violating couplings 
as summarized in Table 3. This will provide means to constrain them, 
namely through astrophysical bounds, top decays into Higgs boson, me
son mixing, and rare quark flavor processes, as seen in Fig. 3.

In summary, our color-mediated Dirac neutrino mass approach pro
vides a unified framework addressing three open problems of the SM of 
particle physics: neutrino masses, DM, and the strong CP problem. The 
idea can also be tested beyond the phenomenology of the axion cou
plings. For example, by implementing it within extended gauge groups, 
or by incorporating flavor symmetries, one could get intriguing insights 
into the flavor puzzle and/or the current flavor anomalies [115]. Last 
but not least, the post-inflationary axion cosmology scenario should war
rant further investigation. Topological defects can play an important 
role, where for example the decay of axion domain walls and string 
network could lead to interesting signals at gravitational wave observa
tories [93].
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Appendix A. Scalar sector

In Tables 1 and 2, we present the particle content and charge as
signments of the fields under the SM gauge and PQ symmetries. Besides 
the Higgs doublet Φ the scalar sector includes a complex scalar sin
glet 𝜎. They are responsible for breaking the electroweak (EW) and PQ 
symmetries, through the non-zero VEVs ⟨𝜙0⟩ = 𝑣∕√2 ≃ 174 GeV and ⟨𝜎⟩ = 𝑣𝜎∕√2, respectively. Here 𝜙0 is the neutral component of the 
Higgs doublet and ⟨𝜎⟩ is the PQ breaking scale related to the axion 
decay constant as shown in Eq. (3). There are also two colored scalars 

𝜂 ∼ (𝟑,𝐧Ψ ±𝟏, 𝑦Ψ +1∕2) and 𝜒 ∼ (𝟑,𝐧Ψ, 𝑦Ψ), which do not acquire VEVs. 
The most general scalar potential allowed by the symmetries of our mod
els is given as

𝑉 =
∑
𝑆

[
𝜇2
𝑆
𝑆†𝑆 +

𝜆𝑆
4 

(
𝑆†𝑆

)2]
+

∑
𝑆≠𝑆′

𝜆𝑆𝑆′

2 
(
𝑆†𝑆

)(
𝑆′†𝑆′

)
+ 𝜆̃Φ𝜂

(
Φ†𝜂

)(
𝜂†Φ

)
+
(
𝜅 𝜂†Φ 𝜒 +H.c.

)
, (A.1)

where 𝑆,𝑆′ = Φ, 𝜎, 𝜂, 𝜒 . The cubic term is crucial for neutrino mass 
generation as discussed in Sec. 2.2. The 𝜂 and 𝜒 (mass eigenstates) with 
the same electric charge as the colored fermion Ψ, namely 𝑄Ψ , will 
mediate Dirac neutrino masses at the one-loop level together with Ψ. 
Hence, after spontaneous symmetry breaking (SSB), the colored scalars 
with electric charge 𝑄Ψ, in the basis (𝜂𝑄Ψ

, 𝜒𝑄Ψ
), will mix through,

2
𝜂𝜒 =

(
𝑚2
𝜂

𝜅𝑣 √
2

𝜅𝑣 √
2

𝑚2
𝜒

)
, 𝑚2

𝜂 = 𝜇
2
𝜂 +

1
4
[
(𝜆Φ𝜂 + 𝜆̃Φ𝜂)𝑣2 + 𝜆𝜎𝜂𝑣2𝜎

]
,

𝑚2
𝜒 = 𝜇2𝜒 + 1

4
(𝜆Φ𝜒𝑣2 + 𝜆𝜎𝜒𝑣2𝜎) . (A.2)

The corresponding mass eigenstates 𝜁1,2 are expressed through the 2×2
rotation matrix 𝐑,(
𝜂𝑄Ψ
𝜒𝑄Ψ

)
=𝐑

(
𝜁1
𝜁2

)
=
(
cos𝛼 −sin𝛼
sin𝛼 cos𝛼

)(
𝜁1
𝜁2

)
, tan 2𝛼 =

√
2𝜅 𝑣 

𝑚2
𝜂 −𝑚2

𝜒

,

(A.3)

with masses given by,

𝑚2
𝜁1,2

= 1
2

[
𝑚2
𝜂 +𝑚

2
𝜒 ±

√
(𝑚2
𝜂 −𝑚2

𝜒 )2 + 2𝜅2𝑣2
]
. (A.4)

The remaining mass eigenstates stemming from the weak multiplet 𝜂
(𝜒) with distinct electric charges are degenerate in mass with value 𝑚𝜂
(𝑚𝜒 ).

