Chapter 6

Quasi-Newton Method for Set
Optimization Problems with
Set-Valued Mapping Given by
Finitely Many Vector-Valued

Functions

6.1 Introduction

Optimization problems with set-valued objective functions or set-valued constraints
have a number of applications in various areas of mathematical economics [13], fi-
nance [11], game theory, optimal control, and many others (see [70,74]). The general

expression of a set-valued optimization problem is given by

Minimize F(z) subject to = € X, (A)
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where F is a set-valued map from a nonempty subset X of R™ to R™ ordered by a
convex cone K C R™. The solution set for the problem (A) provides an important
generalization and unification for scalar as well as vector optimization problems using

different approaches (see [21-23]).

6.2 Motivation and Contribution

Kuroiwa [23,57, 78] was the first to define solutions of set optimization problems by
preorder relations of sets. In [23], solution concepts have been defined based on the
approach of comparing the sets that are values of the objective function. A detailed
discussion on this is given in Chapter 5.

As the steepest descent method given by Bouza et al. in [1] is known to have
linear convergence rate, we aim to derive a quasi-Newton method for set optimization
problems. The set-valued objective that we consider here is defined by a finite number
of twice continuously differentiable vector-valued functions. We use the ideas from [97,
111,124] for vector optimization problems. We have approximated the Hessian matrices
with the help of BFGS approximation techniques. These problems have significant
applications in uncertain optimization problems, as discussed in [81,125]. The proposed
method in our work exhibits a superlinear convergence rate near the optimal solution
and works well for highly nonlinear objective functions.

In this chapter, we discuss the interrelation of stationary points with weakly minimal
solutions of (SOP). Next, we propose the quasi-Newton method for the considered set
optimization problem. We define the well-definedness of the proposed algorithm with
the existence of Armijo’s step length condition and the boundedness of the norm of
descent direction. After that, we analyze the convergence of the proposed quasi-Newton
method. Further, we show the numerical implementation of our method with the help
of suitable examples. Finally, we compare the results of the proposed algorithm with

the results of the steepest descent method presented in [1].
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6.3 Optimality Conditions for Set-Valued Mappings

In this chapter, we aim to derive a quasi-Newton method to identify weakly minimal
solutions to the following unconstrained set optimization problem. Let F': R" = R™
be a nonempty set-valued mapping. The unconstrained set optimization problem that
we study is defined by (SOP).

First, we discuss results on optimality conditions for weakly minimal solutions of
(SOP) under Assumption 1. These notions are the foundation for constructing the
proposed quasi-Newton method to capture weakly minimal solutions of (SOP). The

contribution of this section is divided into two subsections.

(i) To identify the sequence of iterates in the proposed quasi-Newton method, we
figure out a family of vector optimization problems using the concept of partition
set at a point. Thereafter, we discuss the concept of stationary point for (SOP)
and interrelate stationary points with weakly minimal solutions using the defined

family of vector optimization problems.

(ii)) We derive a necessary optimality condition for weakly minimal points of (SOP).
In the process of evaluating these points, we approximate the Hessian correspond-
ing to each objective function f!, f2,..., f? with the help of the BFGS method

for vector optimization problems (see [124,126,127]).

6.3.1 Hessian Approximation and Necessary Condition for Weakly
Minimal Solutions of (SOP)

To find a quadratic approximation of the functions f!, f%,..., fP, we use a positive
definite approximation of their Hessian by the Broyden, Fletcher, Goldfarb, and Shanno
(BFGS) [128-131] methods.

Corresponding to a given initial point xq, for the function f?, i € [p], we generate a

sequence of symmetric positive definite matrices { B (x)} starting with an initial sym-
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metric positive definite matrix B(zy). For each i € [p], the quadratic approximation

of each f* about z, is given by
Q'(z) = fH(ax) + V' (xr)  (z — xx) + 3(x — x3) " B' () (x — ).
We choose {B'(x;,)} that satisfies the quasi-Newton equation
B(wpy1) sk =1vp, k=0,1,2,...,

where s, = xy11 — 71, and i = V f{(z11) — V f*(zx). To ensure symmetric and positive
definiteness of all the terms in the sequence { B (x})}, for a given symmetric and positive
definite B%(xg), we use the BFGS update formula at any point x;, by

Bi<xk)5k5];rBi(xk) 4 yiig’yg

B’ =B — . —
() o) sp B (k) sk Sk Y

(6.1)

It can be observed from [132, Section 6.1] that for every k € NU{0}, if B?(x}) is positive

definite, then B%(x;, ) remains positive definite.

Remark 6.1 (See [132]). The BFGS method satisfies the curvature condition s} yi. > 0.
If each i, i = 1,2,...,p, is strongly convex, then the curvature condition is satisfied

by any two points xy and Tpiq.

Next, we derive a necessary condition for weakly minimal points of (SOP). We start

with the following lemma.

Lemma 6.1 If a point T is a local weakly minimal point of (SOP), then T is a sta-

tionary point of (SOP).

Proof: Let Z be a local weakly minimal solution of (SOP). Assume contrarily that z

is not a stationary point of (SOP). Then, in view of Lemma 1.10, there exists at least
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one @ = (ay,as, . ..,ay) € Py such that 7 is not a stationary point of (VOP). That is,

there exists « € R" such that

V% (z) a € —int(K) for all j € [w]. (6.2)
Since f% : R"™ — R™ is continuously differentiable (Assumption 1) for all j € [w], we
have

f%(x) = f9(z) + V%9 (z)" (x — &) + o(||x — Z||), where glcim olflz = zll) =0. (6.3)

=z lz -2

Note that z is a local weakly minimal solution of (SOP). Therefore, by Theorem 1.5, =
is a local weakly minimal point of (VOP) for all a € P;. So, 7 is a local weakly minimal

point of (VOP) for a € P;. Thus, there exists a neighborhood U of Z such that
32 € U with f%(z) — f%(z) € —int(K) for all j € [w)].
From (6.3), there exists a neighborhood B C U of z such that for all j € [w],
V% (z) (x — ) ¢ —int(K) for all v € B. (6.4)

As B is a neighborhood of Z, there exists ¢ > 0 such that ' = T +tu € B. The relation
(6.4) with x = 2’ yields

Vf4(z) a ¢ —int(K),

which is contradictory to (6.2). Therefore, Z is a stationary point for (SOP). O

Lemma 6.2 For any given x € R", a € P, and j € [w(x)], the function g : R"* — R
given by
g(u) =V, (Vf‘” (z)"u+ %uTB“j(:U)u> ,
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where B% () € R™ " is a symmetric positive definite matriz, is strongly convex on R™.

Proof: For any v € R", we define a function h; : R®™ — R™ by
hi(u) = V% (z) "u+ tu" B (2)u.

Since B% is a symmetric positive definite matrix, there exists positive constant p; such

that
WV (@) = pyllule. (6.5)

So, by Corollary 2.2 in [111], the function h; is strongly convex, for all j € [w(x)].

Hence, there exists 1 > 0 such that for any uy,us € R™ and A € [0, 1],
Therefore, in view of Proposition 1.2, for any u;,us € R™ and A € [0, 1], we have

g(Aug + (1 — Nug)
— W (b (v + (1 — Nus))
ALy (1)) + (1= Aol 2)) — BN — ) — ]

= Ag(ur) + (1= Ng(uz) = AL = N Jur — wo”.

Hence, g is strongly convex on R". O

Remark 6.2 In view of Lemma 6.1, we note that every weakly minimal solution of

(SOP) is a stationary point of (SOP). Also, from Definition 1.37, we see that

A point T is a stationary point of (SOP)

<= for every a € Py and u € R", 3 a; with W (V% (z) u) > 0.
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Thus, by Proposition 1.2(v)é(vi) and Remark 6.1, for a weakly minimal point T, for

any a € Py and v € R", there exists a; with
v, (v F9(2) Tu+ o BY (;z)u) >, (v Fo (:z)Tu) +lpull2>0,  (6.7)

where p = min{py, pa, ..., Py}

Next, we discuss a necessary condition for weakly minimal solutions of (SOP). For this,

for any x € R", we define a function &, : P, x R® — R by

&.(a,u) = max {‘I/e(Vf“f (z)"u+ iu" BY (x)u)} ,a € P, ueR" (6.8)

j€[w(z)]

Then, by (6.7), at a stationary point Z, we have

¢x(a,u) >0 Vae€ Pyand ucR”
- m]iRnfi(a,u)ZO Vace P;
ueR”

— VaeP:0< m]iRn Ex(a,u) < & (a,0) =0
ucR™

= Va € P;: mIiRn &x(a,u) = 0. (6.9)
u€eR™
Moreover, as for any z € R", P, is finite, we note from Lemma 6.2 that for any a € P,,
the function &, (a, ) is strongly convex in R™. Hence, the function &;(a, ) has a unique
minimum over R™. If for a € P;, 4, € R™ be such that & (a, U z) = ]%{n £z(a,u), then
E n

u

from (6.9), we have
&:(a, tqz) = 0 if and only if @,z = 0. (6.10)

As for any = € R", the partition set P, is finite, £, attains its minimum over the set
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P, x R™. Let us define a function ® : R® — R by

O(z)= min _ &(a,u). (6.11)

(a,u)€ Py xR™

Then, in view of (6.10) and (6.9), if for (a,u) € P; x R™ we have ®(Z) = &;(a, u), then

®(z) =0and u=0. (6.12)

Accumulating all, we obtain the following result.

