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Abstract

This paper tries to solve the general problem of controller gain tuning. To
that end, sensitivity analysis has been utilized. The study provides vital results
to extend the usage of sensitivity analysis for the class of finite-time stable
dynamics. The controller gain tuning procedure is elaborated by considering the
examples of state feedback control and predefined time control. An insight into
the selection of the gains or system parameters for these class of systems is pre-
sented with the help of sensitivity analysis. The sensitivity of the solution for
these class of systems with the variation in the gains or system parameters is
studied. Having know-how about the adjustment of these system gains or param-
eters will be beneficial from the point of view of practical applications. Thus, the
proposed approach finds utility in controller gain tuning, which is an important
aspect of control design.
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1 | INTRODUCTION

Finite-time convergence and stabilization problems have
been an important area of research [1-3]. The requirement
of finite-time convergence emerges in many applications.
One such application is observer design, where the objec-
tive is that the observed states track the real ones in finite
time [4]. A revamped interest has developed in fractional
calculus since it has successfully characterized the dynam-
ics of some physical systems [3]. It also finds applications
in signal processing, electrochemistry, fluid mechanics,
mathematical biology, and many others. Finite-time stabi-
lization of a fractional-order chain of integrators is shown
in [3]. A finite-time cooperative control for multiagent
systems is designed in [5]. Finite-time stabilization of non-
linear polytopic systems is studied in [6]. A comprehensive
study on finite time stabilization can be found in [7, 8].
Sliding mode control algorithms exhibit finite time conver-
gence [9, 10]. Sliding mode control is one of the preferred
technique due to its inherent robustness to disturbances
[11, 12]. A higher-order sliding mode has been utilized
for achieving constrained stabilization in finite time in
[13]. Gradually, it was realized that the problem with
finite-time convergence was that the convergence time
would often grow unbounded. This led to the development
of a new class of systems termed as Fixed-time systems
[14]. Fixed-time convergence can be viewed as a subclass
of finite-time convergence, where the settling time (con-
vergence time) is upper bounded, irrespective of the initial
conditions [14]. It can be observed that sliding mode con-
trol has also been effectively utilized to attain fixed-time
convergence [15, 16].

In recent years, the notion of prescribed-time conver-
gence has gained popularity. The prescribed-time con-
trol approach in the context of stochastic nonlinear sys-
tems can be found in [17-20]. In [17], the reference
trajectories can be tracked from below for stochastic
strict-feedback nonlinear systems tracking problems. In
[18], the prescribed-time mean-square stabilization and
inverse optimality control problems are solved for stochas-
tic strict-feedback nonlinear systems by developing a novel
nonscaling backstepping design scheme. Whereas in [19],
the prescribed-time output-feedback control of stochas-
tic nonlinear systems is proposed. Additionally, in [20],
a novel prescribed-time mean-nonovershooting design is
proposed for stochastic nonlinear system with finite-time
vanishing noise. Different from the existing results, this
approach can tackle multiplicative and additive noise
simultaneously.

Alternatively, the notion of predefined convergence time
[21-27] has also emerged, which address the ease in stating
the settling time-bound a priori. Another dimension of the
fixed time convergence is captured by the predefined time

convergence. Such a controller design for stabilization in
predefined time has been proposed in [28]. Applications
of predefined time control are explored in [29-35]. It has
been shown that the special feature of this control strat-
egy [28] is that the stabilization can be attained within
any prespecified arbitrary time without worrying too much
about the system parameters and initial conditions. It is,
however, to be noted that the control involves a system
parameter 5, which can be tuned to alter the rate of con-
vergence of the solutions. For practical applications, the
study of sensitivity with respect to this system parame-
ter is crucial since it would lead to its prudent selection.
The sensitivity analysis [36] is well-developed for nonlin-
ear smooth dynamics. However, the study of sensitivity
analysis for systems showing finite-time convergence is
still lacking. In fact, the idea of making sensitivity anal-
ysis as a tool to tune the again of the controller is very
fresh and the same is pursued here. Sensitivity analysis for
hybrid systems with application to trajectory tracking is
studied in [37]. The authors proposed a technique to create
the approximation of nearby perturbed state trajectories
for a given system trajectory with state jump. It should
be noted that sensitivity analysis has been instrumental
in achieving the proposed results. Sensitivity analysis of
uncertain dynamic systems using set-valued integration
is discussed in [38]. The proposed method here relies on
the sensitivity analysis capabilities of the state-of-the-art
solvers. Sensitivity analysis of nonlinear fractional-order
control systems with state delay is elaborated in [39]. In
this study, the authors have shown the sensitivity of the
state and control with regard to the parameters of the sys-
tem. The rigorous study involving the usage of sensitivity
analysis in control problems for stochastically forced sys-
tems can be found in [40-42]. In [40], a feedback regulator
is constructed to stabilize the equilibrium and synthesize
the dispersion of the random states around this equilib-
rium for the considered nonlinear dynamical stochastic
system. Considering the stabilization problem in a nonlin-
ear discrete-time system with incomplete information, the
method of stochastic sensitivity synthesis is presented in
[41]. Further stabilization problem of stochastically forced
equilibria in nonlinear dynamic systems with incomplete
information is addressed in [42].

Thus, we note that although some nice use cases of
sensitivity-based analysis exist in the literature, there is
hardly any study that utilizes sensitivity to tune the con-
troller gains. Further, to the author's best knowledge,
sensitivity-based analysis has not been exploited so far to
tune the parameters in the case of finite/fixed-time con-
vergent systems. To address these issues, we propose a
sensitivity-based analysis for tuning the controller gains
for state feedback control as well as predefined-time con-
trol. Moreover, this idea can be utilized for other systems as
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well. The key concept is to carry out the sensitivity analysis
with respect to controller gains of a general control system.
This would reveal some helpful information regarding the
tuning of gains.