Appendix B. Heavy-light quark mixing

For all the models in Tables 1 and 2 the colored fermion Yukawa 
Lagrangian contains

−c
Yuk. ⊃ −c,0

Yuk. =𝐘𝑑𝑞𝐿Φ𝑑𝑅 +𝐘𝑢𝑞𝐿Φ̃𝑢𝑅 +𝐘ΨΨ𝐿Ψ𝑅𝜎 +H.c. , (B.1)

the usual SM quark mass terms and that of the VLQs, generated by the 
PQ breaking scalar. The 3 × 3 matrix 𝐘𝑑,𝑢 and the 2 × 2 matrix 𝐘Ψ are 
in general complex. After SSB, we obtain the following colored fermion 
mass Lagrangian,

−c
mass ⊃ −c,0

mass = 𝑑𝐿𝐌𝑑𝑑𝑅 + 𝑢𝐿𝐌𝑢𝑢𝑅 +Ψ𝐿𝐌ΨΨ𝑅 +H.c. ,

𝐌𝑑 =
𝑣 √
2
𝐘𝑑 , 𝐌𝑢 =

𝑣 √
2
𝐘𝑢 , 𝐌Ψ =

𝑣𝜎√
2
𝐘Ψ . (B.2)

In this appendix, we will discuss the specific models presented in Ta
ble 2, and compute the heavy-light quark mixing, i.e. the mixing be
tween the heavy PQ scale mass VLQ Ψ, introduced to solve the strong 
CP problem and mediate neutrino mass generation, and the ordinary 
SM quarks with masses proportional to the EW scale. In what follows, 
for simplicity, we discuss the PQ charge assignments PQ leading to a 
few heavy-light mixing terms presented in column 5 of Table 2. Namely, 
for all cases we take PQ = 0, except for Ψ ∼ (𝟑,𝟐,1∕6) where we take 
PQ = 1∕2. The heavy-light mixing is crucial for the computation of the 
flavor-violating quark-axion couplings, whose phenomenological impli
cations are discussed in Sec. 3.2.

There are a total of seven models depending on the VLQ representa
tion:
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• Ψ∼ (𝟑,𝟏,−1∕3) ∶ For this case we have (see Table 2),

−c
Yuk. =

𝑐,0
Yuk. +𝐌Ψ𝑑Ψ𝐿𝑑𝑅 +H.c. , (B.3)

where 𝐌Ψ𝑑 is a 2×3 bare mass matrix. Defining, 𝐷𝐿,𝑅 = (𝑑,Ψ)𝑇
𝐿,𝑅

, 
after SSB, we can write the mass Lagrangian in the compact form:

−c
mass =𝐷𝐿𝑑𝐷𝑅 + 𝑢𝐿𝐌𝑢𝑢𝑅 +H.c. , 𝑑 =

(
𝐌𝑑 0
𝐌Ψ𝑑 𝐌Ψ

)
.

(B.4)

The SM up-quark mass matrix is diagonalised in the standard fash
ion through the unitary transformations 𝑢𝐿,𝑅 → 𝐕𝑢

𝐿,𝑅
𝑢𝐿,𝑅, deter

mined by diagonalising the Hermitian matrices 𝐇𝑢 = 𝐌𝑢𝐌
†
𝑢 and 

𝐇′
𝑢 =𝐌†

𝑢𝐌𝑢. Namely,

𝐕𝑢†
𝐿
𝐌𝑢𝐕𝑢𝑅 =𝐃𝑢 = diag (𝑚𝑢,𝑚𝑐,𝑚𝑡) , (B.5)

where 𝑚𝑢,𝑐,𝑡 are the physical light up-type quark masses. The full 
quark mass matrix 𝑑 can be diagonalized through the bi-unitary 
transformations (𝑑,Ψ)𝐿,𝑅 → 𝑑

𝐿,𝑅
(𝑑,Ψ)𝐿,𝑅 as


𝑑†
𝐿
𝑑 𝑑

𝑅
=𝑑 = diag (𝑚𝑑,𝑚𝑠,𝑚𝑏, 𝑀̃Ψ1

, 𝑀̃Ψ2
) , (B.6)

where 𝑚𝑑,𝑠,𝑏 are the physical light down-type quark masses and 
𝑀̃Ψ1,2

are the heavy quark masses. For a given 𝑑 , 𝑑
𝐿

and 𝑑
𝑅

are 
determined by diagonalising the Hermitian matrices 𝑑 =𝑑

†
𝑑

and ′
𝑑
=

†
𝑑
𝑑 .