Proposition 6.1 (Necessary condition for weakly minimal points). Let T be a weakly
minimal point of (SOP) and a € P; and u € R™ be such that ®(z) = &;(a,u), where &;
and ® are as defined in (6.8) and (6.11), respectively. Then, u = 0.

6.4 Quasi-Newton Method for (SOP)

The whole section is described in the following two subsections.
(i) At first, we discuss a few properties of ®.

(ii) We propose the quasi-Newton method (Algorithm 2) and discuss the well-definedness
of the proposed Algorithm 2. After that, we characterize the boundedness of the
norm of descent direction for (SOP). Further, the existence of step length that

satisfies the Armijo condition is derived.

6.4.1 Properties of ¢

In this subsection, we discuss a few properties of ®, which play an important role in

the convergence analysis of the proposed quasi-Newton method for (SOP).

Proposition 6.2 The function ® as given in (6.11) is continuous at any T € R".



6.4. Quasi-Newton Method for (SOP) 183

Proof: Let {z;} be a sequence in R™ that converges to z € R". We show that

lim ®(zy) = O(Z).

k—o0

Since the set P; is finite and &; attains its minimum over the set Pz x R", there exists
(a,u) € Pz x R™ such that ®(z) = &;(a, u).

Let (a*,uz) be an element in P,, x R™ such that ®(z;,) = &, (a*, u;,). Such an element
(a*, uy) exists since the set P,, is finite and §,, attains its minimum over the set
P, x R™ Since U, is Lipschitz continuous on R™ (Proposition 1.2 (iii)) and f% is
twice continuously differentiable for each j € [w(x)], the function &, is continuous on

P, x R™. Thus, we get

limsup ®(z;,) = limsup &, (a*, ug) < limsup &, (a, @) = &(a, a) = ®(z).  (6.13)

k—o0 k—o0 k—o0

Let L > 0 be a Lipschitz constant of W,. Then, from the definition (6.11) of ® at z, we

observe that

o ()

= min =(a,u
(a,u)ePiangx( ' )

< §Z<ak7 uk)

= lilgn inf &;(a¥, uy,) since &; is continuous
—00
= lim inf { max < (V[ ( )Ty, + Lu, B ’“(;p)uk)>}

k—oo | j€[w(@)]

= lim inf {'max < (V19 () Ty, + U,IB“( Yur + V1% () T
—i—;u,IB (g )up — V f% ( )uk—%u;Baé?(a:k)uk))}

1.2(9)
< liminf { max {\Ife (Vfaf(xk)Tuk—i-%ugBaé?(xk)uk)

k—ro0 J€[w(T)]
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+0, (Vf“g?(f)Tuk + u;B“ (B)ug, — V4 () Ty, — %ugB“?(xk)uk)}}

j€lw(Z)]

= lilgn inf {gxk(ak,uk) + max {\I/e <Vf“§ (z) Ty

—i—%u;B“?(j)uk — Vfa.lf (xk)Tuk — %U;B“? (xk)uk) }}
1.2(iii)

< liminf {ka(a uk)+L max {||Vf (7) Tup + u,IB“?(:f)uk

k—o00

9% o) T = Y o

< liminf{ 5:%(“ ug) + L max {HVfa () — Vfa?(ﬂﬂk)HHUkH}

k—o00 elw(z)]

+3 max {Hu{ (BW? (¥) — B (a:k)) Uk“}} : (6.14)
JEw(™

Note that for j € [w], each fa§ is a twice continuously differentiable and the sequence

{1} converges to Z. Also, note that there is no loss of generality if {uy} is assumed to

be in {u € R" : ||Jul]| < 1}. Thus, we obtain from (6.14) that

®(z) < liminf &, (a*,u) = hm mf O (). (6.15)

k—o0

Finally, in view of (6.13) and (6.15), we conclude that

lim ®(z) = O(7).

k—o0

Thus, the function ® is continuous at z. O

Proposition 6.3 Let U be a nonempty subset of R™. Suppose there exists p,q € Ry
such that for any x € U and a € P,, B%(x) < ¢l for all j € [w(x)], where I isn xn
identity matriz. Then, for any a € P,, there exist \; > 0, j € [w(z)] with Z )\ =1

such that )
[w(z)]

[@(2)] < ]| > V9@
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where L is the Lipschitz constant of V..

Proof: Let x € U and P, be the partition set of (SOP) at x. Note that for any

bi,ba, ..., by € R, the identity max{by, ba, ..., by(z) } = /\Hiax Zw(‘r Aib; holds, where
€

Aue) = {1 Ags - Awwy) € RYW 2 S0\ — 1}, Thus, in view of the definition
(6.11) of @, we have for any a € P, that

|P(x)| = min  &,(a,u)

(a,u)EP; xR™
min max \I/e(v aj%TU—i-luTB“jxu)}
i { e (@ T

[w()]
=  min max Z A\, (Vfaf( ) u—i—%uTBaj(x)u)
j:

(a,u)EP,xR™ |A€A,,

w(x)

< : art AT 1T pa; >
= (au)CPxRn ; AW (Vf i () Tu+ tuT B (z)u

for any A € Ay

1.2(iii) w(@)

: a; T T paj
< min Z:)\jLHVf i(z)'u+iu'B J(x)uH

(a,u)EP,

H+ZA

<L i A Lu"Bo( H
<L min Z (z)u

< i . aj ()T Y ll? aj <ql. )
<L omn ZAJHW () ull + 3l § as BY() <al. (6.16)
Note that the function u > Z NIV £ () Tl + 2|u||* is a strongly convex function
on R™. Therefore, the first-order optimality condition implies that its minimum is
obtained at u = Z DY ;Vf%(x). Thus, (6.16) gives that for all \; > 0 and
jEw()Wlch >\—1 we have

[w(x)) 2

[@(2)] < 8|1 > AV ()
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O

6.4.2 Quasi-Newton Method for (SOP)

In this subsection, we propose a quasi-Newton method (Algorithm 2) for set optimiza-
tion problems (SOP) with an F' as given in Assumption 1. We start the algorithm by
selecting an arbitrary initial point. If this point does not satisfy the necessary condi-
tion for a weakly minimal point as stated in Proposition 6.1, then we proceed to update
this point as discussed in Algorithm 2. At each iteration, we select an element a from
the partition set, and then a descent direction for (VOP) is evaluated by following the
ideas of [86,133]. Once a descent direction is found, we employ a backtracking proce-
dure similar to the classical Armijo-type method to find an appropriate step size and
then update the iterate. We keep updating the iterate until the necessary condition
in Proposition 6.1 for a weakly minimal point is met. The entire method is given in

Algorithm 2.

Remark 6.3 It is to be noted that for p = 1 in Algorithm 2, that is, for F(x) =

{f*(z)}, the Step Step 4 of Algorithm 2 reduces to finding uy, such that

up = argmin U, <Vf1(xk)Tu + %uTBl(xk)u) :
u€R™

In this case, the proposed Algorithm 2 reduces to the method given in [124] and [127,
134]. The difference is that we have used the Gerstewitz function instead of the support

of a generator of the dual cone K*.

Next, we show that Algorithm 2 is well-defined. The well-definedness of Algorithm 2 is

based on the following two points:

(i) Existence of (a*,uy) in Step Step 4, which is assured by the discussion in the

paragraph after Definition 1.37.
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Algorithm 2 Quasi-Newton Method Algorithm for Set Optimization Problem (SOP)

Step 1

Step 2

Step 3

Step 4

Step 5

Step 6

Step 7

Inputs
Provide the objective function F with f!, f2,..., f? being twice continuously
differentiable.

Initialization

Choose an initial point xy € R" a trial step length 5 € (0,1), and a positive
ve(0,1).

Provide an initial symmetric positive definite matrix B’(xy) € R™*", for each
i € [p].

Set the iteration number k£ = 0.

Provide a value of the precision level € > 0 for termination.