It is worth noting that the idea of parameterizing the
gain has been utilized in this study. Some experiments
may demand gains to be set at the start of the experi-
ment. Some other experiments or real-time applications
may allow the gain to be adjusted throughout the exper-
iment. Thus, this justifies the idea of parameterizing the
gain. Once gains are parameterized, it is useful to invoke
sensitivity analysis to study the effect of variations in the
gains. The sensitivity study is recommended to be carried
out during simulation, that is, before the real-time exper-
iment. Once know-how about the effect of gains has been
established using sensitivity analysis, then one can choose
some suitable gains. These gains can then be applied to the
real-time experiment.

1.1 | Main contributions

The main contribution of the paper is that it finds a way of
knowing some idea about tuning the parameters (or gains)
based on sensitivity analysis. Such an analysis is presented
here for the state feedback controller and predefined time
controller. This strategy could be imitated for some other
class as well. Thus, the generic problem of controller gain
tuning, which is quite ubiquitous, can be relaxed to an
extent based on this study. Another important feature of
the given analysis is that it also considers the case of a
class of finite-time stable dynamics, which differentiates
it from the one given in [36]. Thus, in this context, this
paper extends the purview of sensitivity analysis. The main
contributions can be summarized as follows:

1. A novel controller gain tuning formalism based on
sensitivity analysis is proposed.

2. Controller gain tuning is proposed for the state feed-
back control system and predefined-time control sys-
tem (a subclass of finite-time control).

3. The methodology is generic and can be easily
extended to any other class of systems as well.

1.2 | Structure

The rest of the paper is structured as follows: Section 2
presents definitions and preliminaries, Section 3 presents
main results in the form of two key theorems, followed
by the sensitivity function and sensitivity equation for the
concerned class of system, Section 4 presents sensitivity
analysis for the state feedback control and predefined time
control, Section 5 presents the procedure to tune by con-
sidering the examples of a simple pendulum and a single
inverted pendulum (SIP), and finally, Section 8 concludes
the paper.

2 | PRELIMINARIES AND
DEFINITIONS

Let us consider nonautonomous nonlinear system given by

X = f(t7 X, )’)’ x(tO) = Xo (1)

where x € R" are the system states, f : R, U {0} x R" x
RP — R" is a nonlinear function such that f(¢,0,1) = 0,
that is, origin x = 0 is an equilibrium point of (1), A € R?
are the tunable parameters of the system, f, is the initial
time, and x, are the initial states.

Definition 1 (Global finite-time stable [14]). The ori-
gin of system (1) is globally finite-time stable if in
addition to global asymptotic stability, any solution
x(t, to,Xo) of (1) converges to the origin at some finite
time, that is, x(t, ty, X9) = OVt > ty + 4(ty, Xp), Where
75 » Ry U {0} xR" - R, U {0} is called the settling
time function.

Definition 2 (Fixed-time stable [14]). The origin of
system (1) is fixed-time stable if it is globally finite-time
stable and its settling time function is upper bounded;
that is, there exists some time moment 7, > 0 : such
that 75(ty, %) < TmaxVXo € R" and Vi, € R, U {0}.

Definition 3 (Predefined time stable [28]). The origin
of system (1) is called predefined time stable if

1. itis fixed-time stable,

2. 37, > 0,which depends on some tunable system
parameters 4, and can be calculated in advance
for some given values 4,

3. it is possible to assign different values to 7, by
making possible and allowed changes in system
parameters A as a part of design process.

4. for some chosen 4, either of the following is true

(a) 7q > 715 (weak predefined time stable)
(b) 74 = 71y (strong predefined time stable)

where 7,/ is the true fixed-time.

For a fixed-time stable system, if it is possible to prede-
fine 7,0 arbitrarily for some values of the system parame-
ters, then the origin of system (1) is termed as predefined
time stable and the convergence to the origin for such a
case is termed as predefined time convergence [28]. Such
notions resulted in designing of controllers with arbitrary
convergence time [28].

Remark 1. Please note that strong predefined-time
convergence (condition 4(b) of Definition 3) holds sim-
ilarity to the prescribed-time convergence in the sense
that the chosen convergence time is equal to the true
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fixed-time of convergence. However, it should be noted
that the prescribed-time convergence [43] was origi-
nally defined for systems that vanish at chosen time
ty, whereas strong predefined-time convergence (con-
dition 4(b) of Definition 3) holds for the entire time
horizon.

The key theorem which characterizes Lyapunov stability
in [28] is reiterated in brief here for the purpose of clarity
in understanding.

Theorem 1 ([28]). For the given system (1), let us
assume that set D C R" contains the equilibrium
point, that is, origin. Consider continuous positive defi-
nite functions &,(x) and &,(x) on D. Suppose there exists
a real valued continuously differentiable function V :
X D — R, U {0}, where t is some finite time interval.
Assume that the following conditions hold:

@) &1(x) KV < &), Ve et and Vx € D\{0}  (2a3)

(i) V(£,0) = OVt € 7 (2b)
oo —n(d—e")
(lll) V< (tf——[)’ YV 75 0 (2C)

then for all n > 1, the origin is predefined time stable
with settling time bound given by t;.