Since the heavy quark mass scale is set by the PQ breaking scale, in 
what follows we adopt the seesaw approximation 𝑀𝑑 ≪𝑀Ψ𝑑 𝑀Ψ. 
Hence, we start by block diagonalising the Hermitian matrix 𝑑 , 
obtaining for the light and heavy sector mass

𝚲𝑑 ≃𝐌𝑑

(
𝟙3 −𝐌†

Ψ𝑑𝚲
−1
Ψ 𝐌Ψ𝑑

)
𝐌†
𝑑
, 𝚲𝑑Ψ ≃𝐌Ψ𝐌

†
Ψ +𝐌Ψ𝑑𝐌

†
Ψ𝑑 .

(B.7)

Furthermore, for 𝑀Ψ𝑑 ≪𝑀Ψ, 𝚲𝑑 becomes,

𝚲𝑑 ≃𝐌𝑑𝐌
†
𝑑
−𝐌𝑑𝐌

†
Ψ𝑑 (𝐌Ψ𝐌

†
Ψ)

−1𝐌Ψ𝑑𝐌
†
𝑑
. (B.8)

In this limit, the leading contributions to light down-quark masses 
come mainly from the SM Yukawa interactions, with the contri
butions from the heavy-light quark mixing being sub-leading. The 
matrix 𝚲𝑑 is diagonalized through the 3 × 3 unitary transforma
tion 𝑑𝐿 → 𝐕𝑑

𝐿
𝑑𝐿, leading to the well-known Cabibbo-Kobayashi

Maskawa (CKM) quark mixing matrix 𝐕CKM =𝐕𝑢 †
𝐿
𝐕𝑑
𝐿

appearing in 
quark charged-current interactions. Furthermore, the heavy sector 
mass matrix 𝚲𝑑Ψ is diagonalized through the 2 × 2 unitary transfor

mation Ψ𝐿 →𝐕Ψ
𝐿
Ψ𝐿.

The block diagonalisation procedure above was achieved by per
forming appropriate unitary transformations on the LH quark fields. 
Similarly, we can diagonalize the Hermitian matrix ′

𝑑
by rotating 

the right-handed quark fields. We parameterize the unitary trans
formations 𝑑

𝐿,𝑅
of Eq. (B.6), that relate the weak and mass basis, 

as follows:(
𝒅

𝚿

)
𝐿,𝑅

=
(

(𝟙3−𝚯𝑑𝚯𝑑†)1∕2 𝚯𝑑

−𝚯𝑑† (𝟙2−𝚯𝑑†𝚯𝑑 )1∕2

)
𝐿,𝑅

(
𝐕𝑑 0
0 𝐕Ψ

)
𝐿,𝑅

(
𝑑

Ψ

)
𝐿,𝑅

. (B.9)

The mixing patterns between light and heavy quarks are given by 
the 3 × 2 matrices:

𝚯𝑑
𝑅
≃𝐌†

Ψ𝑑𝐌
†−1
Ψ , 𝚯𝑑

𝐿
≃𝐌𝑑𝐌

†
Ψ𝑑 (𝚲

𝑑
Ψ)

−1 ≃𝐌𝑑 𝚯𝑑𝑅𝐌
−1
Ψ . (B.10)