Calculate the minimal set and the partition set at the k-th iteration
Compute My = Min (F(zg), K) = {ri,re, ..., 7w, } and wy, = | Min F(zy), K|.
Find P, = P,, = I, x I, X --- x I,., , pr = |Py,|, and P,, ={a1,as,...,a,,},

Twy,

and for each i € [py], a; = (al,a?,...,a¥) € P, , al € ]r;‘_'k7 J € [wy].

79 1

Computation of a descent direction

Find (a*,u;) € argmin &, (a,u), where &, : P, x R® — R is given by
(a,u)€P, xR™

& (a,u) = 'Iél[ax]{\lfe(Vf“J'(xk)Tu + %uTBaf(xk)u)}.

Stopping criterion
If ||ug|| < &, stop. Otherwise, go to Step Step 6.

Compute step length
Evaluate the smallest value of g such that v¢ estimates the step length ¢, by

t, = max {Vq : fagc(ack + vluy,) < faf(ack) + Bqufaﬁ(xk)Tuk Ve [wk]} )
geNU{0}

Update the iterate and approximation

Update xj1 < xp + trug and k < k + 1.

Compute s = zp11 — x and Y = V f*(z41) — V ' (zx), i € [p].

Evaluate the next symmetric positive definite matrix using the formula (6.1):

Bi(xy)sisy B () yivh

B! =B — : — .
(#es1) (@) s Bi(wr) sk EAETA

Go to Step Step 3.
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(ii) Existence of step length ) in Step Step 6, which is assured by the result in

Proposition 5.4.

Therefore, Algorithm 2 is well-defined.

Next, we characterize the stationary points of (SOP) in terms of the functions &,

and ® as defined in (6.8) and (6.11), respectively.

Theorem 6.1 Let us consider the functions &, and ® given in (6.8) and (6.11), respec-
tively. Let (a,u) € P, x R™ be such that ®(z) = &z(a,u). Then, the following conditions

are equivalent:
(i) The point T is a nonstationary point of (SOP).
(i) ®(z) < 0.

(iii) @ # 0.

Proof: (i) = (ii). Let us assume that the point Z is a nonstationary point of (SOP).

Then, in view of (1.2), there exists an @ = (ay, as, ..., ay) € P and u € R™ for which
U (Vf%(z) @) < 0 for all j € [w].
Thus, in view of the above relation, we conclude that

d(z) = min _ &z(a,u)

(a,u)€ Pz xR"
< &(a,tu) for any t > 0
—  max U, (v £ (z) i + L’ BY (;z)ta)
J€w(2)]
= ¢ max U, <Vfaj (z)"u + %ﬂTBaj(:i)&') from Proposition 1.2(ii)

J€w(Z)]

<t max {\Ife (Vfaj (:Z‘)Tﬂ> + L, (ﬁTBaﬂ' (f)ﬂ)} from Proposition 1.2 (1)&(ii)

jEw(z 2



6.4. Quasi-Newton Method for (SOP) 189

< t{ max {\If (Vfu(z) )} + 24 max {\If (u TBaﬂ'(aﬁ)ﬂ)}}. (6.17)

JEw(T)] 2 jew(

. —2 a;
Choosing any t such that 0 < ¢t < ( T (x)a)}> ( max {‘I/ (Vfa(z)" )}>7

chto)] jE[w(zx)

we obtain from (6.17) that

o(a) < { max ((V@0)D) ~ mox (0.(975()70) | =0

jelw(@)] w(z)]

(il) = (iii). It trivially follows from (6.12).
(iii) = (i). Let us assume contrarily that Z is a stationary point of (SOP) and @ # 0.

Then, in view of (1.2), for @ € Pj, there exists j € [@] such that
U (V% (z) a) > 0. (6.18)

Note from Assumption 1 that for any @ € P, and x € R", we have @' B%(z)u > 0.

Therefore, from (6.18) with the help of Proposition 1.2 (iv), we get

W, (Vf75(0) "+ da B (2)a) = 0
or, max w0 (V5 (@) a+da B (@) b > 0
or, &l(a,u)>0
or, ®(z) =0 from (6.9)

or, u=0 from (6.12),
which is a contradiction to the considered assumption. Thus, Z is a nonstationary point
of (SOP). O

Remark 6.4 In view of (6.12) and statements (i)-(iii) of Theorem 6.1, we obtain that

T is a stationary point of (SOP) if and only if ®(z) =0 or u = 0.

Next, we characterize an upper bound for the norm of quasi-Newton’s direction wuy
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generated by Algorithm 2 for (SOP). After that, we provide convergence analysis of
Algorithm 2.

Theorem 6.2 Let {x;} be the sequence of nonstationary points, {uy} be a sequence
of descent directions generated by Algorithm 2, and {xy} be convergent. Then, the

sequence {uy} is bounded.

Proof: Let P,, be the partition set at {z;} and {z;} be a sequence of nonstationary
points that converges to Z (say). Then, in view of Theorem 5.1, there exists a* € P,,

such that ®(zx) <0, i.e.,

max {\I/e(Vf“§ (z1) "ug + %ukTBaé? (xk)uk)} <0

J€w(zr)]
— U (VS () g+ %u;Baf(xk)uk) < 0 for all j € [w(xy)]

200 U (VS () Tue) + %ugB“;c(a:k)uk <0 forall j€w(xg)] (6.19)

Then, note that W = {z;} U {Z} is compact. Moreover, B!, B?, ..., B? are continuous

functions, for each ¢ € [p]. Then, we have

o;=  min ' BY(x)u > 0. (6.20)
ul|=1, zeW

On taking p = min{oy, 09, ...,0,}, we have u' B(z)u > p|jul[?. Thus, in view of (6.19)

and (6.20), we get

U (V9 () Tug) + Spllur]|? < 0 for all j € [w(wy)]
— Lplug|? < =0 (V5 () Tuy) for all j € [w(ay)]

ak
= sollul|* < max {[W(Vf () ui)|}
j€w(zr)]
l'g(iii)%pHukHQ <L r[n?x)]HVf“? (z) "ug||, L is a Lipschitz constant of ¥,
je|lw(xg

ak
= $pllurl® < Lllukl| max [[Vf% ()|
J€w(zy)]
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= 3plluxll* < Lilugll max{[|Vf* (@) |, IV /2@, - IV 7 (z) I} (6.21)

Note that each f?, ¢ € [p], is twice continuously differentiable and the sequence {z;}
is convergent. Therefore, max{||V [ (zx)|, IV f2(xp)l, .., IV fP(x1)]|} is a convergent
sequence, and hence bounded. Now, let us assume that C' be an upper bound of

max{||V [ (@), | Vf2 (@)l - -, |V fP(xx)]|}- Then, from (6.21), we observe that

2CL
plluell* < 2CLJue]| = Juxll < —

Thus, we conclude that the sequence {uy} is bounded. O

Next, we give a proposition on the existence of a step size along the chosen (descent)

direction of F' for the set optimization problem (SOP) by Algorithm 2.

Proposition 6.4 Let § € (0,1) and (a,u) € Pz x R™ be such that ®(z) = & (a,u) and

assume that the point T is not a stationary point of (SOP). Then, there exists t>0

such that for all t € (0,t] and j € [w],

f5(F +tu) = f9%(7) + BtV 9 (z) . (6.22)

Additionally, for allt € (0,t] and j € [w], we have
F(z +tu) < {f%(x) + BtV f9(2) " a}jem <" F(T). (6.23)

Proof: Let us assume that (6.22) does not hold. Therefore, there exists a sequence

{te} (0 and j" € [w] such that

f49(Z + tyu) — f4'(z) — BV 9 (2)u ¢ —K
) — [ (T)

= lim [+ bt — BV S (z) u g —K
k—0 tr
= (1-B)Vf¥(z) ¢ —int(K)
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—  Vf%(z) a ¢ —int(K) since 3 € (0, 1). (6.24)

Note that z is not a stationary point of (SOP) and (a,u) € P; x R™ is such that

®(z) = & (a,u). Therefore, in view of Theorem 6.1, we have

& (a, 1) = () < 0

— ?éﬁr,}]( U.(Vf%(x) u+ u" B%(z)u) < 0 since u # 0

— U (Vf9(@) u+ia"B%(z)u) <0 for all j € [w]

8w, (V5 () ) + Lo, 2 < 0 for all j € [w]

= U (Vf4(z) ) <0

—  Vf%(z) ue —int(K), (6.25)

which is a contradiction to (6.24). Therefore, we conclude that for every j € [w], the
relation (6.22) holds.