Proof. For the concerned system, it is not difficult
to realize the uniform stability of the origin and the
boundedness of the solutions [28]. Let us establish the
predefined time stability. Let us assume that the given
V(t,x) satisfies the relation V < _”((tl—__‘j)v); V(ty) = V(0).
Let p be the solution of the differenftial equation

—1(]1 — e
'=%;p€ﬂ@ (3)

where the real constant, # > 1. The solution to (3) is

p=1Ink(t; -0"+1) 4)
where integration constant k = (e:uo)l_)lﬂ‘ From (4), we
f~to
have
. —nk(ty — oy
= (5)
k(ty —tn+1

Now from (5), when t = t/, then p = 0, and from (4),
when t = ¢y, then p = 0. Therefore, Vt > t7,p = 0
is maintained. Similar kind of analysis can be done
for V(t) by applying comparison principle [36]. Here,
it can be seen that t; can be predefined arbitrarily for

some 7 > 1. Thus, it can be inferred that system (1) is
predefined time stable with prespecified settling time
bound given by t;. This completes the proof. |

Remark 2. Although z, is not an explicit function of
system parameters, still it is very much evident that the
arbitrary selection of 7, is not allowed for all values of
system parameters (controller gains). The restriction is
imposed due to the stability conditions (see Theorem
1 above). For the n-order predefined time stable sys-
tem, the condition on the selection of controller gains
msisy; >n,i={1,2,---,n} (see[29]).

3 | MAIN RESULTS

Two theorems, which are actually relaxed versions of
(Theorem 3.4, 3.5, pp. 96-97 [36]), are introduced here fol-
lowed by sensitivity function and sensitivity equation in
context to these theorems.

Theorem 2. Let f(t,X) be piecewise continuous in t and
xon [ty, t1]X W, where W C R" is an open connected set.
Let x(t) and y(t) be solutions of x = f(t,x), x(ty) = Xo
and y = f(t,y) + g(t,y), y(ty) = yo respectively, such
that x(t), y(t) € WVt € [ty,t1]. Suppose that for all
(t,x) € [to, t1] X W, the following conditions hold:

O NfEtx®) - fEyO)l <T
(@) lgt, vl < ¢

where I" and ¢ are some positive constants. Then

ly(@®) = x| < [lyo —Xoll + "+ ¢)(t — to) Vt € [fo, t1].
Proof. The solutions of x(¢) and y(t) are given by

t
x(t) = xo + / f(s,x(s))ds
ly

t

y(t) = yo + /[f(S, ¥(8)) + &(s, ¥(s))]ds

lo

subtracting x(t) from y(t) and then taking norm results
in

t
[[3(8) = x(OI < |lyo — Xoll +/ llgs, y(s)l|ds
fy

t
+/ £ (s, () = f(s.x(s))lds
fy

< |lyo = Xoll + (¢ + (& — to)
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which completes the proof of the theorem. O

This theorem speaks about the closeness of the solu-
tions. The next theorem examines the confinement in a
tube, for the two solutions which are close to each other.

Theorem 3. Let f(t,x, @) be continuous in t,x, p on
[to, 1] X D X {|l@ — @oll < ¢}, where D C R" is an open
connected set. Let x(t, o) be a solution of x = f(t,X, ¢o),
with x(ty, @) = X9 € D. Suppose x(t, @) is defined
and belongs to D for all t € [ty, t1]. Suppose y(t, ) is a
unique solution of x = f(t,x, @) defined on [ty, 1], with
¥(to, @) = yo. Then for a given ¢ > 0, there exists 6 > 0
such that if ||yo — x0l| < 6 and || — @oll < 6 then

”y(t’ (P) _x(t’ (PO)” <e, vVt e [t07 tl]

Proof. Since x(t, o) is continuous in t, on a compact
set [to, t1] therefore, x(t, po) is bounded on [ty, t1]. Let
us define a tube U around the solution x(t, ¢o) by

U= {(t,x) € [to, il xR" | [Ix — x(t, @o)ll < €}

Assume e small enough to ensure that U C [ty, t1] X D.
The set U is compact and f is continuous in x on U;
therefore, f remains bounded on U by a bound, say,
Tie. ||f(t,x, @) — f(t,y,p)|l <T.Since f is continu-
ous in ¢, therefore, Va > 0,38 > 0 (with g < ¢) such
that || f(t,x, @) — f(t,x, @)l < a, for all (t,x) € U
and for all || — @o]| < B. Let us choose « < ¢ and
lyo = Xo|l < . It is known that y(t, @) is a unique solu-
tion x = f(t,x, @) defined on [ty, t;] with y(ty, @) = yo.
It is to be established that y(t, ) remains confined to
the tube U for all t € [ty, t;]. Let us assume that t;, is the
time instant at which the solution leaves tube U for the
first time. We will investigate the behavior of the solu-
tion for all t € [to, t,]. Now we only need to show that
the solution would leave the tube U only when ¢, > £;.
It can be observed that with ¢ = «, the conditions of
Theorem 2 are satisfied for all t € [to, t;,,]. Hence, we
have || y(t, @) — x(t, @o)|l < llyo — Xoll + (a + D)(& — o).
Now since we have assumed that ||y, — Xo|| < @, there-
fore, we get ||¥(t, ) — x(t, po)|| < @+ (a +)(t — tp). By

€
(1+t,—1,)

selecting @ < [ - F] , we have

€
ly(t, @) — x(t, @o)|| < [m - F]

e(t — L)
1+t - to)]
e(1+t—1ty)
1+t - lo)]

(1+t—tg)
1+t —ty)
[ly(t, @) — x(t, @o)|| < € for any t < t;. Thus, if t,

is the time instant at which the solution y(t, ) leaves

Now, since < 1 for any t < t;, therefore,

the tube U for the first time, then it must be nec-
essarily greater than #. Since, it is already assumed
that ||¢ — @o|l < B and ||yo — X|| < a; therefore,
take § = min{a, #}. This completes the proof of the
theorem. O

Remark 3. For system (1) to represent some useful
physical system, it turns out that the solution should
continuously depend on the initial state (x), initial
time (ty) and parameters (A1) of the system. Continuous
dependence on initial time f, is straightforward and
can be seen by observing the expression of the solu-
tion x(t). Continuous dependence on initial state (xp)
can be judged by observing the solutions starting close
to the given initial state x,. If these solutions remain
close to the original solution obtained by considering
the initial state xp, then it is evident that the solution
continuously depends on the initial state. Observe that
Theorem 2 speaks about continuous dependence on
the initial state. On the other hand, Theorem 3 formu-
lates the conditions for continuous dependence on the
parameters.