Note that, since Θ𝑑
𝐿
∼ (𝑣∕𝑓PQ)Θ𝑑𝑅, with 𝑣∕𝑓PQ ∼ (10−10)≪ 1, 

hence 𝚯𝑑
𝐿
≪ 𝚯𝑑

𝑅
≪ 1 and, therefore, we can safely neglect con

tributions coming from 𝚯𝑑
𝐿

. Since 𝐌Ψ𝑑 is an arbitrary bare mass 
term we can choose its scale 𝑀Ψ𝑑 close to the 𝑀Ψ ∼(𝑓PQ) scale, 

leading to a sizable Θ𝑑
𝑅
∼𝑀Ψ𝑑∕𝑀Ψ. This will translate into sizable 

flavor-violating quark-axion couplings as discussed in Sec. 3.2.
• Ψ∼ (𝟑,𝟏,2∕3) ∶ The quark Yukawa Lagrangian is given by (see Ta

ble 2),

−c
Yuk. =

𝑐,0
Yuk. +𝐌Ψ𝑢Ψ𝐿𝑢𝑅 +H.c. , (B.11)

where 𝐌Ψ𝑢 is a 2 × 3 bare mass matrix. Defining, 𝑈𝐿,𝑅 = (𝑢,Ψ)𝑇
𝐿,𝑅

, 
after SSB, we can write the mass Lagrangian in the compact form:

−c
mass =𝑈𝐿𝑢𝑈𝑅 + 𝑑𝐿𝐌𝑑𝑑𝑅 +H.c. , 𝑢 =

(
𝐌𝑢 0
𝐌Ψ𝑢 𝐌Ψ

)
.

(B.12)

We repeat the procedure outlined for the case Ψ∼ (𝟑,𝟏,−1∕3), mak
ing the replacement 𝑑 → 𝑢 for the up-type sector. Thus, in total 
analogy, here we can safely neglect contributions coming from 𝚯𝑢

𝐿
. 

However, 𝚯𝑢
𝑅

can lead to sizable axion flavor-violating couplings 
(see Sec. 3.2).

• Ψ∼ (𝟑,𝟐,1∕6) ∶ Defining, Ψ𝐿,𝑅 ≡ (𝑇 ,𝐵)𝑇
𝐿,𝑅

, the colored fermion 
Yukawa Lagrangian for this case is (see Table 2),

−c
Yuk. =

𝑐,0
Yuk. +𝐌𝑞Ψ𝑞𝐿Ψ𝑅 +H.c. , (B.13)

where 𝐌𝑞Ψ is a 3 × 2 bare mass matrix. Defining, 𝐷𝐿,𝑅 = (𝑑,𝐵)𝑇
𝐿,𝑅

and 𝑈𝐿,𝑅 = (𝑢, 𝑇 )𝑇
𝐿,𝑅

, after SSB, we obtain,

−c
mass =𝐷𝐿𝑑𝐷𝑅 +𝑈𝐿𝑢𝑈𝑅 +H.c. , 

𝑑 =
(
𝐌𝑑 𝐌𝑞Ψ
0 𝐌Ψ

)
, 𝑢 =

(
𝐌𝑢 𝐌𝑞Ψ
0 𝐌Ψ

)
. (B.14)

Repeating the block-diagonalization procedure outlined above, we 
obtain the mixing patterns between light and heavy quarks for this 
specific model which are given by the following 3 × 2 matrices:

𝚯𝑑,𝑢
𝐿

≃𝐌𝑞Ψ𝐌−1
Ψ , 𝚯𝑑,𝑢

𝑅
≃𝐌†

𝑑,𝑢
𝐌𝑞Ψ (𝚲Ψ)−1 ≃𝐌†

𝑑,𝑢
𝚯𝑑,𝑢
𝐿

(𝐌†
Ψ)

−1 ,

𝚲Ψ ≃𝐌†
Ψ𝐌Ψ +𝐌†

𝑞Ψ𝐌𝑞Ψ . (B.15)

Note that, for this case, 𝚯𝑑,𝑢
𝑅

can be safely neglected while 𝚯𝑑,𝑢
𝐿

can 
be sizable leading to interesting flavor violating axion phenomenol
ogy (see Sec. 3.2).