Now, for a nonstationary point Z, from (6.22), we observe that

fo%(z) + BtV f4 () a < f%(z) for all j € [w] and t € (0,1]. (6.26)

From Proposition 1.1, we observe that for every ¢ € (0, {]

F(z)

{9 (x) } e + K

{£%(z) + BtV % (Z) u}je + K + int(K)

N

N

{f%(z + tu)}jeqg + K + K + int(K) from Definition 1.28

N

F(z + tu) + int(K),

which implies that for every ¢ € (0, ], (6.23) holds. O
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6.5 Convergence Analysis of Quasi-Newton Method

Below, we define the notion of the regularity of a point with an essential property for
a set-valued mapping, which has a significant role in the convergence of the proposed

algorithm.
Definition 6.1 (Regular point [1]). A point & is said to be a regular point of F' if it
satisfies the following conditions:

(i) Min (F(z),K)= WMin (F(z),K), and

(1i) the cardinality function w in Definition 1.35 is constant in the neighbourhood of

x.

Lemma 6.3 (See [1]). Let us assume that & € R™ is a regqular point of F'. Then, there

exists a neighbourhood U of T such that for every x € U, w(x) = w, and P, C Pj.

Now, we present the main theorem of the chapter that proves the convergence of

the proposed method shown in Algorithm 2.

Theorem 6.3 Let {x1} is an infinite sequence generated by Algorithm 2 and T is an
accumulation point for the sequence {xy}. Additionally, assume that T is a reqular point

of F. Then, T is a stationary point of (SOP).

Proof: Without loss of generality, let {zx} be a subsequence of {z;} which converge
to an accumulation point z. We prove that ¥ is stationary. Towards this, define the

functional ¢ : P(R™) — R U {—o0} given by
S(A) = i£1£ U, (z) for all A € P(R™).

From Proposition 1.2(iv), the function W, is monotonic. Therefore, the functional < is

monotone with respect to the preorder <!, that is, for all A, B € P(R™), we have

A='B = ¢(A4) <¢(B).
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Now in view of (6.23) of Proposition 5.4, for every & =0, 1, ..., we obtain

S(F(7gy1))

= (F(xg + tpug))

<  min {‘I’e (fa§($k) + 5tkv]m§<xk)Tuk) }
j€wr]
< Iél[in] {‘I’e (fa;?(xk) + 5tk(vfa§<xk)Tuk + %UgBG?(wk)UkD}
JE| Wk
from Proposition 1.2(iv) and u] B (z,)us, > 0
< min {\Ife (faf(xk)> + Gt ¥, (Vfa§(xk)Tuk + %uzBaf(xk)uk)}
j€wg]
from Proposition 1.2(i)
. a ak
< min \Ile<f (x ))—i—ﬁtkmax\ll (Vf 7 (2x) "ug + $u, B ’(xk) k)
J€wr] J'€lwg]
< min v, (f ( )) + [t max {\If (Vf“? (g;k)—ruk + %ugB“? (l‘k)uk>}
J€[ws] J€[wg]
= <(F(a)) + Bte® (@) (6.27)

Therefore, for a fixed K € NU {0}, we get

_ Bt), max {xpe(v £ () Tug + Ll V2 (ask)uk} < G(F(z1)) — <(F(zp11))-

J€[wz]

On adding the above relation for £ = 0,1,..., x, we obtain

J€[wg]

-0 Ztk max { (V9 (2x) Tug + %u;Baé?(xk)uk} < G(F(xg)) — s(F(x4s1)). (6.28)
Since {zx} is a convergent sequence and ¥, is monotonic, from (6.28), we have

—B hm Ztkmax {\Ife(Vfaé?(x ) Ty, + u,cTBa (xk)uk} < +o0. (6.29)

J€lwy]

Given that {x} is a sequence of nonstationary points, therefore in view of (1.2), for

every a* € Py, u, € R",j € [w(zy)], and k € NU{0}, we get Vf“§(xk)Tuk € — int(K).
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On proceeding in similar manner to (6.17), we can find t; > 0 such that

—2
P e 2 ) (s e saaTean)

J€[wy]

In view of the above chosen t;, we conclude that

t, max {\Ife (Vf“?(x ) Ty, + ulB“ (xk)uk)}

JE€wg]

Stk{max{ww (@)@}~ mas {0V >}}

jew( j€w(z)

= 0.
Therefore, we get

—t), max {\I/e(Vf“?(xk)Tuk + %u;Baﬁ(xk)uk} > 0. (6.30)

J€wy]

On combining (6.29) and (6.30), and taking limit k& — oo, we have

lim ¢, max {\I/e(Vfa?(xk)Tuk + %u;B“?(xk)uk} = 0. (6.31)

k—oo  j€[wy]

Since Z is an accumulation point of the sequence {x;} and the sequences {t;} and {uy}
are bounded (Theorem 6.3), therefore we can find ¢ € R, @ € R™ and a subsequence
K € N such that

ke - ke _
ty — t and up, — U

Note that the number of points in [p] is finite, and Z is a regular point of F. Thus, in

view of Lemma 6.3, for all k € K,u € R", we have wy = w, P,, = P,a* = a and

(I)<Ik) = gl'k (dv uk) < ézk (a, u)

and &z(a,u) < &(a,u) on taking limit k 5 . (6.32)
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Now, we analyze the following two cases:

(i) Let £ > 0. In view of (6.31) and for all k € K such that wy, = w, P,, = P,a* =a

k ? )

we have

lim max {\Ife(Vfaf(xk)Tuk + Lu) BY (xk)uk} =0

k:gooje[w]

= lim ®(z;) = 0. (6.33)

K
k—o0

Thus, by Theorem 6.1, we conclude that © = 0. Hence, 7 is a stationary point of

(SOP).

(ii) Let ¢ = 0. Fix any x € N. Since t;, Ki= 0, large enough v* does not satisfy
Armijo condition in Step Step 6 of Algorithm 2. Therefore for all £ € K such that

wy = w, P, = P, and a* = &, there exists j € [w] such that

Fo (g 4 viur) £ 9 () + BV f (x1) Ty
Pae 3 v7) 2T 5 o) T ¢ K

[T+ viu) — [ (%)
V:‘{

(1—-B)Vf%(z) a ¢ — int(K) taking limit k — +oo

— BV f%(z)"u ¢ — int(K) taking k 5 oo

el

Vf%(z) u ¢ — int(K) since (1 — f) € (0,1).
Therefore, from (v) of Proposition 1.2, we have

V. (Vf%(z) a) >0
or, U.(Vf%(z) u+ iu"B%(z)u) >0

by Proposition 1.2(iv) and @' B% (Z)a > 0
or, 0<WU.(Vf%(z) u+iu"B%(z)u)

or, 0<¢&(a,u)= min & (a,u) =P(z) <0 from (6.11).
(a,u)€ Py xR™



6.5. Convergence Analysis of Quasi-Newton Method 197

Thus, from Theorem 6.1, we conclude that z is a stationary point of (SOP).

OJ
Now, we recall some results that help in analyzing the convergence properties of the

proposed quasi-Newton Algorithm 1. The first result follows from [135, Theorem 3.1],
which says the following. Let {x}} be a sequence of nonstationary points converging to

Z. Then, we have the relation given by

i 1B (@) — Vaf(@)sell 0,

k=00 skl

where sj, = Tp11 — 21, = tpuy, B(zg) is the BEGS approximation of the Hessian V2 f(xy,),
and f is twice continuously differentiable such that V f(z) = 0 and V2f(Z) is positive
definite. Now, from [124], and in view of above result, for any £ > 0, there exists kg € N
such that for all k£ > kg, the following holds

o I0B () = V274 (@)

k—o00 [l u|

< ¢ for every j € [w(x)].

Next, we recall the assumptions from [136], where for each j € [w(z)], the authors have
estimated the error of approximating V f“f and f a3 by its linear and quadratic models,

respectively.

Lemma 6.4 (See [136]). Let U be a nonempty subset of R™ and £,0 > 0 be such that

for any x,y € U with ||y — z|| < d, the following conditions hold:

(1) For every j € [w(x)], we have

IV2 [ (y) = V2o (@) < 5. (6.34)

(i1) For every j € [w(z)] and x,y € U such that ||y — x| < 0, we have

IV (y) = [V () + V29 @)y — )]l < 5lly — . (6.35)
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(1i1) Also, for every j € [w(z)] and x,y € U such that ||y — z|| < &, we have

7 () = (79 (@) + V15 (@) y — o) + 3y — ) V2 @)y - 2)] < 5lly — o,
(6.36)

Now, we modify Lemma 6.4 to estimate the error of approximations, where we use the

BFGS approximation of the second-order derivative term Hessian.

Lemma 6.5 Let U be a nonempty subset of R*. Let V C U be a convex subset and
d € Ry be constants such that x,y € V with ||y — x| < 6. Let {xx} be a sequence
generated by Algorithm 1. Assume that for every e > 0 and for every j € [w(xy)], there

exists kg € N such that for all k > ko, we have

| (V2 £ () — B (x1))(y — )|

(6.37)
1y — @]

<

N ™

Then, for any xy and k > ko, and any x,y € V such that ||y — xx|| < 0, we have

IV (y) = (V9 (xx) + BY (2x)(y — w) | < elly — 2l (6.38)
and | f* (y) = (f (xi) + V[ (@) (y — 2x) + 5(y — 2x) ' BY (21)(y — a1))|

< 5lly — @l (6.39)

for every j € [w(z)].