3.1 | Sensitivity function and Sensitivity
equation

Consider the system x = f(t,x, @), where f Ry X
R" x R? — R" is a nonlinear vector field continuous in
t,x and @ on [fy, t;] X R" x RP. Suppose that the first par-
tial derivatives of f with respect to x and ¢ are continuous
on [to, t1] X R" x RP. Let ¢ be the nominal value of sys-
tem parameter ¢. Let x(, o) be the unique solution of
the nominal state equation x = f(¢,X, @), X(to, Po) = Xo-
Suppose the state equation x = f(t,x, @), X(ty, ) = Xo;
has a unique solution x(t, @) for [|x(ty, @) — x(ty, @,)| and
||@ — @ol| sufficiently small. Then by Theorem 3, the solu-
tions x(t, @) and x(t, ¢) remain close to each other and also
remain bounded in a tube U for all t € [tg, t;]. The solution
of the state equation x = f (¢, X, ¢) is given by

t
X(t, @) = X + / f(s,x, )ds
ty

Taking partial derivatives with respect to ¢ yields

t
xq,(l',(p):/ [Wh(&(pﬂaf(s;;s,(p) ds
ty

(6)

a . .
L@ and % = 0, since X, is independent
(4

e
of . Itis to be noted that x,,(t, ) exists only if % and % are
continuous in x and ¢, respectively. Taking time derivative

where x,,(t, ) =
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of (6) gives 4.1 | State feedback control
%, (t, ) Let us consider the second order system in the normal

FTR A(t, @)x,(t, @) + B(t, @), X,(to, @) =0

_ 9ftx(te).p) _ 9f(x(t.e).9)
where A(t, ) = — and B(t, ) = e . For
llgp — @oll sufficiently small, the matrices A and B are
defined on [fy, t;]. Therefore, x,(t, ¢) is also defined on
[fo, t1]. Let S(t) = x, (¢, @), then S(¢) is the unique solution

of
S(t) = A(t, 9o)S(t) + B(t, o), S(tg) =0 7

The function S(t) is called sensitivity function, and
Equation (7) is called sensitivity equation. Sensitivity func-
tions allow us to know the effect of parameter variations
on solutions. S(f) can be calculated by solving the nom-
inal state equation and sensitivity equation simultane-
ously [36]. This can be done by appending the variational
Equation (7) with the original state equation, then setting
@ = @o to obtain the (n + np) augmented equation

X = f(t’x’ (pO)s x(t()a (PO) = Xo
RGP (5.1, [

S
a(p P=%o

P=@g
which is solved numerically. In the later portions of the
paper, we will study about the first and second order pre-
defined time stable systems (which belong to finite-time
convergent systems) for sensitivity analysis of the solutions
with respect to the system parameter 5. Note that for this
class of systems, Theorems 2 and 3 are applicable, and
hence, sensitivity analysis is possible for sufficiently small
llo — @oll-

Remark 4. Note that sensitivity functions are crucial
to study the effect of the parameter variations on the
solutions. In fact, they can also be used to approximate
the solution under the condition that the parameters
(4) are close to their nominal values (4).

4 | SENSITIVITY ANALYSIS AND
SIMULATION RESULTS

In this section, sensitivity analysis is performed for both
the class of functions: the system with asymptotic dynam-
ics and the system with finite-time dynamics. The system
with asymptotic dynamics adheres to the requirements of
the theorems given in (Theorem 3.4,3.5,pp.96-97 [36]). The
case of state feedback control is taken as an example of
this class of system. For the other class of system with
finite-time dynamics, the example of predefined time con-
vergent dynamics is considered. The simulation results are
also presented.

form:
X1=Xp X =1U (8)

where x; and x, are states and u € R is the control. Let
us assume a state feedback control law u = —k1x; — kyxs,
where k; and k, are constants. The idea here is to parame-
terize these constants to study the sensitivity of states with
respect to these constants. Let us assume nominal values
kio = ky = 1. Then the Jacobian matrices [0f/dx] and

Lof 0 1
[0f/0k] can be evaluated as follows: == = —ky —k,
and ¥ = [ 0 0 ] At the nominal values, we have
ok —X1 —Xp
af _ |0 1 af | 0 0
ox |nominal [_1 _1] and ok |lnominal [_xl - |’ Now
the sensitivity function is given by
o 0%
X3 X k, ok
S:[xixZ]zlgii %] ©)
ok, ok, nominal

where X3, X4, X5, and xg are the new introduced states that
represent the sensitivity of the original systems states x;
and x, with respect to the gains k; and k;, at the nom-
inal values of the gains. The sensitivity equation is S =

o 9 with initial condition S(ty) = 0. To
0X [nominal ok |nominal

see that S(y) = 0, let us consider x3 = P ,
0k; [nominal

= 0 (since x;(0) is constant). With
nomina.
the same reasoning, we obtain x4(0) = x5(0) = x¢(0) = 0.