• Ψ∼ (𝟑,𝟐,−5∕6) ∶ In this model Ψ𝐿,𝑅 ≡ (𝐵,𝑌 )𝑇
𝐿,𝑅

, with 𝐵 and 𝑌
having electric charge −1∕3 and −4∕3, respectively (see Table 2). 
The Yukawa Lagrangian is,

−c
Yuk. =

𝑐,0
Yuk. +𝐘Ψ𝑑Ψ𝐿Φ̃𝑑𝑅 +H.c. , (B.16)

where 𝐘Ψ𝑑 is a 2 × 3 complex Yukawa matrix. Defining, 𝐷𝐿,𝑅 =
(𝑑,𝐵)𝑇

𝐿,𝑅
, after SSB, we have,

−c
mass =𝐷𝐿𝑑𝐷𝑅 + 𝑢𝐿𝐌𝑢𝑢𝑅 +𝐌Ψ𝑌𝐿𝑌𝑅 +H.c. ,

𝑑 =
(

𝐌𝑑 0
𝐌Ψ𝑑 𝐌Ψ

)
, 𝐌Ψ𝑑 =

𝑣 √
2
𝐘Ψ𝑑 . (B.17)

Block-diagonalizing the above mass matrix leads to the analo
gous heavy-light mixing patterns as for the Ψ ∼ (𝟑,𝟏,−1∕3) [see 
Eq. (B.10)]. However, here 𝐌Ψ𝑑 is no longer an arbitrary bare mass 
term but is given by a Yukawa interaction with the Higgs doublet as 
shown in the above equation. Consequently, for this case we have 
𝚯𝑑
𝑅
∼ (𝑣∕𝑓PQ) ∼ (10−10) and 𝚯𝑑

𝐿
∼ (𝑣∕𝑓PQ𝚯𝑑𝑅) ∼ (10−20), 

thus both heavy light-mixing parameters are completely negligible.
• Ψ∼ (𝟑,𝟐,7∕6) ∶ In this model Ψ𝐿,𝑅 ≡ (𝑋,𝑇 )𝑇

𝐿,𝑅
, with 𝑇 and 𝑋 hav

ing electric charge 2∕3 and 5∕3, respectively (see Table 2). We have,

−c
Yuk. =

𝑐,0
Yuk. +𝐘Ψ𝑢Ψ𝐿Φ𝑢𝑅 +H.c. , (B.18)

where 𝐘Ψ𝑢 is a 2 × 3 complex Yukawa matrix. Defining 𝑈𝐿,𝑅 =
(𝑢, 𝑇 )𝑇

𝐿,𝑅
leads to
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−c
mass = 𝑑𝐿𝐌𝑑𝑑𝑅 +𝑈𝐿𝑢𝑈𝑅 +𝐌Ψ𝑋𝐿𝑋𝑅 +H.c. ,

𝑢 =
(

𝐌𝑢 0
𝐌Ψ𝑢 𝐌Ψ

)
, 𝐌Ψ𝑢 =

𝑣 √
2
𝐘Ψ𝑢 . (B.19)

The heavy-light mixing patterns are analogous to the ones for Ψ ∼
(𝟑,𝟏,2∕3) with the replacement 𝑑 → 𝑢 in Eq. (B.10). However, as 
shown above, here 𝐌Ψ𝑢 is no longer an arbitrary bare mass term but 
is proportional to the EW scale. Consequently, for this case we have 
𝚯𝑢
𝑅
∼(𝑣∕𝑓PQ) ∼(10−10) and 𝚯𝑢

𝐿
∼(𝑣∕𝑓PQ𝚯𝑢𝑅) ∼(10−20), be

ing completely negligible.
• Ψ∼ (𝟑,𝟑,−1∕3) ∶ Defining Ψ𝐿,𝑅 = (𝑇 ,𝐵,𝑌 )𝑇

𝐿,𝑅
, the quark Yukawa 

Lagrangian is (see Table 2)

−c
Yuk. =

𝑐,0
Yuk. +𝐘𝑞Ψ𝑞𝐿Φ𝜏𝑎Ψ𝑎𝑅 +H.c. , (B.20)

where 𝐘𝑞Ψ is a 3 × 2 complex Yukawa matrix and 𝜏𝑎 (𝑎 = 1,2,3) 
are the Pauli matrices. With 𝐷𝐿,𝑅 = (𝑑,𝐵)𝑇

𝐿,𝑅
and 𝑈𝐿,𝑅 = (𝑢, 𝑇 )𝑇

𝐿,𝑅
, 

after SSB,

−c
mass =𝐷𝐿𝑑𝐷𝑅 +𝑈𝐿𝑢𝑈𝑅 +H.c. , 

𝑑 =
(
𝐌𝑑 −𝐌𝑞Ψ
0 𝐌Ψ

)
,

𝑢 =
(
𝐌𝑢

√
2𝐌𝑞Ψ

0 𝐌Ψ

)
, 𝐌𝑞Ψ = 𝑣 √

2
𝐘𝑞Ψ . (B.21)