Proof: In view of (6.35) of Lemma 6.4, for every j € [w(x)] and x,y € U such that

|ly — z|| <6, we have

IV 5% (y) = [V () + BY () (y — )]

IVf2(y) = V% (@) = V2 (@) (y — 2]l + (V2 () = BY () (y — @)

IN

< Slly — x|l + 5lly — 2| from (6.37)
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< elly =zl

In the similar manner in (6.36) of Lemma 6.4, for every j € [w(z)] and =,y € U such

that ||y — z|| < ¢, we have

1

< |

£ (y) — <f“j (24) + V9 () " (y — 21) + 3(y — 20) " BY (1) (y — xk)) H
15 () = 1 (@) = VI @)y = o) = 3y — o) VR () (y — )|
+ |3 — 20TV )~ B @) - |

< Sy - z|? + Sy — x|* from (6.37)

< 5ly — @l
which is the required relation. 0

Theorem 6.4 (Superlinear convergence). Let {x;} be a sequence of nonstationary
points generated by Algorithm 2 and T be one of its accumulation points. Additionally,
assume that T is a reqular point of F', and there exists a nonempty convex set V. C R"

andp > 0,q > 0,0 > 0,e > 0 for which the following conditions hold:

(i) pI < B%(x) < ql for all j € [w(x)], where I is n x n identity matriz,

(i) (V2 fo(x) = V29 (y)ll < § for all z,y € V with |lz —y|| <0,
(iti) |[(V2 [ (xx) = B (w))(y — xp)]ll <5 for all z,y € V with ||z —y|| <4, and
(iv) c<1-25

Then, for sufficiently large k € N, we have t;, = 1 and the sequence {xy} converges

superlinearly to * € R™.

Proof: From Theorem 6.3, it can be observed that the sequence {z;} converges to a

stationary point Z of (SOP). Moreover, each f% is twice continuously differentiable.
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Therefore, for any € > 0, there exists d. > 0 such that for all z,y € B(Z, d.), we have
B(z,8.) C V, |B%(z) — BY(y)|| < e with ||lz — y|| < 0.

Now, for z € U, and Ay ) = {(A1, Aoy .., Awiw)) € Ri(x) with Z;L”:(:f) i = 1}, we define

a function ©, : V x R®™ — R™ such that

[w(@)] [w(@)]
O(z,u) = Z NV % (z) T+ 3 Z A" B (2) Tu, M) € Du(a)-
j=1 Jj=1

Note that for any a* € P,, and j € [w(x},)], each f %} is twice continuously differentiable
and strongly convex function. Moreover, for any z; € R", and a* € P,,, the set P,, is
finite. Therefore, the function ©,(a, -) is strongly convex in R and hence the function
O, (a,-) attains its minimum. Then, using Danskin’s theorem (see Proposition 4.5.1,
pp. 245-247 in [114]) and the first order necessary condition for the existence of a

minimizer, we conclude that

[wy] [wi]
Z )\ija? (xk) + Z /\jBa§ (xk)Tuk =0 (640)
j=1 7=1

fue] ]

= wp=— D NBY() | YNV ()
j=1 j=1

[wg]
= Uy < —% Z)\ija?(xk) since Ba?(xk) <ql
j=1
[w] .
= w < —gmax )y AV (x). (6.41)
k
=1

As the sequence {x} converges to Z, thus there exists k. € N such that for all k > k.,

we have xy, xy + u, € B(Z,0.). Now, using the second-order Taylor expansion at xj of
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k
f%, we have

k k k k
F (e +ue) <9 (x) + VI () Tun + gul BY () ur + 5lugl|

Note that max{bi, ba, ..., by} = max Z )\ b; holds, where Ay ) = {(A1, A2, .., Ap()) €

)\EAw(z)
RU® 00 ) — 1},

Therefore, observing this identity in the above relation, we get

£ (e + i) — 4 ()

< VI (@) Tug + Jul BY (i) + 5wl
< BV () a4+ (1 — B)V D () Tug + 2wy ||? since BY (x) < I
< BVF () Tug + (1 - B) max Wf‘”(a:k) up} + 52y |

JEw(z)]

[w(zk)]

< BV () Tup + (1 — 5)/1\25&}( Z A Vf (z) "ug p + @HWHZ
k

IN

5Vfa?($k)TUk —q(1 = B)|Jus|* + q+€ lug]|* from (6.41)

€ — q(l — 25) ||Uk||2

BV [ () T, + 5

IN

where from assumption (iii), we conclude that ¢ — ¢(1 — 25) < 0 and ¢, = 1 holds in

above relation. Now, for k > k., A € Ay, and j € [w(zy)], we have

[w(zg1)]

> ANV (@)
j=1

[w(zg1)]

= Z )\ij“§ (Zﬂk + uk)
j=1

[w(@kt1)] w(zy [w(zk)]
ST NV et uw) — | D NV () + Y AB () Tw | || from (6.40)
j=1 j=1 j=1

el|ug|| from (6.38) of Lemma 6.5. (6.42)
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Now, combining assumption (i) and boundedness of {u;.1} (Theorem 6.2), we observe

that
%u;Ba? (zk)ur < 2jug|]? for any j € [w(zy)]. (6.43)
Therefore, incorporating the above relation in (6.19), we get

[k

<2 s [0 on)

4 jefw(ay
) w(a)
<% Aeay ; V[ ()| o using max{by, bz, .. by} = AEA ) ;)\ibi

< 2%“%” from (6.42).

In view of the above relation, we have

2" — 22 = | < 2| = 25|22,

and for any £ > 1 and m > 1, we obtain

kb — gt < (2e) gt - gt

< <&>2 ||a;k+m*1 _ l,ker“
- q

IN

< (i) |z* — 2+, (6.44)

q

Now, we assume 0 < 7 < 1 and define

£ = min {q(l —28), 15 (2—26)} i

If we take € < £ and k > k., then by convergence of sequence {z;} and relation (6.44),
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we have
o0 (o) m
|z — l’k'HH < Z”xk’—i-m — ij-‘rm-i-lH < Z <1_:2T) ka — ;Ek-l—lH
m=1 m=1
= llzt =2
Therefore, we obtain
1z — 2| > [l — 2™ = 2" = 2] > gz llat - 2

Hence, we can conclude that if ¢ < £ and k > k., then ”ﬁ;fi:'l'” <T 0

6.6 Numerical Demonstrations and Execution of Results

In this section, we execute the proposed quasi-Newton Algorithm 2 on some numer-

ical examples. We analyze the experimentation of Algorithm 2 in MATLAB R2023b

software. This MATLAB software is installed in an IOS machine equipped with a 12-

core CPU and 8 GB RAM. In the numerical implementation of the algorithm, we have

considered the following parameter values:

e We considered the cone K to be a standard ordering cone, that is, K = R?%

for all test instances except Example 6.5 and Example 6.6, and the parameter

e=(1,1)" € int(K) for the scalarizing function ..

e The parameters § and v in Step Step 6 for the line search of the Algorithm 2 was

chosen as § = 0.5 and v = 0.6.

e The employed stopping criterion is ||ug|| < 0.001, or a maximum number of 100

iterations was reached.

e To figure out the set Min (F'(zy), K) at the k-th iteration in Step Step 3 of

Algorithm 2, we adopted the common method of comparing the elements in F'(zy,).



204 6.6. Numerical Demonstrations and Execution of Results

o At the k-th iteration in Step Step 3 of Algorithm 2, for every a* € P, we compute
the unique solution u, of the function given by

min &, (a,u).

In the conclusion, we find (a*,uy) = argmin &,, (a,u) with the help of an inbuilt
(a,u)€ P xR™

function fminsearch in MATLAB.

e We have considered some test problems from the literature subjected to slight
modifications and some freshly introduced problems. For each test considered,
we generated 100 initial points randomly and ran the algorithm. In the context
of each experiment, we have presented a table with three columns. The resulting
error is the value of ||uy|| at the end of the final iteration. The subsequent values

are gathered for each test instance:

— Initial Points: The value represents the first column of the table, which

counts the number of initial points taken to solve the proposed Algorithm 2.

— Iterations: This value presents the second column with a 6-tuple (Min,
Max, Mean, Median, Mode, SD) whose components are the minimum, max-
imum, mean, median, mode, and standard deviation of the iterations in

which the stopping condition is reached.