. 0x ox
Moreover, observe that x; = = == = Xy.
9k; Inominal 0k; Inominal

Similarly, one can obtain the expressions for x4, X5, and Xg.
Appending these variational equations to the original state
Equation (8), one obtains the following:

now

X1 =X, x1(0) =x19

Xy = —kix; — koxa, X%2(0) = Xz

3.63 = X4, x3(0)=0 (10)
X4 = —X1 — X3 — X4, x4(0)=0

X5 = Xg, xs5(0) =0

X = —X — X5 — X, x4(0) =0

Note that x; and xs are sensitivities of state x; with
respect to k; and k;, respectively. Similarly, x4 and x4 are
sensitivities of state x, with respect to k; and k;,, respec-
tively. This Equation 10 needs to be solved simultaneously
to study the effect of parameterized gains on the states. For
the simulation, we have assumed initial states as x;g = 3
and x, = 3. Other required values are as discussed above.
From the simulation results in Figure 1, it is clearly evi-
dent that both the states x; and x, are more sensitive to the
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variations in k; as compared to k,. These observations will
be utilized in tuning the gains for a mechanical system to
be discussed later.

4.2 | Predefined time control

Now let us consider the example of finite-time dynamics.
To that end, we consider the predefined time stable sys-
tems [28]. Note that the predefined time dynamics allows
the user to prespecify the time of convergence of the
states to the equilibrium. The examples of first-order and
second-order predefined time stable systems are consid-
ered to elaborate the related sensitivity analysis.

4.2.1 | First-order system
Let us consider the scalar function

X =u, x(t)) = X (11)

For the predefined time convergence [28], the control u
is defined as

—nd-e™) .

L if ty<t<t
u= (t;—0) 0="2Y

0, otherwise

Observe that the control uis zerofort > 0, alsox = Ofort >
0, then sensitivity function is zero for ¢t > 0 (as is evident
from the definition of sensitivity function (10)). Now, for
the time interval f, < t < ty, the sensitivity function is
given by

_ o
=3
where 7 is the nominal value of the system parameter 7.
Sensitivity equation is given by

S =X (say)

n=Mto

. d d
5= o7 (12)
0x n=ty 677 =My
For the given system, we have % = Oe;x and
n=Hy =
9 = ZU=¢D Therefore, using (11) and (12), one
on n=ty (tf_t)

obtains the following set of equations

. —no(l—e™) . —noe ™™
= Mo( ); L= o

(1-e™)
= X —
ty—t tr—1

tr =10

which needs to be solved simultaneously to perform the
sensitivity analysis. For simulations, let us assume that
X(to) = 5, x1(fy) = 0, ty = 6s, and ny = 2. Figure 2 shows
the simulation results. From the simulation results, it can
be seen that the state x is less sensitive to parameter (gain
n) at the beginning, and it becomes very sensitive to the
parameter (gain #) as it approaches the convergence time,
and then for time ¢ > 0 as expected, it becomes insensitive
to the parameter variations.

4.2.2 | Second-order system

Consider system (8) again, but this time with u being the
predefined time control. The predefined time convergent
system [28] can be designed with the control u = —x; —
yr—yn, Wheren > 2,1, > 2,y = mie 1)7 Yy = nd-e?)
(t;—0) (t,—1)

e —1+(t,—t)x, ]

e (t,—1)?

Note that the following analysis is being done for £, <

t < ty. For any time t > t7, the control as well as sensitivity
function disappears. Let the nominal values of the system
parameters be #19 and #,9. Comparing with the standard

form x = f(t,x, ¢), we have f; = x, and f, = u. While

with z, =x, + w1 and yr; =

ing 9L ins 1 — 0. % _ 1 9% _
computing —-, one obtains prali 0, prali 1, = br,x,
ofs _
and 1)_xj = ¢y,x,,» Where
fipe Mmot20 _x
=—-1—- ——[1-x(tr — )] - ————=e e
brx, = t)2[ 2ty —1)] U — 17
= _ﬂ X _ ﬂ —2
b1 (tr —1) (tr —1)

Note that the above computations are done with nomi-
nal values of system parameter 5. Therefore,

o _[o 1
0X |nominal ¢f2x1 ¢f2x2
To obtain the sensitivity equation, apart from o ,
0x |nominal
one also needs to evaluate 2L , which is given by
o1 |nominal
oh oK
of _ 0}1 0}; _|oo
01 |nominal o 2L nr
a’71 ﬁr]z n=Mny
1—e ™1 4(t —t)x,e ™1 —e~
where r;, = B b U (i I | r, = =322 Now the
(¢ (tr=0
sensitivity function is given by
% 0%
_ | X3 Xs| _ | on on
S= [x4 x6] - lﬁ (’_"i
dm 91y 1 |nominal
Now the sensitivity equation S = o of
0x |nominal 91 [nominal

leads to
):(33 ):Cs — 0 1 X3 X5 + 00
X4 X Drx, Drx, | | Xa Xe ror

_ X4 X6
- [ n+X3¢rx +XaPrx, N2+ XsPpx, +XePryx, ]

13)

The augmented set of equations can be obtained by
combining (8) and (13) with initial conditions x;(t,) =
X10, X2(fo) = X20, X3(ko) = X4(fo) = Xs(to) = Xe(to) = O
and needs to be solved simultaneously. For simulations,
the assumed data are x;(fp) = 4, x2(fo) = 2, tf = 58, 10 =
3 and 5y = 3. The simulation results are shown in
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Time (s)

FIGURE 2 The plot of sensitivity function S with time for first
order system.

Figure 3. x; and x5 are sensitivities of x; with respect to 7,
and #,, respectively. x, and x¢ are sensitivities of x, with
respect to n; and 5, respectively. It is evident that both the
states x; and x, are more sensitive to variations in #, as
compared to #;.

5 | GUIDETO TUNE: EXAMPLES

Here, we elaborate on the tuning procedure of the gains
based on the proposed developments. For this, we consider
two mechanical systems as examples. The first system is
the simple pendulum being controlled by state feedback
control law. This system exhibits Lipschitzian dynamics all
through the range of operation. The other example is that
of a SIP being controlled by a predefined time controller.