The block-diagonalization procedure leads to:

𝚯𝑑
𝐿
≃ −𝐌𝑞Ψ𝐌−1

Ψ , 𝚯𝑑
𝑅
≃ −𝐌†

𝑑
𝐌𝑞Ψ (𝚲𝑑Ψ)

−1

≃ −𝐌†
𝑑
𝚯𝑑
𝐿
(𝐌†

Ψ)
−1 ,

𝚲𝑑Ψ ≃𝐌†
Ψ𝐌Ψ +𝐌†

𝑞Ψ𝐌𝑞Ψ ;

𝚯𝑢
𝐿
≃
√
2𝐌𝑞Ψ𝐌−1

Ψ , 𝚯𝑢
𝑅
≃
√
2𝐌†

𝑢𝐌𝑞Ψ (𝚲𝑢Ψ)
−1

≃
√
2𝐌†

𝑢𝚯
𝑢
𝐿
(𝐌†

Ψ)
−1 ,

𝚲𝑢Ψ ≃𝐌†
Ψ𝐌Ψ + 2𝐌†

𝑞Ψ𝐌𝑞Ψ . (B.22)

For this case 𝚯𝑑,𝑢
𝑅,𝐿

are completely negligible.

• Ψ∼ (𝟑,𝟑,2∕3) ∶ Defining Ψ𝐿,𝑅 = (𝑋,𝑇 ,𝐵)𝑇
𝐿,𝑅

, we have (see Ta
ble 2),

−c
Yuk. =

𝑐,0
Yuk. +𝐘𝑞Ψ𝑞𝐿Φ̃𝜏𝑎Ψ𝑎𝑅 +H.c. , (B.23)

where 𝐘𝑞Ψ is a 3×2 complex Yukawa matrix and 𝜏𝑎 (𝑎 = 1,2,3) are 
the Pauli matrices. Defining, 𝐷𝐿,𝑅 = (𝑑,𝐵)𝑇

𝐿,𝑅
and 𝑈𝐿,𝑅 = (𝑢, 𝑇 )𝑇

𝐿,𝑅
, 

after SSB, we have,

−c
mass =𝐷𝐿𝑑𝐷𝑅 +𝑈𝐿𝑢𝑈𝑅 +H.c. , 

𝑑 =
(
𝐌𝑑 −

√
2𝐌𝑞Ψ

0 𝐌Ψ

)
,

𝑢 =
(
𝐌𝑢 𝐌𝑞Ψ
0 𝐌Ψ

)
, 𝐌𝑞Ψ = 𝑣 √

2
𝐘𝑞Ψ . (B.24)

The block-diagonalization procedure results in,

𝚯𝑑
𝐿
≃ −

√
2𝐌𝑞Ψ𝐌−1

Ψ , 𝚯𝑑
𝑅
≃ −

√
2𝐌†

𝑑
𝐌𝑞Ψ (𝚲𝑑Ψ)

−1

≃ −
√
2𝐌†

𝑑
𝚯𝑑
𝐿
(𝐌†

Ψ)
−1 ,

𝚲𝑑Ψ ≃𝐌†
Ψ𝐌Ψ + 2𝐌†

𝑞Ψ𝐌𝑞Ψ ; 

𝚯𝑢
𝐿
≃𝐌𝑞Ψ𝐌−1

Ψ , 𝚯𝑢
𝑅
≃𝐌†

𝑢𝐌𝑞Ψ (𝚲𝑢Ψ)
−1

≃𝐌†
𝑢𝚯

𝑢
𝐿
(𝐌†

Ψ)
−1 ,

𝚲𝑢Ψ ≃𝐌†
Ψ𝐌Ψ +𝐌†

𝑞Ψ𝐌𝑞Ψ . (B.25)

Once again, for this case 𝚯𝑑,𝑢
𝑅,𝐿

are completely negligible.

In summary, the models with VLQ Ψ representations (𝟑,𝟏,−1∕3), 
(𝟑,𝟏,2∕3) and (𝟑,𝟐,1∕6), are the only ones where heavy-light quark mix
ing can be sizable. Specifically, in the RH down quark, RH up quark, 
and LH up and down quark sectors, respectively.
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