— CPU time: This value indicates the third column, which is again a 6-tuple
(Min, Max, Mean, Median, [Mode], SD) that shows the minimum, maxi-
mum, mean, median, least integer greater or equal to mode, and standard
deviation of the CPU time (in seconds) taken by the initial point in reaching

the stopping condition.

Additionally, the numerical values are presented with precision up to four decimal

places to ensure clarity. For every examined problem, the values of F' at each iteration
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for the initial and final points are marked with black and red colors, respectively. We use
shapes o, x, and A to depict the values F' for different initial points. Cyan, magenta,
and green colors are used to represent the intermediate iterates for different initial
points. Initial points are depicted in black, and the termination point is in red. If the
initial point is depicted by black bullet e, then the terminating is depicted by the red
bullet o, and the intermediate iterates by cyan bullets e or magenta bullets ® or green
bullets ». That is, we use the same shape for depicting a complete sequence of iterates
generated by Algorithm 2.

Furthermore, we compare the results of the proposed quasi-Newton’s method (ab-
breviated as QNM) algorithm (Algorithm 2) with the existing steepest descent method

(abbreviated as SD) for set optimization presented in [1].

Now, we discuss different test problems on which our algorithm was tested. The

first test problem is freshly introduced.

Example 6.1 Consider the set-valued function F : R = R? defined as

F(x)={f'(x),..., f(x)},
where for each i € [50], f': R — R? is given by

xe® + sin (—2”(281))>

fie) = |
2z cos(2z) + cos (M)

50
Output of Algorithm 2 for different initial points of Example 6.1 are depicted in Fig-
ure 6.1. Figure 6.1(a) depicts the sequence {F(xy)} generated by Algorithm 2 for the
starting point as xo = 2.3000. In Figure 6.1(b), we exhibit the output of Algorithm 2
for three initial points.

The performance of Algorithm 2 for Example 6.1 is shown in Table 6.1. The values in
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Table 6.1 show that the proposed method performs better than the existing SD method.

3 . , . , . , . 2 : ; . .
2t : E 1l :
| | ] O |

f
L
T

5 L L L L L L L 5 L L L 1
-5 0 5 10 15 20 25 30 35 5 10 18 20 25 30

fi fi

(a) The value of F at each iteration generated by (b) The value of F for three different initial
Algorithm 2 for Example 6.1 for the initial point points at each iteration generated by Algorithm
zo = 2.3000 2 on Example 6.1

Figure 6.1: Obtained output of Algorithm 2 for Example 6.1

Table 6.1: Performance of Algorithm 2 on Example 6.1

Number of  Algorithm Iterations CPU time
initial points (Min, Max, Mean, Median, Mode, SD) (Min, Max, Mean, Median, [Mode], SD)
100 QNM (1, 22, 19.1700, 19, 21, 2.4621) (3.2073, 44.5769, 37.5000, 37.630, 3, 4.7245)
SD (1, 33, 32.4600, 32, 32, 0.5009) (2.1389, 32.6268, 31.5719, 31.3467, 30, 0.5165)

Further, for the initial point xo = 2.3000, the decreasing behavior in the values of

vector-valued functions at each iteration has been exhibited in Table 6.2.

Table 6.2: Output of Algorithm 2 on Example 6.1 with zq = 2.3000

z) f1(xs) [ (1) S (z)
2.3000 (23.8454, —0.0901 23.0660, —1.5080) (22.81537 0.4762)

W N = O

( )
1.8541 (12.7453,—2.7029) (11.9658, —4.1208) (11.7151,—2.1366)
1.8458 (12.5946,—2.7214) (11.8151,—4.1393) (11.5644,—2.1551)
1.8397 (12.4845,—2.7343) (11.7050, —4.1522) (11.4543, —2.1679)

Example 6.2 Consider the set-valued function F : R = R? defined as

F(z) = {f'(2), [(x),.... [P ()},
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where for each i € [30], f' : R — R3 is given by

0.27 sin (W) coS (W) + 22

fH(x) = | cos(2z) + (H—lezz) + 0.27 cos <W)

0.272% + (53)

Output of Algorithm 2 for different initial points of Example 6.2 are depicted in Fig-
ure 0.2. Figure 6.2(a) depicts the sequence {F(xy)} generated by Algorithm 2 for the
starting point as xo = 2.1300. In Figure 6.2(b), we exhibit the output of Algorithm 2
for three initial points and depict their corresponding F'-values.

The performance of Algorithm 2 for Example 6.2 is shown in Table 6.53. Moreover,
we have compared the results of the QNM with the SD method for set optimization as
presented in Table 6.3. The values in Table 6.3 show that the proposed method performs

better than the existing SD method.

(a) The value of F at each iteration generated by (b) The value of F for three different initial
Algorithm 2 for Example 6.2 for the initial point points at each iteration generated by Algorithm
xo = 2.1300 2 on Example 6.2

Figure 6.2: Obtained output of Algorithm 2 for Example 6.2

Table 6.3: Performance of Algorithm 2 on Example 6.2

Number of  Algorithm Iterations CPU time
initial points (Min, Max, Mean, Median, Mode, SD) (Min, Max, Mean, Median, [Mode], SD)
100 QNM (1, 10, 5, 45800, 5, 1, 1.0710)  (2.5750, 23.7773, 14.9322, 16.2000, 2, 10.2129)

SD (1, 11, 10.220, 9, 2,2.4887) (1.2113, 28.1483, 26.1314, 26.1002, 25, 0.2662)
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Example 6.3 Consider the function F: R = R? defined as

F(z) = {f'(2), f*(x),.... [P()},

where for each i € [25], f' : R — R? is given by

2
22 + cos(x) + cos (2”51881)) sin <2ﬂ§§81)) + 23

i) = : or(k=1)\2 . [ 2n(k—1)
Zx%—i-sm(xl)—i-cos( 100 ) sm( 100 )—1—2:1:%

In Figure 6.3, the iterates generated by Algorithm 2 for different initial points taken
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(¢) The value of F' at each iteration generated by (d) The movement of subsequent xj; generated
Algorithm 2 for three different randomly chosen by Algorithm 2 for three different randomly cho-
initial points of Example 6.3 sen initial points of Example 6.3

Figure 6.3: Obtained output of Algorithm 2 for Example 6.3
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from the set [—=5,5] x [=5,5] are given. The sequence of iterates {x} and the corre-
sponding { F(xy)} generated by Algorithm 2 for an initial point zo = (1.0000, —1.5000) "
are given in Figure 6.3(b) and Figure 6.53(a), respectively. Moreover, for the other three
randomly selected initial points, the sequence of iterates {xy} and the corresponding
{F(x)} generated by Algorithm 2 are shown in Figure 6.3(d) and Figure 6.3(c), re-
spectively.

The performance of Algorithm 2 for Example 6.3 is shown in Table 6.4. Moreover,
we have compared the results of the QNM with the SD method for set optimization as
presented in Table 6.4. The values in Table 6.4 show that the proposed method performs

better than the existing SD method.

Table 6.4: Performance of Algorithm 2 on Example 6.3

Number of  Algorithm Iterations CPU time
initial points (Min, Max, Mean, Median, Mode, SD) (Min, Max, Mean, Median, [Mode], SD)
100 QNM (1, 6, 5.7400, 6, 6, 0.4845) (1.2551, 42.8398, 23.8484, 29.5973, 11, 11.9814)
SD (1, 14, 13.9900, 14,14,0.1000) (0.112, 4.2031, 3.2062, 3.2843, 3, 0.1097)

For the initial point xo = (1.0000, —1.5000)", the decreasing behavior in the values

of vector-valued functions at each iteration has been exhibited in Table 6.5.

Table 6.5: Output of Algorithm 2 on Example 6.3 with 2y = (1.0000, —1.5000) "

g S ()

fls(xk)

[P ()

Tk W N~ O

(—0.0000, —0.4987)

(1.0000, —1.5000)

(0.0000, —0.2392)
(0.0000, —0.1185)
(0.0001, —0.0591)
(0.0001, —0.0295)

(3.3806, 7.5748
(1.1868,0.7308
(1.0886,0.3477
(1.0669, 0.2614
(1.0617, 0.2404
(1.0603, 0.2352

—_ o o

(3.6992, 7.6545)
(1.5054,0.8105)
(1.4072,0.4275)
(1.3855,0.3412)
(1.3802,0.3201)
(1.3789,0.3149)

(3.3833,7.3454)
(1.1895,0.5014)
(1.0913,0.1184)
(1.0696,0.0320)
(1.0643,0.0110)
(1.0630,0.0058)

F(z) ={f"(z), f*(z),...