5.1 | Simple pendulum: Stabilization
problem

Let us consider the simple pendulum [36] with the dynam-
ical equation

é =—asinp — b + cT (14)

where ¢ denotes the angle subtended by the rod with the
vertical axis,a = g/l > 0,b = k/m > 0,c = 1/ml?> > 0, g
is acceleration due to gravity, [ is the length of the rod, m

16 18 20

is the mass of bob, k is the coefficient of friction, and 7 is
the control torque applied to the pendulum. It is assumed
that the rod is rigid with zero mass. The objective here is
to stabilize the pendulum at an angle ¢ = 6. To maintain
equilibrium at ¢ = §, the torque must have steady-state
component given by 7 = % sin é.

Let us assume state variablesasx; = ¢ — 6,x; = d) and
the control variable as u = 7 — 7. Then the state equations
are given by

X1 = Xp; Xo = —a[sin(x; + 6) —sind] —bx, +cu  (15)

These state equations are in the standard form x =
f(x,u), where f(0,0) = 0 and f(x, u) is continuously dif-
ferentiable in the domain D, X D, ¢ R" x R? that contains
the origin (x = 0,u = 0). The next step in the design is to
linearize this system at the origin. To that end, we obtain a
linear system x = Ax + Bu, where

o 1], [o
A=[—acos5—b]’B_[c]

It can be verified that the pair (A, B) is controllable. Tak-
ing u = —Kx, where K = [k; k;], one obtains A — BK =
0 1

—acosé —cky —b—ck;
for the roots of the closed loop system to lie on the open left
half complex plane can be obtained by applying the Routh
table criterion to the polynomial on the left-hand side of
the characteristic equation given by |sI — (A —BK)| = 0. As
a result, we obtain

. It is evident that the condition

ki > —% cosé and k, > —g (16)

The torque is given by 7 = asiné _ kix1 — kox,. For simu-

lation, we assumea = ¢ = 10, 6 = n/4,b = 0. The nominal
values of k; and k, are the same as taken in Section 4.1, that
is, k1o = kzo = 1. From the study in Section 4.1, it was seen
that the system states (8) are more sensitive to variations
in k; in comparison to k,. Similar behavior is preserved
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0.3 T T T ;

FIGURE 3 (a, b) The plot of sensitivity function S with time for second order system.

for the example of the simple pendulum. The objective of
tuning is assumed to be faster convergence of the states.
We will start with the nominal values of the gain and then
progressively increase k; in steps of 0.1. Initial states must
be chosen to lie in the region of attraction throughout
the tuning process. We demonstrate the process of find-
ing the region of attraction at the nominal values of gain.
The control law u = —Kx has been designed in view of
the linearized model; however, it is actually applied to the
original nonlinear system (15). Thus, the viability of the
control u lies in the region of attraction. Nonlinear terms
in (15) are assumed as perturbation terms. Thus, we have

X = (A — BK)x + B1g(x1)

where
B, = [(1)] ; 8(x1) = —alsin(x; + 6) — sin 6] + a cos(6)x;

For the assumed constants, we have

g(x;) = —10sin(z /4 +x1) + 10 + ﬁxl

V2 V2

It can be seen that |g(x;)| < Sxf. Assume a positive def-
inite quadratic Lyapunov function V' = xTPx. Then the
derivative of V along system trajectories is given by

V =x"[(A — BK)"P + P(A — BK)]x + 2x"PB,g(x;)

Assume that (A — BK)TP + P(A — BK) = —Q, where Q
is an identity matrix. Then the solution of this equation

. .o _ . 1.1964 0.0293
yields positive definite symmetric P = [0'0293 0.0529 ]

0.0293

Then one obtains PB; = [ 00293

] , which yields ||PB; ||, =

1.5 1

05| 1

States

'

-
T
L

15 1 1 | 1 I 1 I 1 I
0 1 2 3 4 5 6 7 8 9 10

Time (s)

FIGURE 4 Evolution of states at the nominal values of gains.

o
T

Control

Time (s)

FIGURE 5 Evolution of control at the nominal values of gains.

0.0605. Then we obtain

V < —|Ixl3 + 2IIPBy || [lx]121gCer)|
< —|IxlI5 + 10| PBy || |Ix]|2|x
< —(1 - 0.6050]x1 ) |1x||3

So, V < 0V|x1| < 1.6529. Thus, region of attraction is
estimated by the set Q; = {V(x) < d} C {|x1] < 1.6529},
where d is some positive real number. It can be verified that
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9 10

Time (s)

FIGURE 7 The swing velocity for variations in gain k;.

k=1

Control

Time (s)

FIGURE 8 The control for k; = 1 and k; = 2 with fixed k.

with LT = [1 0], one obtains

. 1.6529)?
d< min {x"Px)= (16529
Ix,|=1.6529 LTp-1L,

=3.2244

Similar analysis can be carried on to show that for gains
ki = 2,k, = 1, required condition which satisfies region
of attraction is |x;| < 1.8181. For any value of gain 1 <
ki < 2,k = 1, it is obvious that the required condition
for satisfying region of attraction is |x;| < €, where € is
some real number such that 1.6529 < ¢ < 1.8181. To com-
ply with these requirements, we assume initial states as
x1(tp) = 1.5, x2(tp) = 1.0, over the whole tuning process.

The states and control for the nominal values of gains,
that is, k; = 1 and k, = 1 are shown in Figures 4 and 5,
respectively. Now, as we know from the previous study that
the states are more sensitivity to variations in k; as com-
pared to k,, therefore, variations in k; are done keeping k,
fixed at the nominal value. As a result,it can be observed
from Figures 6 and 7 that faster convergence is achieved.
Finally, the control for k; = 1 and k, = 1, with k, being
fixed at the nominal value of 1, is shown in Figure 8. It is
evident that the control peaks to a higher value for k; = 2,
thus justifying the reasons for faster convergence at this
gain value.

Remark 5. In comparison to the classical pole place-
ment technique that facilitates the placement of the
closed-loop poles to the desired location with the help
of gain matrix K, the current study allows studying the
variation of the states with regard to the small changes
in the gains. Thus, the practitioner would be well aware
of what changes in states could be expected for slight
changes in the gains.

5.2 | Simple pendulum: Tracking problem

Let us now consider the tracking problem for the simple
pendulum system with dynamical state equations:

X1 =Xp; Xo = —asinx; —bxy +cu; y=x1 17)

where x; is swing angle, x, is swing velocity, y is output,
u is control, and a, b, ¢ are constants. For simulation we
assume a = ¢ = 1 and b = 0.02. The initial values of the
system are selected as x(0) = [1.51]7. The nominal values
of the gains are taken as k; = k, = 12. We want the output
y to track a reference signal r(t) = sin(t/3). Let us assume
the error signals as follows:

Q=X —r=x—r,e=X-Ir=x-r,
then the error dynamics results in the following:
e =ey;, & =—asinx; —bx, +cu—r (18)

Observe that the original tracking problem for the states
x; and x, (17) is now formulated as a stabilization problem
for the error variables e; and e, (18). To solve this stabiliza-
tion problem, we use feedback linearization. To that end,
we assume the control u = x(Unom + Ustc), Where Upom iS
the nominal control, ug. is the state feedback control, and
k=1

The nominal control is chosen as upom = asinx; +
bx, + 7. The state feedback control ug is selected as us. =
—kye; — kze,. Although the objective is that x; tracks the
reference r(= r,), for the chosen design, we also obtain
tracking of (= r,) by state x,. At the nominal values
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FIGURE 9 The plot of state x; and track signal r;.

T2

A I L 1 I 1

0 1 2 3 4 5 6 7 8 9 10
Time (s)

FIGURE 10 The plot of state x, and track signal r,.

-10 b

Control

-15 B

25 1 1 I L | I I 1 1
0 1 2 3 4 5 6 7 8 9 10

Time (s)
FIGURE 11 The control for tracking at the nominal gains
k1 = kz =12.

of the gains, the simulation results for the tracking are
shown in Figures 9 and 10, whereas the control is shown
in Figure 11. Now, starting from the nominal values of the
gains k; and k,, we vary k; in steps of 0.4 and keep k, fixed
at the nominal value. The objective assumed here is better
tracking performance. The simulation results for this case
are shown in Figures 12 and 13. It is clearly visible from
the zoomed-in section of Figures 12 and 13 that improve-
ment in tracking is obtained on increasing the gain k;. The
control for extreme values of gain k; is shown in Figure 14.

Time (s)

FIGURE 12 The state x; and the track signal r; for variations in
gain k; with fixed gain k, = 12.

Time (s)

FIGURE 13 The track signal r, and the swing state x, for
variations in gain k;.

5 T T T
ok
5 ki =12|
By =14
5 -10 1
c
S
O -15 N
20| 1
251 |
.30 . . . . . . . . .
0 1 2 3 4 5 6 7 8 9 10

Time (s)

FIGURE 14 The control for tracking at gain values k; = 12 and
ky = 14 with fixed k, = 12.

53 | SIP

Let us now see how the parameter # can be tuned to obtain
the desired response. The procedure is investigated for the
case of SIP system [44]. The parameters of the SIP are given
in Table 1. Although the example considered here is sim-
ple, still the procedure elaborated is generic in nature and
can be suitably applied to many other cases as well.
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TABLE 1 Parameters of SIP.
Symbols Description Values
M. Cart's mass 1kg
mp, Pendulum's mass 0.1kg
L Length to pendulum center of mass 0.5m
g Acceleration due to gravity 9.8 m/s?
Abbreviation: SIP, single inverted pendulum.
1.5 T T T T T T T T
Z1
1 T2 |
o 05 N
Q
T
n gl
051 7

Time (s)

FIGURE 15 The states at the nominal values of parameter #.

For SIP system, the cart's acceleration is assumed to be
the input, and the statesx; and x; represent the swing angle
and swing velocity, respectively. The swing angle is mea-
sured from the vertical top position where x; = 0. Then the
dynamic equations are given by

).Cl =Xy

. gsinx; — mpLxg cosx; sinx; /(M. + my)
Xy =

L (% - mpcosix, /(M + mp)) 19)
cosx; /(M. + m)

+
L (g — mpcos?x; /(M. + mp)>

The control u is assumed to be consisting of two parts
given by u = k(Unominal+Uptc), Where Unominal is the nominal

control, up is the predefined time convergent control, and

L (g — mpcos?x; /(M + mp)>

cosx; /(M. + m)

It is to be noted that for x to remain finite, it is necessary
that |x;| # % It is necessary to refrain x from becoming
unbounded because such a thing will also be reflected in
the required control. To avoid such a situation, it is neces-
sary to assume that |x;(0)| < g — A, where A is a small
positive constant. The nominal control is chosen as

gsinx; — mpLx3 cosxy sinx; /(M + mp)

Unominal = — .
L (5 — mycos2x; /(M. + mp))

(20)

Control

Time (s)

FIGURE 16 The control at the nominal values of parameter #.

Time (s)

FIGURE 17 The swing angle for variations in parameter #.

For such choices of u and u,minal, the given system is
reduced to the chain of integrators form given x; = x,, X, =
Upee, then uy, can be chosen in a similar manner as given in
Section 4.2.2. Here, it is assumed that the nominal values of
n are known. To be consistent with the results obtained in
Section 4.2.2, the same nominal values are assumed, that
is, 110 = 3 and o = 3, then it can be easily realized that
sensitivity with respect to #, is higher as compared to #;.