()}

Example 6.4 Consider the function F : R? = R3 defined as
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where for each i € [10], f* : R — R? is given by
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(¢) The value of F' at each iteration generated by (d) TThe movement of subsequent xj, generated
Algorithm 2 for three different randomly chosen by Algorithm 2 for three different randomly cho-
initial points of Example 6.4 sen initial points of Example 6.4

Figure 6.4: Obtained output of Algorithm 2 for Example 6.4

from the set [—4, 3] x[—4, 3] are given. The sequence of iterates {xy} and the correspond-
ing {F(x1)} generated by Algorithm 2 for a selected initial point x¢ = (1.0000, —1.5000)"

are given in Figure 6.4(b) and Figure 6.4 (a), respectively. Moreover, for three randomly
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selected initial points, the sequence of iterates {xy} and the corresponding {F(zx)} gen-
erated by Algorithm 2 are shown in Figure 6.4(d) and Figure 6.4(c), respectively.

The performance of Algorithm 2 for Example 6.4 is shown in Table 6.6. Moreover,
we have compared the results of the QNM with the SD method for set optimization as
presented in Table 6.6. The values in Table 6.6 show that the proposed method performs

better than the existing SD method.

Table 6.6: Performance of Algorithm 2 on Example 6.4

Number of  Algorithm Iterations CPU time
initial points (Min, Max, Mean, Median, Mode, SD) (Min, Max, Mean, Median, [Mode], SD)
100 QNM (1,9, 8.0300, 8, 8, 0.2642) (1.1032, 49.9087, 27.6729, 22.9076, 17, 4.4759)
SD (1, 10, 9.6300, 10, 10, 0.4852) (33.9218, 31.0397, 32.0548, 28.6446, 28, 1.6261)

In the next two examples (Example 6.5 and Example 6.6), we consider a cone
different from R’ and observe the performance of Algorithm 2. The Example 6.5 is a

slight modification of Test instance 5.1 discussed in [1] with respect to a cone R
Example 6.5 Consider the function F: R = R? defined as

F(x) = {f'(x), f*(x), (), fH(2)},
where for each i € [4], f* : R — R? is given by

. 21,2 + eZ + (153)
[(@) =

x (=i43) ;2
5 cos(z) + 5= sin“x

The cone is K given by K = {(21,20)" € R?: 62, — 229 > 0, =72, + 102, > 0}.

The output of Algorithm 2 for different initial points of Example 6.5 are depicted
in Figure 6.5. The discretized segments represent the objective values that transverse a
curve within the interval [2.3350,4.4010]. In Figure 6.5(a), we test our algorithm for
an initial point xo = 4.0000. It can seen that the points depicted with red color are

optimal points of F as the set (65.1744, —1.7128)" — K does not contain any element
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of F(z) other than (65.1744, —1.7128) for all x € [2.3350,4.4010]. In Figure 6.5(b), we
test our algorithm for three initial points and depict the output.

The performance of Algorithm 2 for FExample 6.5 is shown in Table 6.7. Moreover,
we have compared the results of the QNM with the SD method for set optimization as
presented in Table 6.7. The values in Table 6.7 show that the proposed method performs

better than the existing SD method.
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(a) The value of F at each iteration generated by (b) The value of F for three different initial points
Algorithm 2 for the initial point zp = 4.3000 of at each iteration generated by Algorithm 2 on Ex-
Example 6.5 ample 6.5

Figure 6.5: Obtained output of Algorithm 2 for Example 6.5

Table 6.7: Performance of Algorithm 2 on Example 6.5

Number of  Algorithm ITterations CPU time
initial points (Min, Max, Mean, Median, Mode, SD) (Min, Max, Mean, Median, [Mode], SD)
100 QNM (1, 6, 5.8900, 6, 6, 0.8275) (0.1013, 1.2640¢ + 03, 1.0633¢ + 03, 1.0639¢ + 03, 24, 17.6970)
SD (1, 8, 8.8900, 8, 8, 0.8275) (1.2113, 8.7830¢ + 03, 8.6875¢ + 03, 8.6873¢ + 03, 36, 55.8729)

Further, for the initial point o = 4.0000, the decreasing behavior in the values of

vector-valued functions at each iteration has been exhibited in Table 6.8.

Example 6.6 Consider the set-valued function F : R? = R? defined as

F(z) ={f"(2), f*(x),...., P (@)},
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Table 6.8: Output of Algorithm 2 on Example 6.5 with xzq = 4.0000

k Tk [ () [ () f? () fH(n)

0 4.0000 (85.5982,—0.7345) (86.0982,—1.0209) (86.5982, —1.3073) (87.0982, —1.5937)
1 3.7232 (68.1191,—-1.2538) (68.6191, —1.4047) (69.1191,—1.5555) (69.6191, —1.7064)
2 3.6932 (66.4532,—1.2981) (66.9532,—1.4354) (67.4532,—1.5727) (67.9532, —1.7100)
3 3.6660 (64.9752,—1.3360) (65.4752,—1.4613) (65.9752,—1.5867) (66.4752, —1.7120)
4 3.6503 (64.1331,—1.3569) (64.6331,—1.4755) (65.1331,—1.5941) (65.6331, —1.7126)
5 3.6416 (63.6744,—1.3681) (64.1744,—1.4830) (64.6744,—1.5979) (65.1744, —1.7128)
6 3.6371 (63.4378,—1.3738) (63.9378,—1.4868) (64.4378,—1.5998) (64.9378,—1.7129)

where for each i € [100], the function f': R* — R? is given as

22 + sin(z1) + 22 cos(xs) + 0.25 cos (2”&;1)) sin? (2“%61)> + e®1t2 4 g2

fiw) =

227 + 3 cos(xq) + 0.25 cos (27%81)) sin? <%> + cos(xg) + e"1T*2 4 223

The cone K is K given by K = {(21,22)" € R? : 221 — 625 > 0, —621 + 725 > 0}.

The output of Algorithm 2 for different initial points of Example 6.6 are depicted
in Figure 6.5. The discretized segments represent the objective values that transverse a
curve within the interval [—m, 7| X [—m, w|. Figure 6.6(a) exhibits the sequence {F(xy)}
generated by Algorithm 2 for a chosen starting point, and Figure 0.6(b) tests Algorithm
2 for three different randomly chosen starting points.

The performance of Algorithm 2 for Example 6.6 is shown in Table 6.9. Moreover,
we have compared the results of the QNM with the SD method for set optimization as
presented in Table 6.9. The values in Table 6.9 show that the proposed method performs

better than the existing SD method.

Table 6.9: Performance of Algorithm 2 on Example 6.6

Number of  Algorithm Iterations CPU time
initial points (Min, Max, Mean, Median, Mode, SD) (Min, Max, Mean, Median, [Mode], SD)
100 QNM (1, 33, 22.7200, 23, 29, 6.4418) (3.2551, 67.4360, 45.8573, 46.2144, 3, 12.9461)
SD (1, 33, 22.4500, 22.5000, 25, 6.3776) (1.2551, 63.9492, 43.9482, 44.1527, 3, 12.1495)

In the next example, we discuss the robust counterpart of a vector-valued facility
location problem under uncertainty [115]. A complete discussion on this problem is

given in [1].



214

6.6. Numerical Demonstrations and Execution of Results

3.2 T T T T T T T T %
3 i

2.8
26

224
S
ol

04 06 08 1

. . . . . .
12 14 16 18 2 22 24
i

(a) The value of F at each iteration gener-
ated by Algorithm 2 for the initial point g =
(0.5000, —0.5000) T of Example 6.6

3.2 T T T T T T T T v
i ﬁ _

28

0.4 0.6 0.8 1 1.2 1.4 16 1.8 2 22 2.4

(¢) The value of F for three different initial
points at each iteration generated by Algorithm
2 for Example 6.6

-0.1

015} %
02f
-0.25
3 -03f
0.35F I
04f ~

-0.45F ~

-05 L L L L L L ~
-0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5

)

(b) The movement of subsequent xj, generated
by Algorithm 2 for the initial point zy =
(0.5000, —0.5000)T of Example 6.6

0.3

02r

05 L L L . L e
-0.2 0.1 o 0.1 0z 03 0.4 0.5

®

(d) The movement of subsequent xj generated
by Algorithm 2 for the three different randomly
chosen initial points of Example 6.6

Figure 6.6: Obtained output of Algorithm 2 for Example 6.6

Example 6.7 Consider the function F : R? = R3 defined as

where for each i € [100], f*: R? — R? is given as

|z — 1y — w?

fi(@) =3

|z — 1o —w|?* |

|z — I3 — u;|?



6.6. Numerical Demonstrations and Execution of Results 215

0 8
where |} = , o = and l3 = . We consider a uniform partition set of

0 0 8
10 points of the interval [—1, 1] given by

U={-1,-1+L =142, —14+ 201} with s =45,

The set {u; = (u1;,us) " 4 € [100]} is an enumeration of the set U x U.