One objective while obtaining predefined time conver-
gence is that the states should die out completely in a
close vicinity of the desired convergence time t;. The
designed predefined time convergent controllers assure
that the states completely die out after ¢, but before ¢/,
the states can be made to die out close to ¢, by tuning the
parameter 7.

For simulation analysis of SIP system (19), desired con-
vergence time has been considered as fy = 5s and initial
states are considered as x;(0) = 1 and x,(0) = 0.5,
then the states and control for nominal values of 5 are
given Figures 15 and 16, respectively. As can be observed
in Figure 15, the states are dying out completely before
ty; our objective is to make the convergence to zero hap-
pen in close vicinity of ts, that is, the states should have
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FIGURE 18 The swing velocity for variations in parameter #.

7]2:21
=3

Time (s)

FIGURE 19 The control for , = 2.1 and 5, = 3.

significant values before ¢4. This can be done by tuning the
parameter 7. Since sensitivity is higher with respect to 7, as
compared to 7, therefore, one approach would be to vary
parameter #,, while keeping #; fixed. Here, the 7; has been
kept fixed at the nominal value and #, is reduced from 3 to
2.1 in steps of 0.1. The states x; and x; are plotted for these
variations in # in Figures 17 and 18, respectively. It can be
observed that with reduction in #,, the states become more
significant. The control for #, = 2.1 and 5, = 3 has been
given in Figure 19. Note that #; has been kept fixed at nom-
inal value of 3. It can be observed that the required control
is higher at n, = 2.1 as compared to n, = 3. For tuning,
some other objectives can also be considered; for example,
one might also consider the minimization of control effort.

Remark 6. To our best knowledge, there is no strat-
egy available to tune the gain of the considered class
of controllers. In this regard, the current study not
only provides such a strategy but also gives knowledge
about the variations in states with fine changes in the
gains.

Remark 7. 1t is recommended to use the proposed
approach for creating a database of effective gain con-

ditions with regard to a given system. This database can
be created in an off-line manner and can be utilized
later. For real-time applications, one can start with the
nominal gain values and proceed with the preliminary
knowledge about the effect of gains on the states for the
chain of integrators in the normal form (see Section (4)
). In this case, the choice of step size is important, and
the user can start with small step size and could even-
tually increase it if required. Thus, the choice of the
control strategy and the results for the case of a chain of
integrators are required in order to utilize the proposed
approach in real time.

Remark 8. In practice, the parameters of the simple
pendulum models are determined using a combination
of theoretical analysis, experimental analysis, or opti-
mization techniques. The theoretical analysis relies on
fundamental laws of physics, such as the relationship
between the period (T) and the length (I) of the pendu-
lum, as described by T = 2z \/g , where g is the accel-
eration due to gravity. By rearranging this equation,
one can determine the length of the pendulum given
the period and g. Experimental analysis involves direct
measurements, while optimization techniques aim to
minimize the error between predicted and actual val-
ues by adjusting parameters iteratively. These methods
collectively contribute to the accurate determination of
parameters for simple pendulum models.

6 | PARAMETRIC UNCERTAINTY
CONSIDERATIONS

Parametric uncertainty is very often encountered in
real-world systems. Therefore, it is important to see the fea-
sibility of the current formulation in such a scenario. To
elaborate, let us consider the example of a simple pendu-
lum with state equations given in (15). Assume that the
parameters a, b, and c exhibit variations as follows: a,;;, <
a < Amaxs bmin < b < byax, and cpin < ¢ < Cax. Observe
that the proposed approach still works with some modifi-
cations in (16). The gains k; and k, should now be chosen
as follows:

ki > _dmin 656 and ky, > _ bmin (21
Cmax Cmax

Note that a, b, c being nonnegative, this choice of gains
remains valid for the entire range of values that these
parameters may assume.

On the other hand, for the example of SIP in
Section (5.3), it should be noted that the implied
predefined time control design relies on feedback lin-
earization [28], which assumes complete knowledge of the
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parameters. So, if there are known parameter variations
in the SIP, then predefined time control can be applied,
and the proposed approach would still work. Thus, it is
concluded that the choice of the control is important for
the feasibility of the proposed approach in the event of
parametric uncertainty.

7 | LIMITATIONS

Few points need to be taken care of while using the pro-
posed approach. Firstly, the information about the nomi-
nal gains is required just at the start. Secondly, the anal-
ysis is restricted to the vicinity of nominal values. This
second point is an attribute of sensitivity analysis.
However, this limitation could be laid off if it is possible
to assume different nominal values. Then it would be pos-
sible to broaden the domain of analysis by considering
various sets of nominal values.

8 | CONCLUSIONS

The study elaborated the procedure for controller gain tun-
ing based on sensitivity analysis. The proposed technique
has been satisfactorily applied for the case of state feedback
controller and predefined time controller. The sensitivity
function and sensitivity equation have been presented for
these class of systems. For the case of the state feedback
controller, the study reveals that the sensitivity of states is
higher with respect k; as compared to k,. The state feed-
back law applied to the simple pendulum system is tuned
with the proposed procedure. For the predefined time sta-
ble system, this analysis reveals that sensitivity of state
with respect to system parameter # is higher just before the
ultimate convergence time ¢, for the first- order system. It
is also shown that for the second-order system, the sensi-
tivity of states is higher with respect to 7, as compared to
m. These findings are consistent for other initial states as
well. The tuning process has been elaborated by taking the
examples of simple pendulum and SIP. This analysis pro-
vides some clues to the designer for proper tuning of the
controller gain.

The future work would focus on developing similar
strategies for higher-order systems as well as perturbed
systems. Controller gain tuning considering some other
pertinent objectives (e.g., control effort minimization) can
also be considered as parts of future investigations.
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