We generate the total of 100 initial points in the square [—50,50] x [—=50,50] as
shown in Figure 6.7. The set (11 +u;) U (Io +u;) U (I3 +w;) is represented by grey points
and the locations of ly,ls,l3 are depicted in blue color. The values of F(xy) generated
by Algorithm 2 for three different randomly chosen initial points are given with cyan,

magenta, and green colors as shown in Fig. 6.7.

R—

----------

2000000
[T rereey

edusssss

(a) The value of F' in argument space at each iteration gener-
ated by Algorithm 2 for three randomly chosen initial points
of Example 6.7

Figure 6.7: Obtained output of Algorithm 2 for Example 6.7

The performance of Algorithm 2 on FExample 6.7 is shown in Table 6.10. A compar-

wson of the results of QNM with the existing SD method is presented in Table 6.10. The
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values in Table 6.10 show that the proposed method performs better than the existing

SD method.
Table 6.10: Performance of Algorithm 2 on Example 6.7
Number of  Algorithm Iterations CPU time
initial points (Min, Max, Mean, Median, Mode, SD) (Min, Max, Mean, Median, [Mode], SD)
100 QNM (1, 24, 114503, 6,5123, 11421, 6.9534)  (L.2813, 10.2874, 4.002, , 1, 4.0954)
SD (1, 42, 12.1002, 4.2000,3.2873, 13.2432) (2.3412, 21.1771,5.1217, 3.9272, 1,4.2031)

For the initial point xo = (11, —1.5)T, the decreasing behavior in the values of vector-

valued functions at each iteration has been exhibited in Table 6.11.

Table 6.11: Performance of Algorithm 2 on Example 6.7 with 2o = (—11,—1.5)"

Iteration
number (k) x 5 (1) () (k) F190(2y)
0 (—11,-1.5) (0.8169,0.6536, 0.8581)  (0.8133,0.6595,0.8627) (0.8008,0.6148,0.8481) (0.7973,0.6310,0.8536)
1 (10.9017, —1.4198) (0.8154,0.6494, 0.8566) (0.8117,0.6552,0.8612) (0.7991, 0.6093,0.8466) (0.7955,0.6261,0.8521)
2 (10.8018, —1.3395)  (0.8138,0.6451,0.8552) (0.8100,0.6508,0.8598) (0.7974, 0.6034,0.8450) (0.7937,0.6209, 0.8506)
3 (10.7001, —1.2589)  (0.8123,0.6406, 0.8536) (0.8084,0.6462, 0.8583) (0.7957,0.5973,0.8435) (0.7918,0.6155,0.8490)
4 (10.5967, —1.1782)  (0.8107,0.6359,0.8521) (0.8066, 0.6415,0.8568) (0.7940, 0.5908,0.8418) (0.7899,0.6099, 0.8475)
5 (10.4915, —1.0973)  (0.8090,0.6311,0.8505) (0.8049,0.6365,0.8552) (0.7922,0.5839,0.8402) (0.7880,0.6041,0.8459)
6 (10.3845, —1.0162)  (0.8074,0.6260, 0.8489) (0.8031,0.6313, 0. &)37) (0.7904,0.5767,0.8385)  (0.7860,0.5979, 0.8443)
7 (10.2756, —0.9349)  (0.8057,0.6207,0.8473) (0.8012,0.6258,0.8521) (0.7885,0.5689,0.8368) (0.7840,0.5915,0.8426)
8 (10.1649, —0.8534)  (0.8039,0.6152,0.8456) (0.7993,0.6201,0.8505) (0.7866, 0.5606, 0.8350) (0.7819,0.5848, 0.8409)
9 (10.0565 — 0.7725)  (0.8022,0.6096,0.8439) (0.7975,0.6143,0.8488) (0.7848, 0.5520,0.8333) (0.7798,0.5780,0.8393)
10 (9.9454, —0.6912)  (0.8005, 0.6038,0.8422) (0.7956, 0.6082,0.8472) (0.7828,0.5427,0.8315) (0.7777,0.5707,0.8375)
11 (9.8330, —0.6101)  (0.7987,0.5977,0.8405) (0.7936,0.6017,0.8455) (0.7809,0.5326,0.8297) (0.7756,0.5632, 0.8358)
12 (9.7218, —0.5290)  (0.7969, 0.5914,0.8388) (0.7917,0.5950, 0.8439) (0.7789,0.5219,0.8279) (0.7734,0.5554, 0.8341)
13 (9.6084, —0.4481)  (0.7951,0.5849,0.8370) (0.7897,0.5879,0.8422) (0.7769,0.5101,0.8260) (0.7712,0.5473,0.8323)
14 (9.4937,—-0.3672)  (0.7933,0.5780,0.8352) (0.7877,0.5804,0.8404) (0.7749,0.4972,0.8242) (0.7690, 0.5388, 0.8305)
15 (9.3774 — 0.2963)  (0.7914,0.5710,0.8335)  (0.7856,0.5728,0.8388) (0.7729,0.4831,0.8223) (0.7667,0.5309, 0.8288)
16 (9.2560, 0.2475) (0.7895,0.5634,0.8319)  (0.7835,0.5655, 0.8372)  (0.7707,0.4674,0.8207) (0.7644,0.5248, 0.8272)
17 (9.1363,—0.2200)  (0.7875,0.5557,0.8304) (0.7815,0.5589,0.8359) (0.7686,0.4500,0.8192) (0.7621,0.5209, 0.8259)
18 (9.0278,—0.2110)  (0.7857,0.5484,0.8292) (0.7797,0.5535,0.8348) (0.7666,0.4322,0.8180) (0.7601,0.5195, 0.8248)
19 (8.9339, —0.2151)  (0.7842,0.5417,0.8283) (0.7781,0.5495,0.8340) (0.7649,0.4147,0.8171) (0.7584,0.5200, 0.8241)

6.7 Conclusion

In this chapter, we studied set optimization problems with respect to the lower set less
relation. The objective mapping is given by a finite number of twice continuously differ-
entiable functions. We have proposed a quasi-Newton method (Algorithm 2 to generate
a sequence of iterates that converges to a weakly minimal solution of the problem. In
the process of finding the weakly minimal solution for (SOP), we have approximated

the Hessian matrices corresponding to given functions considered in Assumption 1 with
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the help of BFGS methods [128-131]. To generate the sequence, we have used a family
of vector optimization problems (VOP). Then, for a suitably chosen element a; from
the partition set P,, of the current iterate xj, we evaluate quasi-Newton direction wuy
(Step 4) with the help of concepts in [133,137]. The process of generating iterates by Al-
gorithm 2 continued until the stopping condition (Step 5) was met. We have discussed
and ensured the well-definedness (Theorem 6.1) of Algorithm 2 with the existence of
(a*,uy) in Step 4 and the existence of a step length ¢, in Step 6 (Proposition 5.4). For

deriving the convergence analysis Algorithm 2, we have derived the following results.

(i) We have proved a condition of nonstationarity of a point (Proposition 6.1).

(ii) We analysed the boundedness of the sequence of generated Newton direction

(Proposition 6.3).

(iii) We have derived the convergence of the generated sequence of iterates (Theorem

6.3) under a regularity condition (Definition 6.1).

(iv) We proved the superlinear convergence to a stationary point (Theorem 6.4) of the
generated sequence under a regularity condition and uniform continuity of BEFGS

approximations and with the help of Lemma 6.5.

Finally, we tested the performance of the proposed quasi-Newton method on some
existing and freshly introduced numerical test problems in Section 6.6. It is found that
the proposed quasi-Newton method performed well when compared with the existing

steepest descent method for strongly convex cases.

As a future reference, the proposed work can be tested for more practical problems
similar to those discussed in [115]. In this chapter, we have used the lower set less
ordering to compare the given sets. Research can be performed on other ordering
relations also (given in [15]). To study the proposed quasi-Newton method on these

relations, the usual derivative concepts like epiderivatives or coderivatives need separate
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attention. Moreover, in this chapter, we have used Armijo’s step size condition to find
the weakly minimal solution of (SOP). This work can be extended to different step
size conditions, such as strong Wolfe or Armijo-Wolfe conditions, and a comparison of
the performance of the method can be observed. Further, we have used the Gerstewitz
scalarizing function for treating the set optimization problems (SOP). Future research
can be performed on Hiriat-Urruty functional [120]. This involves the parameter set
as the set of all compact generators of dual cone K*. There are several conventional
optimization methods in the literature that can be generated for set-valued optimization
problems. A comparison between the performance of these methods can be analysed
(see [123,126,138,139] and references therein). Future research can focus on devising a
quasi-Newton method whose convergent analysis may not require the used assumption
of regular point; Use of a strong Wolfe line search instead of Armijo condition may be

of great help in this direction, as observed in [140].
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